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Abstract: We study the approximation of multivariate functions from a separable Hilbert space in the randomized
setting with the error measured in the weighted L, norm. We consider algorithms that use standard information A™
consisting of function values or general linear information A" consisting of arbitrary linear functionals. We investigate
the equivalences of various notions of algebraic and exponential tractability in the randomized setting for A** and A*" for
the normalized or absolute error criterion. For the normalized error criterion, we show that the power of A* is the same
as that of A" for all notions of exponential tractability and some notions of algebraic tractability without any condition.
For the absolute error criterion, we show that the power of A* is the same as that of A" for all notions of algebraic and
exponential tractability without any condition. Specifically, we solve Open Problems 98, 101, 102 and almost solve
Open Problem 100 as posed by E.Novak and H.Wozniakowski in the book: Tractability of Multivariate Problems,
Volume III: Standard Information for Operators, EMS Tracts in Mathematics, Ziirich, 2012.
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1. Introduction

We study multivariate approximation APP = {APP,},_y, where
APP,:F, > G, with APP,(f)=f

is the compact embedding operator, F, is a separable Hilbert function space on D,, G, is a weighted L, space on D,, D,
< RY, and the dimension d is large or even huge. We consider algorithms that use finitely many information evaluations.
Here information evaluation means linear functional on F, (general linear information) or function value at some
point (standard information). We use A" and A™ to denote the extended class of all linear functionals (not necessarily
continuous) and the extended class of all function values (defined only almost everywhere), respectively.

For a given error threshold ¢ € (0, 1), the information complexity n(e, d) is defined to be the minimal number
of information evaluations for which the approximation error of some algorithm is at most ¢. Tractability is aimed

Copyright ©2022 Heping Wang, et al.

DOI: https://doi.org/10.37256/cm.3120221229

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Volume 3 Issue 12022| 1 Contemporary Mathematics


http://www.wiserpub.com/
http://ojs.wiserpub.com/index.php/CM/
https://orcid.org/0000-0002-8398-023X

at studying how the information complexity n(e, d) depends on ¢ and d. There are two kinds of tractability based on
polynomial convergence and exponential convergence. The Algebraic tractability (ALG-tractability) describes how the
information complexity n(e, d) behaves as a function of d and ¢ ', while the Exponential tractability (EXP-tractability)
does as one of d and 1 + Ine . The existing notions of tractability mainly include Strong Polynomial Tractability (SPT),
Polynomial Tractability (PT), Quasi-Polynomial Tractability (QPT), Weak Tractability (WT), (s, £)-Weak Tractability
(s, H-WT), and Uniform Weak Tractability (UWT). In recent years the study of algebraic and exponential tractability
has attracted much interest, and a great number of interesting results have been obtained (see [1-11] and the references
therein). This paper is devoted to investigating the equivalences of various notions of algebraic and exponential
tractability for A® and A" in the randomized setting, see Chapter 22 in [8]. The class A™ is much smaller and much
more practical and is much more difficult to analyze than the class A*'. Hence, it is very important to study the power
of A™ compared to A", There are many papers devoted to this field. For example, for the randomized setting, see [8,
12-16]; for the average case setting, see [8, 17-19]; for the worst case setting see [8, 20-26]. The authors in [8, 16]
obtained the equivalences of ALG-SPT, ALG-PT, ALG-QPT, ALG-WT in the randomized setting for A™* and A™ for the
normalized error criterion without any condition. Meanwhile, for the absolute error criterion under some conditions, the
equivalences of ALG-SPT, ALGPT, ALG-QPT, ALG-WT were also obtained in [8].

In this paper, we obtain the remaining equivalences of all notions of algebraic and exponential tractability in the
randomized setting for A™ and A" for the normalized or absolute error criterion without any condition. Our results
particularly imply that for the absolute error criterion the imposed conditions are not necessary. This solves Open
Problems 98, 101, 102 as posed by Novak and Wozniakowski in [8]. We also give an almost complete solution to Open
Problem 100 in [8].

This paper is organized as follows. Section 2 contains 5 subsections. In Subsections 2.1 and 2.2 we introduce the
approximation problem in the worst case and randomized settings. The various notions of algebraic and exponential
tractability are given in Subsection 2.3. Subsection 2.4 is devoted to giving the equivalences of tractability for A" for
the absolute or normalized error criterion in the worst case and randomized settings. Our main results, Theorems 2.2, 2.3,
2.5, and 2.6, are stated in Subsection 2.5. In Section 3, we give the proofs of Theorems 2.2 and 2.3. After that, in Section
4, we establish the equivalence results for the notions of algebraic tractability. The equivalence results for the notions of
exponential tractability are proved in Section 5.

2. Preliminaries and main results
2.1 Deterministic worst case setting

For d € N, let F, be a separable Hilbert space of d-variate functions defined on D, = R?, G, = L,(D,, p.(x)dx) be
a weighted L, space, where D, is a Borel measurable subset of R? with positive Lebesgue measure, p, is a probability
density function on D,. We consider the multivariate approximation problem APP = {APP,}, .\ in the deterministic
worst case setting which is defined via the compact embedding operator

APP,:F, - G, with APP,(f)=f. (1)
We approximate APP,( /) by algorithms 4, ,(f) of the form

4,4 =8, 0 (L Ly (), oo L (1)), 2)

where L,, L,, ..., L, are general linear functionals on F,, ¢, ,: R* — G, is an arbitrary measurable mapping, and the
number # may be adaptively depend on the input. The worst case approximation error for the algorithm 4, , of the form (2)
is defined as

e (4,,)= sup | APP,(f)~4, (/).

SeFy N fllg, <1
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The nth minimal worst case error is defined by

e (7’1, d’ Aall) = inf e (An,d )’

4, 4 with L;e A™

where the infimum is taken over all algorithms of the form (2).
For n =0, we use 4, ,= 0. We obtain the so-called initial error ¢"”'(0, d; A™), defined by

e" (0,d;A")y=" sup [ APP,(f)l,, -

feEy Sl <1

From [6, 27] we know that ¢"(n, d; A™") depends on the eigenpairs {(/Ik, @€ d)}f:1 of the operator

W, = APP.APP, : F, - F,,
where APP, is given by (1), APP} is the adjoint operator of APP,, and
ha2hpy 2.0 4,,...20.
That is, {e; ;},.\ is an orthonormal basis in F,, and
Wie a=24€.4
From [6] we get that the nth minimal worst case error is

ewor (n’ d, Aal]) — (ﬂn_‘_lﬂd )1/2,

and it is achieved by the optimal algorithm

S a ()= a)r, €as
k=1
that is,

" (n,d;A"y= sup N1 f =S, ,(Nllg, = (A"

SeEy g, <1
Without loss of generality, we may assume that all the eigenvalues are positive. We set
Mea =y €ar keN.
We remark that {e,,} is an orthonormal basis in £, {#, ,} is an orthonormal system in G,, and for f'€ F,
s ek,d>F,, e =(/, 77k,d>G4 Mi.a>

and
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S;,d(f):i<f’77k,d>6d Mia 4)

2.2 Randomized setting

2]

In the randomized setting, we consider randomized algorithms 47 ; of the form

Ari ()= a.0Ly o (VoL (D), L; , €A 1< j <, )

where A € {A™, A¥}, @4 and L, , could be randomly selected according to some probability space (2, Z, P), for any

',

fixed w € Q, 4, is a deterministic method with cardinality n = n(f, ®), the number n = n( f, ) may be randomized

9]

and adaptively depend on the input, and the cardinality of 47 , is then defined by

Card(4;,)= sup E,n(f,®).

1eFy 11, <1

The randomized approximation error for the algorithm A, , of the form (5) is defined as

1/2
eM(A”) = sup (Ew .

FeF N fllg, <t

APP, (f)— A2, (f )||;, )

The nth minimal randomized error for A € {A™, A™} is defined by

e (n,d; )= inf  e(4),),

Ay, with L, €A

where the infimum is taken over all randomized algorithms 4, , of the form (5) with Card(4,, ;) < n.
Forn=0, weuse 4;,=0. We have

eran (0’ d, A) — ewor (O, d;Aall) — (/,i-l’d )1/2‘
There are many papers devoted to studying randomized approximation and relations of ™' (n, d; A) and e™*'(n, d; A)
for A € {A"™, A"} (see [6, 8, 14-16, 28-33]).
This paper is devoted to discussing the equivalence of tractability for A" and A* in the randomized settings. For
A™ the authors in [8, 14, 16] used simplified randomized algorithms of the form

4,,(N=21@)g; ;> (6)
j=1
where 7 =[t,, ..., t,] for some random points t,, ..., ¢, from D, which are independent, and each ¢ ;is distributed according

to some probability. The functions &, € G, may depend on the selected points #,’s but are independent of f. For any f,
we view 4, .(f) as a random process, and 4, ;(f) as its specific realization.

We stress that algorithms of the form (6) belong to a restricted class of all randomized algorithms, which are called
randomized linear algorithms. Indeed, we assume that 7 is not randomized, and for a fixed 7 we consider only linear
algorithms in f(#,). In this paper, we also consider algorithms of the form (6). However, in 8, 14, 16] ¢,’s are assumed to
be independent, while in this paper we only assume that 7 is distributed according to some probability measure, and do
not assume that #,’s are independent.

The information complexity can be studied using either the Absolute error criterion (ABS) or the Normalized error
criterion (NOR). For ¢ € {wor, ran}, x € {ABS, NOR}, and A € {A", A"}, we define the information complexity
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n’*(e, d; A) as

n** (e,d;A) =inf{n | " (n,d; A) < £CRI,}, 7
where
C 1, for x = ABS, 1, for x = ABS,
7 1e°(0,d,A), forx=NOR  |(4,)", forx=NOR.

We remark that
¢ (0,d, A™) = ™ (0.d, A™) = ™ (0.d, A™) = (4, ).
Since A™ = A™, we get
e (n,d; A™) < ™ (n,d; A™).
It follows that for x € {ABS, NOR},
A (g, d: AMY < ™ (g, d; A, ®)

2.3 Notions of tractability

In this subsection, we briefly recall the various tractability notions. First, we introduce all notions of algebraic
tractability. Let APP = {APP,},_, 0 € {wor, ran}, x € {ABS, NOR}, and A € {A", A""}. In the ¢ setting for the class A,
and for error criterion x, we say that APP is

* Algebraically Strongly Polynomially Tractable (ALG-SPT) if there exist C > 0 and a non-negative number p such
that

n"*(e,d;AN)<Ce", forall &< (0,]). 9)

The exponent ALG- p**(A) of ALG-SPT is defined as the infimum of p for which (9) holds;
* Algebraically Polynomially Tractable (ALG-PT) if there exist C > 0 and nonnegative numbers p, g such that

n"*(e,d;A)<Cde", forall d eN,¢e(0,1);

* Algebraically Quasi-Polynomially Tractable (ALG-QPT) if there exist C > 0 and a non-negative number ¢ such
that

n"*(e,d;A) < Cexp(t(l+Ind)(1+1Ing™)), foralld e N, &< (0,1). (10)

The exponent ALG-1"*(A) of ALG-QPT is defined as the infimum of # for which (10) holds;
* Algebraically Uniformly Weakly Tractable (ALG-UWT) if

0,% .
lim Inn™"(g,d; )

=0, forall a, f > 0;
e vd oo gia + dﬂ ﬂ
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* Algebraically Weakly Tractable (ALG-WT) if

O, .
Inn""(&,d;\) _0:

>

lim ;
el+d—ow e +d

* Algebraically (s, £)-Weakly Tractable (ALG-(s, t)-WT) for fixed s, t> 0 if

O, % .
lim Inn 7(5,d,A):0'
& tdow e +d!

Clearly, ALG-(1, 1)-WT is the same as ALG-WT. If APP is not ALG-WT, then APP is called intractable.

If the nth minimal error is exponentially convergent, then we should study tractability with ¢ ' being replaced by 1
+ Ing "', which is called exponential tractability. Recently, there have been many papers studying exponential tractability
(see [1, 3-5,9, 34]).

In the definitions of ALG-SPT, ALG-PT, ALG-QPT, ALG-UWT, ALG-WT, and ALG-(s, #)-WT, if we replace &
by 1 + Ine”', we get the definitions of Exponential Strong Polynomial Tractability (EXP-SPT), Exponential Polynomial
Tractability (EXP-PT), Exponential Quasi-Polynomial Tractability (EXP-QPT), Exponential Uniform Weak Tractability
(EXP-UWT), Exponential Weak Tractability (EXP-WT), and Exponential (s, )-Weak Tractability (EXP-(s, #)-WT),
respectively. We now give the above notions of exponential tractability in detail.

Let APP = {APP},_\, 0 € {wor, ran}, x € {ABS, NOR}, and A € {A", A*"}. In the ¢ setting for the class A, and
for error criterion *, we say that APP is

*Exponentially Strongly Polynomially Tractable (EXP-SPT) if there exist C > 0 and a non-negative number p such
that

n®*(e,d;A) < C(lne™ +1)?, forall & € (0,1). (11)

The exponent EXP-p”*(A) of EXP-SPT is defined as the infimum of p for which (11) holds;
*Exponentially Polynomially Tractable (EXP-PT) if there exist C > 0 and nonnegative numbers p, g such that

n"*(e,d;A)<Cd(Ing™' +1)”, foralld e N, & € (0,1);

*Exponentially Quasi-Polynomially Tractable (EXP-QPT) if there exist C > 0 and a non-negative number ¢ such
that

n"*(&,d;N) < Cexp(t(1+lnal)(1+ln(lng’1 +1))), foralld e N, £ €(0,1). (12)

The exponent EXP-"*(A) of EXP-QPT is defined as the infimum of # for which (12) holds;
*Exponentially Uniformly Weakly Tractable (EXP-UWT) if

Inn®* (&,d;A)

— 22 =, forall a,f >0;
eledoe (I+Ing™)* +d” p

*Exponentially Weakly Tractable (EXP-WT) if

[o"3 .
Inn"*(g,d;\) _o:

>

lim =
e+doo 1+Ine” +d

*Exponentially (s, 7)-Weakly Tractable (EXP-(s, )-WT) for fixed s, £ > 0 if
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Inn®*(g,d;A) B

erdoe (1+Ine™) +d'

2.4 Equivalences of tractability for A”" in the worst case and randomized settings

In this subsection, we introduce the equivalences of tractability for A" in the worst case and randomized settings. It
follows from [6] that

1
Eew&)r (47’[ _ 1’ d;Aal]) < eran (n’ d, Aal]) < ewor (n,d, Aall )’

which means that for x € {ABS, NOR}and n"***(e, d; A™) > 1,

%(nwor,*(zg,d;[\all)_'_l) < nran,*(g’d;Aall) < nwor,* (g,d;Aa”). (13)

From (13) we get the equivalences of tractability for A" in the worst case and randomized settings. Indeed, for the
absolute or normalized error criterion, Corollaries 22.1 and 22.2 in [8] show the equivalences of ALG-SPT, ALG-PT,
ALG-QPT, ALG-WT for A" in the worst case and randomized settings, and that the exponents of ALG-SPT and ALG-
QPT in the worst case and randomized settings are also the same.

Using (13) and the same method as in the proofs of Corollaries 22.1 and 22.2 in [8], for the absolute or normalized
error criterion we obtain the equivalences of ALG-UWT, ALG-(s, t)-WT, EXP-SPT, EXP-PT, EXP-QPT, EXP-WT,
EXP-UWT, EXP-(s, /)-WT, for A" in the worst case and randomized settings, and that the exponents of EXP-SPT and
EXP-QPT in the worst case and randomized settings are also the same.

We remark that in showing EXP-t"*(A"") = EXP-"""*(A"™), we use the following inequalities (see page 43 in [8]):
for 6 € (0, 1) and n™™* (¢, d; A™) > 1,

52 [nwor,* (1 gé,d;Aa“)"'lj S nran,*(g’d;Aall) S nwor,* (E,d;Aa“),

instead of (13). See the proof of Theorem 5.4.

We summarize these properties in the next corollary.

Corollary 2.1 Consider the approximation problem APP = {APP,},_ for the absolute or normalized error criterion
in the randomized and worst case settings for A"". Then

* ALG-SPT, ALG-PT, ALG-QPT, ALG-UWT, ALG-WT, ALG-(s, /)-WT in the randomized setting is equivalent to
ALG-SPT, ALG-PT, ALG-QPT, ALG-UWT, ALG-WT, ALG-(s, /)-WT in the worst case setting;

*EXP-SPT, EXP-PT, EXP-QPT, EXP-UWT, EXP-WT, EXP-(s, £)-WT in the randomized setting is equivalent to
EXP-SPT, EXP-PT, EXP-QPT, EXP-UWT, EXP-WT, EXP-(s, £)-WT in the worst case setting;

+the exponents of SPT and QPT are the same in the two settings, i.e., for x € {ABS, NOR},

ALG _pwor,* (Aall) — ALG _pran,* (Aall )’
ALG _ twor,* (Aall) — ALG _ tran,* (Aall )’
EXP_pwor,* (Aall) — EXP_pran,* (Aall ),

EXP— twor,* (Aall) — EXP- tran,* (Aall).
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2.5 Main results

We shall give the main results of this paper in this subsection. The first important progress about the relation
between *'(n, d; A™) and ¢"(n, d; A™) was obtained by Wasilkowski and Wozniakowski in [16] by constructing
iterated Monte Carlo methods. They showed that the powers of ¢™(n, d; A™) and " (n, d; A™) are the same,
and obtained the equivalences of ALG-SPT and ALG-PT for A" and A™ for the normalized error criterion in the
randomized setting. Novak and Wozniakowski in [8] and Krieg in [14] refined the above randomized algorithms and
showed that e™(n, d; A*) is asymptotically of the same order as €"(n, d; A™) given that €"”'(n, d; A™) is regularly
decreasing. However, the obtained relations are heavily dependent of the initial error, and are not sharp if " (n, d; A™)
is exponentially convergent.

If nodes X = (x', ..., x") € D/ are drawn independently and identically distributed according to a probability
measure, then the samples on the nodes X is called the random information (see [35-37]). Using random information
and the least squares method we can obtain the relation between e™(n, d; A™) and " (n, d; A™) (see [12, 13]). The
authors in [38] used random information satisfying some conditions and the least squares method to obtain an inequality
between €™ (n, d; A°) and " (n, d; A™) (see Theorem 6.1 in [38]). They remarked in Remark 6.3 in [38] that using the
weighed least squares method can improve the above inequality.

In this paper we use the method proposed in Remark 6.3 in [38], i.e., combining the proof of Theorem 6.1 in [38]
with the weighted least squares method used in [13], to get an improved inequality between ¢™'(n, d; A*) and " (n, d;
A™). See the following theorem. Compared with the results in [8, 14], our inequality does not depend on the initial error,

wor all

and are almost sharp if €"”(n, d; A™) is exponentially convergent. However, if €"”(n, d; A™) is regularly decreasing, then
by our inequality we can only obtain that €™ (n, d; A*) is at most asymptotically of the order of " (m, d; A™), where n
is at least of order m In m.

Theorem 2.2 Let 0 € (0, 1), m, n € N be such that

n
"= Ls(ﬁ In(2n) - In 5)J'

Then we have

a1 (19
eran (I’l,d;AStd) < (1+_mj ewor(m’d;Aall)’
n

N1=-6
where LxJ denotes the largest integer not exceeding x.
Based on Theorem 2.2, we obtain two relations between the information complexities n™"* (e, d; A*’) and
n“"* (e, d; A") for x € {ABS, NOR}.
Theorem 2.3 For x € {ABS, NOR}, we have

(15)
n™* (&,d; A < 96\/5(71“““’* (%, d; A" j + 1j£ln (nw‘“‘* (%, d; A" j + lj + ln(l92\/§)}

Furthermore, for 0 < J < e %, we have

™ (g,d; N) < 48| 4 1n48+1n1nl+1n n | S d AT |41 +1nl
S 4 g

5

(16)
nwor,* i’d;Aall +1 ,
A5
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where

It is easy to see that for any >0, 0<d<e,

wp 96x/2(In x +In(1922))

x1 X

C, < oo, (17)

[

and

48 4(ln48+lnln1+lnx)+ln1
o o

sup
xz1 X

=C, ;5 <+oo. (18)

@ 0,0

According to (15)-(18), we have the following corollary which gives two useful inequalities between the
information complexities n™"* (e, d; A*®) and n**"* (¢, d; A™") for x € {ABS, NOR}.
Corollary 2.4 For x € {ABS, NOR} and @ > 0, we have

1+
n™ (e,d; A < C, [nw [%,d;A"“jﬂ] . (19)

Similarly, for @ >0,0<6<e " and x € {ABS, NOR}, we have

I+
nran,* (g’d;Astd) < CW; (nwor,* [Ai,d;AaI]J+1J , (20)

g

where

1 1

A; =1+
2L | V1-6
5

In the randomized setting, for the normalized error criterion, Theorems 22.19, 22.21, and 22.5 in [8] give the
equivalences of ALG-PT (ALG-SPT), ALG-QPT, ALG-WT for A" and A*, and shows that the exponents of ALG-
SPT and ALG-QPT for A™ and A™ are the same. For the absolute error criterion, Theorems 22.20, 22.22. and 22.6 in
[8] give the equivalences of ALG-PT (ALG-SPT), ALG-QPT, ALG-WT for A" and A* under some conditions on the
initial error \/Z . Novak and Wozniakowski posed Open problems 98, 101, 102 in [8] which ask whether the above
conditions are necessary.

In this paper, we obtain the equivalences of ALG-SPT, ALG-PT, ALG-QPT, ALG-WT for A™ and A™ for the
absolute error criterion without any condition, which means the above conditions are unnecessary. This solves Open
problems 98, 101, 102 in [8]. See the following theorem.

Theorem 2.5 Consider the problem APP = {APP,},_ in the randomized setting for the absolute error criterion. Then
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*ALG-SPT, ALG-PT, ALG-QPT, ALG-WT for A" is equivalent to ALG-SPT, ALG-PT, ALG-QPT, ALG-WT for
Astd;

*The exponents ALG-p™"***(A) of ALG-SPT for A" and A™ are the same, and the exponents ALG-1"""*5(A) of
ALG-QPT for A" and A™ are also the same.

For exponential convergence in the randomized and worst case settings, we first give an almost complete solution
to Open Problem 100 in [8].

In the randomized setting for the normalized or absolute error criterion, the equivalences of ALG-UWT and ALG-
(s, 1)-WT, and the various notions of EXP-tractability for A™" and A*, as far as we know, have not been studied. In this
paper, we investigate these problems and obtain the following theorem which gives the above equivalences without any
condition.

Theorem 2.6 Consider the problem APP = {APP,},_\ in the randomized setting for the absolute or normalized
error criterion. Then for x € {ABS, NOR},

«EXP-SPT, EXP-PT, EXP-QPT, EXP-UWT, EXP-WT, EXP-(s, £)-WT, ALG-UWT, ALG-(s, )-WT for A" is
equivalent to EXP-SPT, EXP-PT, EXP-QPT, EXP-UWT, EXP-WT, EXP-(s, £)-WT, ALG-UWT, ALG-(s, £)-WT for A™;

*The exponents EXP-p™"*(A) of EXP-SPT for A" and A™ are the same, and the exponents EXP-t™"*(A) of EXP-
QPT for A™ and A™ are also the same.

Combining Corollary 2.1 with Theorems 22.19, 22.21, and 22.5 in [8] and Theorems 2.5 and 2.6, we obtain the
following corollary.

Corollary 2.7 Consider the approximation problem APP = {APP,},_ for the absolute or normalized error criterion
in the randomized and worst case settings. Then

*ALG-SPT, ALG-PT, ALG-QPT, ALG-UWT, ALG-WT, ALG-(s, 1)-WT in the worst case setting for A" is
equivalent to ALG-SPT, ALG-PT, ALG-QPT, ALG-UWT, ALG-WT, ALG-(s, £)-WT in the randomized setting for A"
or for A™;

+EXP-SPT, EXP-PT, EXP-QPT, EXP-UWT, EXP-WT, EXP-(s, £)-WT in the worst case setting for A™Mis equivalent
to EXP-SPT, EXP-PT, EXP-QPT, EXP-UWT, EXP-WT, EXP-(s, £)-WT in the randomized setting for A" or for A*;

«the exponents of SPT and QPT are the same in the worst case setting for A" and in the randomized setting for A™"
and A*, i.e., for x € {ABS, NOR},

ALG -p""* (A™) = ALG -p™* (A™) = ALG -p™* (A*),
ALG - 1" (A™) = ALG - ™" (A™) = ALG - ™ (A™),
EXP-p""* (A") = EXP-p™* (A™) = EXP-p™* (A™),
EXP- """ (A™) = EXP-£™* (A™) = EXP-£™"* (A™).

3. Proofs of Theorems 2.2 and 2.3

Let us keep the notations of Subsection 2.1. For any m e N, we define the functions #,, , and ®,, , on D, by
1 m
hm,d (x) = Ezlﬂj,d (x) |2 H a)m,d (x) = hm,d (x)pd (x)7
j=1

where {n, ,}7_, is an orthonormal system in G, = L,(D,, p,(x)d,). Then w,,, is a probability density function on D,, i.e.,
pd@mdX)d, = 1. We define the corresponding probability measure u,, , by

Ha (D)= @, ,(N)dx,

Contemporary Mathematics 10 | Heping Wang, et al.



where A4 is a Borel subset of D,. We use the convention that %::0. Then {77, ,}"_, is an orthonormal system in L,(D,,
Uy.q)> Where

Mia ::’7’4, I1<j<m

v hm,d

For X = (x, ..., ") € D/, we use the following matrices
7~71,d (x) T;z,d(xl) 7~7m,d (x)

7;1,d(x2) 7;2,d(x2) 7~7m,d(x2) [+~

Lo =La(X)= and Hny=—LnLn, 1)
n

Ma(xX") 1y (") 1, (")

where 4" is the conjugate transpose of a matrix 4. Note that

N(m)=sup 3 1, o) f=m.

xeDy =]

It follows from the proof of Proposition 5.1 in [38] that whether Proposition 5.1 in [38] holds or not depends only
on the orthonormal property of ;, j = 1, ..., m in Ly(D, p,). Since {7, ,}'_, is an orthonormal system in Ly(Dy, i, 4)
Propositions 5.1 and 3.1 in [38] hold for {77, ,}, j =1, ..., m. According to Propositions 5.1 and 3.1 in [38] we have the
following results.

Lemma 3.1 Let n, m € N. Let x', ..., x" € D, be drawn independently and identically distributed at random with
respect to the probability measure u,, ,. Then it holds for 0 <¢ <1 that

P(IHn—1 |I>1) < (2n)? exp| ——— |,
( ” ) (2n)™ exp| — 15—

where Zm, H » are given by (21), 7, is the identity matrix of order m, and ||L|| denotes the spectral norm (i.e. the largest
singular value) of a matrix L.

Lemma 3.2 Let n, m € N, and let Z,,,, ﬁm be given by (21). If
IHw—1,11<1/2,

then
)
(L L)<= (22)
n

Remark 3.3 From Lemma 3.1 we immediately obtain that the matrix H . € C"" has only eigenvalues larger than
t :=1/2 and satisfies

IHw—1,11<1/2,

with probability at least 1 — o if
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n
482 In(2n)—-InS)

N(m)zmﬁ

Specifically, if

n
nl_{486J§hK2n)—ln6)J21’ (23)

then the matrix H » has only eigenvalues larger than 1/2 and satisfies
IHw—1,11<1/2
with probability at least 1 — J, where LxJ denotes the largest integer not exceeding x. It follows that
IP’(Hﬁm—ImHsl/Z)zl—cS 24)

holds given the condition (23).

Now let n, m € N satisfying (23), x, ..., x" be independent and identically distributed sample points from D, that
are distributed according to the probability measure 4, ,, and Zm, H ., be given by (21). If the sample points X = (x', ...,
x") satisfy ||H » — Ll > 1/2, then we discard these points and re-sample until the re-sample points satisfy ||IA-i w— Ll <
1/2. That is, we consider the conditional distribution given the event HI? »— 1]l £1/2, and the conditional expectation

X(xl,...,x")d,um’d(xl)...dym‘d(x")
P(IH,~1,1<1/2)

J‘Hﬁmflm\lg/z

B(X[IF, -1,l1<1/2) =

of a random variable X.

If Hﬁm — 1]l < 1/2 for some X = (x', ..., x") € D} then Z,,, = zm(X) has the full rank. The algorithm is a weighted
least squares estimator

Se(f)= argminiw

- ) (25)
gl =l hm,d (x)

which has a unique solution, where V,, := span{#, ,, ..., 1, s} . Note that
Hya ({x eD, | hm,d (x)= 0}) =0.

This means the above algorithm is meaningful. It follows that Sy (/) = f whenever f € V,,.. From [13, 38], we can
give the following algorithm.
Algorithm Weighted least squares regression.
Input: X = (x', ..., x") € D}, set of distinct sampling nodes,
T

S A ICONI )
NS N D)

me N m < n such that the matrix Zm = Zm(X) from (21) has full (column) rank.
Solve the over-determined linear system

weighted samples of f evaluted at the nodes from X,
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via least squares, i.c., compute
@& ) =(LnLn)" Laf.

Output: ¢ = (&,,+++,¢, )" € C" coefficients of the approximant Sy (/) := Zék 7.« Which is the unique solution of (25).

Proof of Theorem 2.2 “

We use the above notations. We remark that X = (x', ..., x") obeys the conditional distribution given the event ||17
—1,|| £1/2, and S¥ is a randomized linear algorithm with fixed cardinality n. It follows that

m

(e (n.d;A*)) < sup E(I\f—SQ(f)IIZGd I, —1m||31/2),

FeE, N fl, <1

where n, m € N satisfy (23). We estimate || f =Sy (/)llg, for f € F, with || f]| F, < 1. We set

H, = Lz(Dduum,d)-

We recall that {e, ,}7_, is an orthonormal basis in F, {n,,}7_, is an orthonormal system in G, = Ly(D,, p(x)dx),
and {77, ,}"_, is an orthonormal system in H, = Ly(D,, i, ,), where

-1/2

. - 77.’
Nia = ﬂ’j,d € a>J >1 and Mia = J.d

Jha

Forfe F,c G,with || f]|z,< 1, we have

f= i(f’ek,d>l~",, €a = Zw:<f977k,d>Gd Mias
s k=1

and
”f”i"d = Z|<fﬂek,d>1-"d |2: Z/ik_ld ‘ <f’77k,d>Gd |2 .
k=1 pa
We note that f'— S;,d( 1) is orthogonal to the space V,, with respect to the inner product (., .>G > and
S =8, () =8 =S, (SN eV, =spaniiy 4...m, 4}
where

S;,d (f)= i<f”7k,d>6d Ma-

It follows that
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1 =82, = 1L =8, s (G, + 1 S =8, (O,
= Il gli, + I S¥ (I, »

where g = f -, , (/).
We recall that

Sy (g) =D Mg €=(CeesC,) =(LnLn) " Lug,
k=1

where

g .
hm,d

g = (g(xl)a"'ag(xn))rs g =
Since {7, ,},_, is an orthonormal system in G,, we get
ISe (), =1El = I(LnLn) "' Lag
<N L) 1P - IEwg
4 =
<2 Lgle,
n
where || - ||, is the Euclidean norm of a vector. We have

181 = > i, () &) [

k=1 j=1

n_n

m
k=1 j=1 i=l

It follows that

_ AT 1 n
J_J.HlflmflmHS%”ngHz dlum,d(x )"'d/um,d('x )

SJ.Dg||Z;§H§dym,d(x])...d,um,d(x")

=3 3 A ODE Vi OO 1, (). ()

k=11i,j=1

= Z Z Jiijo

k=11i,j=1

Contemporary Mathematics

Tia ()T o (XDE().

14 | Heping Wang, et al.



where
Jiis = oy e OBV, (ECNd 1, () (7).
Ifi#jand 1 <k<m,then
oy = K& A, = g mide, = 0
If i =, then
o= 7,81

Since 4, ,(x) :LZWW (x) 7, we get
m -

n m

~ o~
Jk,i,j = "ZH Mi.a 'gHHd
1 =1

i=j= =

J<y
=3[ 180, P (B, ()

_ "é ID; | g(:f?;,(d x()X)I 5, (3)dx

<nf, mlgF p,(x)dx

—nm-l gI?,.
Hence, by (3) we have

sup Jm,,z,, il =SY NG, d g (6. p, 4 (x7)
)

SeFy N fllg, <1
4 4 4
<llglt, +—2J£(1+—m]| gl S(lJr—mj(eW“(m,d;A““))z.
n n n

‘We conclude that

sup ]E(IIf—S,’Q’(f)Héd I, —1m||s1/2)

FeF I fly, <t
.[Hﬁm -1 ugl” S-Sy (f)Héu At ().t  (3")
= sup : 1
feFs I fly, <1 IE”(HHW —Im|£2)
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dm) 1
< 1+ — |——(e"" (m,d; A™))?,
[t o)

where in the last inequality we used (24). This completes the proof of Theorem 2.2.

Proof of Theorem 2.3
1
Applying Theorem 2.2 with 6 = SF »We obtain

1
5 V22
4 2
e“’“(n,a’;AStd)S(I—i——mj2 [—J_ J e (m,d; A™),
n 2% 1

where m, n € N, and

n
m=|——— ———|.
L&/Eln@n)J
Since 1+ 2 <14 — 1 <5 by (26) we get
n = 12— wee

eran(n’d;Astd) < 4ewur(m’d;Aall)'

It follows that

n (e,d; A = min{n e (n,d; A™) < eCRId}

< min{n|4ew"r (m,d; A*™) < ECRId}

— min {nl " (m, d; A™) < %cmd }

We note that

n n
m= > —-1.
{48\/5 1n(4n)J 48+/2 In(4n)
This inequality is equivalent to

4n <19242(m +1)In(4n).

1
Taking logarithm on both sides of (29), and using the inequality In x < ¥ forx > 1, we get

In(4n) < In(m +1) + In(192+/2) + In In(4n),

and
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%ln(4n) <In(4n)—Inln(4n) < In(m +1)+In(1 92\/5).
It follows from (29) that
n< 96ﬁ(m+1)(1n(m+1)+1n(192ﬁ)). (30)

By (28) and (30) we obtain
nrmr (g’d;Astd) < 96\/§[nwor,* [%)d;[\all j + lj(ln(nwor,* (ijd;Aa” j + 1} + 11’1(192\/5)},

proving (15).
For0<d<e”and m, n € N satisfying

n
"= {48(\/5 In(2n) - In 5)J’

by Theorem 2.2 we have

1

Ji-6

4m

™ (n,d; A < (1 +—j2
n

ewor (m,d, Aall)

<| 1+ ! ! e (m,d; A™)

12(«/5 1n(2n)+ln;j V1-8

1 1
< 4+ —-

ewor(m’d;Aall)
12In L | V1-6
o

= 4, (m,d; A,

where

N =

Using the same method used in the proof of (28), we have
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nra_n,*(g’d;[\std) < min {n| ewur(m’d;Aall) SAiCRId}
A
‘We note that
n< 48(\/5 In(2n) + lnéj (m+1).

Taking logarithm on both sides, and using the inequalities In x < % forx>9anda+b<abfora, b>2, we get

Inn<In48+In (\E In(2n)+In %j +In(m+1)

<In48+ 1n(ﬁ 1n(2n)) +In lné+ In(m +1)

<In48+ g In(2n) +Inln é +In(m+1).

Since
ﬂln(Zn) <lnn —ﬁln(Zn) for n>9,
4 4
we get
V2 1n(2n) < 4(111 48+1n lné+ In(m + 1)}.
It follows that

n< 48[4(ln48+lnlné+ln(m+1)J+lné](m+l).

We conclude that for 0 <5< e,

5

Wor, & all
n" | —,d; AT |+1 |, 31

n™* (&,d; A) < 48| 4 1n48+1nlnl+ln n"r* i,d;/\“” +1 +lnl
o A o

proving (16). Theorem 2.3 is proved.
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4. Equivalence results of algebraic tractability

First, we consider the equivalences of ALG-PT and ALG-SPT for A** and A" in the randomized setting. The
equivalence results for the normalized error criterion can be found in Theorem 22.19 in [8]. For the absolute error
criterion, Theorem 22.20 in [8] shows the equivalence of ALG-PT under the condition

A £C,d* foralld e N, some C; >0, and some s, >0, (32)

and the equivalence of ALG-SPT under the condition (32) with s, = 0.

We obtain the following equivalence results of ALG-PT and ALG-SPT without any condition. Hence, the condition
(32) is unnecessary. This solves Open Problem 101 as posed by Novak and Wozniakowski in [§].

Theorem 4.1 We consider the problem APP = {APP_},_y in the randomized setting for the absolute error criterion.
Then,

« ALG-PT for A" is equivalent to ALG-PT for A*.

«ALG-SPT for A" is equivalent to ALG-SPT for A*. In this case, the exponents of ALG-SPT for A" and A™ are
the same.

Proof. It follows from (8) that ALG-PT (ALG-SPT) for A™ means ALG-PT (ALG-SPT) for A" in the randomized
setting. Since ALG-PT (ALG-SPT) for A" in the worst case setting is equivalent to ALG-PT (ALG-SPT) for A" in the
randomized setting, it suffices to show that ALG-PT (ALG-SPT) for A" in the worst case setting means that ALG-PT
(ALG-SPT) for A* in the randomized setting.

Suppose that ALG-PT holds for A" in the worst case setting. Then there exist C > 1 and non-negative p, ¢ such that

n"S (g, d; AMY< Cdie”, forall d eN, ge(0,]). (33)

It follows from (19) and (33) that

—p I+
< C (2C4p)1+a)dq(l+(u)g—p(l+a))

which means that ALG-PT holds for A™ in the randomized setting.
If ALG-SPT holds for A" in the worst case setting, then (33) holds with ¢ = 0. We obtain

nran,ABS (8, d;Astd) < Cw (2C4p)l+a)g—p(l+w)’

which means that ALG-SPT holds for A™ in the randomized setting. Furthermore, since  can be arbitrary small, by
Corollary 2.1 we have

ALG _pran,ABS (Astd) < ALG _pwor,ABS (Aall)

— ALG _pran,ABS (Aall) S ALG _pran,ABS (Astd )’

which means that the exponents of ALG-SPT for A" and A" are the same. This completes the proof of Theorem 4.1.

Next we consider the equivalence of ALG-QPT for A™ and A" in the randomized setting. The result for the
normalized error criterion can be found in Theorem 22.21 in [8]. For the absolute error criterion, Theorem 22.22 in [8]
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shows the equivalence of ALG-QPT under the condition

limsup 4, , <oo. (34)

d—o

We obtain the following equivalence result of ALG-QPT without any condition. Hence, the condition (34) is
unnecessary. This solves Open Problem 102 as posed by Novak and WozZniakowski in [8].

Theorem 4.2 We consider the problem APP = {APP,},_ in the randomized setting for the absolute error criterion.
Then, ALG-QPT for A" is equivalent to ALG-QPT for A*“. In this case, the exponents of ALG-QPT for A" and A* are
the same.

Proof. Similar to the proof of Theorem 4.1, it is enough to prove that ALG-QPT for A" in the worst case setting
implies ALG-QPT for A™ in the randomized setting.

Suppose that ALG-QPT holds for A" in the worst case setting. Then there exist C > 1 and a non-negative ¢ such
that

n" " (e,d; A") < Cexp(t(1+Ind)(1+Ing™)), foralld € N, £ € (0,1). (35)
It follows from (19) and (35) that for @ > 0,

nran,ABS(g,d;Astd) < Cw (nwor,ABS(g/4,d;Aall)+l)l“‘)

<C, [Cexp[t(l+lnd)[1+ln(§j BH]

<C,(20)" exp((1+@)t(1+Ind)(1+4+Ine™))

<C,20)* exp(f (+Ind)(1+Ine™)),

where " = (1 + w)(1 + In4)z. This implies that ALG-QPT holds for A™ in the randomized setting.
Next we show that the exponents ALG-# “"***(A™) and ALG-¢™***(A*) are equal if ALG-QPT holds for A" in
the worst case setting. We have

ALG - """ (A™) = ALG - ™" (A™) < ALG - £™**5 (A™).
It suffices to show that
ALG - ™" (A™) < ALG - V"5 (A™).
Note that using (19) we can only obtain that
ALG - ™" (A*) < (1+1n4)- ALG - ™" (A™).

Instead we use (20). For sufficiently small 6 > 0 and w > 0, it follows from (20) and (35) that
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I+o
nran,ABS (8,d;[\51d) < Cm)g [nwnr,ABS [Ai,d, AallJ‘{'lJ

5

<C

,8

(20)* exp((1+ @)t(1+Ind)(1+1In 4, +Ins ™))

<C,,(20)" exp((1+@)t(1+In 4,)(1+Ind)(1+Ine ™)),

where

D=

Taking the infimum over ¢ for which (35) holds, and noting that ( })irr}o 0)(1 +w)(1+1In 45) =1, we get that
ALG _ tran,ABS (Astd) < ALG _ twor,ABS (Aall).

This completes the proof of Theorem 4.2.

Now we consider the equivalence of ALG-WT for A" and A" in the randomized setting. The result for the
normalized error criterion can be found in Theorem 22.5 in [8]. For the absolute error criterion, Theorem 22.6 in [8]
shows the equivalence of ALG-WT under the condition

m Inmax(4, ,,1) _o. 36)
d—e d

We obtain the following equivalence result of ALG-WT without any condition. Hence, the condition (36) is
unnecessary. This solves Open Problem 98 as posed by Novak and Wo zniakowski in [8].

Theorem 4.3 We consider the problem APP = {APP,},_ in the randomized setting for the absolute error criterion.
Then, ALG-WT for A" is equivalent to ALG-WT for A*".

Proof. The proof is identical to the proof of Theorem 4.4 with s = ¢ = 1 for the absolute error criterion. We omit the
details.

Finally, we consider the equivalences of ALG-(s, /)-WT and ALG-UWT for A" and A" in the randomized setting.
As far as we know, these equivalences have not been studied yet. We obtain the following equivalence results of ALG-
(s, ©)-WT and ALG-UWT for the absolute or normalized error criterion without any condition.

Theorem 4.4 We consider the problem APP = {APP,},_y in the randomized setting for the absolute or normalized
error criterion. Then for fixed s, > 0, ALG-(s, £)-WT for A" is equivalent to ALG-(s, £)-WT for A™.

Proof. Again it is enough to prove that ALG-(s, £)-WT for A" in the worst case setting implies ALG-(s, /)-WT for
A™ in the randomized setting.

Suppose that ALG-(s, £)-WT holds for A" in the worst case setting. Then we have for x € {ABS, NOR},

WOr, % . A all
lim Inn™"" (g,d; A™)

m —————=0. (37)

It follows from (19) that for @ > 0,
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In > (g d'Asm) ln(cw (nmﬂ,* (5/4,d;Aall)+1)l+(p)
b b <

e +d' B e +d'

In(C, 2% . 4 (1+o)nn"""(s/4,d;A™)
T e +d (e/4)" +d' '

Since ¢ ' + d — oo is equivalent to ¢ * + d' — oo, by (37) we get that

=0.

1 I+ WOr, % . A all
n(C,2™") —0 and  lim Inn™""(e/4,d;A™)
slhdoo g 4+ " el vd oo (e / 4)’5 +d'

‘We obtain

ran,x . A std
lim Inn™* (&,d; A™)

E—— =0,
e vd oo & s +d

which implies that ALG-(s, £)-WT holds for A in the randomized setting. This completes the proof of Theorem 4.4.

Theorem 4.5 We consider the problem APP = {APP,},_y in the randomized setting for the absolute or normalized
error criterion. Then, ALG-UWT for A" is equivalent to ALG-UWT for A™.

Proof. By definition we know that APP is ALG-UWT if and only if APP is ALG-(s, £)-WT for all s, t > 0. Then
Theorem 4.5 follows from Theorem 4.4 immediately.

Proof of Theorem 2.5

Theorem 2.5 follows from Theorems 4.1-4.3 immediately.

5. Equivalence results of exponential tractability

First we consider exponential convergence. Assume that there exist two constants 4 > 1 and ¢ < (0, 1) such that

ewor (n’ d;Aall) < Aqnﬂ 'ﬂl’d . (38)

Novak and Wozniakowski proved in [8] that there exist two constants C, > 1 and ¢, < (g, 1) independent of 4 and n
such that

e (n,d; A < C g [, (39)
If 4, g in (38) are independent of d, then
" N® (g, d; A" < Cy(Ing™" +1),
and
R (e, d; ) < Cy(Ing” +1)%.

Novak and Wozniakowski posed the following Open Problem 100:
(1) Verify if the upper bound in (39) can be improved.
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(2) Find the smallest p for which there holds
n N (g,d; M) < Cy(Ing” +1)7.

We know that p < 2, and if (38) is sharp then p > 1.

The following theorem gives a confirmative solution to Open Problem 100 (1). We improve enormously the upper
bound qlﬁ in (39) to qﬂ#"’ in (42), where ¢q,, ¢, € (¢, 1).

Theorem 5.1 Let m, n € N and

n
m=——e———| (40)
Lsﬁ ln(4n)J
Then we have
™ (n,d; A) < 4e™ (m,d; A™). 41)
Specifically, if (38) holds, then we have
e™ (n,d; A) < 4A4q0" Ay (42)

where ¢, = g e (g, 1).
Proof. Inequality (41) is just (27), which has been proved. If (38) holds, then by (40) and (41) we get

e™ (n,d; A < 4Aq{ﬁln(4n)JH \/Z

n

< 4Aq48x/51n(4n)\/g

— 44g7 7.,

This completes the proof of Theorem 5.1.

Now we consider the equivalences of various notions of exponential tractability for A* and A" in the randomized
setting. As far as we know, there is hardly any result for these equivalences.

First, we consider the equivalences of EXP-PT and EXP-SPT for A** and A" in the randomized setting. We obtain
the following equivalence results of ALG-PT and ALG-SPT without any condition.

Theorem 5.2 We consider the problem APP = {APP,},_y in the randomized setting for the absolute or normalized
error criterion. Then,

*EXP-PT for A" is equivalent to EXP-PT for A™.

«EXP-SPT for A" is equivalent to EXP-SPT for A™. In this case, the exponents of EXP-SPT for A" and A™ are the
same.

Proof. Again, it is enough to prove that EXP-PT for A
randomized setting.

Suppose that EXP-PT holds for A" in the worst case setting. Then there exist C > 1 and non-negative p, ¢, for x €
{ABS, NOR} such that

“"'in the worst case setting implies EXP-PT for A* in the
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n"(e,d; AM) < Cdi(Ing™ +1)”, foralld e N, ¢ € (0,1). (43)

It follows from (19) and (43) that

1+
» ®

-1
n™ (e, d; A< C, Cd"[ln(ij +1J +1

<C,20)" (1 +In4)?" g (Ing™ +1)?,

which means that EXP-PT holds for A* in the randomized setting.
If EXP-SPT holds for A" in the worst case setting, then (43) holds with ¢ = 0. We obtain

" (g,d; A < C,(20)  (1+1In4)? ) (Ing™ +1)P"*,
which means that EXP-SPT holds for A" in the randomized setting. Furthermore, in this case we have

EXP_pran,* (Astd) < EXP_pwor,* (Aall)

— EXP_pran,* (Aall) < EXP_pran,* (Astd )’

which means that the exponents of EXP-SPT for A" and A* are the same. This completes the proof of Theorem 5.2.
Remark 5.3 We remark that if (38) holds with 4, ¢ independent of d, then the problem APP is EXP-SPT for A" in
the randomized setting for the normalized error criterion, and the exponent EXP-p™*" % (A™) < 1. If (38) is sharp, then
EXP_pwor,NOR( Aall) 1.
By Theorem 5.2 we obtain that if (38) holds, then EXP-p™ " (A™) < 1, and if (38) is sharp, then EXP-p™"**(A*)
= 1. It follows that for any p > 1, we have

n™ N (g,d; A < C,(In e +1)”.

However, we do not know whether or not the above inequality holds for p = 1.

This almost solves Open Problem 100 (2) as posed by Novak and Wozniakowski in [8].

Next, we consider the equivalence of EXP-QPT for A™ and A" in the randomized setting. We obtain the following
equivalence result of EXP-QPT without any condition.

Theorem 5.4 We consider the problem APP = {APP,},_ in the randomized setting for the absolute or normalized
error criterion. Then, EXP-QPT for A" is equivalent to EXP-QPT for A™. In this case, the exponents of EXP-QPT for
A" and A™ are the same.

Proof. Again, it is enough to prove that EXP-QPT for A" in the worst case setting implies EXP-QPT for A* in the
randomized setting.

Suppose that EXP-QPT holds for A" in the worst case setting. Then there exist C > 1 and a non-negative ¢ such

that
n" (e, d; ) < Cexp(t(l +Ind)(1+In(ln g™ + 1))), foralld e N, ¢ € (0,1). (44)

It follows from (19) and (44) that for @ > 0,
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nra.n,* (g’d;Astd)

<C, (n" (e 14,d;:A™) +1) "

+o

<c, (Cexp(t(l +Ind)(1+In(lne! +1n4+1)))+1)
<C,20) " exp((1+@)(1+Ind)(1+In(In4+1)+In(ln &' +1)))

<C,(2C)" exp(t*(l +Ind)(1+In(ine™ + 1))),
where t" = (1 + w)(1 + In(In4 + 1))z, in the third inequality we used the fact
In(l+a+b)<In(l+a)+In(1+b), a,b>0.

This implies that EXP-QPT holds for A™ in the randomized setting.
Next we show that the exponents EXP-"*(A"") and EXP-t™"*(A") are equal if EXP-QPT holds for A" in the
worst case setting. We have

EXP-£""* (A™) = EXP-£™"* (A™) < EXP-£™"* (A*).
It suffices to show that
EXP- " (A*) < EXP-£""" (A™).
Note that using (19) we can only obtain that
EXP- 1™ (A™) < (1+In(1+In4))- EXP- """ (A™).
Instead we use (20). For sufficiently small 6 > 0 and @ > 0, it follows from (20) and (44) that

nran,* (g’d;As(d)

l+o
<C | | S d A |41
: )

<C,,(20)" exp((l +o)t(1+Ind)(1+In(ln 4; +1)+In(ln ™ + 1)))

<C,,20)" exp(t' 1+ Ind)(1+In(Inz" +1))),

where
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' =(1+o)(1+In(ln 4; +1)), 4, =1+

Taking the infimum over t for which (44) holds, and noting that ( (Sl)irr(lo 0)(l +w) (1 +In(ln 4, + 1)) =1, we get that
EXP - ™" (A*) <EXP - """ (A™).

This completes the proof of Theorem 5.4.

Finally, we consider the equivalences of EXP-(s, /)-WT (including EXP-WT) and EXP-UWT for A** and A" in the
randomized setting. We obtain the following equivalence results of EXP-(s, #)-WT (including EXP-WT) and EXP-UWT
for the absolute or normalized error criterion without any condition.

Theorem 5.5 We consider the problem APP = {APP,},_ in the randomized setting for the absolute or normalized
error criterion. Then for fixed s, ¢ > 0, EXP-(s, /)-WT for A" is equivalent to EXP-(s, /)-WT for A*. Specifically, EXP-
WT for A" is equivalent to EXP-WT for A™.

Proof. Again, it is enough to prove that EXP-(s, 1)-WT for A" in the worst case setting implies EXP-(s, /)-WT for
A™ in the randomized setting.

Suppose that EXP-(s, 7)-WT holds for A" in the worst case setting. Then we have for x € {ABS, NOR},

hlnwor,* (g,d;Aa”)

=0. 45
slrdse (1+lng™) +d' )

It follows from (19) that for @ > 0,

lnnran,*(g d.Astd) ln(Cw (nran,* (5/4,d;l\all)+1)1+w)
> 2 <

(I+lng™"y +d" (I+lng™y +d'

In(C,2") . (I1+1n4) (1+@)nn™"* (g /4,d; A™)
T (+ne’) +d' (1+In(s/4)") +d" '

Since ¢ ' +d — oo is equivalent to (1 + Ing ')’ + d' — oo, by (45) we get that

1+ Wor, % . oA all
In(C,2™) ~0 and lim Inn™"* (e/4,d; A )=O.

m ——
a1+ Ing ™y +d' S (14 In(e /4)) +d!

‘We obtain

Inn™"* (g,d;AStd)
etrdse  (Ing™) +d'

]

which implies that EXP-(s, 7)-WT holds for A* in the randomized setting.
Specifically, EXP-WT is just EXP-(s, #)-WT withs =¢= 1.
This completes the proof of Theorem 5.5.
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Theorem 5.6 We consider the problem APP = {APP,},_ in the randomized setting for the absolute or normalized
error criterion. Then, EXP-UWT for A" is equivalent to EXP-UWT for A™.

Proof. By definition, we know that APP is EXP-UWT if and only if APP is EXP-(s, £)-WT for all s, t > 0. Then
Theorem 5.6 follows from Theorem 5.5 immediately.

Proof of Theorem 2.6

Theorem 2.6 follows from Theorems 4.4, 4.5, 5.2, and 5.4-5.6 immediately.

Remark 5.7 While this manuscript was submitted for possible publication, Dolbeault and Cohen in [39] used a
weighted least squares method and the weaver subsampling technique (see [23]) to show that

e™ (n,d; A < Ce" (Cyn,d; A™), (46)
where C,, C, are two absolute positive constants. It follows from (46) immediately that
n (e,d; N < Con™ (e CLdy AM). 47)

By (47) we easily obtain Theorems 2.5 and 2.6 except that the exponents of ALG-QPT and EXP-QPT are equal,
and solve Open Problem 100 as posed by E.Novak and H.Wozniakowski [8]. However, we cannot obtain by (47) that
the exponents of ALG-QPT and EXP-QPT are equal.
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