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Abstract: The net Laplacian matrix of a signed graph G is defined to be N(G) = D*(G) — A(G), where D(G) and A(G)
are the diagonal matrix of net-degrees and the adjacency matrix of G, respectively. In this paper, we prove that n (resp.,
—n) is a net Laplacian eigenvalue of the signed complete graph with the multiplicity at least ¢ if there are ¢ vertices
whose all incident edges are positive (resp., negative). We establish a relationship between the net Laplacian eigenvalues
of the signed complete graph Kn and the graph consisting of negative edges of Kn. Additionally, we characterize signed
complete graphs which have just two distinct net Laplacian eigenvalues.
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1. Introduction

A signed graph G is an ordered pair (G, o), where G = (V, E) is a simple graph, called the underlying graph, and
o: E — {1, -1} is a sign function. A signed graph is positive (resp., negative) if all of its edges are positive (resp.,
negative) and denoted by (G, +) (resp., (G, —)). Throughout the paper, we interpret an unsigned graph as a signed graph
with all its edges being positive. The order of G is [/(G)|. The complement of G is denoted by G. Let S (G) (resp., S (G))
denote the set of vertices of G whose all incident edges are positive (resp., negative). More notions and applications
about signed graphs see [1-2].

For any v € (G), the number of positive (resp., negative) edges incident with v is called the positive (resp.,
negative) degree of v and denoted by d: (resp., d ). The net-degree of v is defined to be afvi = d: —d . The net-
degree matrix of a signed graph G is a diagonal matrix D*(G), whose i-th diagonal entry is d li The degree matrix of a

underlying graph G is a diagonal matrix D(G), whose i-th diagonal entry is degree d; = a';r + d ;. The adjacency matrix
of G is obtained from the adjacency matrix of its underlying graph by reversing the sign of all is that correspond
to negative edges. The net Laplacian matrix of a signed graph G is a symmetric matrix N(G) = D*(G) — A(G). The
Laplacian matrix of G is defined L(G) = D(G) — A(G). In the case of G = (G, +), we have L(G) = N(G). The adjacency
matrix and the Laplacian matrix of a signed graph have been received a great deal of attention in the theory of spectra
of signed graphs. The net Laplacian matrix appears very recently and there are few results about it. In [3] Stani¢ gave
some basic results on the spectrum of the net Laplacian matrix of a signed graph and obtained the applications of the net

Copyright ©2021 Yaoping Hou, et al.

DOI: https://doi.org/10.37256/cm.2420211161

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Volume 2 Issue 4/2021| 409 Contemporary Mathematics


http://www.wiserpub.com/
http://ojs.wiserpub.com/index.php/CM/
https://orcid.org/0000-0001-8101-6968 

Laplacian eigenvalues in control theory [4]. It is well-known that two switching equivalent signed graph have the same
spectrum of adjacency matrices and Laplacian matrices. However, the net Laplacian spectra of two switching equivalent
signed graphs are different. For example, (C,, +) and (C,, —), which are switching equivalent, but have distinct net
Laplacian spectra.

As N(G) is a symmetric matrix, its eigenvalues are real number and denote them by u,, ,, -** , u,, of course,
which include possible repetitions. We also assume that 4, = 0 and do not assume any ordering of the remaining ones.
If the distinct net Laplacian eigenvalues of G are iy, ", u, and their multiplicities are m(u,), -+ , m(u,,), respectively,
then we use Spec(G) = {u] ™V, -+, 1} to denote the net Laplacian spectrum of the signed graph G.

Let G be a (signed) graph and H be a subgraph of G. Then G\V(H) denotes the subgraph of G by removing all
vertices of H. Let K, be the complete graph of order 7 and K, | be the complete bipartite graph with parts of size r and s.
The matrix J, ,  is an all-one matrix of size r x s.

Let Kn = (K, —H)) be a signed complete graph whose negative edges induce a graph H, of order k, then H, has
no isolated vertex. If K'n = (K,,, +) then H, is empty. In this paper, all signed complete graphs are assumed to contain at
least a negative edge and hence 2 < k < n. In [5] Akbar, Dalvandi, Heydari, and Maghasedi investigated the adjacency
eigenvalues of signed complete graphs.

In this paper, we investigate the net Laplacian eigenvalues of signed complete graphs. In Section 2 we give some
basic results on the net Laplacian eigenvalues of a signed complete graph, we prove that n (resp., —n) is a net Laplacian
eigenvalue of the signed complete graph with the multiplicity at least ¢ if there are ¢ vertices whose all incident edges
are positive (resp., negative). We establish a relationship between the net Laplacian eigenvalues of the signed complete
graph Kn and the graph consisted by negative edges of Kn. In Section 3, we characterize signed complete graphs with
just two distinct net Laplacian eigenvalues.

2. The eigenvalues of a signed complete graph Kn

In this section and next section we mention the eigenvalues of G are the net Laplacian eigenvalues of G.

In this section, we give some basic results on the eigenvalues of a signed complete graph Kn, such as the lower
bound for the multiplicity of n (resp. —n) as an eigenvalue of Kn, the relationship between eigenvalues of Kn and the
graph H, consisted by its negative edges.

The join of two signed graphs G, and G, denoted by G, V* Gz, is the signed graph obtained from the disjoint
union of G1 and G2 by adding the edges {uv : u € V(G,), v € V(G,)}, where the signs of all adding edges are * and * € {+,
—}. The next lemma gives the eigenvalues of the join G Vv Gz of two signed graphs.

Lemma 2.1 ([4, Theorem 3]) Let G1 and G2 be two signed graphs whose eigenvalues are vl(Gl), e, vnl(Gl) =0
and v,(G,), -, Vnz(GZ) = 0, respectively. For * € {+, =}, we have that the eigenvalues of G, V" G2 are #(n, + n,), VI(GI)
*hp Vn1—1(G1) w1y, vi(Gy) * g, Vn2—1(G2) *m, 0.

Theorem 2.2 Let Kn be a signed complete graph. If there exist | +(Kn)| vertices for which all edges attached these
vertices are positive. Then m(n) > |S +(Kn)\.

Proof. Let 1 =|S +(Kn)| and K}H = Kn\S +(K"n). Let (K, +) be a positive complete graph with the vertex set /(K)) =
S'(K,).

We can obtain that Kn = (K, +)V+K,H. Let 4, =0, 4, ---, 4, , be the eigenvalues of K,H. By Lemma 2.1 and
Spec(K,, +) = {0, t""}, we have Spec(K ) = {0, n'} U {4, +1]i=2, - ,n—1}.

By Theorem 2.2, we have the following result.

Corollary 2.3 Let Kn = (K,
k(2 <k<n). Then m(n)>n— k.

Proof. Since H, is an induced graph of the negative edges of (K, —H,) and |V(H))| = k, then |S +(Kn)| =n—k By
Theorem 2.2, the result follows.

—H,) be a signed complete graph whose all negative edges induce a graph /4, of order
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Apply Theorem 2.2 to the signed graph *Kn, we have

Corollary 2.4 Let Kn be a signed complete graph and there exist |S _(K'n)| vertices whose all incident edges are
negative. Then m(—n) > |S 7(Kn)\.

Next we establish a relationship between the spectra of the signed complete graph Kn and graph H, induced by all
negative edges of K.

Theorem 2.5 Suppose that K'n = (K, —H)) is a signed complete graph whose all negative edges induce a graph H,
of order k(2 < k < n). Then

(1). m(n)>n—k.

(2). If the eigenvalues of H, are u, =0, u,, -, u,. Then the eigenvalues of (K,

L kY.
Proof. Let H, be the complement of H, with respect to K, and K, , = K \V(H,). We have

—H) are {0, n" "} U {n—2u)i =2,

A(HS) - A(H Jiex(n—
AK,—H) = (Hyp)—A(Hy) fex(n—k) ’
J(n—k)xk =D n-toy(n-t) |,
where A(—H)) = —A(H)), A(H))) = J,.;, — I,., — A(H,). The vertices of H, denoted by v,, -*- , v, and corresponding

degrees are d,, ** , dj. So the degrees of H, are k— 1 —d,, -, k— 1 — d,. Let G, be the signed complete graph which
induced by V(H,). Then

k-1-2d, 0 0

0 k—1-2d,

D*(Gy) = = (k=11 —2D" (H}),

0 0 k12,
and A(G|) = A(-H)) + A(ch) =—AH) +J .~ Ly — AH) =, — 1, — 24(H}). Thus we have
N(G))=D*(G)) - 4(G))

= (k=D =2D% (H) = [ioxie = Lok = 2A(H)]

= Mo = 2LD™ (Hy) = A1 =

= ke =Sk — 2N (Hy).

Letg, =j,=1,1,--,1), 5, -, B, be the mutual orthogonal eigenvectors of N(H,) and associated eigenvalues u,

=0, 4y, =+, yy, respectively. Since MG ), = ki, B; = J ;= 2NWH B, = (k= 2u)p, (i=2, -+, k), we have Spec(G,)
=0y Utk—2u|i=2,,k}.

If k=n, then (K, —H,) = (K,, —H,) = G,. Hence, Spec((K,, —H,)) = {0} U {n = 2u,|i=2, -, k}.
If 2 <k <n. Since Spec(K,_;, +) = {0, (n - k)"_k_l} and (K, —H,) = G1V+(Kﬂ,k, +), it follows from Lemma 2.1 that
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Spec(K,,—H) ={n,(n—k+k)" D 0y Utk —2p; +n—k|i=2,-,k}

="K 0 Ut =24 [ =2, k),

This completes the proof.

Remark 2.6 Let Kn = (K,, —H,) be a signed complete graph whose negative edges induce a graph H,. If the
eigenvalues of H, are u; =0, u) < < u!. By Theorem 2.5 we conclude that the eigenvalues of (K, —H,) are 0, 24, —
n, L, 2u = n.

Note that if Kn = (K,, —H,) is a signed complete graph and H, or H, is a graph of order , then the spectrum of Kn
can be obtained by Theorem 2.5. So we have the following results.

Corollary 2.7 Let Kn = (K, —H,) be a signed complete graph and s be the number of connected component of H,.
Then the multiplicity of eigenvalue n of (K, —H)iss+n—k— 1.

Corollary 2.8 Let K, = (K,

» —H,) be a signed complete graph and s be the number of connected component of H,.
Then the multiplicity of eigenvalue —n of (K, —H,) is s — 1.
At the end of this section, we give the multiplicities of eigenvalue 0 of (K, —H,), which is also a direct result of

Theorem 2.5.

Corollary 2.9 Let the multiplicity of eigenvalue 0 of (K, —H,) be m(0) and the multiplicity of eigenvalue % of H,
be mHk(%). Then m(0) =1+ mHk(%). Moreover, 1 <m(0) <n— 1, m(0) = 1 if and only if mHk(%) =0and m(0)=n—1if
and only if H, = K% v K%'

3. Ii’n with two distinct net Laplacian eigenvalues

In this section, by the statement “G has k eigenvalues” we mean that G has exactly & distinct eigenvalues.

The signed graphs with two adjacency and Laplacian eigenvalues have been studied in [6-7] and [8], respectively.
In this section, we would like to characterize the signed complete graphs with two net Laplacian eigenvalues.

By Theorem 2.5, if the signed complete graph (K,, —H,) has two eigenvalues, then H, has at most three
eigenvalues. Furthermore, it is well known that a connected graph has one eigenvalue if and only if it is an empty graph.
It has two eigenvalues if and only if it is a complete graph. Additionally, a connected graph with just three distinct
Laplacian eigenvalues has been studied in [9].

A graph G has constant x4 = u(G) if any two vertices that are not adjacent have 4 common neighbors. G has
constant x4 and u if G has constant u = u(G), and its complement G° has constant z = u(G°). Next lemma gives basic
facts about the connected graph with constant x and u.

Lemma 3.1 ([9, Theorem 2.1]) Let G be a connect graph on n vertices. Then G has constant x4 and u if and only if
G has three distinct Laplace eigenvalues 0, 6, and 6,. If so then only two vertex degrees k, and &, can occur, and 6, + 0,
=k +thky+t1=u+n—ypuand0,0,=kk,+p=u,

Moreover, we also need the following Lemmas to make further discussion.

Lemma 3.2 ([10, Proposition 7.3.3]) Let G be a graph with n vertices. Then v,(G) < n, where v,(G) is the largest
Laplacian eigenvalues of G.

Lemma 3.3 If G is a signed graph with n vertices. Then Spec(G) = {0, n"ﬁl} if and only if G = (K, ).

Proof. If G = (K, +) then is clear that Spec(G) = {0, "'}, If Spec(G) = {0, "'} then =,d’ = n(n — 1). Hence d;
=n—1 andG=(Kn,+).

Theorem 3.4 Let Kn be a signed complete graph in which the all negative edges induce a graph H, of order k (2 <k
<n). Then Kn has two eigenvalues if and only if /, is one of the following five cases:

(1).k=nand H, =K,
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). k= andHn —Kn

3). k= nandH Kl UKﬂ,

(4). k=nand H, is a strongly regular graph with parameter (7, M %, %—

1, ”4;}‘), where /4 is non-zero
eigenvalue of K

(5). k=nand H, is a connected graph with two distinct degrees and H, has three eigenvalues , Z and n-h h ,where
h is non-zero eigenvalue of K

Proof. Recall that S (Kn) is set of vertices of Kn whose all incident edges are positive, and we divide three cases in
term of the number |S +(K”)|.

Case 1: |S+(Kn)\ >2.

In this case, we have that 2 <k <n — 2 and m(n) > |S +(K,,)| > 2 by Theorem 2.2. Then n is an eigenvalue of Kn, and
two distinct eigenvalues of Kn are 0, n.

Let i, =0, 5, , py(k <n—2) be the eigenvalues of H,. By Theorem 2.5 we have Spec((K,, —H,)) = {0, 7" O
—2uli=2, -, k}. We obtain that u, € {0, 3} (i=2, ", k).

Since H, has at least an edge, the largest eigenvalue of H, is positive. Without loss of generality, let Spec(H,) = {0’,
(%)k_s}, then s is the number of the component of H,.

Since k < n — 2. We claim that H, is connected. Otherwise s > 2. Clearly, H; must have a connected component,

say G,, whose order is less than ﬂ By Lemma 3.2 v,(G,) < 5, which leads to a contradiction with the spectrum of /. It
means that s = 1 and Spec(H)) = {0 ( )k_ }, then k= and H n=Kn .

Case 2: |S7(K,)|= 1.

In this case, the signed graph K has exactly one vertex v, whose all incident edges are positive and k= n — 1. Then
(K, —H,)=vV (K \v,). By Lemma 2.1, 7 is an eigenvalue of graph (K
Kn are0and n .

Let u, =0, u,, -, u,_, be the eigenvalues of H,_,. By Theorem 2.5, we have Spec(K,, —H, |)=1{0,n,n—2u,, -,

—H)). Hence, the two distinct eigenvalues of

n’

n—2u, ,} and Spec(Kn\vl) ={0,n—1-2u,, - ,n—1—2u,_,} for the negative edges of Kn\v1 induce the graph H,_,
Thus n—2u,=0orn (i=2,---,n—1). So the eigenvalues ofKn\vl are 0 (which is simple), possible —1 and n — 1.

If Kn\v1 has two eigenvalues 0 and n — 1, then Spec(Kn\vl) {0, (n— )" 2} and K W, =(K,_,, +) by Lemma 3.3.
Then |S”(K,)| = n. Which is a contradiction with [S"(K,)| = 1.

IfK'n\v] has two eigenvalues 0 and —1, then Sp.ec(Kn\vl) = {0, (—1)"72} and u, = - =p, | = % Son—-2+1= %
Hence n =2 and H, = K, which contradicts to |S +(Kn)| =1.
If Kn\v1 has three eigenvalues 0, n — 1 and —1, then g, € {0, %} (i=2,--,n—1). Let the number of connected

component of H,_ be sthen 1 <s< % > for H,_, has no isolated vertex. If s = 1, then Spec(H,_;) = {0, (%)"72}. Hence n —
1=< and n=2,a contradlctlon If s > 2 then Spec(H,_,) = {0’, (—) T 1} Then we can find a connected component (say
F) of H,_, such that the order of Fis less than 2. By Lemma 3.2, v,(F) < %, which leads to a contradiction.

Case 3:|S (Kn)\

In this case, there is no vertex with all incident edges are positive, and k = n. Let u; = 0, u,, -*-, u, be the
eigenvalues of H,. By Theorem 2.5, Spec(K,, —H,) = {0, n = 2u,, --- , n — 2u,}. Since (K, —H,) has two eigenvalues,
, Z,b hence 2,b,
are integers as they are rational eigenvalues of H,. In order to make sure that (K, —H,) has two eigenvalues, we discuss

then we have u; € {% ,by (i=2,---,n), thusb# % and H, has at most three distinct eigenvalues 0

the conditions with two parts as follows:
If y;= b foralli e {2, ---, n}, that is Spec(H,) = {0, b"il}. Then it is easy to know that b = n and H, = K,, by
Lemma 3.3.

. »
Iy =t == py oy = 5 and ;= py oy = = = lygy) = b, then Spec(H,) = {0, L")
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If b =0, then Spec(H,) = {O”ﬁH, (%)ﬂ}. Let H, have s connected components (1 <s < %). If s = 1, then Spec(H,)
= {0, (%)”71} and hence 5 = n. Thus n = 0, which leads to a contradiction. If s = 2, then Spec(H,) = (0%, (%)"72}. We can
find that H, = K% v K%- If s > 3, then Spec(H,) = {0°, (5)"°}. Thus H, has a connected component G, with the order
less than 5. By lemma 3.2, v|(G,) < 7, which leads to a contradiction with the spectrum of /.

If b# 0, then Spec(H,) = {0, (%)j_l, (b)"_j }(b# %). In other words, H, is a connected graph with exactly three
distinct eigenvalues. By Theorem 2.5, then Spec(K,,, —H,) = {07, (n = 2b)"’}. Let h = n — 2b, then b = 25 and Spec(H,)
= {0, (%)j_l, ("T_h)"_j}. Hence, H, has three eigenvalues 0, 7, % By Lemma 3.1, we have 5 + % =k thk+1=u+

- —h _ _
n—u,and 5 - 58 =kky + p = pn.
n—h d= 2n—h

If H, is a d-regular, then k, = k, = d. By some simple computations we obtain that 4 = *;=, d = T—% and u =

n+h
= -

Let N, and N, denote the neighbors of vertex v in graph H, and H !, respectively. Hence, we have that [N, N N, |

i '

= u, for vy, € E(H,). Then [N, UN,|=n— u, for vy, € E(H). Since [N, UN,|=d;+d,— N, N N,|, then we get that
i j i J i J

IN, AN, |=2d—(n—p)= % — 1, for vy, € E(H,). It follows that /, is a strongly regular graph with parameter (n,
i . .

4 2 4
If H, is non-regular, then /, has exactly two distinct vertex degrees and three distinct eigenvalues. Obviously, /7,

2n—h _ 1 nfh_l nfh)
) 4 .

n+h
7
Remark 3.5 We can find some examples of Theorem 3.3 (4) and (5) in Table 1 of [9]. Furthermore, the Peterson
graph (srg(10, 3, 0, 1)) and its complement (srg(10, 6, 3, 4)), the line graph of K, , (srg(16, 6, 3, 2)) and its complement
(srg(16, 9, 4, 6)) are the graph of Theorem 3.3 (4).

has constant u = % and u = The result follows.

Table 1. The spectra of completed signed graph in Theorem 3.4

H, Spectra of H, Spectra of Kn =(K,,—H))
—1 —1
K, {0,n"} {0,(-n)" "}
n_, non
Kn {0,227 {02,n2}
3 2
Kn UKn (0%, 272 (0",
2 2 2
Kn n {0,n, (2)"?} (0"~ n}
272 2
N non, n n
KnV (Kn)° {O,nZ,%Z } {02,(-n)2}
2 2

We give an example of Theorem 3.4 (4) as shown in Figure 1 and an example of Theorem 3.3 (5) as shown in
Figure 2, respectively. In the following figures, the solid line represents the positive edge and the dotted line represents
the negative edge.

By the proofs of Theorem 3.4 (4) and (5), it is easy to know that n is not an eigenvalues of Kn =K, —H).
Furthermore, we would like to characterize the graph A, such that n or —n is an eigenvalues of (K, —H,).

Corollary 3.6 The signed graph I("n = (K, —H)) has two eigenvalues 0 and # if and only if H, = K% or (K% ) K%).

The signed graph X = (K|, —H,) has two eigenvalues 0 and —» if and only if H, = K or K%V+ %Kl or Kn

n.
272
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6 5

5

Figure 2. The signed graph K6 (the left) and the graph H (the right) induced by its negative edges, H, is a non-regular graph with two distinct vertex
degrees 5 and 3

Proof. If the signed graph Kn =(K,

n°

—H,) has two eigenvalues 0 and n. By Theorem 3.4, then H, must be one of K%
or K% ) K%. IfH, = K% or K% ) K%, By Table 1, the signed graph Kn = (K, —H,) has two eigenvalues 0 and .

If the signed graph Kn = (K,, —H,) has two eigenvalues 0 and —n. By Spec(N(—Kn)) = —Spec(NKn)). Note that if Kn
= (K, —H,) then K, = (K,, —H’), where H, is the complement of H, in K. Thus result follows from (K% U K%)C =
Kn n and (K%)C = K%v+ 2K,

nn
22

If the signed graph K"n = (K, —H,) has two eigenvalues in which n and —n are not the eigenvalues of Kn, by
Corollary 3.6, then H, must be a graph in the case of Theorem 3.4 (4) and (5).

By the proof of Theorem 3.4 (3), if Kn has two distinct eigenvalues 0 and % then 4 is an integer and 4 = n — 2b

for some integer b. Moreover, % is also a integer. Then n and n — 2b are even. We have characterized signed complete
graphs with two distinct eigenvalues 0, n (or 0, —z). Next we would like to investigative signed complete graph with two
distinct eigenvalues 0, n — 2i for i # 0, n.

Corollary 3.7 If the signed graph Kn = (K, —H,) has two eigenvalues are 0 and n — 2i (i # 0, n). Then k= n and H,
is one of the following connected graph:

(1) i= niZE/nj

n+\n=1-1 n+2+n-1 -1 n+2+n-1 )or (n n—/n—1-1
2 B 4 2 4 2 2 B

and H, is a strongly regular with parameter (n,

n—2+n-1 -1 n—2+n-1 );
4 ’ 4 i
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2itn=2+2, ("= +1=n 2i4n-2-2,(Z-i)?+1-n
2 o = 2

4 > 22 4

(2) H, has two distinct vertex degrees k; = and with constant u =%
==l
and i = >

Proof. Since n — 2i # +n, by Theorem 2.5, we can obtain that £ = n and the multiplicities of eigenvalues 0 of H, is
simple and H, is a connected graph with distinct eigenvalues 0, i and % Hence H, is a connected graph. By Theorem

3.4, H, is either a strongly regular with parameter (n, %, %—1, %) or H, has three eigenvalues and two distinct
degrees. Let k&, and k, be the only two distinct degrees of /7,. By Lemma 3.1, we have u = %, H= ”T_i, % ti=k +k+1,
2itn-2+2,|(2=iy2 +1-n 2i+n—2-2,(2=i)>+1-n
%i = k,k, + u = un. By a simple computation we obtain that k& = 42 , ky = 42 .
If H, is a strongly regular graph, then (% - i)2 +1-n=0, hence i = "ﬂg/ﬁ. Thus, H, is a strongly regular with

n+yvn—1-1  n+2+/n-1 -1 n+2\/n—1) or (n n—/n—-1-1 n-2+n-1 -1 n—2\/n—1)
2 ’ 4 4 ’ 2 > 4 4 ’

parameter (n,

> s

If H,, is a non-regular graph with two distinct vertex degrees, then the two distinct vertex degrees k, and k, are as
shown in the previous proof and H, has constant u = é and u = % The result follows.

Remark 3.8 We make a simple discussion on /, in Corollary 3.7 where H, is a strongly regular with parameter (n,

iy 2_1_1 , "+24“ nl_ g, "+24“ =1y or (n, 2= '2’_1_1 , "_24“ nl g, "_24“"_1 ). Since these parameters should be integer, we

would like find some examples to find its existence. When n = 10, we find that /, is a strongly regular with parameter (10,
6,3, 4) or (10, 3, 0, 1) (Peterson graph). Moreover, when n = 26, we find that /4, is a strongly regular with parameter (26,
10, 3, 4) or (26, 15, 8, 9).
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