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1. Introduction

Dijkgraaf-Witten theory was first proposed in [1], and since then has been further studied by many people; see [2-
8] and the references therein. It can be defined for any integer d > 1, any finite group I' and any cohomology class a €
HYT; U(1)), and is called untwisted when a = 0. The key ingredient of the untwisted DW theory (denoted as DW?,VF) is
counting homomorphisms from the fundamental group of a manifold to I.

DW theory not only has theoretical importance since it is one of the first rigorously constructed TQFTs, but also
is practically interesting because of its relation with fundamental group. The fundamental group of a manifold M, as a
noncommutative object, encodes much topological information of A, but at the same time, is often hard to handle. The
DW invariant of M, however, can extract partial information on 7,(M).

In general, enumeration of homomorphisms from a group G to finite groups is usually helpful for understanding G.
For example, the classical topic of counting finite-index subgroups of a finitely generated group G is directly related to
counting homomorphisms from G to symmetric groups, see [9, 10]; the Hall invariant, which counts epimorphisms from
G onto a finite group, dates back to [11] and also has its own interests [10, 12].

When G = z,;(M), homomorphisms from G to finite groups have additional topological meanings. In dimension 2,
people studied existence and enumeration problems on surface coverings by counting homomorphisms from surface
groups to finite groups, see [13-15]. But in 3-dimension, till now, besides [16] and the author’s work [17], there are few
such results. In knot theory, for a knot K < §°, there are good reasons for paying attention to homomorphisms from z(K)
= m,(Ex) (where Ey is the complement of a tubular neighborhood of K) to finite groups. It was shown in [18] that all
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finite quandle invariants can be expressed in terms of the numbers N;(x, y) of homomorphisms z(K) — I' sending the
meridian and the longitude to x and y, respectively, for appropriate finite group I' and various pairs (x, y) € Py := {(x,
y) : xy = yx}; it was also pointed out that such enumeration is helpful to somehow keep track of the knot group since the
knot group is residually finite. In fact the DW invariant of £ is a specific vector comprising exactly the numbers N.(x, y).

In recent years, many deep connections between 3-manifolds and finite groups have been revealed (see [19-23] and
the related references). There are a lot of interesting things to be further explored. In “On the groups of periodic links”
(arXiv:1805.02219), the author deduced a criterion for a link L to be periodic, in terms of the DW invariants of L as well
as that of the quotient link. For the criterion to be applicable, we need some general knowledge on DW invariants of the
“nonvisible” quotient link. It is thus natural to formulate the following.

Problem 1.1 Given a finite group I', which function

PBr={(x, h;.x,, b)) xh =hx, 1<i<n} >N

can be realized as the Dijkgraaf-Witten invariant of some n-component link?

In the study of DW theory, a big problem is the difficulty of practical and concrete computations.

As a widely known fact [24, 25], in general each modular tensor category C gives rise to a 3-dimensional extended
TQFT RT.. When C is ¢(I') (to be introduced in Section 2.3), a result of Freed [5] established the equivalence between
DWg)r and the Reshetikhin-Turaev theory RT, ). So the DW invariants of links can be computed via diagrams as for
general RT invariants. However, there is no such computation seen in the publications.

The main contribution of the present paper consists of two parts. First, based on the preprint “The untwisted
Dijkgraaf-Witten invariant of links”, we clarify several aspects of DW theory which were usually folklore or spreading
among experts, and present a practical method for computing DW invariants for arborescent links. Second, we provide
significant ingredients of the MTC ¢(I') when I' is the semi-direct product Z/pZ x Z/(p — 1)Z, where p is an odd prime
number; we will see that much number-theoretic richness is reflected in the structure of ¢(T').

The content is organized as follows. Section 2 is a preliminary on DW theory, tangle and link, and RT theory. In
Section 3 we develop a general method of computing DW invariants for arborescent links. In Section 4, we give key
formulas for I' = Z/pZ x Z/(p — 1)Z, and as an illustration, we compute the DW invariants for a family of knots.

Notation 1.2 For positive integers m, n, let M(m, n) denotes the space of m x n matrices over C.

For a set X, let #X denote its cardinality.

Let T denote the torus §' x S'. Let my=S"' x 1 and [, =1 x §'.

For a group G, usually denote the identity element by e. For x, y € G, let x1y denote xyx'; let & t=1lifx=yand
0, = 0 otherwise; let Cen(x) denote the centralizer of x; let Con(x) denote the conjugacy class containing x.

For a condition r, let 6, = 1 if ¢ holds, and J, = 0 otherwise.

If x € G has order n, and k € Z/nZ, then by x* we mean x* for any k € 7 whose residue class modulo 7 is k.

2. Preliminary
2.1 Untwisted Dijkgraaf-Witten theory

For a finite group and a positive integer d, the d-dimensional untwisted Dijkgraaf-Witten theory Z = DW(;,r over I'
is given as follows.

For a connected closed (d — 1)-manifold B, let Z(B) be the vector space of functions a : hom(z,(B), I') — C such
that a(h¢) = a(g) forall 4 € I" and ¢ € hom(x\(B), I'), where (ho¢)(x) = hag(x). For connected closed (d — 1)-manifolds

Bl) ceey B,., set Z(I—l::l Bl) = ®::1 Z(Bt) .
For a connected closed d-manifold C, let

Z(C) = #-#hom(ﬁl(C),F) eC=2(2);
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for a connected d-manifold C with 6C # &, define Z(C) € Z(0C) by setting
Z(C)(¢) = #{® € hom(7,(C),T): ® |;c= ¢}
for connected d-manifolds C,, ..., C,, set
Z(UL, C)=®,Z(C,) e @ 2(aC)).

When d = 3, the vector space £ := Z(T) can be identified with the space of functions a : 3. — C such that a(a ux,
aag)=o(x,g)foralla €T.

For each conjugacy class ¢ of T, choose x, € ¢, take an irreducible representation p of the centralizer Cen(x,) of x,,
and put

tr b)), y= X,
Zc’p(y’b):{ (p(g”' b)), y = g2
0, yéc.

By Lemma 5.4 of [4], all such y, ,’s form a canonical orthonormal basis for £, with respect to the inner product

1 -
(@,0)p =—- Z a,(x,2)a, (%, g).
#U (oewr

2.2 Framed tangles and links

A framed tangle T is an equivalence class of pairs (7, fr) where T is an oriented 1-manifold embedded in [0, 1] x
R* = R’ such that 7 < {0, 1} x R x {0}, and fr is a nonzero section of the normal vector field on 7. Two pairs (T, fr)
and (T, fr') are equivalent if there is an orientation-preserving homeomorphism of R’ that takes 7 to I"and takes fr to
fr". Denote T'= [T, fr]. We do not distinguish a framed tangle from its representatives. Call s(7) := ({0} x R x {0}) N T
(resp. #(T) := ({1} x R x {0}) N T) the source (resp. the target) of T. Regard s(7) and #(T) as oriented 0-manifolds.

A tangle with empty source and target is just an oriented link.

A framed tangle can always be presented as a tangle diagram, with the blackboard framing understood. In this
vein, two tangle diagrams represent the same framed tangle if and only if their underlying tangles are equivalent and the
writhe numbers of the corresponding components are all equal.

Given tangles T, T,, the horizontal composite T\ + T, is defined by putting 7, on the right side of 7,. When #s(7) =
#1(T,) (so that there is an obvious bijection between s(7,) and #7})), and the orientations are compatible, we can define
the vertical composite T, * T, to be framed tangle obtained by putting 7, on top of 7, and identifying # 7)) with s(7);
clearly, s(T, * T)) = s(T) and «(T, = T)) = «T>).

@ (b)

Figure 1. (a) A tangle T'; (b) the closure of T
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When s(T) can be identified with #7), the closure of T, denoted T, is the closed 1-manifold obtained by
connecting the source and target using parallel lines in the way shown in Figure 1.
Call the tangles in Figure 2 and the [£1] shown in Figure 3 basic tangles.

O

Figure 2. Three of the basic tangles

\

X X &

[0] (1] (-1 [n]

Figure 3. Integral tangles

For n € Z, the integral tangle [n] is the vertical composite of |n| copies of [1] or [—1], depending on the sign of n.

Definition 2.1 Let L = K, LI - U K, be a n-component framed oriented link. Let A(L) be a tubular neighborhood.
For each 7, let [, = K »» the knot obtained by moving K; a short distance according to the framing, and choose a meridian
m, paired with [,. The Dijkgraaf-Witten invariant Z(L) is the image of Z(S\M(L)) under the isomorphism Z(OML)) =
E®" induced by the homeomorphism ANV(L) — U"T sending m,, [, respectively to my, .

2.3 The category &(T)

Fix a finite group I'. Let &(I) be the category of (finite-dimensional) graded vector spaces u = Pu, together with
xell

a left I' action such that g(u,) = u, ; a morphism u — v is a family of linear maps f= { f; : u, — v, : x € I'} such that

gax?

gof, =/f,..og forallx, g The category &) is just the category of modules over the quantum double of I" [25], and
also the same as the category of I'-crossed modules [26].
Suppose u € &(I'), and (x, g) € P, i.e. xg = gv, let

Zu(x,8) =tr(gru, —u). M
The function y, belongs to £ and is called the character of u. Define

dimu=>Y" 7,(x.e). @)

xel’

Let A be a complete set of representatives of isomorphism classes of simple objects. Then actually {y, : u € A} is
just the canonical basis {y,,} (introduced in Section 2.1) for £. Here are the crucial structures of e(I):
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* (tensor product) A bifunctor @ : ¢(I')x g(I') — (') defined by

(uov),= Pu, dv,.

X|Xp=x

A “unit” object 1 is given by C sitting at e, with I acted trivially.
* (associator) A natural isomorphism (O V)OwW —>uQ®(vOw) given by the natural isomorphism of vector
spaces

(u, ®v, )OW,_=u (v, ®W,).

* (braiding) A natural isomorphism R, , :u©v — vOu given by

u ®v, > xv, Qu,, foru, eu,v, ev,.
* (dual) An involution *: &(I') — &(I")”, defined by
(u* )x = (uxfl )*;

*
gax

the action g :u’ — u _ is given by the dual of g’ L S —u_,.

* A pair of natural transformations ¢, :1 >uOu”, ¢, :u* ©u — 1, which are expressed explicitly as
,(H= ZZMM Quy,, eu(u:,a ®u,,)=0,9,

where {u, ,} is an arbitrary basis for u,, and {u},} is the corresponding dual basis for u:,l =(u,)".

2.4 Reshetikhin-Turaev invariant

Suppose C be a modular tensor category (see [25] for details). It has structures which are generalizations of those
possed by &(I') in the previous subsection. We use the same notations as for g(I') in Section 2.3; for instance, let ©
denote the tensor product and let 1 denote the unit object. Let O(C) denote the set of objects in C. A C-colored framed
tangle is a pair (7, ¢) consisting of a framed tangle 7°and a map ¢ : 7,(T) — O(C).

Two colored framed tangles (7, c¢) and (7", ¢") are considered as the same if 7" is obtained by reversing the
orientations of some components A, i € I, of T and ¢’ differs from ¢ only at these components, with ¢'(4,) = ¢(4,)",i € L

Given a colored framed tangle (T, ¢). If s(T) = & (resp. #(T) = &), then put ¢; = 1 (resp. ¢ = 1). In general,
suppose s(7) = {s,, ..., 5.}, t(T) = {t,, ..., t,}. For an oriented arc 4, let s(4) (resp. #(A)) denote its starting (resp.
terminal) point. Define ¢, to be c(4) (resp. c(A4)") if {s,} = s(4) (resp.{s;} = #(4)) for some component 4 of T, and define
¢ to be c(4) (resp. c(A)") if {t;} = (A) (resp. {t,;} = s(4)) for some component 4 of T. Put

¢ =¢;, 0 0¢y, ¢ =c’ 00",
As shown in [24, 25], one can associate to (7, ¢) a morphism
F(T,e)iep —>e' 3)

in the following way:
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1. To each colored basic tangle in Figure 4, associate a morphism accordingly: (a) id,; (b) R,,; (¢) R, 1 (d) 1 (e) €

2. Call a framed tangle elementary if it is the horizontal composite of some basic tangles. For a colored elementary
framed tangle (7, ¢), let F(7, ¢) be the tensor product of the morphisms associated to the basic pieces.

3. It is always possible to decompose a general T as a vertical composite of elementary tangles; set F(7, ¢) to be
the vertical composite of the morphisms associated to the elementary layers.

U

14 U 4
\ / . m
U
\ / \_/ U
(a) (b) () (d) (e

Figure 4. Colored basic tangles

It is know that F(T, c) is independent of the choice of the decomposition, and called the Reshetikhin-Turaev
invariant of the colored framed tangle (7, ¢).

Now let C = ¢(I'). Due to the coincidence between DWg)r and RT,, [5], the DW invariant of a link L can be
expressed in terms of RT invariants of (L, ¢) for various colorings c.

Theorem 2.2 For each n-component framed link L =K, L --- U K,

n

1 " "
Z(L)=— D, F(L.c)-® 7, €E™,

cecol(L)

where col(L) is the set of maps ¢ : {1, ..., n} — A.

This result is somehow well-known to experts. Here are some explanations. The Reshetikhin-Turaev theorem
asserts that a MTC C determines a 1-2-3 extended TQFT RT, which takes C at S'. In [4, 5] Freed used finite integral
to construct an extended TQFT (extending the one presented in Section 2.1) whose value on the circle is computed to
be &('). Consequently, the 3-manifold invariants in DWg)r are equal to those in RT, . Alternatively, one may refer to
Theorem 4.4 of arXiv:1209.4283v4, where many explicit details were given.

3. The computing method for arborescent links

Let 7,” denote the set of tangles 7 with #s(T) = #(T) = 2. Besides the vertical composition *, there is another
operation on 7,°, namely, the rotation r: for any 7 € 7, let #(T) denote the new tangle obtained from rotating 7'
counterclockwise by /2. Let 7,, = 7, denote the smallest subset containing [1] and closed under * and r.

Elements of 7, are called arborescent tangles, each of which can be written as a word in the alphabet [1], *, . An
arborescent link is the closure of some arborescent tangle.

Some special arborescent tangles and links are more interesting.

For sy, ..., s, € Z, define the continued fraction [[s,, ..., s,]] inductively by

(Ls; =51, (L5158, 1= =1/ [[55000584 1]

Associated to each p/q € Q (with (p, g) = 1), there is a rational tangle
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(p/q)=rC-r(lsD*-)*[s,],

where the s,’s are chosen so that [[s,, ..., 5,]] = p/g; it is known that up to equivalence [p/q] does not depend on the

choices.
A Montesinos tangle is the composite tangle ([ p,/q,]) * --- = r([p./q,]) for some rational numbers p,/q,, and its

closure is called a Montesinos link.
Notation 3.1 Let ¢ = ¢(I'). For u, v, let ¢(u, v) denote the set of morphisms from u to v.

u, u,

u,

VAR
T

r

—>

N
n 7

us u,

Figure 5. The rotation r

Let (T, c) be a colored framed tangle, with 7 € 7, as indicated on the left of Figure 5. Associated to it is a
morphism (7, ¢) € ¢(u, OQu,,u, Ou,). Figure 5 shows that F(r(T,c)) € &(u; Ou,,u, Ouy) is equal to the

composite

(6, ©id,, ©id ,)e(id , © F(T,c)0id ,)o(id , Oid, Of,).
] U3 " U3

For any u,, u,, u;, u, € ¢, define

rot =rot,’* 1 £(u; Ou,,u; Ouy) = &(u; Ouyu, Ouj) 4)

by sending F'to the composite
(.su3 @idu4 Oid ,)o(id , OF ©id , )o(id , C)id“1 Ozuz).
"2 "3 b} U3
Then F(r(T, ¢)) = rot(H(T, c)).

The functoriality and invariance of (3) immediately imply.
Theorem 3.2 For each colored arborescent tangle (7, ¢) where T is presented as a word w([1], *, r), the morphism

(T, ¢) can be obtained from replacing [1], *, 7 in w by R, , rot, respectively.
In particular, if p/q = [[s,, ..., ;]], then
F(p/ql,c)=rot(---rot(R")o---)o R,

Remark 3.3 By R we mean R, ,, for some v, w as determined by the coloring. Similarly for rot.
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Forv € eand f € ¢(v, v), let

tAr(f) = z tr(f* ce(w,v) —> S(W,V))-;(w eE. (5)
weA
For a = Zaw;(w e E, put
weA
la|=>" dimw-a,. (6)
weA

Lemma 3.4 Suppose (7, ) is a colored framed tangle such that s(7') can be identified with #(T’) and ¢, = ¢’, so that
we can get a colored framed link (7, ¢) by taking closure. Then

F(T,2)=|o(F(T,0))|

Proof. By Lemma 2.6 of [24], (T, ¢) = tr,(F(T, c¢)), where tr,(-), in our setting and notation, is equal to \H‘(-)\,
as can be checked. o

We now explain how to practically compute the RT invariant of a colored arborescent link. Suppose 7 € 7, is
presented as a word w([1], *, r), and c is a coloring of 7 which induces a coloring ¢ of T.Then by Theorem 3.2, A(T, c)
= w(R, o, rot).

1. For all u, v € A, choose an isomorphism

Guy WOVE DN, W, %)

weA

where N, -w stands for the direct sum of N, copies of w.
For uy, u,, u, u, € A, let @ = @2 be the composite
- 1,U2

e Ouy,u; 0uy) = Pe(Ny ) W, Nyt W) ®)
weA
= G—)AM(NJZ,UZ,NLM ), )

where (8) sends f'to ¢, ,, © f °qu11,qu and (9) comes from the fact that each endomorphism of a simple object w is a
multiple of id,.. We shall abbreviate ®*"# to ® whenever there is no risk of confusion.
2. Define ROT = ROT,*,* to be the unique map making the diagram

up,uy

&(u; Ouy,uy 9“4)r—m>5(“§ Qu;,u, Ouj)

l l@
@M, Ny )—ROT—>@M(N:"§’UI,NW )

up,up usz,uy ugy,u
weA weA 2

commutative. Choose base {u, ;}, {u,,}, {us,}, {u,} for u,, w,, us, u,, respectively, and let {u;,}, {u;,} be the dual base

for u}, uj, respectively.
Suppose F :u; Ou, = u; Ou, is expressed as
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F(u,; ®u,,) = ZT(F)‘;.;; Uy, Oy, (10)

Then rot(F') can be expressed as

* * *
Us; ®u1’j = 2”3,1' ®u1,j ®u2,k ®u2’k
k

B Y TPy us, ®uy, ®u,, Ous,

kv
iv *
B D T(F) uy, ®us .
kv

Hence with respect to the base {u;,}, {u, }, {us,}, {us,}, rot(F) is represented by the matrix 7 (rot(F)), with

T (rot(F))) =T (F), (11)
and the linear map ROT can be determined through this relation.
3.For A=®,_, 4, € PMN",N"), put

weA

Tr(4) = Y t(4,)- 7, €E. (12)
weA
Then by Lemma 3.4,
F(T,e)= ‘E(W(R, o, rot))‘ - ‘ﬁ(w(CD(R), o, ROT))|. (13)

4.1 = ZIpZ =« Z/(p — 1)Z for an odd prime p

Let Z, = ZipZ and Z,_, = Z/(p — 1)Z.
Fix a generator r of 7', =7, ,. Let T =7 ,xZ , , be determined by the homomorphism Z , |, — Aut(Z ,) = Z,
sending 1 to r. A presentation is

I=(a,pl a’ =p"" =1, pa=a"p).

We often denote an element of I by ‘8" with a € Zpb€Z,,.
There are p — 1 nontrivial conjugacy classes, namely,

Con(ar) = {f* _a = ark tkeZ, };

Con(B")={a"_p" =a"" "' inel,}, 02vel,,.

The centralizers of the representatives are
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Cen(a) =(a); Cen(f")=(B), 0=veZ,,.

Let

. -1 27i 27
p:p—, é’zexp(—} fzexp[ j
2 P p—1

It makes sense to write &* for k € Z,-, and Cfors e Z,.

4.1 Simple object

Up to equivalence there is a unique (p — 1)-dimensional irreducible representation € : I' — GL(p — 1, C), which is
determined by

é'fl 0 0
: 1 0 0
a> . LB (14)
o o
¢ 0 - 10

so that f(e;) = ¢;.,, where ¢, is the (p — 1)-dimensional column vector whose i-th entry is 1 and the other entries are all 0.
It is easy to find

2@ B)=(ps) -1)5).

Foreachk € Z

1> there is a 1-dimensional representation

di ;T C, a"f 1 & (15)

Let ¢ (resp. d,) denote the object of &(I') given by & (resp. d,) sitting at e.
Forj € Z,, set

a’ =@ ca), (16)
by which we mean a’, = C for each a, and define the action by
OB al s D g
ForO#veZ, andl € Z, ,,set
b, =Dp, Ca’ "), (17)
and define the action by

axﬁy :abﬁv N 5@ .arybﬂc(l—rv)ﬁv.
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Each simple object of &(I') is isomorphic to exactly one member in

A={ciu{d, :keprl}kJ{af :jeZp}u{bi 0=velZ, ,leZ,,}.
By the definition (2),
dime = p-1, dimd, =1, dima’ = p—1, dimb! = p. (18)
For the dual, we have
¢ =c df=d,, (a/) =a’, (b)) =b”.. (19)
Precisely,
« the isomorphism ¢ = ¢” is given by ¢, > ¢/, 5;
+ the isomorphism d_, = d} is obvious;
« the isomorphism a’ = (a’)* is given by
aia - (aj);a = (aifa Y, a' (@) (20)
* the isomorphism b:i = (bc)* is given by
-1 0 \* _ I3 * b p-v b pv*
(b2) o v = ((0)7) v = (b)) Jﬁv) sa (@B (21)

4.2 © and R

We shall decompose bil‘ Obﬁj as a direct sum of objects in A, and then determine ®(R, ,,) through this
decomposition. by by

Let /=0, +(, and V=v, +v,.
We do not deal with u® v foru # bf orv # bf, because a complete computation not only will occupy too many
pages, but also is unnecessary (see Remark 4.1). The same reason is taken account for in the next subsection.

421v#0

In bﬁl‘ Obiz2 , the component supported at 4’ is @5:1 X,, with
x, =Cla™"“ Y@ Cla“ B),
and the action f : x, — Xx,, is the multiplication by 52, which in particular, fixes x,. Hence
b ©b2 b, ® D7 b, (22)
under which

BT ® B> B ebl, (23)
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_mtu

a ﬂvl ®ar“ﬂv2 — @5:—11 5(4‘7?)128& c @f;llbé

Under the action of Rb

¢
‘1 pl2 2
v

ﬂ"l ®ﬂ"2 — §€2V1 _ﬂ"z ®ﬁ"1 ,

_vitu +v

ﬂvl ®ar"ﬂv2 N 5/2"1 .ar“ ﬂvz ®a7;~"1+"ﬂv1'
Hence through the decomposition (22),

DR, )= (E" [b) @@L (£ 70 ),
v v

where for a simple object b, we use (1|b) to denote the morphism 4 - id,,
422v,=v=—v,£0
In b!! ©b'2, the component supported at a* is ®Z=1 Y, With
Y, =Ca" " BH®Ca" B,
and the action o : y, — ¥j.(;-,-v is trivial. Hence

b Ob2 =c@d, @D a’,

under which

Jja

aru—rvaﬁv ®auﬁfv — (—szl gfkué/(l—fv)r" ar“ c G_)?:l aj’

—i
a

aB®a | LI ET e |@lec@d,.

Under the actionof R , ,, ,
b, .b_3,
aru—rvaﬁv ®aaﬁ—v [N 562\/ .aa+r”(1—r7‘))ﬂ—v ®ar"—rvaﬂv’
a—rvaﬂv ®aaﬂ—v — glzv _aaﬂ—v ®a—rvaﬁv.

Hence through the decomposition (26),

J

PRy )= ™ lo@E™ |d) @), (¢ |a).
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(26)

@7

(28)

(29)
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4.3 T(F)

We only provide information on 7(F') for morphisms F : bﬁl‘ Obi; - bﬁi Obﬁi with (v, k) € {(v, £), (vs, )}
Also,let £=0,+0,, V=V, +V,.

431v#£0

ky
uy

Suppose F': bfil‘ (Dbf; —>b Obfi is a morphism with

O(F) = (4]b; @b) @S (b, | b)),
where 4 =[ay;],,,,and @ means to take direct sum over £ € Zp,l\{g}.
We shall express 7(F') in terms of ®(F') and vice versa.
Now A" ® £ is sent by (23) to A in the first b., and then sent by ®(F) to a,,f" @ a,,/"; if its image under the

inverse of (22) is

uy +u

p-1 -
allax(l—r"] )ﬂul ®ax(]—r”2 )ﬁuz +Zsu . ax(l—rv)—r ﬂul ®ar“ ﬁuz ,

u=1

then by (24),

p-l ;
Zsug(/%)u = 5”:”12-
u=1
This holds for all ¢ if and only if
(p=1)s, =a,. (30)

Moreover, for b(1 —r'2)# 1 — 7',

(24)

D(F) -
""" B @af s @ al B ayal B @@ bt B,

with b; = a,,; suppose it is sent by the inverse of (22) to

’ U] ’ u p_l up+w w
azlab (1-r 1)ﬂul ®ab (1-r Z)ﬂuz + ch .ab—l’ 1 ﬂul ®ar ﬂuz ,
w=1
with /(1 — ") = b. By (24),
pl -
by=Yc, &7 (31)
w=1
This holds for all ¢ if and only if
c = 1 fg(?z—f)wb
op-lT "
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Therefore,

T(F)x(l—rul )x(1-r42)

=a
x(=ryx(—"2) —

E 17,5 7,u1+u’ u a.
T(F)r( r‘)l) 7 vzr — 12 ,
x(1=r't),x(1-r"2) p -1

(A=) (12 )
T(F b'(1 l~) =a
( )b'(l—rv)—rww,r“ 21°

_ 1 &= 70
T(F)Z_,"l +u,’ S = p _1 zg([ [)tbf'
1=1

In the other direction (remembering that a,, = b;),

it
4 :T(F)8:g> a, =(p—=DT (F)) 1 ay :T(F)?’rovl’l’

p-l -
_7 7ru]+t rt
b= & T

t=1

432v,=v=-v,#0

(32)

(33)

(34

(35)

(36)

(37

Let (u, k) = (v, {) or (u, k) = (—v, —¢). The computation is similar as above; note that 7=0in the present case.

Suppose F:b. Ob~ —b* ©@b™* is a morphism with
O(F)=(c|e)®(d |d)®®”_ (a, |a’).
Forb #0,

b @n — , o) — ,
a —r aﬂv ®aaﬂ—v H(_Bf:] é/(l—r )ba N ®f=] ajé/(l—) )ba

)4
— Z/—IV 'ab—r"x'gu ®axﬂ—u’
x=1

where the last map is the inverse of (27); from (27) we see

Jx Jja

L —u —-v
Do = a;l"" " forall j,

x=1

which is equivalent to

N
=

| —
~
1,

p *V_ 7u)
o= a,g I=r " 1=r "
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For the remaining case,

—i —i
@8)p-l & oF) pl X

a B ®a‘f l—)Z{l e, @1 > 024’1 e, ®d

p u
Hznx.a—r xﬂu ®axﬁ—u’
x=1

where the last is the inverse of (28), so

—i

P a’
d= nyx, c=¢r" ng’H_" for all i;
x=1 x=1

equivalently,
pol eS8 +(d-c)/ p,
. :l d+czg 1-r 1-r =
P = o, +(d-c)/p,
Therefore,
co +(d—-c)/ p, u=v,
T(F)—r xX,x a ( ) p

—r'a.a c§frva+(d—c)/p, u=-v.

b—r"x,x Z i T “)

T(F)b ra,a = Z o - :

In the other direction,

c=T(F))~T(F)gy "

d:T(F) +(p- I)T(F)O ,

” Jx
Z *VT(F)I rxx.

4.4 Example

(39)

(40)

(41)

(42)

(43)

Let m = 2k + 1. Let ¢ be the coloring of [m] whose values at the left- and right foot of [m] are respectively u := bf

and u* =b~’. Let

F=F(mle)=(R .°R, )oR _:b,Ob, —>b, Ob,
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Then

ey
OF)=(E" [)®(E™ |d) @D ("¢ " |a)).

By (39), (40),

—rVx,x _ g-mlv ox
TR, =" (44)
—r XX _ 1-rY 1=V 1=V _ g—mlv gox+ria
T(F)bfrva,a - ¢ =< 5(k+1—krv)b' (45)

J=1

We shall compute rot(F): bﬁ @bi’ - bﬁ Obﬁ. Be careful that (11) holds with respect to the base {5}, {u,}, {u},
{u,}. Here we have used the dual (21) to replace (b:i)* by bﬁ, so that the correct relation is

T (rot(F))y =T (F)" 5. (46)
Suppose v # p so that ¥ =2v #0. If
D(rot(F)) = (4'| b, ®b3) ®@ DL (B] | bS,),
with 4'= [a/],.,, then

al; =T (rot(F))yy =T (F)gg=&"",
af, = (p=DT (rot(F)yy" = (p=DT(F))", = (p=DE " 5.y,
aj = T(mt(F))?’,Ov,l =T (F) = EMS ks

, p-l o vt p-l o _
bs — Zf( 2Z)tT(rOt(F))7rv,1 R Zé( ZK)tT(F)tirtiv
=1

t=1

S S S V0 N Ay . |
= ) with " =———.
0, otherwise, (k+Dr' -k

v+i

The last line is computed as follows: If (1, =", 1, ="") = (= "x, x, —a, @) and x = —"a, then ' = 1 which is
impossible; setting (1, =", 1, =)= (b—r"x,x, b — r'a, a) and x + 'a = (k+ 1 — k+")b, we are led to

a=-r",b=1-r", x==r"", (k+)r' =k)¥ =kr’ —k-1.

Now suppose v = p, so that ¥ =0 and — " = 1. Write
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D(rot(F)) =(c'| )@ (d'|d,,) ®D"_ (a) |a’).
Noting that
T (rot(F))og =T (F)gg = (=1, T (rot(F))gy =T (F)g) =(-1)'5,

[ 'm>

we obtain
¢'=(-1)(1=8,,). d'= (=) p"'".
Since T (F)g* =(-1)'é.,, , we have

P oy & » Ly 0, plm,
a, =Y 2T (ot(F) " =Y ¢ 2T(F)gl = _J
= = D¢, ptm

Let K be the odd classical pretzel knot P(n,, n,, ny), with n; = 2k; + 1, as shown in Figure 6; let n = n, + n, + n,. In
the notation of Section 3, K = T, with T = r([n,]) * r([n,]) * r([n;]). Let c denote the coloring of 7 which induces the

coloring b’ on K.

OO

O

Figure 6. The odd classical pretzel knot P2k, + 1, 2k, + 1, 2ky + 1)

Suppose the coloring is ¢ = b with v # p. We write
(£ B3, @b @S "D, |b,)
L.Ifr™"# 1+ 1/k fori=1, 2, 3, then letting

. _li[ ki —k, —1
it (k,+Dr' =k,

we have B = I,, and b, = " Hence
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BT = (g + Xi e, ).

By Lemma 3.4,

1

o _nty 1+5W
F(K.by)=p&"(1+&7"(p=D5, ,)=¢""p .

10 —
2.1f " =1+ 1/k, for some i and r " # 1 + 1/k; for all j, then B = {O 0} ,and b, = 0 for all s. Hence tr(F(7,c)) =
é’”“”zb% , so that F(K,b") = p&™"".
3.1fr =1+ Uk for some i and 7 # 1 + 1/k; for all j, then similarly, F(K,b,)= p&™"".

4. If "= 1+ l/k, for some i and » "= 1 + 1/k; for some j, then tr(B) =p’, and b, = 0. Hence ]-"(K,bﬁ) =premht,
The Alexander polynomial of K is (see [27] Example 4.3)

A () =1+ 4k +hy + kg +hky + kg + I k)t +67 = 2). (47)
In case 1, 7" = 1 is equivalent to A(r") = 0 € Z,. When 1 + 1/k; € {r} for some i, A(r") # 0 in case 2 and 3, and
A(r") =0 in case 4.
Consider the remaining case v = p.

o If p { mn,n,, then

nyny +n1n3 +I‘l2ﬂ3 .

(D' [o)® (=) |d,) @D ()¢ s "|af').

J=1
Using n,n, + n,n; + n,ny = —Ax(—1), we obtain

Ag (D) .

— J
W(FT.0) = (D | 2o+ Zay, + 200" 1, |,

which results in

1+ _
F(K,by)=p=D)'(1+(p-1)5, ) =CD'p iARED,
sIfv=pandi:={i:p|n} >0, then
O]0)® (-1 p'|d,) @D (0]a’),

Hence tr(F(T,c))=(-1)'p' Xa,,» implying F(K, by) = (-1)p'. Note that t=1+65,, ., ifte{l, 2}, and 1 =2+

o if1=3.

pl Ak (1)
Put

6(v):{l’ AK(FV):OGZIN 6':{1, p| n]sn29n3s (48)

0, otherwise; 0, otherwise.
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All the above cases can be uniformed as
F(K,b‘(i) — ffn(vae(v)Jrf' )

Since %, (B",B”)=E", by Theorem 2.2 we have

p-l ,
LS Rkb)EY = p sy, (49)

Z(K)B' ) =
KB, B7) -1 &

This is the number of homomorphisms z(K) — I" which take ", f” respectively at the meridian and the longitude.
Remark 4.1 Taking conjugacy, one can easily obtain Z(K (a8, o’8").
In contrast, Z(K)(«, ") is not interesting, since any homomorphism z(K) — I whose value at the meridian lies in

<> must factor as 7(K) — <> — I
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