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1. Introduction

The shape theory, from the very beginning, has been an operable extension and generalization of the homotopy
theory to the class of all (locally bad) topological spaces. Since Borsuk’s paper [1] and book [2], many articles ([3-10]
are some of the most fundamental) and several books [11-14] concerning shape theory were written almost in the first
decade already. By attempting to describe the shape theory (standard and abstract) as an axiomatic homotopy theory
(founded by D. G. Quillen [15]), the strong shape theory has been obtained [16-18]. At the same time some shape
theorists introduced and considered several classification of metrizable compacta coarser than the shape type. The most
interesting of them are the Borsuk’s quasi-equivalence [19] and Mardesi¢ S-equivalence [20]. They were further studied
by the author and some others ([21-23]). On that line, the most important has become a certain uniformization of the
S-equivalence, called the S*-equivalence, which admits a categorical characterization, [23]. Moreover, it admits (genuine
and different; [24-25]) generalizations to all topological spaces as well as to any abstract categorical framework [29],
and all the well known shape invariants remain as the invariants of the both generalizations (in addition, [27]).

In this paper we generalize the generalization introduced in [19], the coarse shape theory, so that it and the shape
theory as well become the very special cases of the new, so called, J-shape theory.

A part of the idea came from the recently founded quotient shape theory for a concrete category [28].
Namely, guratively speaking, the quotient shapes of an object are “its (changeable) pictures” depending on the distance
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of the “view point” which is determined by a “reciprocal” infinite cardinality (larger cardinal-closer distance, i.e., finer
picture, and comparing them to the objects of lower cardinalities). This role hereby overtakes a directed partially ordered
set J (larger set J-larger distance, i.e., coarser picture, and the comparing objects are those of D). In order to realize this
idea, we have followed the construction of the coarse shape category obtained in [26]. Given a category C and a directed
partially ordered set J, in the First step (Section 3), each morphism set (inv-C)(X, Y) is essentially enriched, according

to J, to the set (ian-C)(X, Y) making a new category in’-C (with the same object class-all inverse systems in C). In the
second step, on each set (ian-C)(X, Y) an equivalence relation is defined, according to J, that is compatible with the
composition so that there is the corresponding quotient category (inv‘]—C)/~, denoted by pro‘]—C. In the trivial case J = {1},
pro{l}-C = pro-C, while in the case of /=N, proN-C = pro*-C (of [26]). Then, for a suitable pair X, ¥ and an enough large
J, in the set (proJ—C )(X, Y) may exist an isomorphism, while there is no isomorphism in the set (pro-C )(X, Y). Finally,
in the third step (Section 4), given a pro-reflective subcategory pair D < C, the construction of the appropriate J-shape
category Sh(Jc’ D) and the J-shape functor s c— Sh{a p) follows by the usual standard pattern. Clearly, in the mentioned
special case, Shéé)}p) = Shc p (the abstract shape category of [13]) and Sh(Rgl D)= Sh:a py (the abstract coarse shape
category of [29]) having their realizing categories pro{” -D = pro-D and proN-D = pro*-D.

In Section 5 we have proven the continuity theorem for every J-shape category. It strongly confirms that the
J-shape theory is a genuine shape theory. At the end (Section 6) we have proven the full analogue of the well known
Morita lemma of [9] that characterizes an isomorphism of pro‘]—C, which is then very useful for characterizing a J-shape
isomorphism in the corresponding realizing category proJ—D.

Of course, the whole of this should be firstly applied to the pro-reflective category pair (H7op, HPol) and to its
subpair (HcM, HePol) (where only sequential expansions are needed).

2. Preliminaries

We assume that the notion of a pro-category is well known as well as the basics of the (abstract) shape theory,
especially, via the inverse systems approach due to Mardesi¢ and Segal [13]. For the sake of completeness, we shall
briefly recall the needed notions and main facts concerning a pro*-category and the coarse shape obtained in [26]. The
category language follows [29].

Let C be a category, and let inv-C be the corresponding inv-category. Given a pair X, ¥ of inverse systems in C, a
*-morphism (originally, an S*—morphism) of X to ¥, denoted by

(faf;):X=(X17PM7A)_)(Y’uaqlu‘u"M)zya

is an ordered pair consisting of a function f : M — A (the index function) and, for each u € M, of a sequence ( j;") of

C-morphisms ];7 X — Y, n € N, satisfying the following condition:

(Vu<y inM) @he A, =f(u), f(1) GneN) (vn'>n)

0 _ ) " .
T Prui =4, 10 Py

Clearly, the equality then holds for every 4'> 4 as well. If the index function f is increasing and, for every pair u <
', one may put 1 = f(u") then (f, ];") is said to be a simple *-morphism. If, in addition, M= A and f =1 ,, then (1,, f}")
is said to be a level *-morphism. Finally, a *-morphism (f, j;”) : X — Y is said to be commutative whenever, for every
pair 4 <u', one may putn = 1.

If ¥ =X, the identity *-morphism (1 ,, 1}) : X — X is defined by putting, for each A € Aandeveryn e N, 1} =1,
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to be the identity C-morphism on X;. The composition of (f, f;) : X — ¥ with a x-morphism (g, ) :¥ — Z=(Z,, 1',,,, N)
is defined by

(h=1g, Iy =gy fqu): X > Z.

The category inv -C is now defined by putting Ob(inv -C) = Ob(inv-C) and inv -C(X, Y) to be the set of all
*-morphisms of Xto ¥.
A #-morphism (f, £;') : X — Y is said to be equivalent to a *-morphism (1", f;") : X — ¥, denoted by (f, /) ~ (f",

£, if

(VueM) @FheA, i=f(w), f (W) GneN) (Vn>n)

" _ W
T Prawa =T Py ;e
The equality holds for every A’ > 1 as well. The relation ~ is an equivalence relation on each set (inv*—C)(X, Y), and

the equivalence class [(f, ];")] of (f, f;) : X — Yis briefly denoted by f " The equivalence relation ~ is compatible with
the composition, i.e., if (f, £;) ~ (f", /") and (g, g,) ~ (g', &) : ¥ — Z, then

(&8 [~ (8. &S [ ) X > Z.
The pro*-category pro*—C is now defined to be the quotient category (inv*-C)/~, ie.,
Ob(pro*-C) = Ob(inv*-C) (= Ob(inv-C) = Ob(pro-C)),
(pro”-C)(X,Y) = (inv"-CYX,Y) ~= {f* =1/, ;LDN (/- [;)): X > Y}.

Finally, there exists a faithful functor / : pro-C— pro*—C, keeping the objects fixed, such that, for every f=[(/, /)]
€ (pro-C)(XY),

L(f)=f" =l S e(pro"-C)(X.Y),

where, for each u € M and every n € N, f = f,.

Let D be a full (not essential, but a convenient condition) and pro-reflective subcategory of C. Let p : X — X and
p': X — X' be D-expansions of the same object X of C, and let ¢ : Y — Y and ¢': Y — Y’ be D-expansions of the same
object Y of C. Then there exist two canonical (unique) isomorphisms i : X — X"and j : ¥ — Y’ of pro-D. Consequently,

i= 1) X—-> X andj* = I(j) : Y — Y’ are isomorphisms ofpro*-D. A morphism f* : X — Yis said to be pro*-D

equivalent to a morphism f XY ', denoted by f "~ f '*, if the following diagram in pro*-D commutes:
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X l—> X
" U

*

Y - Y

According to the analogous facts in pro-D, and since [/ is a functor, it defines an equivalence relation on the
appropriate subclass of Mor(pro*—D), such that f "~ f " and g* ~ g'* imply g*f* ~ g'*f " whenever it is defined. The
equivalence class of an f " is denoted by (f . Further, given p, p', ¢, q' and f " as above, there exists a unique f 4 = j*f*(i*)_1
such that f e f **. Then the (abstract) coarse shape category Sh:c’ D) for (C, D) is defined as follows. The objects of Sh:c’ D)
are all the objects of C. A morphism F' e Sh:c’ py (X, Y) is the (pro -D)-equivalence class (f") of a morphism f : X — ¥,
with respect to any choice of a pair of D-expansions p : X — X, ¢ : Y — Y. In other words, a coarse shape morphism F

: X — Yis given by a diagram

p
X -> X
AR JF*.
q
Y — Y

The composition of an F : X — ¥, F =(f)Yanda G : Y — Z G ={g), is defined by any pair of their
representatives, i.e. GF :X— Z, GF =( g*f "). The identity coarse shape morphism on an object X, 1; : X — X, is the
(pro*-D)-equivalence class <1;> of the identity morphism 1; of pro*-D.

For every C-morphism f : X — Y and every pair of D-expansions p : X — X, ¢ : Y — ¥, there exists an f XY

of pro*-D, such that the following diagram in pro*-C commutes:

p
X - X
Fa 7.
q
Y - Y

(Hereby, C < pro-C are considered to be the subcategories of pro*-C!) The same f and another pair of D-expansions
p i X—X,q':Y— Y'yield an f'* :X'— Y'in pro*—D. Then, however, f* ~ f'* in pro*—D must hold. Thus, every
morphism f € C(X, V) yields a (pro*—D)-equivalence class (f *>, i.e., a coarse shape morphism F e Sh:c, nX, V).
Therefore, by putting S (X) =X, X € ObC, and S'(f) = F ={f"), f € MorC, a unique functor

S(*C,'D) C— Sh(*C,D) .

*

called the abstract coarse shape functor, is defined. Moreover, the functor S, 5, factorizes as S(*c, » = 1ic. pyS(c. py Where

5

=1, :pro-D — pro*—D.

¢.p): C = Shie p is the abstract shape functor, while [ p,, : Sh ) — Sh:c’ p 18 induced by the “inclusion” functor /

As in the case of the abstract shape, the most interesting example of the above construction is C = HTop-the
homotopy category of topological spaces and D = HPol-the homotopy category of polyhedra (or D = HANR-the
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homotopy category of ANR’s for metric spaces). In this case, one speaks about the (ordinary or standard) coarse shape
category

Sh(ti1op,11pol) = Sh” (Top) = Sh”
of topological spaces and of (ordinary or standard) coarse shape functor
S*:HTop — Sh*,

which factorizes as S~ = IS, where S : HTop — Sh is the shape functor, and 7 : Sh — Sh™ is induced by the “inclusion”
functor

1 =1yp, : Ipro— HPol — pro* — HPol.

The realizing category for Sh™ is the category pro*-HPol (or pro*—HANR). The underlying theory might be called
the (ordinary or standard) coarse shape theory (for topological spaces). Clearly, on locally nice spaces (polyhedra,
CW-complexes, ANR’s, ...) the coarse shape type classification coincides with the shape type classification and,
consequently, with the homotopy type classification. However, in general (even for metrizable continua), the shape type
classification is strictly coarser than the homotopy type classification, and the coarse shape type classification is strictly
coarser than the shape type classification.

3. Enriched pro-categories

Given a category C, we are going to construct a class of categories having the same objects-all inverse systems in
the category C-by enriching the morphism sets such that pro-C and pro*-C become the very special cases of these new
categories, so called enriched pro-categories.

Definition 1. Let C be a category, let X = (X, p,,, A) and ¥ = (Y#,
be a directed partially ordered set. A J-morphism (of X to ¥ in C) is every triple (X, (f, (]:'f )), Y), denoted by (f, f/j ): X

— ¥, where (f, jj{) is an ordered pair consisting of a function /" : M — A, called the index function, and, for each u € M,

9 M) be inverse systems in C and let J = (J, <)

of a family (};’ ) of C-morphisms f#’ : Xry — Y, J € J, such that, for every related pair x4 <" in M, there exists a 1 € A,
A> f(w), f(it), and there exists a j € J so that, for every j'> j,

Sy g f
Tt Pt =4y 1P i

If the index function f is increasing and, for every pair u < u', one may put A > f(u'), then (f, ]:'j ) is said to be a
simple J-morphism. If, in addition, M = A and f = 1,, then (1,, /) is said to be a level J-morphism. Further, if the
equality holds for every j € J, then (f, f/'j ) : X — Y is said to be a commutative J-morphism. (If there exists min J = j,,
the commutativity means that one may put j = j..)

Remark 1. The equality condition of Definition 1 obviously holds for every A’ > 1 as well. Every commutative
J-morphism of inverse systems (f, fj) : X — Yyields a family of morphisms (f J= f, ];j ): X—> Y, jeJ ofinv-C. On
the other side, every family of simple morphisms (f”, £) : X — ¥, j € J, of inv-C, such that f” = f for all /, determines
the unique commutative J-morphism of the inverse systems (f, jj{ ) : X — Y. This indicates the significant difference
between (a huge generalization of) the standard morphisms of inverse systems comparing to the new J-morphisms.

Lemma 1. Let (f, f)): X — Yand (g,g)): Y > Z=(Z

> s IN) be J-morphisms (of inverse systems in a category C).
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Then (A, h‘vj), where & = fg and hj = g‘{ﬁv), j €J,veN,isaJ-morphism of X to Z.
Proof. Let v, v' € N, v <V/', be given. Since (g, g'vi) is a J-morphism, there exists a x € M, u > g(v), g(v), and there

exists a j, € J such that, for every j'> j,,

J P
8y qg(v),u - rvv gv’ qg(v o'
Since (f, ﬁf ) is a J-morphism, for the pair g(v) <y, there exist a 4, > fg(v), f(u) in A and a j, € J such that, for every ;'

2j]’

i _ i
TP reoiy = dgoulic Prwi-

Further, for the pair g(v') < u, there exista A, > fg(v'), flx) in A and a j, € J such that, for every j'> j,,

j , — , j'
/, e0H 0N ~ Tg0 il it L1y

Since A and J are directed, there exist A € A,A>1,,4,,and a j € J, j > j,, j,, J,, respectively. Then, for every j'> j,
one straight for wardly establishes

J e N Y ,

& e P01 = 80 Lo )P ey

which proves that (7 = fg, h{ = g{, g'{v)) : X — Z is a J-morphism. m|
Lemma 1 enables us to define the composition of J-morphisms of inverse systems: If (f,, j;] ): X — Yand (g, g{) :

Y — Z, then (g, g{)(f > f#j )= (h, hvj) : X — Z,where h=fgi hj = g{ /. Clearly, this composition is associative.

gy
Lemma 2. The composition of commutative J-morphisms of inverse systems in C is a commutative J-morphism.

Proof. It is a straightforward consequence of the defining coordinatewise (by j € J) composition.

Given an inverse system X = (X}, p,,, A) in C, let (1, lg), consists of the identity function 1, and, for each 1 €
A, of the family induced by the same identity morphism 1{(i =1 xJ € J, of C. Then (1,, l)j()h) : X — X is a J-morphism
(commutative and leveled). One readily sees that, for every (f, j;/ ): X — Yandevery (g, g{) Z—- X, (f, j;’ )4, l)jﬁ) =(
f, f’f) and (1,, l)J'(A)(g, g;{ )= (g, g{) hold. Thus, (1,, l)j(A) may be called the identity J-morphism on X.

By summarizing, for every category C and every directed partially ordered set J, there exists a category, denoted by
inv-C, consisting of the object class Ob(inv‘]-C) = Ob(inv-C) and of the morphism class Mor(ian-C) of all the sets (ian-C)
(X, Y) of all J-morphisms (f, ];'j ) of X to ¥, endowed with the composition and identities described above. By Lemma
2., there exists a subcategory (inv‘]-C)c of inv-C with the same object class and with the morphism class Mor(inv‘]-C)c
consisting of all commutative J-morphisms of inverse systems in C.

Let us now define an appropriate equivalence relation on each set (inv‘]-C)(X, Y).

Definition 2. A J-morphism (f, j;/ ) : X — Y of inverse systems in C is said to be equivalent to a J-morphism (f”, f ’#j) :

X — Y, denoted by (f, f;’) ~(f", f'ﬂj), ifevery u € Madmitsal € A, 1> f(u), f' (1), and aj € J such that, for every j'> j,

i Prgoi =1 Py s
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Lemma 3. The defining equality holds for every A’ > 1 as well, and the relation ~ is an equivalence relation on each

set (ian-C)(X, Y). The equivalence class [(f, f/f )] of a J-morphism (f, f/f ) : X — Yis briefly denoted by f /= f

Proof. The first claim is trivial. The relation ~ is obviously reflexive and symmetric. To prove transitivity, let, for a
given u € M, the indices A, and j, realize the first relation, (f, ];j) ~(ff ’/f ), and the indices 4, and j,-the second one-(f",
f 'ﬂj) ~(f" f ;;'j ). Since A and J are directed, there exista A > 4,, 4, and a j > j,, j, respectively, that realize transitivity, (f,
VARIVAN !

Lemma 4. Let (f, ];'f), (f", f’/j) : X — Yand (g, gj), (g, g"vf) : ¥ — Z be J-morphisms of inverse systems in C. If (f,,
N~ (' £ and (g, g))(g", 7)), then (g, g)(f £ ~ (2 DS 1)

Proof. According to Lemma 3. (transitivity), it suffices to prove that (g, gj)( f, f#j) ~ (g, gi)( ' f ’ﬂ/) and (g, g{)( f,
I~ (2, gD/, /) Givenav e N, choose a 4 € A, A = fg(v), f'g(v), and a j € J, by (f, £]) ~ (", /') for u = g(v).
Then, for every j'> j,

'

v ol
g\{ fg(v)pfg(v)i = g\{ fg(")pf,g(v)/l'

Thus, (g, g'vi)(f, f/j) ~ (g, g‘vi)(f’, f’/j). Further, if (g, g{) ~ (g, g"vi), then for a given v € N there exist a 4> g(v), g'(v)
and a j, such that

J — o
8y qg(v)lu =8y qg’(v),u’

whenever j' > j,. Since (f, l/;j) is a J-morphism, there exist a A, > fg(v), f(x) and a j, such that, for every j'> j,,

i _ /
TawP ey =gl Proon-

In the same way, there exist a 4, > fg'(v), f(«) and a j; such that, for every j'> j,,

J ]
fg'(v)pfg (%5) qg (v)yfﬂ Prwin:

Since A and J are directed, there exista A >4,, 4,, and j > j,, j,, j; respectively. Then, for every j'> j,
J el _ o ,
8y fg(v)pfg(v))~ =& fg’(v)pfg A

Therefore, (g, g)(f> ) ~ (&' gD/ £ o
By Lemmata 3 and 4 one may compose the equivalence classes of J-morphisms of inverse systems in C by means
of any pair of their representatives, i.e., gf = h = [(h, h})], where (h, k) = (g, g)(f, /) = (f&, &) fy(,))- The corresponding
quotient category (ian-C)/N is denoted by proj—C. There exists a subcategory (proj—C)c c proj—C determined by all
equivalence classes having commutative representatives. Clearly, (pro‘]-C)C is isomorphic to the quotient category (inv‘]-C)c/N.
Further, one may consider pro-C = (inv-C)/~ as a subcategory of (proJ—C)c and, consequently, as a subcategory of proJ—C

(see also Theorem 1 below). First, recall the well known lemma (see [13], Lemma L. 1.1):
Lemma 5. Let (A, <) be a directed set and let (M, <) be a cofinite directed set. Then every function f : M — A
admits an increasing function f': M — A such that ' < f".
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Lemma 6. Let X = (X, p,,, A)and ¥ = (YH, Dy
=1, fpj)] :X— Yof proJ-C admits a simple representative (f”, f ’/j) X—- Y.
Proof. Let u € M. If u has no predecessors, choose any 1 € A, 1 > f(u), and put p(u) = A. If u is not an initial

M) be inverse systems in C with M cofinite. Then every morphism

element of M, let i, ..., u, € M, m € N, be all the predecessors of x (M is cofinite). Since (f, f/j) is a J-morphism, for
every i € {1, ..., m} and every pair , < u, there exists a 1, € A, 1, > f(u,), f(), and there exists a j; € J, such that, for
every j'> j, the appropriate condition holds. Choose any 4 € A, 2> 4, foralli € {1, ..., m} (A is directed), and put ¢(x)
= /. This defines a function ¢ : M — A. Notice that /"< ¢. By Lemma 5., there exists an increasing function f': M — A
such that ¢ < f". Hence, f' < f”. Now, for every u € M, put f’ﬂ’ = j;jpf(ﬂ)f,@. One readily verifies that (", f ’ﬂ’) :X—VYis
a simple J-morphism and that (f”, f 'ﬂj) ~(f, f,j ).

Let us define a certain functor / = _Ié] : pro-C — pro‘/—C. Put 7 (X) = X, for every inverse system X in C. If f € pro-
C(X, Y) and if (£, f;',) is a representative of f, put

L(f)=f7 =l f;]D1e(pro” —C)(X.Y),

where (f, j;j) is induced by (f, ];), i.e., for each u € M, j:f = f# for all j € J. One straightforwardly verifies that I(f) is
well defined. Notice that every induced J-morphism is commutative. Therefore, / is a functor of pro-C to the subcategory
(proJ—C)c c proJ—C.

Theorem 1. The functor / : pro-C — (proJ—C)c c proJ-C is faithful.

Proof. The functoriality follows straightforwardly. Let f S = INH=1f"=f " Let (f, f#) and (f', f ) be any
representatives of fand f' respectively. By definition of the functor 7, f = [(f, jjf = ];)] and f = (s, r ’/j = fﬂ’)]. Since
(f, f}f) ~(f" f’p’), for every u € M, there exista 1 > f(u), f'(«) and a j such that, for every j'> j,

Ji Py =1 P

This means that

TuP :fﬂpf'(,u)g

holds. Therefore, (f, ];) ~(f" f’#), ie., f=f" o
Remark 2. The functor / is not full. For instance, let us consider the restriction (pro-C)(X, T) — (proJ-C)c(X, T),

where T = (T, = T) is a rudimentary inverse system. Let f € (pro-C)(X, T). Then every representative (f, f,) of f is
uniquely determined by a 4, € A (f(0) = 4;) and by a morphism f, = fl0 S C(X;.O’ 7). However, it is not the case for an

f7 € (pro™-0).(X, T). Indeed, if (f, f3) is a representative of £, then £(0) = A, € A, while (f;/ = £) ;. is a family of
morphisms f e C(X; , T). Notice that (/, /i) ~ (", /) if and only if

(32220,0) QN (G 2) 1 pay =1 Py,

By the well known “Mardesi¢ trick”, every inverse system X in C is isomorphic (in pro-C) to a cofinite inverse

system X". If f : X — X' is an isomorphism of pro-C, then I(f) : X — X' is an isomorphism of pro‘]-C. Therefore, the
next corollary holds.
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Corollary 1. Every inverse system X in C is isomorphic in proJ-C to a cofinite inverse system X".
A morphism f : X — Y of pro‘]-C does not admit, in general, a level representative. However, the following
“reindexing theorem” will help to overcome some technical difficulties concerning this fact.

Theorem 2. Let f € (proJ-C')(X, Y). Then there exist inverse systems X’ and ¥’ in C having the same cofinite index
set (V, <), there exists a morphism f': X' — ¥’ having a level representative (1,, f "Vj ) and there exist isomorphisms i :

X—>X'andj:Y— Y'of proJ-C, such that the following diagram in proJ-C commutes

f
X > Y
i dj.
.
X > Y

Proof. Let f € (proJ-C)(X, Y). By Corollary 1, there exist cofinite inverse systems X=X o P oo A) and Y=(Y,
q s B), and there exist isomorphisms u : X — Xandv:Y— ¥ of proJ—C. Let f = vfu_1 : X — ¥. By Lemma 6, there
exists a simple representative (w, w/}/ ) of f . Let

N={v=(,p)|lacd,peBwf)a}c AxB,

and define (N, <) coordinatewise, i.e., v = (a, f) < (a', ") = v'if and only if & < a'in 4 and f < " in B. Clearly, N is
preordered. Let any v = (a, f), v' = (a', B) € N be given. Since B is directed, there exists a f, > f, B". Since 4 is directed,
there exists an a; > a, a’, w(f,). Then (o, B)) = v, € N and v, > v, v". Thus, N is directed. Further, since 4 and B are
cofinite and since N € 4 x B is (pre)ordered coordinatewise, the set NV is cofinite too. Let us now construct desired
inverse systems X' = (X", p' ., N)and Y'=(Y', ¢’ ., N). Givena v = (a, f) € N, put X', = )?a and Y’ = )7/;. For every
related pair v = (a, f) < (a/, f)=Vv'in N, putp’, . =p, .and ¢’ = aﬂﬂ,. Now, for each v=(a, ff) € N and everyj € J, put
U= wﬂjﬁw(ﬁ)a X', — ¥, Then (1,, f'/) : X’ — ¥'is a simple J-morphism. Indeed, if v < v', then /8 < f8". Since (w, wﬁj)
is simple, there exists aj € J such that, for every j'> j,

J 5 D i ol
VB Pwipyws) s g
Since a > w(B), a'>w(B"), w(f") > w(p) and a' > a, it implies that

F N T TP R
I Py =V Prpal oy =8 Puipyus P =g g P = 0wl

Lets : N — A be defined by putting s(v) = a, where v = (a, ), and let, for each v € N and every j € J, S‘Vj X X
=X .. be the identity 1 of C. In the same way, let ¢ : N — M be defined by putting #(v) = §, and let, for each v € N and
everyj € J, tf : ?ﬂ - Y = Yﬂ be the identity I;ﬂ of C. It is readily seen that s = [(s, s{)] :X—>X'andt= [(z, t'v/)] Y-y
are simple commutative morphisms of proJ-C. Even more, they are induced by morphisms (s, s, = 13 ) and (¢, 7, = 117/;)
of inv-C respectively. Notice that, in pro-C, [(s, s,)] : X — X'and [(1, t)]: Y — Y’ are isomorphisms. Since s = 1[(s,5,)]

and #=1(t, )], we infer that s and # are isomorphisms of proJ-C. Moreover, for every v = (a, f) € Nand everyj € J,
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which implies that
(6,6 w,wp) ~ Ly, £, s, s).
Therefore, ¢ f =f"'s. Finally, puti=su : X — X'and j=tv : ¥ — Y’, which are isomorphisms of pro‘]—C’ . Then

Jf=tf =tfu= fsu=f'i,

that completes the proof of the theorem. |
Theorem 3. Let C be a category. Then

(i) pro-C = pro"V-C;

(ii) pro*-C = proN-C;

(ii1) If J is a directed partially ordered set having max J, then proJ—C = pro-C.

Especially, the “inclusion” functor 7 : pro-C — proJ-C is a category isomorphism;

(iv) If J and K are finite directed partially ordered sets, then one may identify proJ—C = prOK-C = pro-C.

(v) If there exists max J, then, for every L, there exists the canonical inclusion functor / : proj-C — proL-C keeping
the objects fixed.

Proof. Statements (i) and (ii) are obviously true by the definition of proJ—C. In order to prove (iii), it suffices to
show that the functor / : pro-C — pro‘]—C is fully faithful, i.e., that every

=SS X =(X0p ) > (Vg M) =¥

of pro‘]—C is uniquely determined by
(f.f1): X >Y,j =maxJ,

which belongs to (inv-C)(X, Y). Indeed, since max J = j* exists, Definition 1 implies that

(Vu<p) Gh= [, f(1)

j* _ j*
Jie Prooi =4, 00 Py

This means that

fof): X >¥

is a morphism of inv-C. Further, if
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(S S X >

is an arbitrary representative of f, then

(S XY
belongs to (inv-C)(X, Y) as well and, moreover, (f”, f ’lf *) ~(f, ];f *) in inv-C is equivalent to (f”, f ”“i) ~(f, fﬂj ) in inv’-C.

The conclusion follows. Statement (iv) is an immediate consequence of (iii) because every such finite set must have a

unique maximal element. Statement (v) follows by (iv) because every f = [(f, ];'f )] € (proJ-Q(X, Y) is determined by

(f+ /™) € (inv-O)(X, ¥), which induces a unique f'=[(f'= £, £}/ = f"**)] € (pro"-C) (X, ¥) S pro"-O)(X, ¥). 0
According to Theorem 3, only a (J, <) having no maximal element is interesting because the existence of max
J turns us back to the “trivial” case of pro-C. In order to relate proJ-C toa proK-C in a “nontrivial” case, we have
established the following fact only.
Theorem 4. Let C be a category, let J be a well ordered set and let K be a directed partially ordered set, both
without maximal elements. If there exists an increasing function ¢ : J — K such that ¢[J] is cofinal in X, then there
exists a functor

T: pro’ -C = pro® -C

keeping the objects fixed, and 7 does not depend on ¢. Furthermore, for every pair X, ¥ of inverse systems in C, the
equivalence

(X=Y inproJ O e (XzY inproK -C)

holds true.
Proof. Since ¢ : J — K is cofinal, for each k € K, the subset

Jy={jlk<p(NycJ
is not empty. Since J is well ordered, there exists min J,. Furthermore,

k<k = Jr =minJ; < mianr =Jy
because ¢ is increasing. Given an
- JV1- X = —
£ SDVX =(X50p, 1 A) > W, M) =Y
J
of pro’-C, put

f=fM->A

and
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(Vue M)(VkeK) f,} = £k Xy Y

Then
(S )X >Y

is a morphism of im*-C. Indeed, since f, f/j) is a morphism of in’-C, given a related pair u < ', there exist a A > f(u),
f(u') and aj such that, for every j'>,

j g i
fi Prawi =4, f,; Pridyn
Choose k = ¢(/), and let k"> k. Then j,, > j, and

'k’ _ jk, o ) jk' ) _ ) 'k, )
TPy s =Tt Pran =4, T 5P s = T P

that proves the claim. Denote
=X -y
which is a morphism of me—C. Now a straightforward verification shows that the assignments
X=IX)=X,foI()=f
define a functor
T: pro‘] -C—> proK -C

Zk) : X — ¥, constructed by

means of y, is equivalent to (f, f /;k) in inv*-C. Thus, T does not depend on any such particular function. In order to

Finally, if y : J/ — K has the same properties as ¢, then one readily sees that (", f
prove the last statement, firstly notice that the implication
(X=z=Y inproJ O)=(X=zY inproK -C)

holds because there exists the functor 7" : proJ—C — proK—C’. Conversely, let X = ¥ of proK-C, Choose any isomorphism g

:X— Yof proK—C, and let (g, gﬂk ): X— Yof in-C be any representative of g. Let us define
f=g:M—>A

and
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(VueM)Vjed) fi] =gl X r) > Y,

Since ¢ is cofinal (i.e., for every k € K there exists aj € J such that ¢(/) > k) and increasing (especially, for every j’
=7, ¢(j") = k"= ¢(j) = k) one can easy verify that

(f D)X >Y
is a morphism of im’-C, and thus, the equivalence class
f=I D)X —>Y

is a morphism of pmJ—C. Letv= g_1 : Y — X of proK—C be the inverse of g, and let (v, vf) Y — X of im"-C be any
representative of v. Let us define

u=v:A->M

and
(VAe ANV ed) ul =V %, ;) = X,
Now, as for (f, ];j ) before, one readily verifies that
(u,u/{) Y- X
is a morphism of ian-C, and thus, the equivalence class
uz[(u,u{)]:Y—)X

is a morphism of proJ-C. Sincevg=1yand gv=1,in proK-C, the relations

(gvvigho) ~ (A1) X > X
and

(vg,gzvg(ﬂ)) ~ (lM,ll'fL) Y ->Y
hold in inv*-C. Then, by our construction, one straightforwardly verifies that

fitu] )~ (a1 X > X

and
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(uf,f/{u}(#))~(lM,li;):Y ->Y

hold in inv’-C. Therefore, u = f ~!is the inverse of fin proJ-C, implying that X = Y in proJ—C’. |

4. The J-shape category of a category

An enriched pro-category proJ—C is interesting and useful by itself because, in general, it divides (classifies) the
objects into larger classes (isomorphisms types) than the underlying pro-category pro-C (see Examples 7.1 and 7.2 of
[26]). Moreover, in many important cases one can go on much further, i.e., to develop the corresponding J-shape theory.

Let D be a full (not essential, but a convenient condition) and pro-reflective subcategory of C. Let p : X — X and
P’ X — X' be D-expansions of the same object X of C, and let ¢ : Y — Y and ¢’ : X — X’ be D-expansions of the same
object Y of C. Then there exist two canonical isomorphisms i : X — X’and j : ¥ — Y’ of pro-D. Consequently, for every
directed partially ordered set J, the (induced) morphisms i = I(i) : X — X' and j = I(j) : Y — Y’ are isomorphisms of
pro‘]-D. A J-morphism f : X — Y is said to be proJ—D equivalent to a morphism f': X' — Y’, denoted by f ~ f”, if the
following diagram in pro‘/—D commutes:

X —'> X
i Lr.
y 5 v

According to the analogous facts in pro-D, and since / is a functor, the diagram defines an equivalence relation on
the appropriate subclass of Mor(pro‘/—D), such that f ~ f'and g ~ g" imply gf ~ g'f' whenever these compositions exist.

The equivalence class of such an f is denoted by (f). Further, given p, p’, q, q' and f, there exists a unique f' (= jﬁ_l)
such that f ~ f".

We are now to define the (abstract) J-shape category Shé’ D) for (C, D) as follows. The objects of Shé’ p are all the
objects of C. A morphism F e Sh(JC’ X Y) is the (pro’-D)-equivalence class (f) of a J-morphism f : X — ¥ of pro’-D,
with respect to any choice of a pair of D-expansions p : X — X, ¢ : Y — Y. In other words, a J-shape morphism F : X —
Yis given by a diagram

p
X « X
i IF
q
Y <« Y

in proJ-C. The composition of suchan F: X — Y, F={f)anda G : Y — Z, G =(g), is defined by the representatives, i.e.,
GF : X — Z, GF = {gf). The identity J-shape morphism on an object X, 1, : X — X, is the (pro’-D)-equivalence class (1)
of the identity morphism 1, of proJ-D. Since

Shie.py(X,Y) = pro” -D(X,¥)

is a set, the J-shape category Sh(JC’ py is well defined. One may say that proJ-D is the realizing category for the J-shape
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category Sh(Ja D)
For every f : X — Y of C and every pair of D-expansions p : X — X, q : Y — ¥, there exists an f : X — Y of

proJ—D, such that the following diagram in proJ—C commutes:

P
X « X
i I7r.
Y <q— Y

(Hereby, we consider C < pro-C to be subcategories of proJ—C!) The same f and another pair of D-expansions p': X
—X',q'":Y—> Y'yieldan f': X' — ¥Y'of proJ—D. Then, however, f ~ f'in proJ-D must hold. Thus, every morphism f
€ C(X, Y) yields a (pro‘]-D)-equivalence class (f), i.e. a J-shape morphism F e Sh(Ja D)(X, Y). If one defines s X=X X
€ ObC, and S'(f) = F={f), f € MorC, then

J J J
SY = S(C,D) C> Sh(C,D)

becomes a functor, called the (abstract) J-shape functor. Comparing to the (abstract) shape functor, we know that the
restriction of S’ to D into the full subcategory of Sh(JCV p)> determined by ObD, is not a category isomorphism (Example
3 of [26]). Nevertheless, we shall prove that P and Q are isomorphic objects of D if and only if they are isomorphic in
Shé, py 1-. they are of the same J-shape (Theorem 5 below). Thus, clearly, the J-shape type classification on D coincides

with the shape type classification. Further, recall that for every X € ObC and every Q € ObD the shape functor induces
a bijection
S | .l C(X,Q) e S]’l(c,fD)(X,Q)
However, in the same circumstances, the J-shape functor induces an injection

§7 10X, 0) > Ship.p)(X.0),

which, in general, is not a surjection (Example 3 of [26]). Finally, the functor Sh(JCJ D) factorizes as Sh(JC, »=1¢ D)S(C, Dy
where S 1) : C — Shy p, s the (abstract) shape functor, while /; 1, : Sh p) — Shé’ py is induced by the “inclusion”
functor / = I, : pro-D— pro‘]-D. (This implies that the induced function C(X, Q) — Sh{c’ pX, Q) is an injection.)

As in the case of the abstract shape, the most interesting example of the above construction is C = HTop-the
homotopy category of topological spaces and D = HPol-the homotopy category of polyhedra (or D = HANR-the
homotopy category of ANR’s for metric spaces). In this case, one speaks about the (ordinary or standard) J-shape
category

Sh(JHTop,HPol) = Sh’ (Top) = Sh’
of topological spaces and of (ordinary or standard) J-shape functor

s’ :HTop — Sh’,
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which factorizes as S’ = IS, where S : HTop — Sh is the shape functor, and / : Sh — Sk’ is induced by the “inclusion”
functor 1 ,p,, = pro-HPol — pro‘]-HPol. The realizing category for Sh” is the category proJ-HPol (or proJ—HANR).
The underlying theory might be called the (ordinary or standard) J-shape theory (for topological spaces). Clearly, on
locally nice spaces (polyhedra, CW-complexes, ANR’s, ...) the J-shape type classification coincides with the shape type
classification and, consequently, with the homotopy type classification.

Similarly to the case of the shape of compacta, let us consider the homotopy (sub)category of compact metric
spaces, HcM < HTop. Since HcPol € HeM and HcANR < HeM are “sequentially” pro-reflective (and homotopically
equivalent) subcategories, there exist the J-shape category of compacta,

J J ~ qp,J
Sh™ (cM) = Sh{fiem  HePol) = Sh{HeM  HeANR)
and the corresponding (restriction of the) J-shape functor
S’ HeM — Sh” (eM),

such that " = IS, where S : HeM — Sh(cM) is the shape functor on compacta, and [ : Sh(cM) — Sh‘](cM) is induced by
the “inclusion” functor [/ : fow-HcPol — tow’-HcPol (or I: tow-HcANR — towJ—HcANR). The category ShJ(cM) isa
full subcategory of Sh’. Notice that the realizing category for ShJ(cM) is the category tow’-HcPol as well as the category
tow’-HcANR.

The following facts are immediate consequences of Theorems 3 and 4 of the previous section.
Corollary 2. Let C be a category and let D < C be a pro-reflective subcategory. Then

; — qptlh .
(1) Shc, py=Sh(c py;
(ii) She, py = Shie, py:
(iii) If J is a directed partially ordered set having max J, then Sh(Jcﬂ p) 2Shc p)

Corollary 3. Let C be a category, let D < C be a pro-reflective subcategory, let J be a well ordered set and let K be
a directed partially ordered set, both without maximal elements. If there exists an increasing function ¢ : J — K such
that ¢[J] is cofinal in K, then there exists a functor

J K
T: Sh(C,D) 4 Sh(C,D)
keeping the objects fixed, and 7 does not depend on ¢. Furthermore, for every pair X, Y of objects of C, the equivalence
~V J ~V K
(X =Y in Sh(C,D)) = (X =Y in Sh(C,D))

holds true.

An important property of a shape theory is that the shape type of a “nice” object of C and its isomorphism class (in C)
coincide. We are to show this property holds for a J-shape theory as well. Let D be a full and pro-reflective subcategory
of C,let X € ObCand letp = (p,) : X — X = (X}, p;,» A) be a D-expansion of X. Further, let J be a directed partially
ordered set, let O € ObD and let a family (¢ j) of C-morphisms goj X — Q,) € J, be given. We say that ((oj) uniformly
factorizes through p if there exists a (fixed) 4 € A such that, for every j, goj factorizes through p,. Such a family (¢
j) determines a J-shape morphism F : X — Q. Indeed, then there is a A € A such that, for every j € J, there exists a
morphism fj : X, — Q of D (D < Cis full) satisfying gz)'/ = f’;n)v. Hence, the family (f'/ ) (with the index function {1} — A,
1 > A determines a unique morphism f = [( fj)] 1 X—> 0=(Q)of pro‘]—D. Since 1 : Q — Q is a D-expansion of O, the
morphism f determines a unique J-shape morphism F = (f) : X — Q of Sh(JC’ p)- We say that such an Fis induced by (goj ).
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Notice that the above construction depends on the index 4. The converse reads as follows.
Lemma 7. Let X € ObC, letp = (p)) : X — X = (X}, p;,» A) be a D-expansion of X and let O € ObD. Then, for
every directed partially ordered set J, every J-shape morphism F : X — QO of Sh(JC, p is induced by a family of morphisms

(pj : X — QofC,j € J, such that ((pj) uniformly factorizes through p.
Proof. Let F: X — Q be a J-shape morphism of Sh(JC, p)- For D-expansions p = (p;) : X —> Xand1: Q0 — Q0 =
(Q), there exists a representative f : X — (Q) of proJ-’D of F. Consequently, there exist a A € A and a family (f 7y of
D-morphisms fj : X, — 0, € J, which determines f. Then, by putting (pj = fjp ,»J € J, one obtains the desired inducing
family (goj ) for F. i
Let ((p‘j ) and ((p’j ) uniformly factorize through the same D-expansion p : X — X (via a 4 and a A’ respectively). Then ((pj )

is said to be almost equal to ((p’j), if there exista 4, >4, A"and a j, € J such that
. . J _ ’j
(% 2Jo) /" Pay =1 Py, -

Clearly, it is an equivalence relation. Further, since p is a D-expansion, (¢”) and (¢'’) are almost equal, if and only
if there exists a j, € J such that o' =¢": X— O, forall > Jor

Lemma 8. Let (goj ) and (go'j ) (of X € ObC to Q € ObD) uniformly factorize through the same D-expansion p : X — X,
andlet F: X— Qand F': X — Q of Sh(JC, p) be induced by (goj ) and (¢ & ) respectively. Then F'= F"if and only if (goj ) and (¢ g )
are almost equal.

Proof. Let (¢’) and (¢'’) uniformly factorize through the same p : X — X, i.e., let there exist 2, 2’ € A such that, for
everyj e J, ¢/ = fjp/1 and p" = f""pw, where £/ : X, — Qand Y : X;, — O are morphisms of D. Let F': X — Q and F’
: X — QO be the J-shape morphisms of Sh(Jcﬂ p) induced by (goj) and ((p"/) respectively. Let f, f': X — Q = (Q) of proJ-D
be representatives of F, F" respectively. Now, if £ = F'"then f = f', and f, f' are determined by the families (f7), (")

respectively. Therefore, there exist a A, > 4, 4" and a j, € J such that
(V) 2 jo) f' piz, =f]p/uo-

This means that ((pj) and (ga'j) are almost equal. Conversely, if ((/)j) and ((o’j) are almost equal, then the
corresponding families (fj) and (f’j) induce the same morphism f : X — (Q) of proJ-D. Consequently, the families (goj)
and (¢'"’) induce the same J-shape morphism F = (f) = F': X — Q of Sh(Jc, Dy o

Consider now the more special case where X=P € ObD too. Then1: P — P=(P)and 1: QO — Q =(Q) are (the
rudimentary) D-expansions. Thus, every J-shape morphism F': P — Q of Sh(JC, p Is induced by a family of D-morphisms

fj : P— Q,j € J. Furthermore, any two such families (fj) and (f ’j) induce the same J-shape morphism, if and only if fj

=f “ for almost all Jj (allj >j,, where j, is a fixed index). This implies that there is a surjection

(D(P,0))” — Skt p)(P,0)

of the set of all J-families ® = (fj)j < ; of D-morphisms 72 P— O onto the set of all J-shape morphisms F : P — Q of
Sh(JC, p)- Finally, one can readily see that if an /': P — Q is induced by an (f)anda G : Q — R is induced by a (g”), then
the composition GF : P — R is induced by (g’ f”). The following theorem generalizes Claim 3 of [26].

Theorem 5. Let D be a pro-reflective subcategory of C and let J be a directed partially ordered set. Then, for every
pair P, Q € ObD, the following statements are equivalent:
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(1) P and Q are isomorphic objects of D, P = Qin D < C;

(i1) P and Q have the same shape, Sh(P) = Sh(Q), i.e., P = 0 in Sh(a Dy

(iif) P and Q have the same J-shape, SK"(P) = SK'(Q), i.e., P = Q in Sk .

Proof. The equivalence (i) < (ii) is the well known fact. The implication (ii) = (iii) follows by the functor Iepy:
Sh(a »— Sh(JC’ py LetP,Q e ObD have the same J-shape. Then there exists a pair of J-shape isomorphisms F': P — Q,
G : Q — Psuch that GF =1, and FG = 1, in Sh(JC, p)- By the above consideration, there exist families ( f'j) and (g 7y of
‘D-morphisms fj :P— Qand gj : Q — P,j € J, which induce F and G respectively. Furthermore, the families (gj fj) and
(fj gj) induce 1, and 1 0 (of Sh(JC, D)- Since the constant family (l{, =1,) and (ljé =1y also induce 1, and 1, (of Sh(JC’ D)
respectively, Lemma 8 implies that g/f/ = 1, and f’g” = 1, hold for almost all j € J. Consequently, P and Q are
isomorphic objects of D, and thus, (iii) = (i). i

5. The continuity theorem for J-shape

A very important benefit of the standard shape theory comparing to the homotopy theory is the continuity property,
i.e., the category Sh admits the limit functor, while it fails for H7op. Moreover, in general, every (abstract) shape theory
has the continuity property (Theorem 1.2.6. of [13]). Further, the continuity property holds for every coarse and every
weak shape theory (Theorems 1 and 2 of [24]). We shall prove hereby that every J-shape theory has the continuity
property as well.

Theorem 6. Let D be a pro-reflective subcategory of C and let J be a directed partially ordered set. Let X, Y € ObC,

let ¢ = (g,) : Y — ¥=(¥,, q,,, M) be a C-expansion of ¥ and let H = (H,) : X — S’(¥) be a morphism of pro-Shy, .
Then there exists a unique J-shape morphism F : X — Y such that H = QF, where Q = Q)= s (@): Y — s (Y) is the
morphism of pro—Sh(Jc, D) induced by ¢, i.e., for every u € M, H,=Q,F, and 0, is induced by dp O = X (qﬂ). In other
words, if ¢ : Y — Y is a C-expansion, then Q = s/ (@): Y — s/ () is an inverse limit in Sh{cj py 1-€., every C-expansion g :

Y — Y induces, for each X, a bijection
pro-Shie. py (| X |, $7 (X)) = Skt py(X.Y),

defined by the following diagram

X
H/, lF.
'Yy « Y

57 (q)

The proof consists of two steps. In the first one we consider the special case of a D-expansion g : Y — Y.

Lemma 9. Let D be a pro-reflective subcategory of C and let .J be a directed partially ordered set. Let X, Y € ObC,
let ¢ = (q#) Y- Y= (Yﬂ, Dy M) be a D-expansion of Y and let H = (Hﬂ) X — S](Y) be a morphism ofpro—Sh(JC) D)
Then there exists a unique morphism F : X — Y of Sh(jc, p) forevery e M, H, = s (g,)F.

Proof. Let X, Y € ObC, let g = (q):Y—>Y=(1,q,,M be a D-expansion of Y. Let H = (H):X— S](Y) bea
morphism ofpro-Sh(JC, py such that, for every related pair u < ', H, = S/(qW,)Hﬂ,. Letp=(p): X—>X=(X,p,,,A)bea

1%

D-expansion of X. Since every Y, € ObD, every J-shape morphism H,, is represented by a unique morphism f, = [(];j )] :
X— LYHJ of proJ-D XY ﬂj) (LYﬂJ is the rudimentary system associated with Y #), via the following diagram
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X <« X
fud VH,,
AR

Y,U

Al

where ];j : Xy — Y,»J € J, are morphisms of D. Further, since , = S J(qﬂﬂ,)H#,, w<u',and SJ(qW,) is represented by
9 = [ = 4,0 ie.,

Iy,
LY/‘J < Y
0 15/
P (qW ),
[YVJ <~ Y.
H 1y, M

u

it follows that f, =¢,,.f, i proJ-D, w <p'. Thus, the following diagram in proJ-D commutes

X
~fy v \,fﬂ,
<—LY#J q<—’ LYﬂJe
Iy

This means that, for every pair 4 < ', there exist a 1 > A(u), A(u") and aj € J such that, for every j' >, the following
diagram in D commutes:

X;
Pagon & < Py
X X
£l y f:
Y# q<—’ Y#

Let us define a function f : M — A by putting f(«) = A(«). Then the ordered pair (f, ( f/j uem, jes) determines a
J-morphism (f, j;j) of X to ¥ of in’-D. Thus, the class =1, ];j)] : X — Yis a morphism OfpVOJ-D. Sincep: X — X
and ¢ : Y — Y are D-expansions, the diagram

p
X <« X
i IF
Y « Y
q
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represents a J-shape morphism F': X — Y. Notice that, by construction,
J _
S (q)F=H,

holds for every u € M. Moreover, such an F' is unique because ¢ : ¥ — Y is a D-expansion, and thus, (pro-S] )(Y) and
S (¢,) may be considered to be ¥ and g, u € M, respectively. Therefore, for every X, the correspondence H = (H,) — F,
induced by ¢, defines a bijection of pro—Sh{c, D)(LXJ, Y) onto Sh(JC’ pX, D). o

Proof. (of Theorem 6) Let g = (q#) Y- Y= (Yﬂ, D> M) be a C-expansion of Y. Firstly, if 7 : X — Yis a
morphism of Shé’ Dy then all F,= s (qﬂ)F , L € M, define a morphism of H = (F #) D (Y (Y) of pro—Sh(JC’ Dy because
F,= s/ (4, IF <. Conversely, let an H = (H) e pro—Sh(JC’ (X, S‘](Y)) be given. Choose any D-expansion

q :(qv):Y_>Y :(Y\)’qw’sN)

of Y (D is a pro-reflective subcategory of C!). Since ¢ is a C-expansion (with respect to D), there exists a unique g : ¥ —
Y’ of pro-C such that gg = ¢". Let (g, g,) be a representative of g in inv-C. For every v € N, denote by G, : Yy — V', the
morphism of Sh(JC’ p)induced by g, i.e., G, =S J(gv). Similarly, denote Q', = S J(q ViY—Y and Q' =S J(q ") Y
— Y, v <v' Then, since (g, g,) is a morphism of inv-C, one readily sees that (g, G,) : SJ(Y) -8 J(Y ") is a morphism of
inv-Sh(JC, py- Thus, the equivalence class G = [(g, G )] : SJ(Y) ) J( Y’) is a morphism of pro-Sh{C, py Let F=(F,) : |X]
- SJ(Y') ofpro-Sh(Jc’ p) be the composition of H and G. Then F, = G, H,,,, v € N,and F, = Q' F,, v <v" By Lemma 9,
there exists a unique F : X — Y of Sh{cj py such that, for every v € N, Q' F = F,. This means that, for every v € N,

’

QVF = Gng(v),i.e.,

SJ(CIV)F = SJ (gv)Hg(v)'

We have to prove that, for every u € M, s (qﬂ)F =H, holds. Firstly, we will prove the following statement:

(Vue M)(VP e ObD)(Vu C(Y#,P)

s7w)S?(q,)F =S’ wH,.

Notice that a u : Y# — P of C yields a unique u = [(u)] : ¥ — |P] of pro-C. Observe that uq is a (rudimentary)
morphism ug, =Y — P belonging to C. Since ¢ is a D-expansion and P € ObD, there exists a unique v : ¥' — |P| of
pro-D (represented by a v, : Y’ — P of D) such that vq' = uq. Then, uq = vgq, which implies that # = vg. This means
that there exists a u' > u, g(v) such that

uq = =vgyq

e g’

Now one calculates in a straightforward way that
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s7w)s’ (q,)F
J J J J J J J
= , = : = , F
7S’ (q, 18" (4 IF =57 g, )57 (q IF =57 0g4, ) I (,)
=578 (814, 4,)F =57 )5 (8,450))F =57 )87 (,)F

_oJ J _oJ J J o/
= ST S (@) H () =" (IS (8,)S () IH /=57 0204, ¢

H
) u
=5’/ NH =S ws (¢ HYH . =S' wH,,
(ug, H ;=" WS (q, HH =5 W)
which proves the statement. Given a u € M, let
AR AES GRIAVD
be a D-expansion of Y, Then, by the above statement, for every a € 4",
J J J
S7(q5)S” (q,)F =S (g5 )H .-
According to the definition of the J-shape category Sh(JC, Dy this means that the J-shape morphisms
J .
S°(q)F.H,: X >Y,
admit the same representing morphism f : X — ¥* of proJ-D. Thus,
J _
S (q,)F=H,.
Finally, such an F is unique because
J J !
S$(g)F=S8"(q)F , nueM,
immediately implies
$7(q,)F =87 (q,)F, veN,
which means that F'= F". o
6. A J-shape isomorphism
In this section, we are going to establish an analogue of the well known Morita lemma of [9], which should
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characterize a J-shape isomorphism in an elegant and rather operative manner. According to the “reindexing theorem”
(Theorem 2.) and definition of the abstract J-shape category Sh(JC, py it suffices to characterize an isomorphism f* €
proJ—D(X, Y) which admits a level representative (1, {) : X = Y of in’-D. In the case of inverse sequences, a strictly
increasing simple representative will do. Since the characterization does not depend on the objects of D, we shall
consider such an f of proJ-C as well as the special case of tow'-C.

Theorem 7. Let C be a category and let J be a directed partially ordered set. Let X = (X, p,;, A)and Y= (Y}, q,,, \)
be inverse systems in C over the same index set A and let a morphism f : X — ¥ of proJ-C admit a level representative
(1, f{). Then f is an isomorphism if and only if, for every 4 € A, there exist A'> A and a j, € J such that, for every j >

J;» there exists a C-morphism / /{ : Y, — X so that the following diagram in C commutes:

Xl < X/‘L,

ANV E
Yl <— Y/lr

Proof. Let f : X — Y be an isomorphism of proJ—C which admits a level representative (1,, f )’ ). Let f = g =l(g
g{)] : ¥ — X be the inverse of f i.c.

(28-S ~ (psle YA (L £ g 8]) ~ (1401,

Given any 4 € A, choose 4j, 4 € A according to the above equivalence relations. Then there exists a 2’ > A, 45.
Thus "> 4, g(4). Further, choose j,, j, € J according to the above equivalence relations and the given A. Since (1,, f /{) is
an J-morphism, for the pair g(4) <1, there exists a j; € J such that the appropriate commutativity condition holds. Since

J is directed, there exists aj, > j|, j,, /5. Let us define, for every j > j,, a morphism hA’ 1 Y,,— X, of C by putting
J— o)
M= gy
We are to prove that the needed diagram commutes. Firstly, according to the second equivalence relation,
Jpd — £)d -
f,1 h,1 —f,1 giqg(/l),l' =4,
Thus, the left (lower) triangle in the diagram commutes. Further, since j > j,,
Jrl = o VY
h/lf/f = giqg(i)if,{ _gllfg(/l)pgu);_"
while, according to the first equivalence relation,

J i _
&iTaPgiyi =Pui-

Therefore,
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Jri —
hj' f/,[" - pl/«: s
which proves commutativity of the right (upper) triangle in the diagram.

Conversely, suppose that a morphism f' = [(1,, f {)] : X —> Yof pro‘]-C fulfils the condition of the theorem. Let g :
A — A be defined by that condition, i.e., for each A, choose and fix a g(1) = A’ > 4 by the condition. Further, for each 4

A and everyj € J, a morphism g;{ Yy X of C by putting

\mE iR
g =1" ,

ks j=i;
where h{ comes from the condition. We have to prove that (g, g{) : Y — Xis a J-morphism. Let a pair 4 < 1’ be given.
Choose a 4, > g(4), g(A") and put 4, > g(4,) Since (1,, {) is a J-morphism, for the pairs g(4) < 4, and g(1') < 4, there
existj,, j, € J such that the appropriate commutativity conditions hold respectively. Since J is directed, there exists a
JZJpsdysJogsJvs T2

Now, for every j'> j, consider the following corresponding diagram:

N N4 N
Xty Ko
&
@)
{ , {
g(1)
N AN N
Yg(/l) <« YAO < Yﬂl
We shall prove, by chasing diagram (1), that
J ol
81 9 = Py 87 9aiiyyy @)
Since j'>j P the condition of the theorem implies
J o iyl
€1 dgton = Az L3y My 3)
Sincej' > j,,
J S o_pd i J
1 eig Fig Mg = i Tetn Paiyiy @
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Since j'>j,, j,» the condition of the theorem implies

J i F T ;
] Shorpacrily = Piatty = P 12 Py 5)
Since j'> j,,
0l W= i 6
P fg(i)pg(ﬂ)io o = Pai") o170 M0 (6)

Finally, since j'>j P the condition of the theorem implies

J ) J

o Y 7
Pl gy Tio o = Pii™] g @

Toiratg) ~ Pir®; Qi

Now, by combining (3), (4), (5), (6) and (7), one establishes (2), which proves that (g, g{) is a J-morphism.

Moreover, by the condition of the theorem, it is readily seen that, for each A € A and every j' € J,j'>j,,

&5 Toy =M Jgoy = Pigiy N7 &1 = 11 ] = g0

This shows that

(2:8))0p- 1) ~ Uplx ) A (. £ (g0 80) ~ (a1,

which means that g = [(g, g{)] : ¥ — X be the inverse of f. Therefore, f is an isomorphism of proJ-C. o
Remark 3. Since pro-C = pro{l}-C, the original Morita lemma is the simplest case of Theorem 7. Further, since the
coarse shape category Sh:c’ p is the N-shape category Sh(l\é, Dy Theorem 7 is a generalization of [26], Theorem 6.1.

One can easily verify that the condition (of Theorem 7) characterizing an isomorphism may be reduced to a cofinal
subset A’ < A. Thus, the following corollary holds.

Corollary 4. Ifan f=[(1,, f ;{)] : X — Yof proj-C admits a cofinal subset A’ < A such that, for every A’ € A’, there
exists aj € J, so that, for every j'>/, f ;j ‘isan isomorphism of C, then f is an isomorphism.

For the sake of completeness and unifying notations, we include hereby Theorem 6.4 of [26] (see also [23], Section
2) concerning the special case of inverse sequences and J = N. It is very useful, for instance, in detecting an N-shape (i.c.,
a coarse shape) isomorphism of metrizable compacta (i.c., in the case (C, D) = (HcM, HcPol)).

Theorem 8. Let X=(X ,p, )and Y= (Y, , q,,.) be inverse sequences in a category C, let f : X — ¥ be a morphism

of tow"-C and let (f, f"{) be any simple representative of f with a commutativity radius y and f strictly increasing. If for

everyj € Nand every m =1, ..., y(j) — 1, there exists a C-morphism h oy * Yot = Xrmy such that the diagram

Xemy < Xpoma
kb Vi
Y

" <« Y

m+1

in C commutes, then f is an isomorphism of tow'-C.
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Conversely, if f is an isomorphism of towN-C, then, for every m € N, there exist an m'>m and aj € N such that,

for every j' >, there exists a C-morphism hfaj (,m) 2 Y, — X, so that the following diagram

Xrom < X
il By N \2 fnfl,
Y, « Ym/

in C commutes.
Remark 4. We give no additional example but those of [21-23] and [26], though one can, by means of them, easily

construct some with J = (N, <) (for instance, in the case of m < n iff — e N). However, although the categories pro -
m

HTop and proJ-HTop (in this case) are pretty different, their isomorphism classifications coincide (Corollary 3). In order
to find a new example, one should use an uncountable well ordered (J, <) and the transfinite induction technique. It leads

to a complete new paper. Another possible way might be, firstly, to find a suitable invariant of the J-shape (proJ-HTop)

and, secondly, to prove that it is not an invariant of the coarse shape (pro*—HTop), which again asks for a transfinite
construction on an uncountable well ordered index set (of an inverse system) as well as on (J, <) (see [25]).
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