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1. Introduction

Fractional calculus has become a powerful mathematical tool for describing systems whose present behavior depends
not only on their current state but also on their past evolution. This hereditary character makes fractional models
particularly suitable for problems arising in physics, engineering, biology, viscoelasticity, control theory, and complex
dynamical systems [1]. The classical theory is founded primarily on the Riemann-Liouville and Caputo operators,
which represent memory through singular power—law kernels. These operators have played a fundamental role in the
development of fractional differential equations and continue to provide standard models in both theoretical investigations
and practical applications [2].

Despite their importance, classical fractional operators are not always sufficiently flexible to describe the wide
variety of hereditary effects encountered in complex systems. In many applications, the underlying memory may be
tempered, nonsingular, distributed, adaptive, multiscale, or governed by a law that differs substantially from the classical
power—law form. This has led to the introduction of numerous generalized operators, including formulations based on
nonsingular, tempered, and Mittag—Leffler kernels, together with other generalized memory structures [3—8]. Recent
investigations have further advanced this direction through generalized convolution and Sonine—kernel approaches,
including constructions involving conjugate kernels, systematic studies of Sonine pairs, and nonsingular convolution
models [9-11].

A substantial part of the recent literature has focused on convolution—type fractional operators and generalized
evolution equations with nonlocal effects. Sonine kernels, in particular, provide a broad analytical setting for constructing
fractional integrals and derivatives associated with general hereditary laws. Kochubei [12] developed a general fractional
calculus based on Sonine-type kernel structures and examined its connections with evolution equations, relaxation
processes, and renewal models. More recently, Luchko [13] introduced a class of general fractional derivatives and
established several of their principal analytical and operational properties. Beyond the direct Sonine—kernel setting,
Bender, Bormann, and Butko [14] investigated generalized time-fractional evolution equations through subordination
principles and Feynman—Kac representations, whereas Luchko [15] presented a broad theory of general fractional integrals
and derivatives together with a range of applications. Collectively, these contributions reveal the close interplay among
convolution operators, hereditary kernels, and nonlocal evolution equations.

Another major direction concerns fractional operators involving Mittag—Leffler—type kernels and related generalized
structures. Prabhakar [16] introduced an integral equation containing a generalized Mittag—Leffler function in its kernel,
thereby laying an important foundation for the subsequent development of Prabhakar—type operators. This line of research
was later extended through unified and multivariate Mittag—Leffler functions and their associated fractional constructions
[17, 18]. In parallel, Samraiz et al. [19] introduced a generalized fractional operator and discussed applications in
mathematical physics, while Al-Refai and Luchko [20] developed general fractional integrals and derivatives on a finite
interval. Additional convolution—based and initialized formulations have also been proposed to represent hereditary
effects through structures more general than the standard fixed power—law kernel [21, 22].

Further generalizations have been developed to meet different analytical and modeling requirements. Khalil et
al. [23] proposed the conformable derivative as a local formulation preserving several familiar properties of ordinary
differentiation, and Abdeljawad [24] subsequently expanded its analytical foundations. Almeida [25] introduced fractional
integrals and derivatives with respect to another function, allowing the underlying temporal scale to be modified through
a change of variable. Jarad et al. [26] proposed generalized proportional fractional operators that incorporate scaling
effects and offer additional modeling flexibility. Related contributions include Katugampola—type operators and other
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formulations intended to enlarge the range of admissible structures and improve the operational treatment of fractional
models [27, 28].

Although these developments have considerably broadened the scope of fractional calculus, several structural
and operational limitations remain. Many generalized operators are defined by prescribing a specific kernel at the
outset. The resulting construction is therefore tied to that choice, and the adoption of a different hereditary law often
requires a separate definition and an independent analytical treatment. Furthermore, fundamental properties such as
semigroup relations, inverse identities, composition rules, and Laplace—transform representations are not automatically
guaranteed for arbitrary kernels. Their validity may depend on additional assumptions concerning integrability, regularity,
normalization, or compatibility between the relevant kernel pairs. The treatment of initial data and prehistory may also
generate supplementary terms that require careful consideration.

A further difficulty is that singular, nonsingular, tempered, logarithmic, oscillatory, distributed—order, and multiscale
effects are commonly addressed through distinct families of operators. Consequently, many available approaches do not
offer a single systematic procedure for constructing and analyzing these different hereditary patterns within one operational
setting. In addition, the connections among a kernel, its Laplace-domain symbol, the corresponding inverse operators, and
the associated Mittag—Leffler—type relaxation functions are often developed separately in different formulations. These
considerations motivate the need for a unified construction in which the relevant kernels and fractional operators arise
from a common symbolic mechanism under clearly stated admissibility conditions.

The objective of the present work is therefore to introduce a generator—based dynamic—memory formulation of
fractional calculus in which the kernel is not selected independently at the beginning of the modeling process. Instead,
it is derived from a symbolic function referred to as the dynamic memory generator. More precisely, the construction
begins with

@(p,0),

where p denotes the Laplace—domain variable and ® represents the collection of parameters governing the hereditary
characteristics. The corresponding kernel W, is defined through

Yo (t;0) =2 H{d(p,®) *} (1),

where .Z~! denotes the inverse Laplace transform with respect to the variable p. This procedure provides a systematic
means of deriving kernels and their associated fractional operators directly from the chosen symbol. The Laplace—domain
formulation is particularly natural because the operators considered in this study are causal convolution operators intended
mainly for initial-value problems and Volterra—type equations.

The proposed construction differs from many existing convolution—type fractional calculi in several essential
respects:

* The hereditary law is determined through a DMG rather than imposed by a fixed kernel. Its characteristics can
therefore be adjusted directly through the parameters contained in ©.

* The resulting kernels satisfy the convolution relation

lPa*\Pﬁ :\P()H—ﬁv

provided that the inverse Laplace transforms define locally integrable kernels of exponential order and that the convolution
theorem applies. Thus, the semigroup structure follows under explicit admissibility hypotheses rather than from purely
formal inverse—transform manipulations.
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* A common construction recovers classical shift-invariant convolution operators and represents several modern
kernel-based formulations through appropriate selections of the DMG.

The principal novelty of the present work lies in introducing a new class of dynamic—memory fractional derivatives
within a unified generator-based framework. Through this construction, the memory kernels, fractional integrals and
derivatives, operational identities, inverse relations, Laplace—transform formulas, power—function representations, and
generalized Mittag—Leffler—type relaxation functions are systematically connected to the same underlying symbol.

The role of the proposed generator should also be distinguished from that of a dynamical system or a fractional
derivative. The DMG is a symbolic device for constructing hereditary kernels; it does not itself describe the evolution of
a state or represent a nonlocal rate of change. Accordingly, three levels are involved. A dynamical system governs the
evolution of the state, a fractional derivative measures its nonlocal variation, and the generator determines the hereditary
law from which the relevant operators are constructed. The generated kernels then define the corresponding fractional
integrals and derivatives.

The main contributions of this work are summarized as follows:

* A DMG formulation is introduced, providing a systematic procedure for constructing dynamic—memory kernels
and their associated fractional operators.

* Generalized DMFI, together with Riemann—Liouville- and Caputo—type dynamic—memory derivatives, are defined.
Their basic properties, including linearity, boundedness, inverse relations, and composition formulas, are established under
suitable admissibility assumptions.

* An operational theory is developed through semigroup relations, Laplace—transform representations, power—
function formulas, and generalized DMMLF associated with the proposed operators.

* The proposed DMFF is shown to recover classical shift-invariant convolution operators directly and to represent
several modern kernel-based structures through suitable choices of the DMG.

* The applicability of the theory is demonstrated through a nonlinear DMFLS with coupled hereditary effects, together
with its equivalent Volterra formulation, solvability conditions, and numerical approximation.

Overall, the proposed formulation offers a flexible and structured approach to the study of hereditary processes.
Rather than selecting a separate kernel for each model, the desired behavior is determined through a tunable symbolic
mechanism. This viewpoint accommodates a broad range of memory laws while retaining an explicit operational
connection among the generator, the resulting kernel, and the associated fractional operators.

The remainder of the paper is organized as follows. Section 2 introduces the principal elements of the dynamic—
memory formulation, including the dynamic memory generator, generated kernels, associated fractional operators,
and the adopted zero—past/prehistory convention. Section 3 develops the analytical and operational theory, including
admissibility conditions, semigroup relations, consistency principles, inverse formulas, Laplace representations, an
engineering frequency-response interpretation, generalized Mittag—Leffler functions, and formulas for power and
polynomial functions. Section 4 applies the theory to a nonlinear dynamic—memory fractional Langevin system and
presents the corresponding analytical results, numerical approximation, and representative recovery and representation
examples. Finally, Section 5 summarizes the main conclusions and indicates possible directions for future investigation.

2. Preliminaries

In this section, we introduce the main functional spaces, sets, and analytical tools that will be used throughout the

paper.
Let .7 > 0 and denote by R the set of real numbers. Moreover, for d € N, R4 denotes the d—dimensional Euclidean

space endowed with the norm
J 1/2
2
[Ixll = <Z x| ) ;
i=1
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while R?*¢ denotes the space of real d x d matrices.
In the sequel, we use several standard functional spaces. In particular,

Ll(o,y)_{ 0,7] > R: / |dt<oo}

denotes the Banach space of Lebesgue integrable functions endowed with the norm

T
e :/0 1x(t)| dt.

Moreover, L*(0,.7) = {x: [0, 7] — R:esssup,¢[y, 7) [x(¢)| < o} stands for the Banach space of essentially bounded
functions equipped with the norm

[|x]| o = esssup |x(7)].
1€(0,.7]

We also consider the space ([0, 7]) = {x: [0, 7] — R : x is continuous} , equipped with the supremum norm

¢ = sup |x(r)],
1€(0,7]

Ix

and the space
¢'([0,7]) = {x€€([0,7]):x €£([0,7))},

which is endowed with the norm ||x||1 = ||x|| + |||+ Finally, the space

Ljy.(0,00) = {x: (0,00) » R:x € L'(0,a) for every a > 0}

denotes the set of locally integrable functions on (0, o).
Throughout the paper, the notation

(f+8)(r /ft—s

denotes the convolution product of two locally integrable functions. Moreover, for a function x of exponential order, we
denote its Laplace transform by

X(p) = 240} () = [ e Px(0)dr.
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Throughout this work, the one—sided Laplace transform is employed as an operational tool for representing causal
zero—past memory kernels and initial-value formulations. Within this setting, the Laplace domain establishes a natural
correspondence between the DMG and the associated DMK through inverse transform representations. However, the
one—sided Laplace transform should not be interpreted as prescribing the physical initial conditions of a system by itself.
In applications, initial conditions, internal states, and prehistory must be determined from the structure and physical state
of the modeled system.

Thus, the one—sided Laplace formulation used here corresponds to a causal operational representation under a stated
past convention. The general idea of generator—based memory construction is not inherently restricted to this transform
and may also be developed through bilateral Laplace, Fourier, Mellin, or distributional transform frameworks whenever
such formulations are more appropriate for the considered class of systems.

Unless otherwise stated, all functions considered in the sequel are assumed to be sufficiently smooth so that the
involved integrals, derivatives, and Laplace transforms are well defined.

Definition 1 Let @ : (0,00) x ® — (0,0) be a positive function depending on the Laplace variable p and a collection
of modulation parameters ®. The function ®(p,®) is called a DMG if, for the fractional orders used in the paper, the
functions ®(p,®)~ % are Laplace transforms of causal kernels of exponential order. More precisely, we require that their
inverse Laplace transforms exist as causal kernels which are locally integrable whenever they are used in the subsequent
Volterra operators.

Definition 2 For ¢ > 0, the DMK associated with the DMG is defined by

Yo (1;0) =2 {®(p,0) “} (1), (M

whenever the inverse transform exists and yields a causal kernel suitable for convolution on finite intervals. In the main

analytical results below, this means that ¥, € L!

1oc(0,00) and that the involved convolutions are well defined.

Remark 1 The DMG governs the generated memory kernel and thereby determines the hereditary characteristics
of the resulting fractional operators.

Remark 2 Different selections of ® generate different memory structures and therefore different fractional calculus.

Definition 3 Let @ > 0. The DMFI associated with the DMG is defined by

(IEx)(t) = /(: Yo (t —s5;0)x(s)ds

2

!
- / (2 {@(p,0) M (t —s)x(s)ds, 1[0, 7).
0
Definition 4 Let 0 < o < 1. The RLDMFD associated with the DMG is defined by
d °t
(Zgx)(t) = —/ Y _q(t—5;09)x(s)ds
dt Jo
3)

:%/O' [z~ ap.0) O} —sns)ds,  1e0, 7).

Definition 5 Let 0 < o < 1. The CDMFD associated with the DMG is defined by
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(CPEx)(1) = /0 W (- 50 (s)ds

— /Of [g—l {cp(p,@)—(l—a)}] (t—s)W(s)ds,  te[0,T]. @

The operators introduced above are inherently history dependent. Indeed, both the DMFI and the DMFD are defined
through convolution kernels acting over the interval [0,7]. Consequently, the value of the operator at time ¢ depends on the
accumulated past states of the process rather than solely on its instantaneous value. However, it is important to distinguish
between a zero—past assumption and an unspecified past. In the one—sided formulation adopted in this work, the lower
terminal O represents the starting instant of observation, and the definitions correspond to a causal zero—past convention
unless a different prehistory is explicitly prescribed.

More precisely, if the signal is extended to the whole real line by

H5) = {o, 5<0,

x(s), 0<s<T,

then the one—sided DMFI can be interpreted as

(F8x)(1) = /_t Walt— 5;0)F(s)ds = /0 "Wyt — 5:0)x(s)ds.

Thus, the past is not absent, it is rather assumed to be zero before the starting instant.
If a nonzero prehistory is available, say

then the corresponding prehistory—dependent dynamic—memory fractional integral may be written as

(IE5x) (1) = / Z‘P(x(l —5:0)5(s)ds+ /O Wl —:O)x(s)ds.

In this case, the first integral represents the contribution of the prescribed past before the starting instant, while the
second integral represents the contribution of the observed evolution over [0,1].

Similarly, for the Caputo—type dynamic—memory fractional derivative, one may distinguish between the zero—past
convention

(‘2%x)(t) = /Ot‘Pl,a(t —5,0)x(s)ds

and the prehistory—dependent form
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(CPE5) (1) = /iqll_a(t—s;@)g(s) ds—i-/ol‘I’l_a(t—s;@)x’(s) ds,

whenever the derivative of the prehistory exists in a suitable sense. Therefore, in applications, the prehistory must either
be prescribed explicitly or replaced by a clearly stated zero—past assumption.

This distinction is particularly important for step—type signals. A Heaviside input is not a globally constant function;
it is a causal signal with zero past and a transition at the starting instant. Hence, identities such as

PEC =0

apply to genuinely constant functions with compatible constant prehistory, and should not be confused with the dynamic—
memory derivative of a causal step signal, where the jump at the origin and the prescribed past contribute to the memory
response.

The proposed DMFF possesses several important advantages in comparison with many existing fractional operators
available in the literature. In contrast to classical and generalized approaches where the memory kernel is prescribed
a priori, the present framework generates the memory structure systematically through the DMG, hence providing a
unified and flexible mechanism for constructing broad classes of memory—dependent operators. This generator—driven
structure allows the memory behavior to be directly modulated through the parameter set ®, which may encode singular,
nonsingular, tempered, logarithmic, oscillatory, adaptive, or hybrid memory effects within a single analytical framework.

Another significant feature of the proposed operator is that it preserves several fundamental properties of fractional
calculus and operational analysis. In particular, the DMK satisfy the semigroup relation

lPa*‘P[; :\Pa+ﬁa

which leads naturally to composition formulas, inverse relations, and a consistent convolution-based operational calculus.
Such properties are not automatically guaranteed for many generalized kernel-based fractional operators appearing in the
literature and often require additional compatibility assumptions on the kernels. The DMFF provides a unified symbolic
mechanism capable of recovering classical convolution—type fractional operators and representing several modern kernel—
based memory models through suitable choices of the DMG.

To further demonstrate the unifying capability of the proposed framework, the recovered or represented fractional
operators are classified into two categories. It should be emphasized that the basic Laplace—convolution formulation
developed in Definitions 2—5 is naturally shift invariant, since the generated kernels depend on time differences of the
form ¢ — 5. Accordingly, Riemann—Liouville, Caputo, tempered, and related convolution—type operators are recovered
directly within the present DMFF.

On the other hand, scale—invariant operators, such as Hadamard—type and certain Katugampola—type formulations,
are governed by ratios such as ¢ /s or by logarithmic changes of variables. Such operators should therefore be understood
as being represented within a logarithmic—time or Mellin—type extension of the generator—based idea, rather than as
direct members of the basic Laplace—convolution construction. With this distinction in mind, Table 1 summarizes several
classical and foundational operators associated with the proposed generator—based viewpoint.

Furthermore, Table 2 shows how several modern kernel-based memory models can be represented within the
generator—based viewpoint. These include tempered memory effects, nonsingular kernels, Mittag—Leffler memory
structures, distributed—order behavior, and local reduction cases.
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Table 1. Classical and foundational operators directly recovered, structurally represented, or related to the generator—based framework. Direct
recovery applies to shift-invariant convolution operators, while scale—invariant and bilateral/symmetric operators are understood as extensions or related

representations

Classical Operator Generator/Kernel Choice Resulting Kernel Memory Type/Status
o—1
Riemann-Liouville [1] d(p,®)=p Wo(t) = 1’_( ] Singular power—law; directly recovered
o
®(p,0®) = p in Caputo [ . .
Caputo [2] ) ¥, (¢ Singular power—law; directly recovered
p form 1—a(t) —a) g p y
Weyl fractional [22] Fourlerﬂ)}:l:flzrii]nLaplace Yo(r) ~ a1 Inﬁmte—memory;f reﬁ);:lzr;s,l)(;lll of the one-sided
Riesz fractional [2] Symmetric power—law Wo(t) ~ | t\“’l Symmetric nonlocal; related Fourier—type
structure representation
Logarithmic/Mellin—type 1 AL Logarithmic memory; scale—invariant
Hadamard-type [2] memory generator Falt,s) = (o) <ln E) 5 extension
Hilfer derivative [29] Interpoée:lt(lio(r;al;esgeen RL 0B — _gB(1-0) g g (1-B)(1-00) Interpolated smgurlglraiggmory; structurally
Power—law generator after pl"" TR Generalized power—law; scale—invariant
Katugampola-type [27] variable transformation Pol(t,s) = (1P —sP)1sP™! extension

Table 2. Representation of several modern kernel-based memory models within the generator—based framework. The entries indicate direct
recovery only for shift-invariant convolution kernels generated by suitable choices of ®, while other modern formulations are interpreted as structural
representations, related kernel models, or extensions of the generator—based viewpoint

Modern Operator Generator/Kernel Choice Resulting Kernel Memory Type/Status
a-1
Tempered fractional [30] ®(p,®)=p+A1 W) = % oM Tempered memory; directly recovered
o

Mittag—Leffler—type
symbolic kernel structure

Generalized ML memory; structurally

Prabhakar—type [16] represented

Wal(r) =P E] 5 (M%)

. General . - Sonine memory pair; related convolution
Sonine—kernel type [12] convolution/Sonine—pair WoyxDy =6 framework
structure
. _ e~ cotO)pa-1 Cotangent—tempered memory; directly
Cotangent fractional [31] P(p,©) = p+cot(6) Wo(r) = Sn®(8)T () represented by a shifted generator

Exponential nonsingular
kernel

Nonsingular exponential memory;

Caputo—Fabrizio [5] Memory-kernel representation.

Wo(t) =cqe Mo’

Mittag—Leffler—type
kernel

Nonsingular ML memory; kernel-based

Atangana—Baleanu [6] representation

Wo(t) = caEal—Uat™)

Order—distribution
extension of the generator

Multiscale memory; distributed—order

Distributed—order [33] extension

[ #(r.0)“u(@)a

Conformable derivative Local reducti Local non—memory case; related
[23] ocal reduction case

A )
Tax(r) =122 (1) limiting/local formulation

Remark 3 Classical fractional operators may possess different invariance properties. Riemann—Liouville and
Caputo operators are fundamentally shift invariant because their kernels depend on time differences of the form 7 —s.
This is exactly the invariance structure of the basic Laplace—convolution DMFF introduced above, where

(F&x)(1) = /0 "Wt — 5:©)x(s) ds.

By contrast, Hadamard—type operators are scale invariant, since their memory structure is governed by ratios such
as 1 /s, or equivalently by differences in the logarithmic variable 7 = Ins. Therefore, Hadamard—type and related scale—
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invariant operators should not be viewed as direct Laplace—convolution operators in the original time variable . Rather,
they can be incorporated through a logarithmic—time transformation or through a Mellin—type generator framework.
More precisely, if

T = Int, o =Ins,

then the ratio ¢ /s becomes

and scale—invariant memory in the original variable is converted into shift-invariant memory in the logarithmic variable.
In this transformed setting, the generator—based construction may again be applied, but the corresponding transform
framework is no longer the ordinary Laplace—convolution formulation in #; it is a logarithmic—time or Mellin—type
analogue.

Consequently, throughout the paper, shift-invariant operators are recovered directly within the present DMFF, while
scale—invariant operators are mentioned as natural extensions of the same generator—based philosophy. This distinction
prevents mixing shift-invariant and scale—invariant derivatives within a single operational interpretation.

The following examples show how different choices of the DMG recover classical and generalized fractional
operators. For example, the choice ®(p,®) = p leads to the classical Riemann—Liouville and Caputo operators, while
®(p,®) = p+ A produces exponentially tempered memory effects. These examples indicate that different memory
structures can be obtained within the same framework by varying the generator.

Example 1 Consider the choice ®(p,®) = p. Then, by Definition 2, the generalized DMK becomes

Wo(1:0) =27 Hp *}1).

Using the classical Laplace—transform formula

a—1

1y —oy gy L
we obtain Wy () = % Consequently, the DMFI reduces to
L(t—s)2!
IEx) (1) = / U= i(s)d
( CID'x)(t) Jo F((X) X(S) S,

which is precisely the classical Riemann—Liouville fractional integral.
Similarly, the corresponding CDMFD becomes

‘DIx(t) = /Ot Mx’(s) ds,
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which coincides with the classical Caputo fractional derivative.
Example 2 Consider the generator ®(p,®) = p+ A, A > 0. Then the associated DMK is given by

Wa(1:0) =2 H(p+2)"*}(1).

Using the shifted Laplace—transform identity

ta—l

we obtain Wy () = We‘“ . Hence, the corresponding DMFI becomes

T (t—s a—1
(00 = [ 15

—A(i—s)
T(0) e x(s)ds,

which is the usual exponentially tempered fractional integral. Moreover, the corresponding CDMFD takes the form

“Dgx(t) = /Ot mel("g)x'(s) ds.

Thus, the choice ®(p,®) = p+ A generates a CDMFD with an exponentially tempered convolution kernel. This
operator corresponds to one common tempered Caputo—type convention based on direct exponential tempering of the
Caputo kernel. We do not claim equivalence with all tempered Caputo formulations, since some conventions use
exponential changes of variables, shifted differential operators, or additional initialization terms.

From the modeling perspective, the developed framework is particularly suitable for describing complex dynamical
systems involving heterogeneous memory interactions, crossover effects, adaptive hereditary mechanisms, and multiscale
temporal behavior. At the same time, it combines analytical flexibility with structural consistency while preserving several
fundamental properties of fractional calculus.

3. Structural and operational properties of the dynamic—memory fractional calculus

This section develops the main analytical framework underlying the proposed DMFC. The obtained results establish
the structural foundations, operational relations, and key analytical properties required for the subsequent theory, including
admissibility conditions, inverse formulas, consistency principles, Laplace representations, and generalized memory
dynamics.

3.1 Kernel structure, admissibility, and semigroup properties

We begin by examining the generated kernels and the conditions under which they produce a mathematically
consistent dynamic—-memory framework. In particular, we establish admissibility requirements, semigroup relations, and
monotonicity properties that form the basis for the operator identities and analytical results developed later.

Theorem 1 Let &, B > 0 and suppose that &(p,®)~%, &(p,®)F, and ®(p,®) (@*B) are Laplace transforms of

causal kernels Wo, ¥, and Wy, g belonging to Llloc(O,oo) and of exponential order. Assume further that the generated
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kernels satisfy the hypotheses required for the one—sided Laplace convolution theorem. Then the following properties
hold:

(i) The DMK satisfies Wo *¥g =W p.

(ii) The DMFTI satisfies the semigroup property .7 f£ = fg B

(iii) The DMFI is commutative, namely, .7 JqE x= Jq[j IHX.

Proof. By the stated local integrability and exponential-order assumptions, the convolution theorem for the one—
sided Laplace transform is applicable. Hence

L{W o+ ¥} (p) = (p,0) “D(p,0) P = d(p,0) *F).
Therefore,
Wo kW =Waup,
which proves (i). Next, using the convolution representation of the DMFI together with (i), we derive
I8 fgx =W (Wprx) = (PoxWp)xx=Wo p*x= /g+ﬁx,

which proves (ii).
Finally, since convolution is commutative, we have

Wo kW = Wp * Po.

Hence, ./ f(g x= f(g S g x, which establishes (iii). O

Remark 4 The semigroup identity in Theorem 1 should be understood under the hypotheses stated in the theorem.
In particular, the existence of the inverse Laplace transforms alone is not sufficient. The generated functions must define
causal kernels belonging to LIIOC(O, o), be of suitable exponential order, and satisfy the assumptions required for the one—
sided convolution theorem. Under these conditions, the identity

L{Pox¥p}(p) = ZL{¥u}(p)L{¥p}(p) = D(p,0) “®(p,0) F = (p,0) (**F)
implies
lPa *Tﬁ = ‘POCJFB'

Thus, the semigroup relation is derived from the Laplace—domain product rule only within an admissible convolution
setting; it is not claimed to follow merely from formal inverse—transform existence.

Remark 5 The semigroup property established above should be distinguished from the notions of causality and
time invariance. The semigroup relation is an algebraic property describing the composition of fractional operators,
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whereas causality requires that the present state depend only on past values of the process, and time invariance refers
to invariance under temporal translations. Although these concepts are related, they are not equivalent. Indeed, certain
classical fractional operators remain causal even when a complete semigroup structure is not available. In the present
framework, causality follows naturally from the convolution representation of the generated kernels, while the semigroup
property provides an additional level of operational consistency.

Remark 6 The semigroup relation established in Theorem 1 is primarily a kernel and integral semigroup relation.
More precisely, it asserts that

lPa *\Pﬁ :\Pa-&-ﬁ

and consequently
IEIE = g3

This property should not be confused with an unrestricted composition rule for fractional derivatives. In general, one
cannot assert that

98 @gx :Dg+ﬁx or C@%C@gx: C@gﬂgx

without imposing additional assumptions on the function space, the prescribed past, and the initial or compatibility
conditions.

Indeed, in one-sided formulations, the composition of two derivative operators may generate additional terms
depending on the initialization, boundary contribution, or prescribed prehistory of the signal. Therefore, derivative
composition must be interpreted together with the assumed past convention. Under zero—state or compatible—prehistory
assumptions, certain composition identities may simplify; however, in the general causal initial-value setting, extra terms
may appear and should not be ignored.

Thus, within the present DMFF, the relation

lPa *\PB :\Pa+[3

provides an operationally consistent memory—kernel structure, while the composition of DMFD operators requires
separate analysis. This distinction is important for causal modeling, system—theoretic interpretation, and engineering
applications.

The flexibility of the DMFF depends fundamentally on the selection of the DMG. However, not every choice
necessarily produces a mathematically admissible DMK or a well-defined operational structure. Therefore, it is important
to identify suitable conditions under which the generated kernels possess appropriate analytical and structural properties.

Definition 6 A DMG is called admissible on a given set of orders if the following conditions hold:

(A1) For every p > 0, ®(p,0) > 0;

(A2) For each required order p > 0, the function ®(p,®) " is the Laplace transform of a causal kernel ¥, (-;©);

(A3) The generated kernel satisfies ¥, € L}, (0,0) and is of exponential order, so that the corresponding Volterra
convolution operators are well defined on the function spaces under consideration;

(A4) For the orders p = a, B, o + B, the generated kernels satisfy the hypotheses required for the one—sided Laplace
convolution theorem. Under these conditions, the semigroup identity
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‘Pa *\Pﬁ :lPaJrﬁ

is obtained as a consequence of the Laplace convolution theorem rather than imposed as an independent assumption.
Remark 7 Conditions (A1)—(A4) separate the analytic requirements on the generated kernels from the algebraic
consequence of the Laplace—domain product rule. Thus, admissibility first guarantees that the kernels and Volterra
operators are well defined; the semigroup relation then follows when the convolution theorem applies. Inverse relations
involving derivatives still require the additional normalization or compatibility conditions stated later.
Definition 7 A DMK is called completely monotone if

n

d
(—1)' 2 ¥a(:0) 20, >0, n=0,12,...,

whenever the derivatives exist.

Theorem 2 Suppose that the DMG is a Bernstein function. Then, for every a > 0, the function ®(p,®)~ % is
completely monotone. Consequently, ®(p,®)~ % is the Laplace transform of a nonnegative measure. If this measure
admits a locally integrable density W, then the generated DMK is nonnegative. Additional regularity assumptions on the
generator may be imposed to ensure that the density W, itself is completely monotone.

Proof. Since @ is a Bernstein function, classical properties of Bernstein functions imply that ®(p,®) ¢ is
completely monotone for every a > 0. By Bernstein’s theorem for Laplace transforms, there exists a nonnegative measure

Ug on [0,00) such that

(p.0) = /O " e dpg (1),

Thus, ®(p,®)~% is the Laplace transform of a nonnegative measure. If y is absolutely continuous with respect to
the Lebesgue measure and admits a locally integrable density W (¢; ®), then

dug(t) =Py (t;0)dt,

and hence

D(p,0) % = L{Wy(1:0)}(p).

Since g is nonnegative, its density W, is nonnegative almost everywhere. Additional regularity assumptions on &
may be imposed if complete monotonicity of the kernel ¥, itself is required. This completes the proof. O

Remark 8 Completely monotone kernels play an important role in the modeling of hereditary phenomena,
anomalous diffusion, relaxation processes, and nonlocal dynamical systems. The above result therefore establishes an
important connection between the DMFF and modern theories of generalized fractional calculus generated by Bernstein
and Sonine—type structures.

Related admissibility concepts arise in general fractional derivatives associated with Sonine kernels, see [13]. The
relationship between Bernstein functions and completely monotone Kernels follows from classical results in [32].
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Remark 9 If there exists a locally integrable kernel ‘i’a such that
(Wo + P 5 x)(1) = x(1)

for sufficiently smooth functions x, then (‘Pa,‘i’a) forms a Sonine pair and generates mutually inverse convolution
operators. Consequently, the proposed DMFF admits inverse relations analogous to those in Sonine kernel fractional
calculus.

Remark 10 The asymptotic behavior of the DMG determines the qualitative nature of the generated DMK. For
example, power—law generators typically produce long—memory effects, tempered generators lead to exponentially
attenuated memory, while Mittag—Leffler—type generators may induce crossover behavior between distinct temporal
phases. Thus, the DMG provides a mechanism for classifying memory structures through the generator itself.

3.2 Generalized dynamic—memory operators and consistency principles

The DMFO introduced previously are naturally left—sided, since their definitions depend on the past history of the
state variable over the interval [0,7]. However, several analytical settings, including variational formulations, adjoint
systems, terminal—value problems, and integration—by—parts identities, motivate the introduction of corresponding right—
sided operators. Moreover, to ensure analytical coherence and compatibility with existing theories, it is important to
investigate reduction and consistency principles under suitable choices of the DMG. Therefore, this subsection develops
generalized dynamic—memory operators and establishes consistency relations linking the resulting framework with several
classical fractional formulations.

Let 0 <a <t <b< . We first define the left—sided DMFI associated with the DMG.

Definition 8 Let @ > 0. The left—sided DMFI is defined by

1 1
(I& 0 0)(t) = / W1 — 5:@)x(s)ds = / (2 {@(p,®) %] (1 — s)a(s) ds.
a a
Definition 9 Let & > 0. The right-sided DMFTI is defined by

4 b
(fq‘;b_x)(t):/t ‘Pa(s—t;G))x(s)ds:/t [,2”71 {@(p,@)fa}] (s —1)x(s)ds.

The left— and right-sided DMFT introduced above generalize the corresponding classical fractional integrals through
the DMK

Yo (1:0) = L Hd(p,®) }r).
Definition 10 Let 0 < a < 1. The left-sided RLDMFD is defined by
d t
(780000 = 5 [ ¥1-alt—5:0)2()ds.
a

Definition 11 Let 0 < a < 1. The right-sided RLDMFD is defined by
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(28, %)) = / i als—1ON(s)ds = /b (2~ {@(p,0) ] (s~ 1)x(s) ds.

Definition 12 Let 0 < @ < 1. The left-sided CDMFD is defined by

(CDE 1)) = /a’qfl,a(t—s;@))x’(s) ds = /t [.,sf—l {cp(p, @)—“—00}] (t — 5)x'(s) ds.

a

Definition 13 Let 0 < o < 1. The right-sided CDMFD is defined by

(D, %)) = —/tbll’l,a(sft;®)x'(s) ds = f/tb [z—l {cp(p,@)—“—m}} (s — 1) (s)ds.

Remark 11 The left-sided operators represent past memory effects, while the right-sided operators account for
future or terminal memory interactions. Therefore, both types of hereditary behavior can be treated within the same
framework.

Remark 12 When the generated kernel depends only on the time difference ¢ — s, the corresponding dynamic—
memory operators are time—translation invariant. More general choices of the generator may lead to memory structures
with different invariance properties. Therefore, causality, semigroup structure, and time invariance should be viewed as
distinct characteristics of the generated fractional operators.

Remark 13 The right-sided operators may be useful in future studies on variational problems, adjoint systems,
optimal control, boundary—value problems, and integration—by—parts formulas.

Theorem 3 The proposed DMFF consistently recovers the classical Riemann—Liouville and Caputo fractional
operators when the generator is chosen as ®(p, ®) = p. In particular:

+ the DMFI reduces to the classical Riemann—Liouville fractional integral;

» the RLDMFD reduces to the classical Riemann—Liouville fractional derivative;

» the CDMFD reduces to the classical Caputo fractional derivative.

Proof. If ®(p,®) = p, then

l‘al

(o)

Wo(1;0) = 27 Hp ")) =

Substituting this kernel into Definitions 3-5 immediately yields the classical Riemann—Liouville and Caputo
operators. [

Theorem 4 Suppose that the family W _(-; ®) forms a one—sided approximate identity on the finite interval [0, 7]
as oo — 1~. More precisely, assume that for every f € C([0,.7]) and every ¢ € (0, 7],

/t‘Pl,a(tfs;®)f(s)ds—>f(t) asa— 1.
0

Then, for every x € C'([0,.7]),
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lim “Pgx(t) =x'(t), 1€ (0,7].

a—1-

Proof. From Definition 5, we have
t
“Pex(t) = / W, o (r —5:@)X(s)ds.
0

Since x € C'([0,.7]), we have x' € C([0,.7]). Applying the finite—interval approximate—identity assumption with

f=x gives

t
lim [ W_o(t—s5;0)x(s)ds =2'(¢).

a—17J0

Therefore,

lim <Z%x(t) =x'(t), 1€(0,7).

a—1-

Theorem 5 Suppose that the W (-;®) form an approximate identity as o — 0™, namely,
| wals:@)1(-s)ds = £0)
0
for every bounded continuous function f. Then, for every x € ([0,.7]),

lim Z&x(t) = x(2).
lim Fgx(1) = (1)

Proof. From the definition of the DMFI and since x is continuous on [0, 7], the approximate identity property

implies

lim Z‘I’a (t —5;0)x(s)ds = x(t).

a—0t.Jo

Hence, limg,_,o+ FZgx(t) = x(t).
O

Remark 14 The previous assumptions require the DMK to behave as approximate identities as o« — 1~ or ¢ — 0.

Such behavior occurs for classical choices of the DMG, including ®(p,®) = p, hence recovering the standard limiting

relations of fractional calculus.
Theorem 6 Assume that the ¥;_,(t; ®) is nonnegative forallz > 0. Letx € €' ([0,.7]) be a nondecreasing function.

Then
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“Pgx(t) >0, 1 €10,7].

Similarly, if x is nonincreasing, then Zgx(t) < 0.

Proof. Suppose that x is nondecreasing. Then x'(r) > 0, ¢ € [0,.7]. Since the generated kernel is nonnegative, we

obtain
W ot —s5:0)X (s) >0, 0<s<t
Therefore,
!
‘Dgx(t) = / Wit —5;0)x(s)ds > 0.
0
The proof for nonincreasing functions follows analogously. O

Remark 15 The previous theorem shows that the proposed DMFD preserves the qualitative monotonicity behavior
of the underlying function whenever the generated memory kernel is nonnegative. This property is important in the
analysis of stability, positivity, comparison principles, and memory—dependent dynamical systems.

3.3 Comparative analysis and modeling advantages

This subsection compares the proposed DMFO with several classes of generalized kernel-based memory operators,
including the Caputo—Fabrizio operator, the Atangana—Baleanu operator, and fractional operators associated with Sonine
kernels. These operators correspond to different memory structures, such as nonsingular exponential kernels, Mittag—
Leffler kernels, and general convolution formulations. It should be emphasized that the inclusion of such operators in the
present comparison is structural rather than terminological. In particular, representing a given kernel within the DMFF
does not necessarily mean that the corresponding operator is fractional in the strict Liouville frequency—domain sense

Hy(o) = (io)®.

Rather, such operators are treated here as memory—kernel or filter—type models that can be analyzed within the same
generator—based operational setting.

As shown in Table 3, the proposed DMFO differs from these approaches because the memory kernels are generated
through the DMG instead of being prescribed in advance. Different choices of the generator may therefore lead to
different memory behaviors within the same framework. The generated operators also retain several operational properties
developed earlier, including semigroup relations, inverse formulas, and Laplace representations. This allows different
classes of memory effects to be studied using the same analytical setting.

Remark 16 The Caputo—Fabrizio and Atangana—Baleanu operators are included in Table 3 as kernel-based memory
models. This inclusion should not be interpreted as a claim that they are fractional derivatives in the strict classical sense
associated with the ideal engineering frequency response
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The Caputo—Fabrizio operator is associated with a nonsingular exponential kernel and may therefore be viewed,
from a systems perspective, as an exponential memory or high-pass filter-type model. Similarly, the Atangana—Baleanu
operator is associated with a Mittag—Leffler—type nonsingular kernel and may be interpreted as a crossover memory model.
Thus, within the present DMFF, these operators are considered as particular kernel-generated memory structures, while
their classification as genuine fractional derivatives depends on the adopted mathematical or engineering criteria.

Beyond the comparisons presented above, the proposed DMFF allows different memory behaviors to be considered
within the same framework. In practical models, memory effects may combine short-time exponential decay, crossover
behavior, long—time power—law effects, and multiscale or adaptive interactions rather than being determined by a single
fixed kernel.

Such behaviors arise naturally in viscoelastic materials, anomalous diffusion processes, biological memory systems,
heat transfer in complex media, and relaxation phenomena in heterogeneous environments. However, most existing
fractional operators are constructed using a prescribed fixed kernel. For instance:

« the classical Caputo operator is associated with a singular power—law kernel;

« the Caputo—Fabrizio operator employs a nonsingular exponential kernel;

* the Atangana—Baleanu operator uses a Mittag—Leffler-type memory kernel.

Although these operators are useful in many applications, each of them is typically associated with a single dominant
memory structure. Consequently, combining several hereditary mechanisms within a unified operator often becomes
difficult.

In contrast, the proposed DMFF generates the memory structure through the DMG which allows different memory
behaviors to coexist simultaneously within the same operator. To illustrate this advantage, consider the dynamic—-memory
fractional relaxation equation

“Pgx(t) = —xx(t), x(0) = xo, Q)

where K > 0 is a relaxation parameter. Suppose now that the DMG is chosen in the form

@(p,0)=(p+A)* +np’, (6)

where A >0, 1 >0, 0 < u,v < 1. The generator (6) combines two different hereditary mechanisms:
* the term (p + A)* produces exponentially tempered memory effects associated with short-memory relaxation;
* the term pY generates long—memory power—law hereditary behavior.
Consequently, the generated kernel

Pa(:0) =2 {((p+ 1) +1p*) “} (1)

contains contributions associated with both the shifted term (p + A)* and the power—law term pV. Its precise short—time
and long-time behavior depends on the asymptotic behavior of the generator in the Laplace domain. In particular, short—
time behavior is related to the regime p — oo, whereas long—time behavior is related to the regime p — 0". The dominant
contribution is therefore determined by the relative values of pt and v, as well as by the parameters A and 1.

Thus, the generator should be interpreted as a symbolic mechanism capable of combining tempered and power—law
memory components, rather than as giving a parameter—independent dominance rule. Under suitable parameter choices,
this structure may produce crossover or multiscale memory behavior, but the precise asymptotic profile of the generated
kernel requires a separate analysis of the corresponding inverse Laplace transform.
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Therefore, the DMFF naturally captures the transition between short—-memory and long—memory dynamics within
a single symbolic operator. By contrast, classical fractional operators usually require changing the kernel itself or
introducing hybrid coupled models in order to describe such crossover phenomena.

Conversely, many existing generalized fractional operators rely on prescribed memory kernels, thereby restricting the
resulting hereditary behavior to a predetermined form. For example, the classical Caputo operator captures power—law
memory, the Caputo—Fabrizio operator reflects exponentially decaying memory, while the Atangana—Baleanu operator
is governed by a Mittag—Leffler—type kernel. Therefore, these operators do not directly accommodate the combined
symbolic memory structure

@(p,0)=(p+A)*+np”,

within their original formulations, since this generator simultaneously incorporates exponentially tempered and power—
law hereditary mechanisms through a single generator—based construction. In particular, the corresponding DMK

Pa(1:0) =2 {((p+ 1) +1p*) “} (1)

cannot generally be represented through a single fixed exponential kernel, a single Mittag—Leffler kernel, or a pure power—
law kernel. Consequently, standard generalized fractional operators would typically require:

« switching between different fractional operators in different temporal regimes;

* constructing coupled hybrid fractional models;

« introducing additional empirical correction terms

In order to reproduce the same crossover memory behavior generated naturally by the proposed framework.

By contrast, the present dynamic—memory formulation incorporates these heterogeneous hereditary effects directly
through the structure of the generator itself. This provides a more unified, flexible, and analytically consistent mechanism
for modeling multiscale memory dynamics.

Moreover, different choices of the DMG allow the dynamic memory structure to be tuned continuously according to
the physical characteristics of the modeled system. Consequently, the proposed framework provides significantly greater
flexibility for modeling heterogeneous and adaptive memory processes.

Figure 1 shows the qualitative behavior of several memory kernels corresponding to different choices of the
DMG. The figure illustrates how different generators produce transitions between exponentially decaying and power—
law memory behaviors.

Remark 17 The previous example shows why suitable choices of the DMG lead to different combinations of memory
effects within the same framework. Indeed, the generated kernel is determined by the symbolic relation

L{¥u(:0)}(p) = 2(p,0)" %

Consequently, each component of a composite generator contributes a corresponding Laplace-domain memory
component. After inverse transformation, these components appear as convolution kernels with different decay rates,
regularity properties, or scaling behavior. For instance, a power—law part of the generator produces persistent hereditary
behavior, a shifted term such as p + A produces exponentially tempered memory, and a mixed generator such as
(p+A)* +npY combines distinct temporal scales through the interaction of its two symbolic components. Therefore,
multiscale and heterogeneous memory processes are obtained by modifying the generator @ and not by changing the
definition of the operator itself. In this way, the same convolution—based construction can describe power—law, tempered,
hybrid, and crossover memory effects while retaining the same operational form. The semigroup and composition
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properties remain valid whenever the generated kernels satisfy the admissibility assumptions stated in Definition 6. This
explains the mathematical basis of the statement that heterogeneous and multiscale memory processes can be modeled
within the same dynamic—memory framework while preserving the underlying operational structure.

0.
10 —— Proposed DMFD
—— Caputo
1071 -- -- Caputo-Fabrizio
a | — - Atangana-Baleanu|
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Figure 1. Qualitative comparison of generated memory kernels associated with representative choices of the DMG. The plotted generators are ®; (p) = p,
P, (p) =p+A,and @3(p) = (p+A)* +np¥, where A >0, >0, and 0 < u,v < 1. The curves provide a qualitative illustration of the transition
between power—law, tempered, and hybrid memory behavior

3.4 Analytical, differential, and nonlocal properties

This subsection establishes several fundamental analytical and calculus—type properties of the proposed dynamic—
memory fractional operators, including inverse relations, boundedness, linearity, integration formulas, and nonlocal
effects. These results illustrate how the developed framework preserves important structures of classical analysis while
introducing new hereditary and nonlocal behaviors.

Remark 18 For a general generator @, the first—order generated integral Ié should be regarded as an operator

generated by the kernel W, and not as the ordinary first—order integral unless an additional normalization is imposed.
Hence, in general,

2810 = [ #i6-50)5(s)ds

does not necessarily coincide with the ordinary first-order integral [; f(s)ds. Therefore, whenever inverse relations are
reduced to the classical forms

D¢ IZx=x or IF DIx=x—x(0),

we assume the normalization condition

Y (1;0) =1, t>0,

or equivalently,
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q)(pv@):p-

More generally, these reductions are valid whenever the selected DMG is such that ﬂql, acts as the ordinary first—order
integral on the considered function space. Without this normalization, the corresponding identities should be written in
the generated form

d
Dg Igx = E/(Il,x
and
IE Dx = Igx.

This distinction is important because the semigroup relation of the generated kernels does not by itself guarantee that
the first-order generated integral coincides with the classical integral.

Consequently, throughout the remainder of the paper, inverse formulas are interpreted in the generated sense unless
the normalization W (r) = 1 (or equivalently ®(p) = p) is explicitly assumed.

Theorem 7 (Fundamental properties of the DMFI and DMFD) Let 0 < o < 1. Suppose that the generated kernels
are admissible, the involved operators are well defined on the considered function spaces, and the semigroup relation

IEIG=987°

holds for the required orders. Then the following properties hold:
(1) For every x for which the expressions are well defined, the RLDMFD satisfies

D¢ Igx = %Jql,x.
In particular, if the first—order generated integral is normalized so that
¥ (,0)=1, t >0,
or equivalently fql, coincides with the ordinary first-order integral on the considered function space, then
D Igx = x.
(i) For sufficiently smooth functions, the CDMFD satisfies
IEDEx = I
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In particular, if ﬂql) coincides with the ordinary first-order integral, then
I8 DEx = x(t) —x(0).

(iii) The operator #g is linear.
(iv) If W (:0) € L1(0,.7), then £Z : L=(0,.7) — L=(0,.7) is bounded and

I8 x| < 1 aull 1 (0,7) lI]leo-
(v) Assume that the kernels W, _(+;®) form a one-sided approximate identity on [0,.7] as o« — 17, that is,
t
[ ¥att-s:0)1()ds — £, 1€(0.7],
0
for every f € C([0,.7]). Then, for every x € C'([0,.7]),

lim ‘Pgx(t) =x'(t), 1€ (0,7].
o—1-

Proof. For property (i), by the definition of RLDMFD, we have
@ go d jlfoc ga
.@(I, X = E ) o X-

Using the semigroup property of the 2.4 % .7, we obtain

I I = Igx.
Hence,

28 Igx = if ix

D [} dt [io 2

This is the correct inverse—type identity for a general generator ®. It reduces to the classical formula only when fql
is the ordinary first-order integral. Indeed, if

¥ (1;0) =1, t>0,

then
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and therefore
d t
Dy Igx= —/ x(s)ds = x(r).
dt Jo
For property (ii), by the definition of the CDMFD, we have
‘Dgx = fql)_ax/.
Applying Z§ to both sides and using the semigroup property gives
IEPgx = I T4 O = I
Thus, for a general generator ®, the correct identity is
IECPEx = T4,
not necessarily x(t) — x(0). If, in addition, .} coincides with the ordinary first-order integral, then
!
I (1) = / ¥ (s)ds = x(t) — x(0).
0
Consequently,
I8 Dgx = x(t) — x(0)

under this normalization condition.
Property (iii) follows directly from the linearity of the convolution integral defining 7.
To prove property (iv), let x € L*=(0,.7). Then

FEN0] < [ Walt—s5:0)| (o) ds <l [ ¥l —s:0)] s

Hence,
(L) (O] < (X[l ¥ecll 1 0,7
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Taking the supremum over ¢ € [0,.7 ], we obtain

|28 5] < [ ¥allio,7) %]l

This proves the boundedness of .7 from L*(0,.7) into itself.
Finally, for property (v), from the definition of CDMFD, we have

0 /‘Pl ot —5:0)X (5) ds.

Since x € C'(]0,.7)), it follows that x’ € C([0,.7]). Applying the one-sided approximate—identity assumption with
f=x, we get

ot
lim | W _g(t—s5;0)X (s)ds =X (1), t€(0,7].

a—17J0

Therefore,

lim <2%x(t) =x'(t), 1€(0,7).

a—1-
This completes the proof. O

Theorem 8 (Linearity of the COMFD) Let 0 < o < 1 and let x,y be sufficiently smooth functions. For any constants
a,b € R, we have

‘DI (ax+by)(t) = aDgx(t) + b DEy(t).

Proof. By the definition of the CDMFD and the linearity of the ordinary derivative and the integral, we have

‘D (ax+by)(t /‘Pl a(t —5:0)(ax'(s) + by (s))ds = a Dgx(t) + b D y(t).

Theorem 9 (Derivative of Constants) Let C be a constant. Then ‘7§ C = 0.
This follows immediately from the definition of the CDMFD, because the derivative of a constant is zero.

Remark 19 The previous result applies to a genuinely constant function with compatible constant prehistory. It
should not be confused with the case of a causal step signal. In particular, the Heaviside function is not a constant
function on the whole time axis, it rather represents a signal with zero past and a transition at the starting instant. Thus,
while

‘@¢C=0
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for a true constant C, the dynamic—memory fractional derivative of a step—type signal must take into account the prescribed
past and the jump occurring at the origin. Consequently, in applications, the statement that the derivative of a constant is
zero should always be understood together with the assumed prehistory of the signal.

Theorem 10 (Product Rule) Letx,y € €' ([0,.7]). Then

C@% (xy) (l) = ‘/Ot lPI,a ([ — S;@) [x/(s)y(s) +X(s)y’(s)] ds.

Equivalently,

D ()(1) = T~ (Wy)(0) + I~ () (0).

Remark 20 In general, the classical product rule does not hold for the proposed DMFD, namely,

‘D (xy) (1) # x(1) Dy (t) +y(1)  Dpx(t).

The reason is that the operator is nonlocal: it does not act only on the instantaneous values x(¢) and y(¢), but on the
whole past history of the product. Although (xy)’ = x'y+xy’ inside the integral, the factors are evaluated at the integration
variable s, and therefore the convolution cannot generally be rewritten as a classical Leibniz rule at the terminal time 7.
Consequently, product dynamics involve coupled hereditary effects and cannot generally be separated as in classical local
calculus.

Remark 21 A characteristic feature of classical differentiation is that trigonometric functions remain within the
same family under repeated differentiation. In contrast, memory—dependent fractional operators generally modify both
the amplitude and phase of oscillatory signals through the accumulated hereditary effects encoded in the memory kernel.
Consequently, the image of a sinusoidal function under a dynamic—memory fractional derivative need not remain purely
sinusoidal. This behavior is not a deficiency of the operator; rather, it reflects the presence of memory and is consistent
with the dynamics of many physical systems exhibiting hereditary effects.

For example, viscoelastic materials, anomalous diffusion processes, and relaxation systems with memory typically
do not preserve ideal sinusoidal responses. Therefore, the loss of sinusoidal invariance may be regarded as a natural
consequence of memory rather than a violation of the principles of calculus.

Theorem 11 (Chain Rule) Letx € €!([0,.7]) and let F € €' (R). Then

t

‘Dg(Fox)(t) = A Wi_a(t—s;0)F (x(s))x'(s) ds.

Equivalently,

‘D (F(x)(r) =I5~ (F'(x)x') (1).

Proof. Since
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the result follows directly from the definition of the CDMFD . O

Remark 22 Unlike the classical conformable derivative, the above chain rule remains nonlocal because the memory
kernel W _ acts on the whole history of F/(x)x" over the interval [0, 7].
Theorem 12 (Integration by Parts Formula) Let 0 < & < 1, and let x,y € €'([0,.7]). Then

| /0 7 ) e (t) dt = /0 7 ( / Ol —s;@)dt) ds.

Proof. Using the definition of the CDMFD, we have

/Oyy(t)CQgX(I)dt = /Oyy(t) (/Orq"la(t S;@)x'(s)ds) dr.

By changing the order of integration over the triangular region 0 < s <7 < .7, we obtain

/OK?)’(I)CQgX(t) dt = /ny’(s) </Syy(t)‘l’1a(ts;®) dt) ds.

O

Remark 23 The inner integral in the above formula represents a right—sided DMFT acting on y. Thus, the integration
by parts formula connects the left-sided CDMFD of x with a right-sided memory action on y.

Theorem 13 (Dynamic—Memory Taylor—Type Formula) Let 0 < a < 1, and let x be sufficiently smooth on [0,.7].
Assume, in addition, that the normalization condition W (7;®) = 1 holds. Then

x(t) = x(0) + 2 “Dgx(t), t€0,7].

This formula is stated under the normalization condition above; otherwise the generated inverse relation gives fql,x’
instead of the ordinary increment x(¢) — x(0).

Proof. The result follows directly from the Caputo—type inverse formula
I8 “Dgx=x—x(0).
Therefore,
x(t) =x(0) + 25 “Dgx(t),

which gives the stated representation. O

Remark 24 The above representation can be regarded as a first-order dynamic—memory fractional Taylor formula.
In contrast to the classical local expansion, the correction term incorporates accumulated hereditary effects through the
DMK, thus preserving the nonlocal nature of the underlying dynamics.

Volume 7 Issue 4]2026| 4863 Contemporary Mathematics



Consequently, certain classical local properties, including the preservation of sinusoidal responses under differentiation,
need not remain valid in the presence of hereditary memory effects, since the operator reflects accumulated past dynamics
rather than instantaneous local behavior alone.

Remark 25 (Dynamic—memory interpretation of Rolle-type behavior) Let x € C'([a,b]) satisfy x(a) = x(b). Then,
by the classical Rolle theorem, there exists £ € (a,b) such that ¥’ (£) = 0. However, the CDMFD does not depend only
on the value of X’ at a single point. Rather, for a fixed 7 € (a, b, it depends on the accumulated hereditary contribution of
x' over the interval [a,?] through the generated kernel ¥;_. Consequently, the vanishing of the classical derivative at an
isolated point does not necessarily determine the value of the dynamic—memory fractional derivative. Instead, the operator
reflects a history—dependent balance of the past dynamics. This provides a memory-based interpretation of Rolle—type
behavior within the proposed DMFF.

Remark 26 (Dynamic-memory mean value formula) Let x € C!([a,b]), and assume that, for each fixed € (a,b],
the kernel

s— ¥ _o(t—15:0)

is nonnegative and integrable on [a,?], with

t
/ W, _o(f—5:0)ds > 0.
a

Then, by the weighted mean value theorem for integrals, there exists & € [a,] such that

g% x(t) =¥(&) / W (- 5:0)ds,

Equivalently,

D arx(t) =2 (&) T3 1(0).

Thus, the CDMFD can be interpreted as a memory—weighted mean value of the classical derivative over [a, f]. Unlike
the classical mean value theorem, the weight is determined by the generated kernel W;_, and therefore depends on the
selected dynamic memory generator .

In particular, if ®(p,®) = p, then

(t—s5)"*
Y _o(t—5,0)=
1 OC( s ) F(l _ a)
Hence, the above formula reduces to
(t—a)l~®

C@g+x(t) :xl(étﬂ) F(Z—OC) )
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for some & o € [a,t]. Moreover, under the usual approximate—identity behavior of the classical Caputo kernel,

ali}rrlli ‘@Y x(t) =x(1).

Therefore, the dynamic-memory mean value formula is consistent with the classical local behavior when the
generator is reduced to the standard choice ®(p,®) = pand o — 1™

3.5 Dynamic—memory fractional derivatives of power and polynomial functions

Power functions play a fundamental role in fractional calculus and numerical approximation, since they frequently
appear in consistency analysis, interpolation procedures, spectral methods, predictor—corrector schemes, and benchmark
problems. Therefore, it is important to characterize the action of the proposed DMFO on such functions.

Theorem 14 (DMFD of power functions) Let

Equivalently,
<P&(t—a)’ = b<‘P1_a #(-—a)" ) (o),
Proof. For x(t) = (t —a)” and by Definition 5, we have
P8 (1 —a)t = b/at‘Pl_a(t ~ 5:0)(s—a)’ds.

The convolution form follows directly from the definition of convolution. O

Remark 27 The previous result recovers several known formulas through suitable choices of the DMG. If ®(p, ®) =
p, then

tfoc
Fi-at) I(l—a)’
and consequently
I'b+1) _
c o b __ _ N\b—a
7—a =gt
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which is precisely the classical Caputo fractional derivative of power functions.
Similarly, alternative selections of ® generate tempered, Mittag—Leffler, nonsingular, or other generalized dynamic—
memory power laws. Therefore, the proposed DMFF extends the classical power—law formulas through the DMK.
Remark 28 Unlike the classical fractional derivative, where the derivative of (1 —a)® remains a pure power function,
the proposed DMFD depends on the generated kernel W _ . Consequently, the resulting derivative reflects the interaction
between the local growth of the polynomial term and the hereditary structure induced by the DMG. Different choices of
the generator therefore lead to different memory—modulated power laws.

The preceding formula for power functions extends naturally to polynomial functions, as stated in the next theorem.
Theorem 15 (DMFD of polynomial functions) Let

n
P,(t) = Z a(t —a)k,
k=0
where a; € R, k=0,1,...,n. Then
n '
PGP (1) = Zkak/ W) ot —5:0)(s—a)ds.
k=1 Ja

Equivalently, we get

CDEP(t) = Zn: kay, (‘I—‘l_a * (- — a)kfl) (7).

k=1

Proof. Using the linearity property established in Theorem 8 together with Theorem 14 applied term—by—term, we
obtain

n
QP (1) = Z a’ P (t —a)k.
k=0
Since a is constant, Theorem 9 implies that g (ap) = 0. Hence,
n t
PEP,(1) = Zkak/ Wy g (r— 5:0)(s— ) ds.
k=1 a

The proof is complete. 0
Remark 29 For ®(p,0) = p, the previous theorem reduces to

cop v L(k+1)
7 P”(t)’,;“"r(kﬂ—a)

k—
(t - a) 067
which coincides with the classical Caputo derivative of polynomial functions.

Remark 30 The obtained formulas for power and polynomial functions are useful in numerical analysis because
polynomial and power functions are the building blocks of local interpolation, collocation, and quadrature approximations.
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For example, in a predictor—corrector or collocation method, the nonlinear term is often replaced locally by a polynomial
interpolant. Applying the DMFD to such basis functions gives explicit consistency defects and therefore helps in deriving
local truncation errors, convergence estimates, and benchmark solutions for validating numerical approximations [36—38].

Remark 31 The previous results also explain why orthogonal polynomial families, including Legendre, Chebysheyv,
Bernstein, and Jacobi polynomials, may be adapted to the present dynamic—memory framework. Such polynomials are
finite linear combinations of powers after an affine transformation of the interval. Since the action of the DMFD on
powers is explicitly described above, one can compute the action of the generated operator on each polynomial basis
function term by term. This provides a natural route for constructing operational matrices and spectral or pseudospectral
methods adapted to heterogeneous and multiscale memory effects.

3.6 Laplace operational calculus

For simplicity, throughout this subsection we write

X(p) =ZL{x(t)}(p)-

Since

L{Y¥a(t;0)}(p) =2(p,0)" %,

the DMFT satisfies the following Laplace representation.
Theorem 16 (Laplace Transform of the DMFI) The Laplace transform of the DMFTI is

L{Igx}(p) = ®(p,®) "X (p).

Proof. From the definition of the DMFI, we have

Igx =Yy *x.

Taking the Laplace transform and using the convolution theorem give

L{Igx}(p) = L{¥a}(p) L {x}(p).

Since Z{¥}(p) = ®(p,0) % and Z{x}(p) = X(p), it follows that

L{Igx}(p) = 2(p,®) *X(p).

Theorem 17 (Laplace Transform of the CDMFD) Let x be of exponential order. Then
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Z{Pgx}(p) = P(p.®)* ' (pX (p) — x(0)).

Proof. From the definition of the CDMFD, we get
CPIx =W _g*x.

Taking the Laplace transform yields

L{ Dgx}H(p) = L{¥1-a}(p)ZL{x}p).

Since Z{¥1_«}(p) = ®(p,0)* ! and Z{¥'}(p) = pX(p) — x(0), we obtain

Z{Pgx}(p) = D(p.®)* ' (pX(p) — x(0)).

O

Remark 32 The Laplace symbols in the previous result show that the convolution—defined dynamic—-memory
fractional derivatives should not be confused with a purely symbolic fractional operator having multiplier ®(p,®)%.
In particular, because the RLDMFD is defined by applying the ordinary derivative d/dt after the generated fractional
integral of order 1 — «, its Laplace representation involves the factor p®(p,®)%!, together with the corresponding
initial contribution. Similarly, the CDMFD defined through convolution with x’ satisfies

Z{°Dgx}(p) = ®(p,®)* ' (pX (p) —x(0)).

Therefore, the multiplier ®(p,®)% is not used in this work as the Laplace symbol of the convolution—defined
CDMEFD. If such a multiplier is considered, it must be interpreted as a separate auxiliary symbolic operator and not
as the operator introduced in Definition 5.

The next remark distinguishes the CDMFD from the auxiliary symbolic operator.

Remark 33 The Laplace representation in Theorem 17 is associated with the CDMFD introduced in Definition 5.
In particular, since

PDIx =W _q*x,
its Laplace transform is given by

LD} (p) = (p.0)* " (pX(p) —x(0).

Thus, in this Caputo—type formulation, the ordinary differentiation symbol p is not completely replaced by the
generator ®(p, ®). Rather, the classical derivative contributes the factor
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pX(p) —x(0),

while the generated memory kernel contributes the multiplier ®(p, ®)%!.

If one adopts instead a purely symbolic dynamic—memory derivative whose Laplace—domain multiplier is ®(p,®)%,
then a different operator is obtained. To avoid confusion with the RLDMFD and the CDMFD defined in this paper, we
denote such an auxiliary symbolic operator by

o
@-fb,sym'

In that case, its Laplace representation would be of the form

L{DG symx}(p) = P(p,0)*X (p) — D(p,®)* ' x(0).

Therefore, @gvsym should be understood as a different symbolic generator—based derivative, and not as the Caputo—
type dynamic—memory derivative “Zg introduced in Definition 5. Throughout the present work, all results involving the
CDMEFD are based on the Laplace formula established in Theorem 17.

Remark 34 (Role of the one—sided Laplace transform) The Laplace representations obtained in this subsection
should be understood as operational identities associated with the adopted one—sided causal formulation. In particular, the
term x(0) appearing in

L{D8x}(p) = P(p.®)* ' (pX(p) —x(0))

is not meant to imply that the one—sided Laplace transform determines the physical initial state of the system. Rather, the
initial value, possible internal variables, and prescribed prehistory must be specified from the modeled system itself.

Consequently, the one—sided Laplace transform is used here as a symbolic tool for deriving causal memory kernels,
operational identities, and zero—past transfer relations. If a nonzero prehistory, an infinite—past formulation, or a stationary
frequency—response interpretation is required, then the corresponding analysis may be more naturally formulated using
a prehistory—dependent convolution, a bilateral Laplace transform, a Fourier transform, or another suitable operational
framework.

Therefore, the present DMFF should not be viewed as depending essentially on the one—sided Laplace transform.
Rather, this transform provides one realization of the generator-based memory construction, particularly suitable for
causal zero—past initial-value settings. Other transform settings may generate analogous DMK structures adapted to
different physical or engineering interpretations.

3.7 Engineering interpretation and frequency response

In engineering applications, fractional differentiators and integrators are often interpreted through their frequency
response. In the classical shift-invariant case, an ideal fractional differentiator of order « is characterized by the transfer
function
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where @ denotes the angular frequency and i> = — 1. This representation leads to a straight—line Bode magnitude diagram
with slope 20 dB/decade and constant phase or/2 for positive frequencies.

The proposed dynamic—-memory framework contains this classical engineering interpretation as a special case. From
Theorem 16, the DMFI satisfies

L{Igx}(p) = ®(p,®) "X (p).

Therefore, in the zero—state shift-invariant frequency—-response interpretation, where the Laplace variable is
evaluated on the imaginary axis p = i® and initial/prehistory contributions are not included in the transfer relation, the
corresponding frequency response of the DMFI is formally given by

Goo(0) =P(i0,0) 7.
In particular, if ®(p, ®) = p, then

GCD,OC((O) = (iw)_a7

which is precisely the classical fractional integrator of order «.
Similarly, from Theorem 17, the CDMFD satisfies

L{°Dgx}(p) = @(p,®)* " (pX(p) — x(0)).

Consequently, under the zero—state assumption, or equivalently when the initial/prehistory contribution is omitted
from the transfer relation, we obtain

Z{Dgx}(p) = pP(p.©)* ' X (p).
Thus, the corresponding frequency response of the CDMFD is
Hpo(0) =iod(in,®)* .
When the DMG is chosen as ®(p,®) = p, we obtain
Hpo(0) =io(i0)* ! = (io)*.

Hence, the proposed CDMFD recovers the classical Liouville-type fractional differentiator in the shift-invariant
frequency-response interpretation.
For positive frequencies @ > 0, the classical choice ®(p,®) = p gives
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|Ho o (0)| = 0, argHe (@) = 2
Accordingly,

20log,o |Ho,o(®)| = 200t log,, o,

which corresponds to a straight line in the Bode magnitude diagram with slope 20 dB/decade. Therefore, the standard
engineering interpretation of fractional differentiation is fully recovered when the DMG is reduced to the classical symbol
p.

For a general DMG, the frequency response

Hpo(0) =iod(in,®)*!

does not necessarily produce a straight Bode line. Instead, it describes a generalized dynamic—-memory differentiator
or memory—filter operator whose amplitude and phase characteristics are governed by the selected generator. Hence,
the proposed framework should be understood as a generator—based extension of the classical shift-invariant fractional
differentiator: it preserves the standard engineering response

when ®(p, ®) = p, while allowing more general frequency responses when the memory generator differs from the classical
Laplace symbol p.

In this sense, the DMG acts as a frequency—domain memory symbol. If ®(i®,®) behaves like i@ over a prescribed
frequency range, then the corresponding DMFD behaves like the ideal engineering fractional differentiator over that range.
Conversely, deviations of ®(iw, ®) from i@ encode non—classical memory, filtering, attenuation, crossover, or multiscale
effects.

To illustrate the frequency—domain interpretation of the proposed framework, Figure 2 compares the Bode magnitude
responses associated with several choices of the DMG. For the classical generator

®(p,®) = p,
the response is
Ho o(0) = (iw)%,
and hence the Bode magnitude is a straight line with slope 20¢c dB/decade. For the tempered generator

®(p,®)=p+4,
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the corresponding response becomes

Hgp (@) =io(io+1)* !,

which produces a modified low-frequency behavior while approaching the classical fractional slope at high frequencies.
For the hybrid generator

@(p,0) = (p+A)" +np",
the frequency response is given by

Heo(0) =io ((io+A)* +n(io)")* .

This response may exhibit crossover behavior between different frequency regimes, reflecting the multiscale memory
structure encoded in the generator.

——————
——Proposed DMFD
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Figure 2. Bode magnitude comparison of the DMFD frequency response for different choices of the DMG. The classical generator ®(p, ®) = p yields
the ideal straight—line fractional differentiator, while tempered and hybrid generators produce modified frequency responses associated with non-classical
memory effects

3.8 Dynamic—memory Mittag—Leffler functions

Mittag—L effler functions play a fundamental role in fractional calculus and memory—dependent dynamical systems,
similarly to the role of the exponential function in classical differential equations. In the proposed DMFF, the generalized
Mittag—Leffler functions arise naturally through the DMG and provide a unified representation of generalized relaxation
and hereditary phenomena.

Definition 14 The generalized DMMLF associated with the CDMFD is defined through the Laplace resolvent

o—1
ot {8
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whenever the inverse Laplace transform exists.
Theorem 18 Assume that the generalized DMMLF is normalized by Eq ¢(A4,0) = 1, and that the involved Laplace
transforms are well defined. Then the function Eg o (A ,¢) satisfies

7 Ep o(A,t) =AEp a(A,t).
Proof. Let

_ 2(p,o)*!
X(p) = pP(p,©)* 1 -4

Using the Laplace—transform formula for the CDMFD, we obtain
L{°P§ E.a(2,1)}(p) = ®(p,0)*! (pX(p) — E2.a(2,0)).
From the assumption Eq o(4,0) = 1, we get

L{ DG Epa(A,1)}(p) = D(p,0)* ' (pX(p)—1).

Substituting the expression for X (p) and simplifying, we get

b ® o—1 o ® a—1
@(p,@)l)hl p (p> )7 o :)“ (p7 )7 .
po(p,0)*1 -1 po(p,0)*1 -4
Hence,
Z{DgEpa(A,1)}(p) = AL {Epa(A.1)}(p).
Applying the inverse Laplace transform completes the proof. O

Remark 35 The above definition of Eg o(A,¢) is associated with the CDMFD introduced in Definition 5 and with
the Laplace representation established in Theorem 17. Therefore, the denominator

pP(p,®)* -1

is used in the relaxation resolvent. The alternative denominator

@(p,0)% — 2
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would correspond to a different auxiliary symbolic operator, not to the CDMFD considered in this paper.
Theorem 19 (Reduction to the Classical Mittag—Leffler Function) If ®(p,®) = p, then

Ep o(A,1) = Eq(At%),

where Ey denotes the classical one—parameter Mittag—Leffler function.
Proof. If &(p,®) = p, then

Eoa(lr) =2 {p’[’f_lA bo.

which is precisely the classical Laplace—transform representation of the Mittag—Leffler function Eq (A7%). O

Remark 36 The converse of Theorem 19 does not hold in general without additional uniqueness assumptions on
the admissible generator. The theorem shows that the particular choice ®(p,®) = p is sufficient to recover the classical
Mittag—Leffler function. However, the recovery of the classical Mittag—Leffler transform representation does not by
itself force the generator to be exactly ®(p,®) = p. Different admissible symbols may lead to equivalent transform
representations on restricted classes of functions, after normalization, or under additional structural constraints. Therefore,
a converse statement would require a separate uniqueness theorem for the Laplace—domain generator within a prescribed
admissible class.

Remark 37 Different choices of the DMG produce different classes of generalized relaxation functions because
the relaxation kernel is determined by the resolvent factor in the Laplace domain. Thus, changing ® changes the poles,
branch behavior, decay rate, and possible crossover patterns of the inverse transform. Power—law generators yield slowly
decaying relaxation, tempered generators produce exponentially attenuated memory, and hybrid generators may combine
several temporal behaviors. This is why the proposed framework can represent a wide spectrum of hereditary and
multiscale dynamical behaviors.

4. Application to a nonlinear DMFLS

In this section, we illustrate the applicability of the DMFF through a class of nonlinear DMFLS involving coupled
memory interactions, nonlinear forcing terms, and nonlocal effects. The considered model extends several existing
fractional Langevin equations by incorporating generator—driven memory structures together with mixed dynamic—
memory fractional operators.

4.1 Model formulation and problem description

We consider the nonlinear DMFLS of the form
“98(“Dhx(0) + 2(0x(1) ) = /x(1) + Bx(0(1) + F (1,x(1), x(0(1)), 1€ [0,7), (7)
subject to the initial conditions

X0)=x0,  ¥(0)=%, ®)
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where %/ (t) = C_@gx(t) + A(#)x(r). This formulation avoids assigning an independent point value to C@f,x att =0, which
may be ambiguous when the generated kernel is singular at the origin. If the Caputo—type derivative admits a finite right
limit at the origin, then one may equivalently write %) = x; + A (0)xo, where x; = lim,_,+ C@gx(t). The unknown function
x:[0,.7] — RY denotes the state vector, while o, B € (0, 1) represent the dynamic-memory fractional orders. The function
A :[0,.7] — Ris a continuous damping coefficient, and .7, 2 € R?*¢ are constant matrices describing linear interactions.
Moreover, the mapping ¢ : [0,.7] — [0, 7] denotes a deviating argument that may account for delay, proportional delay, or
more general hybrid memory effects, whereas .7 : [0,.7] x RY x RY — R? represents a nonlinear forcing term. Fractional
Langevin equations have been studied in connection with anomalous diffusion, relaxation processes, and systems with
memory effects; see, for example, [34, 35].

The proposed model combines several features, including nested DMFO, memory effects generated through the
DMG, Langevin—type damping terms, nonlinear forcing functions, and deviating arguments representing delayed or
hybrid interactions. Therefore, system (7) includes several existing fractional Langevin models as particular cases, such
as models with classical, tempered, nonsingular, or other generalized memory structures.

4.2 Theoretical analysis

To study solvability, we first rewrite the proposed DMFLS as an equivalent nonlinear integral equation. Since the
general generated inverse identities established in Section 3 do not necessarily reduce to their classical forms, the following
additional condition is imposed throughout this subsection.

Assumption 1 For each p € {a, 3}, the selected admissible generator and the considered function class satisfy the
left-inverse relation

I Doz =17—12(0)

for every admissible function z.

Remark 38 Assumption 1 is an additional structural condition required only for the Volterra reduction developed
in this subsection. It is satisfied in the classical normalized case ®(p,®) = p and, more generally, whenever the selected
generated operators possess the stated left-inverse property on the considered function class. Without this condition, the
general inverse identity remains

IE D =I5,

as established in Section 3.
Let

Y (1) = DEx(t) + A(1)x(1).
Then system (7) can be written as
DS (1) = Ax(t)+ Bx(o(t) +F (t,x(t),x(c(t))).

Under Assumption 1, applying ¢ to both sides gives
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Y(t) =%+ Ig (dx+ Bx(0)+.F (-,x,x(0))) (1),

where % := #/(0). Equivalently,
DEX(t) + 1(1)x(1) = B+ IE (Ax+ Bx(0) + F (-,x,x(0))) (1)

Applying ,ﬂ(g and using Assumption 1, together with the semigroup relation for the generated fractional integrals,
yields

x(t) —x0+ IE(Ax) (1) = %IV (t) + I P (A x+ Bx(0) + T (- x,x(0))) (¢).
Therefore, the corresponding nonlinear Volterra—type integral equation is

x(1) = x0 — 7§ (Ax) (1) + % 75 (1)
©)
+ I8P (3 Bx(0) + F (- x,x(0))) (1),

where

Biy— 7B — [ Welr— s ®)ds
/q,(z)_yq,l(t)_/owﬁ(t .0)ds.

Equation (9) rewrites the original DMFLS as a nonlinear Volterra—type integral equation for the class of admissible
generators satisfying Assumption 1. Within this class, the generated memory kernels can be treated through a common
fixed—point framework.

Since

Y (1) = DEx(t) + A (1)x(1),

the initial value is imposed on the Langevin expression itself. This formulation is appropriate for general generated kernels
because the point value of C@gx at the origin may not exist unless an additional right-limit or compatibility condition is
imposed. If this right limit exists and is denoted by x;, then

% = x1 + A (0)xo,

which connects the present formulation with the alternative notation used in some classical Langevin models.
To investigate existence and uniqueness, we formulate the problem as a fixed—point equation in the Banach space
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X = C([O7¢7],Rd)7

equipped with the norm

lx[[2- = sup |[lx(r)
1€l0,7

Define T : 2" — 2 by
(Tx) (1) = xo — I (Ax)(t) + 7§ (1)
+ I8P (o x+ Bx(0) +.F (-, x,x(0))) (1)

Thus, mild solutions of system (7) are precisely the fixed points of T.

(10)

Theorem 20 (Existence and uniqueness under Lipschitz—type conditions) Assume that Assumption 1 holds and that:

(H1) The function .% : [0,.7] x R? x R — R? is continuous.
(H2) There exists L > 0 such that

|7t ur,v1) = F (8, u2,v2) || < L([lur — o[+ [[vy = val[)

for every t € [0,.7] and uy,ua,v1,v, € RY.
(H3) The deviating argument o : [0, 7] — [0,.7] is continuous.
(H4) The generated integral operators ﬂ£ and .7 *P are bounded on 2.
(HS) The following contraction condition holds:

ai=||- 28| 1A+ |2 2| ) + 120 +20) < 1.

Then system (7) admits a unique mild solution on [0, 7).

Proof. Letx,y € 2. From (10), we have

|0~ (DO < |78 (=) 0)

|25 (7 (6= 3) + B(x(0) = 3(0)) + (1x,5(0)) = F (- 3,3(0))) (1)

Since

x(a (1)) =y(a@)] < lx=ylla,

Volume 7 Issue 4|2026| 4877

Contemporary Mathematics



the Lipschitz condition gives

|7 (1.x(1),x(0(1))) = F (1.3(t),y(c (1)) || < 2LI}x = y] 2.
Consequently,
[Tx =Tyl <qllx—y 2.

Since q < 1, the operator T is a contraction on Z". Banach’s contraction principle therefore yields a unique fixed
point of T, which is the unique mild solution of system (7). O

Theorem 21 (Existence of mild solutions) Assume that Assumption 1 holds and that:
(G1) The function .% : [0,.7] x RY x R — R? is continuous.
(G2) There exists a constant .# > 0 such that

|7 (@ u,v) || < A (14 [[ufl + (V1))

for every ¢ € [0,.7] and u,v € R?.
(G3) The generated kernels Wg and ¥, g belong to L'(0,.7).

(G4) The deviating argument o : [0,. 7] — [0, .7] is continuous.
(G5) The constant

cri= || 28Il + 75 || (1l + 1211+ 2.0)
satisfies

<1

Then system (7) admits at least one mild solution on [0, .7].

Proof. Define ¢y by

¢ = IIon+I\%||||/£\\w+//“f§+ﬁ"'

Choose

and consider the closed, bounded, and convex set
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Br={xe 2 :||x|2- <R}.

For every x € B, the growth condition in (G2) gives

|7 (t.x(t),x(c (1)) || < 4 (142R).

Hence,
Il < lloll + 1260178 |-+ ||- 78 | 12|
+ |l el + 1R+ 1+ 28)
=c¢+cR<R
Therefore,
T(Bgr) C Bg.

The continuity of .%, A, and o, together with the boundedness of the generated integral operators, implies that T is
continuous on Bg.

Moreover, the functions appearing under the generated Volterra integrals are uniformly bounded for x € Bg. Since
Vg, Woip € L'(0,.7), their zero extensions have translations that are continuous in the L'-norm. It follows that the
family T(Bg) is equicontinuous on [0, 7]. The preceding estimate also shows that this family is uniformly bounded.
Hence, by the Arzela—Ascoli theorem, T(Bg) is relatively compact in 2"

Therefore, T is a continuous compact self~map of Bg. Schauder’s fixed point theorem yields at least one fixed point
of T, which is a mild solution of system (7). O

Remark 39 The hypotheses of the preceding existence theorem provide sufficient, but not necessary, conditions for
the existence of a mild solution. In particular, the existence of a solution for a specific problem does not imply that all
the stated continuity, growth, compactness, inverse, or kernel admissibility assumptions must hold. The conditions are
imposed to ensure that the fixed—point operator is well defined, maps a suitable closed ball into itself, and possesses the
compactness properties required by Schauder’s fixed point theorem.

4.3 Numerical approximation scheme

In this subsection, we develop a predictor—corrector numerical scheme for approximating solutions of the system (7).
The proposed approach adapts the classical Adams—Bashforth-Moulton methodology to the generator—based dynamic—
memory setting. Classical predictor-corrector methods for fractional differential equations, such as [36], are typically
formulated for prescribed fractional kernels, while the broader numerical literature [39] likewise develops numerical
schemes around specified fractional operators. The present formulation instead accommodates memory effects generated
through the DMG.
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The numerical approximation of dynamic—memory fractional systems is generally more challenging than that of
classical fractional equations, since the generated kernels

¥ (1:0) = 27 H{o(p,0) *}(1)

may exhibit singular, nonsingular, tempered, oscillatory, or multiscale memory behaviors. Consequently, numerical
schemes designed for fixed power—law kernels cannot always be applied directly.

To address this issue, we develop a predictor—corrector approach based on the generated DMK rather than on a
prescribed memory law. The proposed scheme extends the classical Adams—Bashforth—Moulton framework to generator—
based DMFO , allowing different classes of memory effects to be treated within a unified computational procedure. In
contrast to many existing methods, which often require separate formulations for different kernels, the present approach
naturally accommodates singular, nonsingular, tempered, Mittag—Leffler, hybrid, and multiscale memory structures while
preserving the convolution and semigroup properties of the continuous model.

LetO=ty<t; <---<ty= 7, where

t, = nh, h=

2|

Using the equivalent integral representation (9), we obtain
Tnt1
X(tyt1) = x0 — /O Wp(tar1 —5;0)A(s)x(s)ds
Int1 (1 1)
+ A Woip(tar1 —5:0)9 (5,x(s))ds
+ % Sy (1),
where

9 (5,x(s)) = Ax(s) + Bx(0(s)) +.F (s,x(s),x(5(s))).

Since the generated kernels may be singular at the origin, the quadrature rule is formulated through integrated cell
weights rather than through pointwise evaluations of ¥, (0;®). For p € {B,a+ B}, define the predictor weights by

() L+l ,
bn+l,j = ; Wy (tnr1 —5:0)ds, j=0,1,...,n.
J

These weights are well defined whenever ¥y € L'(0,.7), including the case in which the kernel possesses an
integrable singularity at the origin.
Let
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and set
Y= leXj—l-%)/C\g,j-‘rf(l‘j,xj,fa,j)»

where X5 ; denotes an approximation of x(o(¢;)). If o(¢;) is not a mesh point, its value may be obtained by interpolation

from the previously computed states.
Using a piecewise constant product—integration approximation on each subinterval, the predictor is defined by

n

s =x0— Y b A+ Y B DG+ % 78 (1) (12)
Jj=0 =0

To construct the corrector, the functions appearing under the Volterra integrals are approximated linearly on every

subinterval. For p € {f, 0t + 8}, define

1 /m
a,(ﬁr)m = /t Wp (tng1 —5:0) (1 — ) ds,
v 1o

(p) L [ L [l
iy = h/tj| Yo (tnr1 —8:0) (s —tj—1)ds+ Z/z Wo(tns1 —5:0)(tj1 —s)ds,

for j=1,2,...,n,and

(P) 1 Tnt1

i1t = g W (tnr1 —5:0) (s —1,) ds.

n

At the new time level, define

:\#(;,nJrl ~ x<6(tn+l ))

by interpolation, using the predictor xﬁ 1 Whenever the interpolation interval contains #,, 1, and set

P
gn+l = xf;r] +<@ o.n+1 +ﬁ (tn+17xrfz)+lv?c;,n+l) .

The corrected approximation is then given by
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n
_ B Axi—aP
Xny1 = X0 — Zanﬂ,j%x./ Q10+l ﬂ+1xP

j=0
+ +
+ Zan(j-llj n(illriz-k—lg
+ % 78 1) (13)

The numerical solution is computed successively. At each time level, the predictor (12) is first evaluated using the
previously computed states. The predicted value is then employed in the endpoint contribution of the corrector (13). The
resulting procedure is a product—integration predictor—corrector scheme whose weights are determined by the generated
kernels.

Unlike a direct trapezoidal discretization, the present formulation does not require the pointwise value ¥, (0;0).

Ez+)1 ;and aﬁl 31 . Consequently,

the scheme can be applied to a broad class of admissible locally integrable kernels, including power—law tempered, and
hybrid generated memory kernels.

Instead, the possible near—origin singularity is incorporated through the integrated weights b

The proposed discretization provides a general computational template. Its consistency, stability, and convergence
depend on the regularity of the solution and on the analytical behavior of the generated kernels, particularly near the origin,
and require a separate analysis for each admissible kernel class.

Remark 40 Unlike many existing predictor—corrector methods designed for prescribed memory kernels, the
proposed approach is driven by the generated memory structure induced by the DMG. As a result, the same numerical
framework can treat diverse memory behaviors within a unified computational setting, without requiring kernel-specific
reformulations.

Remark 41 A rigorous analysis of the convergence and stability of the proposed predictor—corrector scheme depends
on the admissibility properties of the generated kernels and the regularity assumptions imposed on the DMG. The
investigation of these properties is left for future work.

4.4 Recovery and generation of existing fractional Langevin models

The proposed DMFF can recover several existing fractional Langevin equations as special cases through appropriate
choices of the DMG. It also allows the construction of more general memory—dependent Langevin systems, including
models involving classical, tempered, nonsingular, Mittag—Leffler, and hybrid memory effects, within a common
framework.

To illustrate this mechanism, we consider several representative choices of the DMG and examine the corresponding
reductions of the proposed DMFLS. These examples demonstrate how different memory generators induce distinct
hereditary laws and therefore produce different classes of Langevin dynamics while preserving a common analytical
structure.

Example 3 (Recovery of the classical fractional Langevin model) Consider the DMG

q)(p7®):p,

Then the generated DMK becomes
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tafl

[a)

Po(t:0) =2 Yp *}(t) =

Hence, the DMFI reduces to the classical Riemann—Liouville fractional integral while the associated DMFD recovers
the standard Riemann—Liouville and Caputo fractional derivatives. Consequently, the proposed DMFLS recovers classical
fractional Langevin dynamics with power—law hereditary effects; see [40].

Example 4 (Recovery of exponentially tempered Langevin models) Let

O(p,©)=p+A, 1>0.

Then

e—ltt(x—l

a(t:0) = 2 {(p+2)"}H0) =~

Therefore,

(Fgx)(t) = T ! /(: e M) (1 — )% Tx(s) ds.

(a)

Thus, the resulting Langevin model exhibits exponentially attenuated hereditary effects, similar to those arising in
generalized and tempered fractional Langevin dynamics; see [41].
Example 5 (Recovery of generalized Mittag—Leffler memory) Suppose that the DMG generates kernels satisfying

q’a(t;@) == [ai]E‘u,a(_zftlJ'),

where E, o denotes the two—parameter Mittag—Leffler function. Then the corresponding dynamic—memory operators
generate nonlocal interactions involving crossover and multiscale memory effects.

Consequently, the resulting DMFLS extends fractional Langevin models governed by Mittag—Leffler hereditary
structures; see [42].

The above examples demonstrate that different selections of the DMG lead naturally to distinct classes of fractional
Langevin models, including classical power—law memory, exponentially tempered memory, and generalized crossover
hereditary effects. Therefore, the proposed DMFF provides a unified mechanism for constructing and analyzing broad
families of fractional Langevin systems through the structure of the generated memory kernel itself.

5. Conclusion

This work established a generator—based dynamic—memory framework for fractional calculus in which hereditary
effects are produced through a dynamic memory generator rather than imposed through a prescribed fixed kernel. The
proposed approach offers a unified symbolic mechanism for constructing broad classes of memory—dependent fractional
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operators while retaining a coherent analytical and operational structure. In this sense, the framework provides a flexible
alternative to several existing generalized fractional formulations whose memory laws are fixed in advance.

Within this setting, dynamic—memory fractional integrals and the corresponding Riemann—Liouville and Caputo—
type dynamic—memory fractional derivatives were introduced by means of inverse Laplace representations. The developed
theory established the main structural properties of these operators, including admissibility conditions, semigroup relations
for generated integrals, boundedness results, qualified inverse formulas, composition identities, and Laplace—domain
operational representations. The same construction also led naturally to dynamic—-memory Mittag—Leffler functions
associated with the selected generator, thereby linking generated kernels with relaxation—type behavior in a systematic
way.

Explicit formulas for the action of the proposed derivatives on power and polynomial functions were also derived.
These formulas extend the classical fractional power laws to the generated—kernel setting and provide useful analytical
tools for consistency analysis, approximation procedures, predictor—corrector methods, and future numerical schemes
adapted to heterogeneous memory structures.

Another important feature of the developed theory is its ability to directly recover classical shift-invariant convolution
operators, such as the Riemann—Liouville, Caputo, and tempered forms, and to represent several modern kernel-based
memory models at the level of generated kernels or suitable transform extensions. Claims concerning non—shift-invariant
operators are therefore understood in this qualified representational sense rather than as literal recoveries inside the basic
Laplace—convolution setting.

The applicability of the framework was demonstrated through a nonlinear dynamic—-memory fractional Langevin
system involving coupled memory effects, nonlinear interactions, and generalized hereditary behavior. The resulting
Volterra formulation, solvability analysis, and numerical approximation scheme illustrate how different memory mechanisms,
including crossover and multiscale effects, can be incorporated within a single symbolic structure without the need to
redefine the operator for each separate kernel.

Several directions remain open for future investigation. These include stochastic dynamic—memory models,
variable—order and adaptive generators, numerical methods for generator—dependent operators, fractional optimal control
problems, and partial differential equations with dynamic memory effects. Further developments may also address spectral
theory, inverse problems, deeper admissibility criteria, and applications to anomalous diffusion, viscoelasticity, biological
systems, and other complex media where memory behavior is heterogeneous or evolving.

Acknowledgement

The author would like to thank Prince Sultan University and Ostim Technical University for their help and support.

Funding

The author would like to thank Prince Sultan University (PSU) for its financial support.

Data availability

No external datasets were used in this study. Any numerical results presented in the article were generated from the
mathematical models, parameter settings, and numerical procedures described in the manuscript.

Conflict of interest

The author declares no competing financial interest.

iporary Math tics 4884 | Jehad Alzabut




References

[11 Podlubny 1. Fractional Differential Equations. Academic Press, New York; 1999.

[2] Kilbas AA, Srivastava HM, Trujillo JJ. Theory and Applications of Fractional Differential Equations. Elsevier,
Amsterdam; 2006.

[3] Diethelm K, Kiryakova V, Luchko Y, Machado JAT, Tarasov VE. Trends, directions for further research, and some
open problems of fractional calculus. Nonlinear Dynamics. 2022; 107: 3245-3270. Available from: https://doi.org/
10.1007/s11071-021-07158-9.

[4] Luchko Y. General fractional calculus operators with Sonine kernels and some of their applications. /FAC-
PapersOnLine. 2024; 58: 302-311. Available from: https://doi.org/10.1016/j.ifacol.2024.08.207.

[5] Caputo M, Fabrizio M. A new definition of fractional derivative without singular kernel. Progress in Fractional
Differentiation and Applications. 2015; 1: 73-85. Available from: https://www.naturalspublishing.com/files/
published/0gb83k287mo759.pdf [Accessed 6 May 2026].

[6] Atangana A, Baleanu D. New fractional derivatives with nonlocal and non-singular kernel: theory and application
to heat transfer model. Thermal Science. 2016; 20(2): 763-769. Available from: https://doi.org/10.2298/
TSCI160111018A.

[71 Abdeljawad T. A Lyapunov type inequality for fractional operators with nonsingular Mittag—Leffler kernel. Journal
of Inequalities and Applications. 2017; 2017: 130. Available from: https://doi.org/10.1186/s13660-017-1400-5.

[8] Giusti A. A comment on some new definitions of fractional derivative involving Mittag—Leffler kernels. Nonlinear
Dynamics. 2018; 93: 1757-1763. Available from: https://doi.org/10.1007/s11071-018-4289-8.

[9] Al-Refai M, Fernandez A. Generalising the fractional calculus with Sonine kernels via conjugations. Journal of
Computational and Applied Mathematics. 2023; 427: 115159. Available from: https://doi.org/10.1016/j.cam.2023.
115159.

[10] Ortigueira MD. Searching for Sonine kernels. Fractional Calculus and Applied Analysis. 2024; 27: 2219-2247.
Available from: https://doi.org/10.1007/s13540-024-00321-0.

[11] Sabatier J. Fractional dynamical behaviour modelling using convolution models with non-singular rational kernels:
some extensions in the complex domain. Fractal and Fractional. 2025; 9(2): 79. Available from: https://doi.org/10.
3390/fractalfract9020079.

[12] Kochubei AN. General fractional calculus, evolution equations, and renewal processes. Integral Equations and
Operator Theory. 2011; 71: 583—-600. Available from: https://doi.org/10.1007/s00020-011-1918-8.

[13] Luchko Y. The Istlevel general fractional derivatives and some of their properties. Journal of Mathematical Sciences.
2022; 266: 709—722. Available from: https://doi.org/10.1007/s10958-022-06055-9.

[14] Bender C, Bormann M, Butko YA. Subordination principle and Feynman—Kac formulae for generalized time-
fractional evolution equations. Fractional Calculus and Applied Analysis. 2022; 25: 1818-1836. Available from:
https://doi.org/10.1007/s13540-022-00082-8.

[15] Luchko Y. General fractional integrals and derivatives and their applications. Physica D. 2023; 455: 133906.
Available from: https://doi.org/10.1016/j.physd.2023.133906.

[16] Prabhakar TR. A singular integral equation with a generalized Mittag—Leffler function in the kernel. Yokohama
Mathematical Journal. 1971; 19: 7-15.

[17] Jung C, Farid G, Yasmeen H, Nonlaopon K. More on the unified Mittag—Leffler function. Symmetry. 2022; 14(3):
523. Available from: https://doi.org/10.3390/sym14030523.

[18] Samraiz M, Mehmood A, Naheed S, Rahman G, Kashuri A, Nonlaopon K. On novel fractional operators involving
the multivariate Mittag—Leffler function. Mathematics. 2022; 10(21): 3991. Available from: https://doi.org/10.3390/
math10213991.

[19] Samraiz M, Mehmood A, Igbal S, Naheed S, Rahman G, Chu YM. Generalized fractional operator with applications
in mathematical physics. Chaos, Solitons and Fractals. 2022; 165: 112830. Available from: https://doi.org/10.1016/
j-chaos.2022.112830.

[20] Al-Refai M, Luchko Y. The general fractional integrals and derivatives on a finite interval. Mathematics. 2023; 11(4):
1031. Available from: https://doi.org/10.3390/math11041031.

[21] Lorenzo CF, Hartley TT. Initialized Fractional Calculus. NASA; 2000. Available from: http://wayback.archive-it.
org/1792/20100127173956/http://hdl.handle.net/2060/20000031631 [Accessed 20 May 2026].

Volume 7 Issue 4]2026| 4885 Contemporary Mathematics


https://doi.org/10.1007/s11071-021-07158-9
https://doi.org/10.1007/s11071-021-07158-9
https://doi.org/10.1016/j.ifacol.2024.08.207
https://www.naturalspublishing.com/files/published/0gb83k287mo759.pdf
https://www.naturalspublishing.com/files/published/0gb83k287mo759.pdf
https://doi.org/10.2298/TSCI160111018A
https://doi.org/10.2298/TSCI160111018A
https://doi.org/10.1186/s13660-017-1400-5
https://doi.org/10.1007/s11071-018-4289-8
https://doi.org/10.1016/j.cam.2023.115159
https://doi.org/10.1016/j.cam.2023.115159
https://doi.org/10.1007/s13540-024-00321-0
https://doi.org/10.3390/fractalfract9020079
https://doi.org/10.3390/fractalfract9020079
https://doi.org/10.1007/s00020-011-1918-8
https://doi.org/10.1007/s10958-022-06055-9
https://doi.org/10.1007/s13540-022-00082-8
https://doi.org/10.1016/j.physd.2023.133906
https://doi.org/10.3390/sym14030523
https://doi.org/10.3390/math10213991
https://doi.org/10.3390/math10213991
https://doi.org/10.1016/j.chaos.2022.112830
https://doi.org/10.1016/j.chaos.2022.112830
https://doi.org/10.3390/math11041031
 http://wayback.archive-it.org/1792/20100127173956/http://hdl.handle.net/2060/20000031631
 http://wayback.archive-it.org/1792/20100127173956/http://hdl.handle.net/2060/20000031631

[22] Samko SG, Kilbas AA, Marichev Ol. Fractional Integrals and Derivatives: Theory and Applications. Amsterdam:
Gordon and Breach; 1993.

[23] Khalil R, Al Horani M, Yousef A, Sababheh M. A new definition of fractional derivative. Journal of Computational
and Applied Mathematics. 2014; 264: 65-70. Available from: https://doi.org/10.1016/j.cam.2014.01.002.

[24] Abdeljawad T. On conformable fractional calculus. Journal of Computational and Applied Mathematics. 2015; 279:
57-66. Available from: https://doi.org/10.1016/j.cam.2014.10.016.

[25] Almeida R. A Caputo fractional derivative of a function with respect to another function. Communications in
Nonlinear Science and Numerical Simulation. 2017; 44: 460—481. Available from: https://doi.org/10.1016/j.cnsns.
2016.09.006.

[26] Jarad F, Abdeljawad T, Alzabut J. Generalized fractional derivatives generated by a class of local proportional
derivatives. European Physical Journal Special Topics. 2017; 226: 3457-3471. Available from: https://doi.org/10.
1140/epjst/e2018-00021-7.

[27] Katugampola UN. A new approach to generalized fractional derivatives. Bulletin of Mathematical Analysis and
Applications. 2014; 6(4): 1-15.

[28] Ortigueira MD, Machado JAT. What is a fractional derivative? Journal of Computational Physics. 2015;293: 4-13.
Available from: https://doi.org/10.1016/j.jcp.2014.07.019.

[29] Hilfer R. Applications of Fractional Calculus in Physics. Singapore: World Scientific; 2000. Available from: https:
//doi.org/10.1142/3779.

[30] Mali AD, Kucche KD, Fernandez A, Fahad HM. On tempered fractional calculus with respect to functions and the
associated fractional differential equations. Mathematical Methods in the Applied Sciences. 2022; 45(17): 11134—
11157. Available from: https://doi.org/10.1002/mma.8441.

[31] Sadek L. A cotangent fractional derivative with applications. Fractal and Fractional. 2023; 7(6): 444. Available
from: https://doi.org/10.3390/fractalfract7060444.

[32] Schilling RL, Song R, Vondraéek Z. Bernstein Functions: Theory and Applications. 2nd ed. Berlin: De Gruyter;
2012. Available from: https://doi.org/10.1515/9783110269338.

[33] Jia J. Analysis of a hidden-memory variably distributed-order time-fractional diffusion equation. Fractal and
Fractional. 2022; 6(11): 627. Available from: https://doi.org/10.3390/fractalfract6110627.

[34] Barakat MA, Hyder AA, Rizk D. New fractional results for Langevin equations through extensive fractional
operators. AIMS Mathematics. 2023; 8(3): 6119—6135. Available from: https://doi.org/10.3934/math.2023309.

[35] Sudsutad W, Alzabut J, Nontasawatsri S, Thaiprayoon C. Stability analysis for a generalized proportional fractional
Langevin equation with variable coefficient and mixed integro-differential boundary conditions. Journal of
Nonlinear Functional Analysis. 2020; 2020: 1-24. Available from: https://doi.org/10.23952/jnfa.2020.23.

[36] Diethelm K, Ford NJ, Freed AD. A predictor—corrector approach for the numerical solution of fractional differential
equations. Nonlinear Dynamics. 2002; 29: 3-22. Available from: https://doi.org/10.1023/A:1016592219341.

[37] Brugnano L, Burrage P, lavernaro F. A spectrally accurate step-by-step method for the numerical solution of
fractional differential equations. Journal of Scientific Computing. 2024; 99: 48. Available from: https://doi.org/
10.1007/s10915-024-02517-1.

[38] Li C, Zeng F. Numerical Methods for Fractional Calculus. Boca Raton: Chapman & Hall/CRC; 2015. Available
from: https://doi.org/10.1201/b18503.

[39] Alsidrani F, Kiligman A, Senu N. A comprehensive review of the recent numerical methods for solving fractional
partial differential equations. Open Mathematics. 2024; 22(1): 367-386. Available from: https://doi.org/10.1515/
math-2024-0036.

[40] Didier G, Nguyen HD. The generalized Langevin equation in harmonic potentials: anomalous diffusion and
equipartition of energy. Communications in Mathematical Physics. 2022; 393: 909-954. Available from: https:
//doi.org/10.1007/s00220-022-04378-x.

[41] Wang M, Deng W. Fourier convergence analysis for a Fokker—Planck equation of tempered fractional Langevin—
Brownian motion. Numerical Mathematics: Theory, Methods and Applications. 2024; 17(3): 751-776. Available
from: https://doi.org/10.4208/nmtma.OA-2023-0137.

[42] Zhao K. Existence, stability and simulation of a class of nonlinear fractional Langevin equations involving
nonsingular Mittag—Leffler kernel. Fractal and Fractional.2022; 6(9): 469. Available from: https://doi.org/10.3390/
fractalfract6090469.

Co iporary Math tics 4886 | Jehad Alzabut



https://doi.org/10.1016/j.cam.2014.01.002
https://doi.org/10.1016/j.cam.2014.10.016
https://doi.org/10.1016/j.cnsns.2016.09.006
https://doi.org/10.1016/j.cnsns.2016.09.006
https://doi.org/10.1140/epjst/e2018-00021-7
https://doi.org/10.1140/epjst/e2018-00021-7
https://doi.org/10.1016/j.jcp.2014.07.019
https://doi.org/10.1142/3779
https://doi.org/10.1142/3779
https://doi.org/10.1002/mma.8441
https://doi.org/10.3390/fractalfract7060444
https://doi.org/10.1515/9783110269338
https://doi.org/10.3390/fractalfract6110627
https://doi.org/10.3934/math.2023309
https://doi.org/10.23952/jnfa.2020.23
https://doi.org/10.1023/A:1016592219341
https://doi.org/10.1007/s10915-024-02517-1
https://doi.org/10.1007/s10915-024-02517-1
https://doi.org/10.1201/b18503
https://doi.org/10.1515/math-2024-0036
https://doi.org/10.1515/math-2024-0036
https://doi.org/10.1007/s00220-022-04378-x
https://doi.org/10.1007/s00220-022-04378-x
https://doi.org/10.4208/nmtma.OA-2023-0137
https://doi.org/10.3390/fractalfract6090469
https://doi.org/10.3390/fractalfract6090469

	Introduction
	Preliminaries
	Structural and operational properties of the dynamic–memory fractional calculus
	Kernel structure, admissibility, and semigroup properties
	Generalized dynamic–memory operators and consistency principles
	Comparative analysis and modeling advantages
	Analytical, differential, and nonlocal properties
	Dynamic–memory fractional derivatives of power and polynomial functions
	Laplace operational calculus
	Engineering interpretation and frequency response
	Dynamic–memory Mittag–Leffler functions

	Application to a nonlinear DMFLS
	Model formulation and problem description
	Theoretical analysis
	Numerical approximation scheme
	Recovery and generation of existing fractional Langevin models

	Conclusion

