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1. Introduction

Problems of higher-order elliptic equations involving the polyharmonic operator (—A)” where m is an integer
greater than 2, arise in the study of models for stationary surface diffusion flow, thin elastic plates, the Paneitz-Branson
equation and the Willmore equation are also known as Helfrich model in membrane biophysics [1]. Accordingly, the
consideration of the polyharmonic operator has been investigated several years ago, we refer to [2-7]. Furthermore,
many authors have done a lot of work dealing with the existence of positive solutions for nonlinear polyharmonic
equations in different domains with various boundary conditions; see [8-14] and the references therein.

Boggio [2] proved that G,, ,, the Green function of (—A)" on the unit ball B of R" (n > 2), under Dirichlet boundary

. ou 0" u
conditions u =—=...=

5 —Wzo,isgivenonBXBby:
v v

[xy] 42 _ ym-1
Gy ) =k, [x-p [ [ M

where 9 is the outward normal derivative, ,, , > 0 and [x, yP=1x =y + 1 —|x)(1-|y[),x yinB.
v
From its expression (1), it is obvious that G,, , is positive on B*. We observe that unlike the elliptic case (m = 1), the

positivity result of Green’s function isn’t always true. In fact, many counter-examples [3-7] have shown that the Green’s
function of (—A)", m > 2, does not necessarily keep a constant sign, even when considered with respect to bounded
domains.
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In [9], due to the properties of the Green function G,, ,, the authors introduced the Kato class denoted by X, , and
defined as follows.

Definition 1 ([9])

Let g be a Borel measurable function on B.

The function ¢ is in the Kato class K,, , if the following hypothesis is fulfilled:

1, 1

lrlir(}[i]:‘g J‘Br\B(x,r)[gE)ZC;] Gm’n (X, Z) | q(Z) | dZ] =0.

From here on, d(x) = 1 — |x| denotes the Euclidian distance from x € B to the boundary 0B = {x € R" : |x| = 1}.
Remark 1 We note that the Kato class K, , is a linear space. Besides, if ¢ € K, , and p is a Borel measurable
function on B such that | p| < |q| almost everywhere, then p € K,, ..

As a typical example of functions belonging to the class X, ,, we quote.

Example 1 ([10]) .
Put g(x)=(5(x))" (log%] ,x € B. Then, we have

gekK, , ifandonlyif v<2m and reR or v=2mand 7 >1.

The investigation of coupled higher-order systems involving the polyharmonic operator (—A)", m > 2, has recently
appeared in the literature [15-17].
In [15], the authors considered the following system:

(-A)"u+Aa(x)g(v)=0 in B,
(=A)"v+ ub(x)h(u)=0 in B,
im (1= x ) () = p(@), @)

lim (1-[x )" v(x) = y(@).

x—wedB

Here A, 4 are parameters in [0, ) and ¢, y are two non-trivial functions in C(05, [0, ©)).

In order to describe the framework of [15], which is a motivation for our work, we need to outline some notations
that are also necessary for the rest of the paper. For any function ¢ e C(0B, [0, »)), we set Hp the continuous bounded
solution satisfying,

{AHq) =0 inB,
He, = 0.

We remark that the map x > (1= | x [*)"”' Hep(x), x € B, is a continuous bounded solution of the boundary value
problem,

(-A)"u =0 in B, (in the distributional sense)
lim_ (1= x )" u(x) = p().

In the sequel, we fix ¢ and y two non-trivial functions in C(0B, [0, «)).
Put ® and ¥ the functions defined on B respectively by:
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O(x) = (1= |x[))"" Ho(x) and ¥(x)=(1~[x)"" Hy (x).

We refer to V,, , f the m-potential of a Borel measurable function f'on B defined by :

m,n

Vuf (x)= IB G,.,(x,2)f(2)dz, xeB.

As usual, let B°(B) be the collection of nonnegative Borel measurable functions on B, L}, .(B) refers to the

collection of real measurable and locally integratable functions in B. We also denote by C(B) the collection of
continuous functions on B. The set Cy(B) is the subclass of C(B) vanishing continuously at 0B. We remark that
C(B) and Cy(B) endowed with the uniform norm ||u||,, = sup |u(x)|, are Banach spaces. For (u,v) € C(B)xC(B) (resp.

xeB
Cu(B) x Cy(B)), let || (u, v)|| = max(|[u]l.., | v]|.). Then clearly (C(B) x C(B), |[(. , .)I|) and (Cy(B) x Cy(B), || (., .)||) are
Banach spaces.
We recall that if f e L},.(B) and V,, , f € L},.(B), then we have (see [13])

(-A)" (¥,,,.f) = [ in the distributional sense.

To investigate system (2), the authors in [15] assumed the following conditions:
(C,) The functions g, / : [0, ©) — [0, ) are continuous and nondecreasing.
(C,) The maps a, b are in 3°(B) such that

Hﬂ and xHﬂ

(CE9) i ()™
belong to K, ,..
(C;) The constants:
Aiminf— 20 g u minf T
BV, . (ag(¥))(x) B Y, 2 (bh(®))(x)

m,n

are positive.

By the Schauder fixed point method, the authors [15] proved that for (4, u) e [0, 2") x [0, ) system (2) has a
positive continuous solution (u, v) which is controlled by (®, ¥), the solution of the homogeneous system associated to
(2). In this paper, we consider the following nonlinear coupled polyharmonic system:

-A)"u+1g(x,v)=0 in B,
(=A)"v+ puh(x,u)=0 in B,

lim (I-|x P) ™" u(x) = p(w), ©)
im (=[x )™ v(x) =y (o),

where parameters 4, u € [0, ©) and ¢, y € C(0B, [0, ©)) are non-trivial functions.

Motivated by the paper [15], we aim to investigate the existence of continuous bounded positive solutions of (3)
without imposing any special structures on the inhomogeneous terms. Furthermore, we give more general conditions
ensuring the existence of solutions. Indeed, as it will be seen, our hypotheses improve and expand those of the previous
work [15].

To study (3), we work with the assumptions:

(H,) The functions g, / : B % [0, o) — [0, o0) are nondecreasing and continuous in the second variable.

(H,) The maps,

Contemporary Mathematics 306 | Zagharide Zine El Abidine, ef al.



= and q:=— ,
p q 7
areink,, .
Applying a fixed point argument, we achieve our main result as follows.
Theorem 1

Suppose that (H,) — (H,) are fulfilled. Then there exist A" > 0 and x* > 0 such that for each (4, ) e [0, A7) x [0, )
the system (3) has a positive continuous solution (u, v) satisfying on B,

(l—i*j(l) Lu<®,
A

(1—4}\?93\1&
7

We note that for the parameters A" and u", it is not a simple existence result.

As in [15] we provide explicit terms of them, see Lemma 1 below.

We point out that this work improves the previous result in [15] since our hypotheses are more general. As it can
be seen, the nonlinearities in system (2) are imposed to be separable in their variables while in our system (3) no special
structure is required on g(x, v) and /(x, u). Besides, our hypotheses (H,) — (H,) imply the conditions (C,) — (C,).

First, (H,) implies clearly (C)).

Secondly, if (H,) — (H,) are satisfied and g(0), #(0) > 0, then (C,) is fulfilled.

In fact, in case of the system (2) assumption (/,) can be formulated as:

ag(V) bh(D)
=———= and ¢qg:=——
p o and ¢ 7

areink,, .
We claim that the functions

— L)”H and x> L)”H
(0(x) (0(x)

belong to K, ,.
Letx € B,

ax) __ p()P(x)

EO)™™ (S g(F(x)

Since g is nondecreasing, then we have for x € B,

a(x) < 2" Holl,
S g(0)

p(x). “)

Similarly, we obtain for x € B,

b(x) <2'"*1|| Hyll,
(S k(0)

q(x). (5)
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The assertions (4) and (5) imply that (C,) is satisfied.

Moreover, we remark that due to Lemma 1 stated below, our hypotheses imply condition (C;).

For the rest of the paper, the letter C will denote a generic positive constant which may vary from line to line.

The plan of the article is arranged as follows. In Section 2, we state some preparing results concerning the Green

function and the Kato class X,, ,. Section 3 is dedicated to the proof of our Theorem 1. Some examples illustrating our
main result are presented in Section 4.

2. Preliminaries

In this paragraph, we state a key result on the Green function G,, ,. Then, we give some properties of the functions

belonging to the polyharmonic Kato class K|, , and a careful analysis about continuity is performed.

and

Proposition 1 ([9])
Letr>0.1Ifx, y € B satisfies |x — y| > r, then there is C > 0 such that

N (CoL(60)
m,n > - rn :

In the following proposition, we provide some useful properties of functions in X,, ,, which are taken from [9, 11].
Proposition 2
Letg € K, ,. Then the following holds:
(/) The constant ¢, := sup .[ O (5 2)G (2, ) | g(2) | dz is finite.
x.yeB G,.,(x)
(if) The function x - (8(x))™"" ¢(x) belongs to L'(B).

(iii) For any nonnegative harmonic function / on B, we have forx € B

m,n*

[,Gun ) (1=12P )" H) a() | 2 <, (1= xP)" H ).

(iv) Let e {m — 1, m}. For each x, € B, we have

1}_]11’(}[511? ijB(/\o ’)(ggzij G (x Z) | q(Z) | dZ]

5(Z)j 7 G, ,(x,2)|q(z)| dz is in Cy(B).

(v) The function x > J
#Lo(x)

Proposition 3

Suppose that hypotheses (H,) — (H,) are satisfied. Let

S={(u,v)eC,(B)xCy(B)suchthat 0<u<® and 0<v<Y¥}

=1, ,(g(-),V, ,(h(u))): (u,v) € S}.

Then I is relatively compact in C(B) x C(B). In particular, I"is relatively compact in C,(B) x Cy(B).
Proof.
Let (u, v) € S then by hypothesis (H,), we get:
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0<V,, &)<V, (. ¥)=V,,(pP). (6)
Applying Proposition 2 (iii) with H = Hp, we reach:
Vu(p®)<a,®<a, |Hg|, . (7)
Using (6) and (7), we obtain that:
0<V, (g.v)<a,|Hg|, .
Similarly, we have
0<V, (h(.u)<ea,|Hy|, .

Thus, the family /" is uniformly bounded.
Now, we shall prove that /" is equicontinuous on B.
Let ¢ > 0 and x, € B. From Proposition 2 (iv), there is 7 > 0 such that,

&
_ 8
2 . ®

siz) )"
0= Séleng‘BﬁB(xo,zf)[é'(éf)j Gm,n (gaZ)P(Z)dZ <

Letx, y € B N B(x,, r), then for any (u, v) € S, we get:

Vs (@D Y, (NN = [, G ()PP - [ G, (1,2 PP

<,

<[ 16, (x,2) =G, (1 2|p(2)1=| 2 )" Hop(z)dz

G,,(x.2)=G, (. 2)|p(2)P(2)dz

m,n m,n

<2 "H(p"w J.B |Gm,n (x’ Z) - Gm,n (y’ Z)|(6(Z))m_I p(Z)dZ

<2"'|Hol, [, [G..x.2)=G,, (2|6 p(2)dz
+2 el [ ]G, (2=, (2:2|(@)" pl2)dz
=1 +1,.

1

Using the facts that, 1 < —, 1< ! —
(6(x)) (6(»)

and (8), we get that:

) 5@\
Il < 2’" 1 ||H§0||OO J.BmB(xo,Zr)[é‘E)zC;j Gm,n (x, Z)p(Z)dZ
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1 s\
+27 g, me,)[ 53} G, (r.2)p()z

<2"|He|, i‘;},?fgnm,m( (MJ G, (&, 2)p(2)dz

<e.

On the other hand, if |z — x,| > 27, then |z — y| > r and |z — x| > . Hence, by applying Proposition 1, we obtain that

IA

G,,(x,2)-G,,(»0.2)|(5()" p@2) < (G,,x.2)+G,,(1.2))(5(2))"" p(2)

< S{E@a@) + (0@ )(6E) ™ pe)

IA

(@) + ) )@y pe)

IN

Zr—f(a(z))z'"" ().

Since for z € B N B(x,, 2r), x > G, ,(x, z) is continuous on B N B(x,, r), we deduce from Proposition 2 (i) and
Lebesgue’s dominated convergence theorem

I, >0 as [x—y|—>0.

Hence, {V,, .(g(.,v)), (u, v) € S} is equicontinuous on B.

Similarly, {V,, ,(h(., u)), (u, v) € S} is equicontinuous on B.

Thus, the family /" is equicontinuous on B.

Then, we claim that V,, ,(g(., v)) = 0and V, ,(A(., u)) — 0 as x — « € OB uniformly in (u, v) € S.
Consider ¢ > 0 and w € 0B. Proposition 2 (iv) gives that there is » > 0 such that,

&
2" el

0<sup ijB(w,z,)[“z)] G, ,(&.2)p(z)dz < ©)

5(S)

Letx € BN B(w, r). Then for any (u, v) € S, we get from (6) and (9),

V(8@ < [ G, (x,2)p(2)D(2)dz
<[ G,,(2)p()-| 2[')"" Ho(z)dz

<2 |Hg|, JB G, ,(%,2)(5(2))"" p(z)dz

2ol ], ., ol z)(%j p(2)dz
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+2" g, | G,,(5,2)(5())"" p(z)dz

BB (@,2r)

<g+2m! ||Hgo||w I G,.,(x, z)(é‘(z))wl p(z)dz.

BABS (0,2r)
Fory € BN B°(w, 2r) we have |x — y| > r. So, Propositions 1 and 2 (if) imply that

2m—1

2o, |

BNB(w,2r)

G, (,2)(8)" p(2)dz < ([, ()" p2)dz)(8(x))" >0

asx — o.
By the same arguments, we have V,, ,(4(., u)) — 0 as x — @ € 0B uniformly in (u, v) € S.
So, the Arzela-Ascoli Theorem implies that the set I” is relatively compact in C(B) x C(B). Then, since I = C,(B)
x Cy(B) which is a Banach space included in C(B) x C(B), we conclude that I"is relatively compact in Cy(B) x Cy(B).

3. Proof of Theorem 1

Before getting started with the proof of our Theorem 1, we give the following preliminary result.
Lemma 1
If g, h satisfies (H,), then

A ::infL>0 and y* :=inf )

=y (20, 9))(x) SV (D))

Proof.

According to (H,) the maps p = £
that on B:

belong to KX,

m, n*

As in the proof of Proposition 3, we obtain

() g = M)
@ ¥

V(g ¥)) < a,®
and
V. (h(. D)< a, .
These estimates imply that for each x € B:

D(x) N 1 < Y(x)

—F = s
Vo G0 v, () ()

R
«a,
which gives that

.1 .1
A 2—>0and g 2—>0.

ap (Zq

Now, we are prepared to show Theorem 1.
Proof of Theorem 1 We consider the non-empty convex closed set A given by:
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A:{(u,v)eCO(B)xCO(B) such that (l—j*j(l)gusd) and (1— ’U*J‘PSVS‘P}.
7

We define the operator 7 on A by:

T(u,v)=(y,2),
where
y=0-A, (g(,v)) and z=V¥ -V, (h(,u)).
We attempt to show that 7" admits a fixed point in A.
From Proposition 3, we have that {(V,, ,(g(., v)), V,,..(h(., u))), (u, v) € A} is relatively compact in Cy(B) x Cy(B).
Since ® and ¥ are in Cy(B), we deduce that TA is also relatively compact in Cy(B) X Cy(B).

Next, we intend to show that 7' is a compact operator from A into itself.
Let (1, v) € A. Then by hypothesis (H,), the maps g, /1 are nondecreasing in their second variables. So, we obtain:

V. (g(m)<V,, (g(. W),

Vo (hCw)) <V, (h(.,®D)).
Then, since 4 € [0, A") and u € [0, "), we obtain that:

D2, (2, W) <D -V, (g(,1)<D,

m,n

b _IuI/m,n (h(’q))) <¥ _'UV

m,n

(h(.u)) < W.

This implies, by using Lemma 1, that:

cp(l—{
)

Taking into account that TA < Cy(B) x Cy(B), we conclude that 7' is a self-map on A.
Now, we establish that 7: A — A is continuous in norm ||(. , .)||.

Consider ((u, v;))iey @ sequence in A converging to (u, v) € A.

Put

ijS(D and ‘I'(l—i*jsm\lf.
u

-2)=Tw,,v,), keN and (y,z)=T(u,v).

We getfork € N,x € B,

[y )=y = =4V, (g(.v)) )+ AV, (g(-») () |

IA

ij.B G,, (.9 g(&v(9)-g (& (&) IdS.
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On the other hand, since the function g is nondecreasing in the second variable, we get for k¥ € N and (x, &) € B,
G, (0.5 g(&v(5)-2(&v&)] < 2G,,(x,5)g (& ¥(E))

< 2G,,(x.OpEDE).

The continuity of g in the second variable and the fact that V,, ,(p®) < a,® < || Hp||,, < +, imply due to the
Lebesgue’s theorem that for x € B,

| v, (X)=p(x)| >0 as k —> oo.

With the same arguments as before, we get that for each x € B, |z,(x) —z(x)| — 0 as k — +o0.
The relative compactness of TA in C(B) x C(B) yields the uniform convergence, that is

”(yk -1,z —Z)" —0 as k— +o.

Thereby we have shown that 7 is a compact operator from A into itself.
Therefore, Schauder’s fixed point theorem implies the existence of a point (u, v) € A satisfying:

u=®-r, (g(v)), (10)
and
v=¥-uv,, (h(,u)) (11)

The pair (u, v) is clearly positive continuous satisfying:

[1— ’chbs;{scb and [1—%}11@3\{'.
A u

As the rest of the proof, we need to prove that (u, v) is a solution of system (3).
We have V,, ,(g(., v)) € Cy(B) which implies V,, ,(g(.,v)) € L},.(B). On the other hand,

0<g(v)<2" " |Hy|, (50))"" p.

Since we have x — (8(x))"™"" p(x) € L'(B), we get g(., v) € Li,(B).
Hence we have

A"V,

(g(.,v))=g(,v) in B (in the distributional sense).
In the same way
(-A)"V,,, (h(,u))=h(,u) inB (in the distributional sense).

Now, applying the operator (—A)" in (10) and (11) we obtain that:
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(=A)"u=-2g(,v),

(=A)"v =—uh(.,u).

Finally we have

lim, (1= x )" u(x) = (@)~ 2_lim (1= x})""¥,,, (2(1) ().

x—>wedB

Since for x € B, we have

)

5(x)j G,.,(x,2)p(z)dz,

0< (=[x )™, (g(.)x) <2""|Hg|, j B(
we deduce by Proposition 2 (v) that

limB(l— | x )" V. (g(.v)(x)=0.

X—>we0;

Hence

lim (I-|x[*) " u(x) = p(w).

x—>welB
Similarly,
lim (1| x[")"™"v(x) =y (@).

This completes the proof.

4. Examples

In this section, we present two examples for the illustration of our Theorem 1.
Example 2 Let ¢, y be two continuous positive functions on 0B, A, u be nonnegative constants and a, f > 1. We
consider the functions a and b defined on B by:

a(x)= ! , with ¥ <2m

(6(0)

and

b(x)= ! —, with veR.

ool

5(x)

We consider the system,
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(-A)"u+ Aa(x)v* =0, in B,

(=A)"v+ ub(x)u” =0, in B,
lim_ (1| x )" u(x) = p(®), (12)

lim (1=[x[)"™"v(x) =y (e).
Here g(x, t) = a(x)t“ and h(x, t) = bx)t”, (x, t) € B x [0, ).

It is clear that (H)) is satisfied.

On the one hand, for x € B,

g(6P) _ (=] x ) (Hy ()"
D(x) ()Y Ho(x)

Since the functions ¢ and y are positive and continuous on the compact 0B, the functions Hp and Hy are bounded
and bounded away from zero.
Hence, there is C > 0 such for x € B,

gxn¥w)__ ¢

< . 13
o) (Sx) ()
By Example 1 and (13) we obtain that
p = g(q’;}l) € Km,n'
On the other hand for x € B,
(e ®@) _ (1 x )" (Hpx))
- ¥(x) 2m—(m-1)(f-1) 2 '
1) log| — || H
(6(x)) og{ 5(x)j (%)
(14)
C

<

B 2m—(m-1)(f-1) 2 ) '
(6(x)) (log (5(36))}

Since 2m — (m — 1)(f — 1) < 2m, we deduce from Example 1 and (14) that

D)

q \P m,n*

Hence, (H,) is fulfilled.
Then by Theorem 1, there exists A*, u* > 0 such that for each (4, u) € [0, 1") x [0, u*), system (12) has a positive
continuous solution (u, v) satisfying,

2
1-2)d<u<d,
( /1)
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1-yw<y<w,
U

Example 3 Let ¢, ¥ be two continuous positive functions on 0B, o > 0, f#> 1 and y > 1. Consider the system

(~A)"u+ A (v(x) —sin((5(x))" v(x))) =0, in B,
(-A)"v+uln| 1+ u(x) ~|=0,inB, )
2m+(B~)(m—1) 2
(™ e 2
lim (=[x )" u(x) = p(@),
im (1= )" v(0) = (o),
where
tﬂ

g(x,t):t—sin((s(x))“t) and h(x,f)=In| 1+ .
2m+(f-1)(m-1) 2
oy o

We note that, since for (x, #) € B % [0, o), [sin((d(x))“?)| < (d(x))“t < ¢, then g is a nonnegative function. It is clear
that g is continuous in the second variable.
Moreover, we remark that for (x, #) € B X [0, «),

aa—f(x, 1) =1-(5(x))" cos((5(x))“ t).

Using the fact that, on B x [0, %), |[(d(x))“cos((d(x))“t)| < 1, we obtain that g is nondecreasing in the second
variable.

On the other hand, it is obvious to see that the function / is a nonnegative function defined on B X [0, ), which is
continuous and nondecreasing in the second variable.

Now, let’s verify that the hypothesis (H,) is fulfilled.

Letx € B,

¥ (x)—sin((5(x))" ¥(x))

0< p(x) = o)
_ Hy@ [sin(@@) (=] xP) Hy ()
CHe() | (=lxP)"He) |
Hy(x) «
< o (1+(5(0))")
< c(1+(5(x))“).
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By Example 1 and since a > 0, we deduce that the map x = 1 + (6(x))” belong to K, .. This implies that p € K,, ..
Besides, for x € B,

@’ (x)

2m+(B=D(m-1) 2 Y
(s o
¥(x)

In| 1+

0<gqg(x)=

@’ (x)

(8o D (1°g5(2x)j W)

IA

Taking into account that y > 1, we conclude from Example 1, that g € K, ,..
Hence, Theorem 1 implies the existence of 1°, u* > 0 such that for each (4, u) € [0, A") x [0, u*), system (15) has a
positive continuous solution (u, v) satisfying,

5. Conclusion

We have improved and expanded the result proved in [15]. We emphasize that notable features of this work are
that the nonlinearities are not required to have any special structure and include a large class of functions. Our examples
a(x) .
— i
. . . . NG
not in K, , (thus (C,) is not fulfilled), yet Theorem 1 remains applicable. Furthermore, we may consider nonlinearities
which are not separable in their variables, as demonstrated in Example 3.

illustrate these facts. For instance, taking = m + 1 in Example 2 we have found an example where x —
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