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Abstract: The Kuramoto-Sivashinsky equation with Ehrilch-Schwoebel effects models the evolution of surface
morphology during Molecular Beam Epitaxy growth, provoked by an interplay between deposition of atoms onto the
surface and the relaxation of the surface profile through surface diffusion. It consists of a nonlinear fourth order partial
differential equation. Using energy methods we prove the well-posedness (i.c., existence, uniqueness and stability with
respect to the initial data) of the classical solutions for the Cauchy problem, associated with this equation.

Keywords: existence, uniqueness, stability, the Kuramoto-Sivashinsky equation with Ehrilch-Schwoebel effects, Cauchy
problem

MSC: 35G25, 35K55

1. Introduction

In this paper, we investigate the well-posedness of the following Cauchy problem:

Ou+0 f(u)+fotu+volu
+Kk0u +ad’ +
(I+u”)”
bo,| 2t ()
A+@u)y
B axul =0, 0<t<T, xekR,
I+|0ul""
u(0,x) = u,y(x), xeR,

where S, v, k, a, b, d are real constants such that

Copyright ©2022 Giuseppe Maria Coclite, et al.

DOI: https://doi.org/10.37256/cm.3420221607

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Contemporary Mathematics 386 | Giuseppe Maria Coclite, et al.


http://ojs.wiserpub.com/index.php/CM/
https://orcid.org/0000-0001-6019-4757
https://www.wiserpub.com/

p#0, ay>0, 72>0. 2)

On the flux f, we assume
JeC'®), | /'@ <Cy1+]ult), (3)

for some positive constant C,,.
On the initial datum, we assume

u, € H'(R), £ e{l, 2}. (4)

From a physical point of view, (1) models the evolution of surface morphology during Molecular Beam Epitaxy
(MBE) growth, provoked by an interplay between deposition of atoms onto the surface and the relaxation of the surface
profile through surface diffusion (see [1, 2]).

One of the most influential factors for instabilities in the evolution of the surface morphology of a growing film is
the existence of energy barriers near steps. An adsorbed atom (adatom) approaching a step from above or below may
have different probabilities. This phenomena was first observed experimentally by Ehrlich and Hudda [1] and analyzed
by Schwoebel and Shipsey [2]. For that reason, it is known as the Ehrilch-Schwoebel (ES) barrier (see also [3, 4]). The
ES barrier induces pyramidal or mound-type structures on the growing surface (see also [5-12]). In particular, in [5], the
authors study the following equation:

Ou 244
Ou+bd,| ———|+p0u=0, 6b>0,y>1. (5
’ (a+wwny / ! :

They obtained analytical results on the coarsening process by inspecting the behavior of branch of the steady state
periodic solutions.

Moreover, in [6], the author studies the case y = 1. In the spirit of the Bales and Zangwill theory [13], he studied
the dynamics of a MBE growing interfaces in the absence of slope selection mechanism, when the mounds slope
indefinitely increases with time (see also [14]).

Assuming that the effects of adatom desorption [15], and diffusion anisotropy are neglected [16], the continuous
interfacial height in one-dimensional case, is found to obey the following general phenomenological evolution equation
[10]:

o.u
Ou+p0tu+do, | —=——|=0, 6
while its standard form is [17]:
Ot foturbo | —" g )
t x x (1+(axu)2)y :

In both of equations, d, b > 0 and 7, y > 1. The unknown smooth function # measures the film thickness above a
substrate point x and at time ¢. Equations (6) and (7) have a conservative form:

ou+0.J=0, ®)
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where,

J@w) = pu+—I%" o j@u) = prou +L“2,
(1+@u))

+|0.ul*’

X

)

respectively. The second term of the current J is the destabilizing surface current, the Ehrilch-Schwoebel (ES) effect,
which generalized the form discussed in [3, 4], and is characterized by different asymptotic behaviors as [0.u| — o [6,
18-21]. The destabilizing term, which provides the nonlinear regime, is balanced by the classical stabilizing linear term
[22]. The growth laws are investigated with phase diffusion approach that allows to determine the coarsening exponent
for 2D growth. In [23], a classification of important unstable crystal growth dynamics in terms of universality classes
are proposed and distinct properties and coarsening exponents are shown. For Equation (7) with y = 1, the solutions are
investigated both analytically and numerically. Global solutions were constructed to the parabolic evolution equation in
[24]. In particular, the authors studied the initial-boundary value problem. Numerical techniques like finite difference,
finite element and kinetic Monte Carlo method were used to provide approximate solutions to the equation describing
crystal surface growth [25-28]. The pyramidal structure characterized by the absence of preferred slope in one-
dimension was examined in [29], applying a similarity approach. Observe that similarity technique is not applicable to

0,u

the nonlinear term m , which is present in Equation (7). In [5], the authors study the coarsening process that

may result from Equation (7), with n > 0, n # 1, called n— model. In particular, the authors give an analytical justification
of solutions to n— model, which correspond to, or predict, the coarsening process. They are mainly concerned with
stationary solutions, which are successfully used to describe the major features of the process of coarsening in a wide
class of surface growth phenomena [30, 31]. The case n = 1 is analyzed in [3].

Taking f(u) = «*, and a = b = d = 0, Equation (1) reads:

Ou+0.u’ + B0t +volu+xdiu=0. (10)

(10) arises in interesting physical situations, for example as a model for long waves on a viscous fluid owing down
an inclined plane [32] and to derive drift waves in a plasma [33]. Equation (10) was derived also independently by
Kuramoto independently [34-36] as a model for phase turbulence in reaction-diffusion systems and by Sivashinsky [37]
as a model for plane flame propagation, describing the combined influence of diffusion and thermal conduction of the
gas on the stability of a plane flame front.

Equation (10) also describes incipient instabilities in a variety of physical and chemical systems [38-40]. Moreover,
(10), which is also known as the Benney-Lin equation [41, 42], was derived by Kuramoto in the study of phase
turbulence in the Belousov-Zhabotinsky reaction [43].

The dynamical properties and the existence of exact solutions for (10) have been investigated in [44-49]. In [50-
52], the control problem for (10) with periodic boundary conditions, and on a bounded interval are studied, respectively.
In [53], the problem of global exponential stabilization of (10) with periodic boundary conditions is analyzed. In [54], it
is proposed a generalization of optimal control theory for (10), while in [55] the problem of global boundary control of
(10) is considered. In [56], the existence of solitonic solutions for (10) is proven. In [57-60], the well-posedness of the
Cauchy problem for (10) is proven, using the energy space technique, the fixed point method, a priori estimates together
with an application of the Cauchy-Kovalevskaya and a priori estimates together with an application of the Aubin-Lions
Lemma, respectively (see also [61]). Instead, in [63-64], the initial-boundary value problem for (10) is studied, using a
priori estimates together with an application of the Cauchy-Kovalevskaya, and the energy space technique, respectively.

Here we study (1) in its quite general form, assuming only (2). We prove the well-posedness of the Cauchy
problem in the H' and H* spaces. Our argument are based on energy techniques.

The main results of this paper are the following theorems.

Theorem 1 Fix 7> 0. Assuming (2), (3) and (4) with ¢ = 2, there exists a unique solution u of (1), such that

ueH' ((0,T)xR)NL” (o, T;HZ(R))mL‘* (O,T;W“(R))GL"’ (o,T; W“(R)), d%u e 2 ((0,T)xR). (11)
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Moreover, if u; and u, are two solutions of (1) in correspondence of the initial data u, , and u, ,, we have that

(Tt "

e (22) =) 2 gy < €7 g =0 2 (12)

for some suitable C(7) > 0, and every, 0 <¢<T.
Theorem 2 Assuming (2), (3) and (4) with ¢ = 1, there exists a solution « of (1), such that

uel® (o, T;H‘(R))mr‘ (O,T; W“(R))m I (O,T;Wl’é(]R)), &u e 2 ((0,T)xR). (13)

In particular, under assumption
b=d=0, (14)

u is unique and (12) holds.

Theorem 1 gives the well-posedness of the classical solutions for (1) under Assumption (4) in H°, without
additional assumption on the constants. Theorem 2 gives the well-posedness in H'.

The paper is organized as follows. In Section 2 we prove Theorem 1, and in Section 3 we prove Theorem 2.

2. Proof of Theorem 1

In this section, we prove Theorem 1, under assumption
U e H*(R). (15)

We prove some a priori estimates on u, denoting with C; the constants which depend only on the initial data, and
with C(T), the constants which depend also on 7.

We begin by proving the following lemma.

Lemma 1 We have that

2 _Cot
"u(t, ')"iz(lR) + £ ; J; e aiu(s,-) |i2(R) ds <C(T), (16)
[0, s < CCT), (17)

forevery 0 <r<T.
Proof. Let 0 <7< T. Multiplying (1) by 2u, an integration on R gives

d
. Wiz sy = 2] 10 udx

= —ZIR uf'(u)0 udx —2 B J.R udtudx — 2V.[]R ududx
-

0
—2KJ. u@idx—2aj ud’ Lz dx
R R (1+u”)*
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~2b|_ud [6—”}1 ~2d MGV[LIJ
= A+ @)Y 2 1 o,u

=25 IR 0 ud udx — 21/.[]R ududx + 2/(."]R 0 ud udx

2
+2af 0.u0,| —5— |dv+2b] EECTYSEPN
R (I+u*)* E(1+(0,u))

2, ©.u)°

l+7 X
1+|0,u|

Tult, )"LZ(R —ZVI ududx — ZaI —)62 udx
2 2
2bj —d(a"u) > x+2dj (6xu)l X
RA+@u)") Rl+|0ul|™
Therefore, we have that
"u(l )||L2(R) ault, )||L2(]R)
:—ZVI u@ udx — 2aI —82 dx
1+u?)*
2 2
+26] (a"—u)zdx+2dj @)y (18)
RA+@u)")y Rl+|oul™
Thanks to (2) and the Young inequality,
2vu v
201 [l dv= [, P2 o3 < 2 e S P ) v
u 2 2
2|a —_— u|dx

| \jR(1+u2)a| e ——— || poiu|

24° u?
=T 2 2ad L, )" 2
L B(1+u”) L(R)
24* 2
SFHMU")HLZ(]R{) ault, )||L2(R
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It follows from (2) and (18) that

2

d
LR YRR D)
> @)’ ©0,u)’
B e e e AT
< Gyt M g, + 2051 +1d DJo,2eCt M - (19
Observe that
0,246,z g, = [ 0.0, = ~[_udlud.
Therefore, by the Holder inequality,
Ot M2 gy < [, 1l 10 dx < [t g 0205, - (20)
Consequently, by (19) and (20),
d 2
E”u(t")”iz(m 5 8§”(”')"L2(R>
<C, ||u(r,-)||§2 o F 200 +1d Du. )2 g (O30 , (21)
(R) (R) L*(R)
Thanks to the Young (21),
2|b|+|d
20514 D g [P0, = ZH 5 B[
2(b|+d ]’ i 2
s B "u(t")"iz(lR) +7 Giu(t, .)"LZ(R).

It follows from (21) that

s
2

d 2
E””(f,')”;(u@) + o, ')"LZ(]R) < Couce, ')"iz(m '

By the Gronwall Lemma and (15), we have that

2 Cot
ﬁ e -[t e—COs
2 0

etz g, + aﬁu(s,-)||iz(R) ds < C,e < C(T),
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which gives (16).
Finally, we prove (17). We begin by observing that, by (16) and (20),

o,u(t,)| = SCT)

a)zc”(ta ‘)"Lz

®)"

Due to the Young inequality,

2

o,u(t,)|2 i SCD)+

Slu(t.)

R’

An integration on (0, ¢) and (16) give (17).

Following [65, Lemma 2.3], or [66, Lemma 2.2], we can prove the following result.

Lemma 2 We have that

Jts)

2
e s <C(D),

Joluts.

8
Lw(R)ds <C(),

t 6
[ s, gy s < €T,

2
L”(R)

ds < C(T),

J

I; ||u(s, 0, u(s,-)

0,u(s,?)

2
LZ(R)ds < C(T),

Ji e 590,065,

12(

s <C(D).

forevery 0 <¢<T.
Lemma 3 We have that

<),

o.u

L7 (0,757 (R))

"axu(ta )

2 2 (A3 2
2w B IO 8xu(s,.)||L2(R)ds <C(T),

||u||L°°((0,T)><R) < C(T)’

4

0,u(t,)|s s <C(D),

J
k

6

0,u(s.")6 )45 <C(T),

Contemporary Mathematics
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(23)

24

(25)

(26)

@7

(28)

(29)

(30)

€2))

(32)
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forevery 0 <¢<T.
Proof. Let 0 <¢<T. We begin by observing that

o u _0u 2a(+u’)* '’ o
A+u®* ) A+u?)” (1+u*)* *
o.u 20u’
= o.u (33)

T A4yt

Multiplying (1) by =28 u, thanks to (33) an integration on (0, £) gives

d 2 2
Z 6xu(t,~)||L2(R) =-2 Rﬁxuﬁtudx

=2| f'(u)d ud udx+24*| &*ud udx+2v|d2u(t,- ’
R X X R * X x L2

(R)

+2Kj 62u83udx+2a.[ 0*ud? L dx
R ¥ R * x(1+u2)a

+2b[ 2uo, Lz +2d [ oo, L‘l
® A+©@u)°)y ® I+[oul™

2 2

=2 jR £(u)o ududx — 282 |D2ult,-)

)+2v

0u(t, ”
2(R () 12 (R)

3
2af_o%ud,| —5— |dv-2b[ OOy
R (1+u7)" 2 (1+(0,u)°Y

3
2qf D0y,
Bl+|oul™

_ ' 2 0 p2l83, 0 P 2 AP
=2 f'@)0udludx -2 |ou(t,) e T2V OuC, )||L2(R)
3 Za 63

—2a —daxuﬁzxu x+4aaI . "L; xul

R(l+u”)” R(1+u”)*"

3 3

_2bJ- axuaqu o dJ- ﬁxuﬁxlf

RA+@u)) Rl+|0ul™

Therefore, we have that
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d 2 2| 43 2
oz g, +28° [Pt
_ 2 2 2 2 axuaiu
=2 jR S )0 ududdx + 2 |0t ), = 2ajIR T
u’0 udlu o udu

Jr4“0‘.[n@(1+uz)a+1 T '[R (1+@u)7) )

_2dJ-R o udu

x 34
1+]0ul"" 34

Thanks to (2), (3) and the Young inequality,
’ 2
2[ | f'@)]0.ull8u] dx
< zcojR| o.ul||6u| dx+2C0jR| ul|ouldu| dx+2C0_[Ru2 10.u || 0%u | dx

+2c0j]R| ul |6 d%u| dx+2c0jRu4 |0.u | 0| dx

2

<o, )| o Hu)0 e, | G ||u2(t,-)u(t, Wz
o, +2f 2 Bre,otuldr+ 2] 2l Broa
) x“(fs')“Lz(R)Jf IRW | ol u|ax+ LR \/31 1O t| ax

<10, 0 00N g, + [ 100 e

2

1 1
+31 IRué(ﬁxu)2dx+E j}R u* (0 u)?dx + Cy (1+ 2D, |0%u(z,)

2 (R)

<

2 2 P 2
0,046, )p2 ) * (6,98 2(t, M, + "u (t,)0.ut, -)||L2(R)

1
+31||axu<r,~>||iz(m (e, ey e e,

2
+Cy(1+2D))|u(e, )|

(R)
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")”iz(R) +||u(t,-)6xu(t, ')"iz(R) +||u2(t,-)6xu(t,-)"22

12 (R)

"a ””L * (0,732 (R)) ("u(l )”L (R) +"”(t’ ')"8L°°(R))

]

2 ®R)’

|6u||6u| ad .u
JR (1+ dx <2|a|_[ |0.u|du|dx= ZJ‘ ‘ﬂ\/763
)||L2(R)+D u(, )"LZ(R)
|u6u||8u| aau@u
JR a+ a+1 dx <4|aa|j |u26 u‘|83u|d _2I \/_ \/>a3 dx
4aa 5
<~ || (90,102, s H D e
|0, O3u| bo.u
20b IIR(l oy S2|b|_[R|5xu||aiu|dx=2JRﬁ@‘ﬂ\/ﬁzaiudx
)”LZ(]R)JrD (s L2<R)
1] o] e<2(d | [ |0]| 0] dx = zj do,u ‘ﬂ\/—a3
R4+ |a l+r -

")"iZ(R) +D L, )”

2 (R)’

where D,, D, are two positive constants, which will be specified later. It follows from (34) that

)||L2(R)+2ﬁ (1 2D)

]

2 (R)

L2 (R)

a* 4a*a’ b
<1+ + +
ﬁD ﬂD ,BD D
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4a*a

wu(t, )||L2(R) { + ﬁ J" (t.)0u(t, )||L2(1R)

+[2|v]+C, (1+2D,)

+||u(t,-)6xu(t, ')"iz(R) ||6 u"L (0,712 (R)) ("u(t, ')"i‘”(R) +||u(t")||i°°(ug))'

Choosing D, = i, we have that

)||L2<R) «u(t, )"LZ(R)
Wgey + Co(1+2D)) xu(t,~)||i2(R)
4G o 90,005 ) + 90,000,

*(0,7;12 (R)) (||u(t")||2°°(]1{)+||u(t")"8L°°(R))'

1
+—
Dl

Integrating on (0, ¢), thanks to (15), (16), (17), (23), (24), (26) and (27), we have that

s

)||L2(R) 12 (]R)

(1+2D)

)"Lz(]R) )”LZ(]R)

+C”| (5,)0.u(t,

ds + [ (5,0 15, )2 o s

*(R)

t t
*(0,7;12(R)) (Io "”(S")”ix(m) +Io "”(s")||8L°°(R) ds)

SC(T)[ oy +D J (35)

Consequently, by (35),

(R)) +D J’

L7 (R)) < C(T)(

which gives,

Contemporary Mathematics 396 | Giuseppe Maria Coclite, ef al.



(T
[1 _QJ 0.1 g2y < CO(1+D,).

Dy
Choosing
1
1= > (36)
2C(T)
we obtain that
Lio ulf <C
E" x”"L°°(0,T;L2(R)) <),
which gives (28).
(29) follows from (28), (35) and (36), while (16) gives (30).
We prove (31). [61, Lemma 2.3] says that
0t s, <9 j u>(0%u)? dx
Ny <7 )R x ’
Therefore, by (30), we have that
4 2 2 2 2 2
0,143y <Ol 0.1y 022002, .)"LZ(R) s CDosu, ')"LZ(R)'
An integration on (0, ¢) and (16) give (31).
Finally, we prove (32). We begin by observing that
6
0,4, js ) = | 0.u(@,u)" dx ==5[_u(@,u)*&udx. (37)

Thanks to (30) and the Young inequality,
4 A2 _ 3 2
sz| u|(0.u)* | 0%u | dx = jR| 0 ul | 5ud udu | dx

23 [ w*@u) 2udx

1
< 5||8xu(t,.)||ié(R) + 5

1 25
s E”axu(t’ ')"35(]1&) +7||u IR (ax”)z (ai”)z dx

"iw ((0,7)xR)

6

1
< louut, Wi ) +CT) jR (0,.u)* (0%u)? dx.

Consequently, by (37),
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1 6 2,42, 12

E||axu(t, Ny < CT) jR (0.u)* (&%)’ dx. (38)
Observe that

[ @u)@uyde = (0,u)dludiudx =~[ 0.ud, ((@u)d%u)dx
=-2 jR (0,.u)* (0%u)? dx — jR (0,u)* > udsx.
Therefore,
2,42 N2 5 1 343
IR (0,00)" (8" dx == jR (0,u)’ 3 udx. (39)

It follows from (38) and (39) that

Sloc

% < —C(T)LR (0,u)’ 0 udx < C(T) jR| o.ul’ |3 u|dx. (40)

R~

Due to the Young inequality,

|carW3aiu
I 2

D, 10,.uf |Ou] dx =2 IRI(ajg e

2

1 6 3
<ot Mo, + €Ot -
Consequently by (40),
1 6 3 2
ol < () -
An integration on (0, ¢) and (29) give (32). ]
Lemma 4 We have that
||axu||L°°((0,T)xR) < C(T)’ (41)
otult -)||2 + 42 [lotucs ~)||2 ds
YN (R) ol lI2(ry
2 4
+2|d(r+1)|jJR [0,u ] 0, '2 sdx < C(T), (42)

(+|0.u ")
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J

4
Ot )] 5 s < €T, (43)

[|osuc. -)||;(R)ds <C(T), (44)
[ aiu(t,.)";(R)ds <C(T), (45)

forevery 0 <¢<T.
Proof. Let 0 <7< T. We begin by observe that, by (33), we have that

(@,u)’

) u 0w a(+u’)* T u
a+uH)* ) A+u?)” (1+u*)*

dau(l+u®)* (1-au’)
(1 + u2)20{+2

2(2“2 2

————0u
(1+u2)a+1 x

©.u)’

2
O 205140Hl (8xu)2

~ _dau(l-au®) 2au’
(I+u?)*  A+u?)

u 2 ——O0u
(1+u2)a+2 ( x ) (1+u2)a+1 x

aiu 20u 2 dau 2
R T T T

4 2.3 2 2
i ua+2 (8xl¢)2 —#ﬁiu.

+—(1 ) (46)

Moreover, we have that

o.u u 27((1+©@u)*Y ' (0,u)
0 = - ou
A+@u)?’y ) A+@u)’y (1+(0,u)*)”

/R 4 i)
1+@u)y  A+@u)?y"

2 -
0{ 0.u J O (x+Dou|duf signdu “

Le[oul* ) 14+ |0ul* (I4+]0,u[*7)? .
Multiplying (1) by 28?u, thanks to (46) and (47), an integration on R gives

2

Qut, )|, =2, dlududx

(R)

4
di
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—2LR £'(w)o ud udx — 25

o, .)||22(R) ~2v[_0%udtuds

_2Kj Giuaiudx—ZaI otuo? Lz d
: ® (A+u’)*
2b[ otud,| —2 g
) (1+(3,u))
2d[ oo, | — 2 |ax
® 1+ 0,u [
2 2
:_2ij'(u)8xuajudx_2'32 au(t,) 2wt Giu(t,')”Lz(R)
2 4 2 A4
], B g g MO
R(1+u )a R(1+u )a+
2 A4 3 2 A4
aaj M _ aaZJ. M
* @y R (L4 i)™
2172 4 5 4
+2aq UMM 4o p[ OOy
L (1401
272 4 2 4
T i LN ] e L
E+©@u)7)" Rl+|ou|™"
2 4 .
+2d(r+1)J O,ududu| axul\ sggn(axu) .
R (1+ | axu | +r)
Consequently, we have that
d | 2 " s
= axu(t,.)”Lz(R) +24%|0%u(t,) o
= —ZJRf (u)0 ,ududx +2v || u(t, )“LZ(]R) _Za.[]R e
2 A4 2 A4 , -
J' wdyﬁ&za de—gaazj M
© @ty B (14+u”)* R (14+u)*
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u’0ludtu 3 2bJ- Q2udtu
R

+2aaIR (1+u*)*" g (1+(0,u)’ )7

(0,u)’ D2udiu d*udtu
I T 2y T dj I
E1+(0.u)° )" R+ 0u "

0 ududtu|0.u| sign(o, u) (48)
(I+[0,u[*7)?

+2d(r + 1)]

Due to (2), (29), (30) and the Young inequality,
' 4 1 4
2 1 f'@) 10,0003 dx <20 o _cry ey Jo | O 18| d

C(T)0.u

\/7 ‘,B\/Fﬁiu dx

SZC(T)LRMXL: | 0%u | dx=2_[R

C(T)

||a u(t,") (R) fu(t, m)
LD, ‘u(t, .)||22(R) , (49)
|J‘R|flu||au|d v<2|a |J|62u||84u|dx ZJ ad’u ‘ﬂ\/784
< ( )“LZ(R)—i—D u(t )”LZ(R)

o.u)* | ot
4 a|jRdes4|aa\jR\u|(axu)2|aiu|dx

u2)a+l
<4|aa|fu]p j}R (0.u) | 0| dx < 2C(T)IR (0.u)* | 0*u | dx

¢ (T )(a u)*

2l il

U, )||L4(R) <l )||L2(R)
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4
j'”“a”) "2 |dx£8\aa|f|u|(8xu)2\6iu|dx
B (1+u”)*” R

<8 aa [[ju] o g e jR (0.u)* | 0*u|dx < 2C(T)_[R (0.u)* | 0*u | dx

C(T)(a u)?

2l

2
fu(,)

?®R)’

0,ult, ')”4L4(R)

a+2

4
R (1+ R

<81 ad’ |l 0.1y, | (000 |03 | dx < 2C(D)[_(0,u)" | O | dx

_ C(T)(a u)’ ‘\/_,384
Cc(T)
s D, ||8xu(t )||L4(]R) <u(t, )”LZ(]R)
‘J-u |62u|\64u|d <2|aa|ju2|a2u||a4u|dx
R a+1 - R x x

<2|aa||ul. . jR O%u || &u | dx < 2C(T)IR o%u || &*u | dx

C(1)d2u

S

-2,

wu(t, )||L2(R)+Dﬁ|| 64u(t )"LZ(IR)

ERACI s bo'u 4
dx<2|b O || Ouldx =2| |—F=||B+D;0;u|dx
201 Gy 521 w0t de =2 = pDe!

D

]

u(e. )]

+
2(R) 2®)’
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(0,0 | 0% | 0tu
b7l

1+ @)y de<4|by|[ (@u) |0 o%uldx

2b7/(6 u) | oul

Bl

e e

4b7 j (0,.u)" (2%u)>dx+ D

|

2®)’

‘a””a””d <21d|[ 6% 0% | dx =2 |90 Do d
[, o de<2|d | [, || Olu | de = jRﬂ@\ﬂ Ol d

(e, )] u(e. )]

2 (R) R’

where Dj is a positive constant, which will specified later. Observe that, thanks to (2),

2 4 T 2 4 7+1
2d(r+l)j o,.ududulo, u1| SIgn(axu)d <2|d(r+1)|f |Ocul| 0} u||16u|
R A+ |0y Eoo(+|ou|Ty
2ullotullou ™ +|0%u || dtu |—\82u|\84u|
(4]0, [*7)?

82
:2|d(r+l)|IR|

|O%u || O%u | (1+]| 0 [ 21194
=2]d(c+1)|| ( — )dx—zd(rﬂ)j M N
R (+]0ul*) B(l+[0u*)?
|0%u || O3u| | 0%u || O4u |
_2|d(r+1)|j —Wd 2|d(r+1)|jR—l+r
ul (1+[0,ul
2 A | O3 || O3u |
<2\d(r+1)|j |0%u || &%*u | dx— 2|d(r+l)|_[Rde (50)
It follows from (48), (49) and (50) that
| 0%u || Otu |
2u(t, )||L2(R (2-9D,)[6*u, )|| +.2|al(r+1)|jRW
c(T)
<= e 2)v|[otuc )||L2(R) 2u(t, )||L2(R) .
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2.2
+—4ﬂb2 g [ @' @uyde+2]d@+D)| [ |8%u||ofu]dx.
3

. 1
Choosing D, = 3 we have that

|0%u || 0*u |
d 2u(t, )||L2(R) (1) 5 g, 214D jR—(l NEPIE
2
Xu(t")"Lz( «u(t, )"LZ(R)
+C(D o2t 3 )+ Co IR(axu)4(8iu)2dx
+2|d(r+1)|jR|a§u||a§u|dx. (51)
Due to the Young inequality,
2d(r +1)0u
2|d(r+1)|jR|a§u\|a§u|dx=j ¥|ﬂ64
<24? u(t, ) ‘ut,
- xR LZ(IR) LZ(R)
Consequently, by (51),
|02u ||a u\
ut, )||L2(R) St +21d(E )| [ G
<l )||L2(R) <l )||L2(R)
+C(T)0,u(z, )34 = +Co IR(axu)“(aﬁu)zdx. (52)
Observe that
2ut,”) me _j (@*u)’ 82udx——3j 0 u(0*u)? B udsx. (53)
Thanks to the Young inequality,
2 3 _ 9 2,73 32
3[_10.u@u)’ | Oudx =~ [%uc, )||L4(R) 5 [ @) @y ax.

Therefore, by (53),
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4
2u(t,) 4 u(t,: (54)

4 (R)

<9j (0,u)*(3*u)’

L7((0,7)xR) L2 ®) "

Due to (54) and the Young inequality,

C, jR (6,u) (8°u)dx < C, jR (0,u)’dx+C, IR (0°u)*dx

(e,

|6xu(t, .)||i6(IR)

< CO ||axu||i°°((o,r)xm<) 2R

It follows from (52) that

2 8214 8414
B otute o, +21 e+ 12 %]

_a ey, B ([0

2wt

|

SC(T)+C(

)

|

2(R) 2 (R)

+C(T)|j0,u(t, )

rtwy T 1 ((o T)xR) |6 u(t, )"LG(]R)

Integrating on (0, £), thanks to (15), (16), (29), (31) and (32), we have that

( )||L2(]R) J u(s, )"

Lz(R

O%u || &tu
+2|d(r+1)|”Rﬁ

<C, +C(T)t+C, (

)Ll

Suts )

LZ(R>

2
(s, )"L

)||L4(]R)

ds

L%R)

<c@)(1+[o,uf- (55)

1”((0, T)XR))

We prove (41). Thanks to (29) and (53).

T
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Hence,

4
L* ((0,T)xR)

o.u

- C(T)||ax””12r‘ac (0,1)xR) C(T)=0,

which give (41).
(42) follows from (41) and (55).
We prove (43). Thanks to (41) and (54),

u(e|, <o ’
Wt ), <CT)

olu(t. )

R)’

An integration on (0, #) and (29) give (43).
We prove (44). Thanks to the Holder inequality,

(@ u(t,x))’ =2 j S*udtudy <2 jR\ Sul|6tu|dx<2

Ot

4
(R) O,ult, )”Lz(]R) ’

Hence,

(e, <2

L” (R)

ou(t, )

4
12 (R) O,ult, )”LZ(R) ’

Thanks to the Young inequality,

Fue, <

L”(R)

(e, +

2 (R)

2

aiu(t’)”

2(R)

Integrating on (0, £), by (29) and (42), we have that

J

3 2 4 2
Olu(s,) (s, )| 2, ds < C(T),

Qu(s -)”2 S+J-t
XA 0 (R)

d.
2 (R)

dsSJ.

t
0

L7 (R)

which gives (44).
Finally, we prove (45). We begin by observing that

axu(t,.)";(R) = j}R O*u(0%u)’ dx = 5 jR 0 .u(0*u)* &uds. (56)
Due to (41), (42), (44) and the Young inequality,

1
2. \4 3
sz| 0,0 (O)* | O v < —

25
0.u(t, )5 1y + 5 [, (@)’ (@)’ (B0

1 25
S D) 0ult, .)||§,6(R) + 7”6)6”"2‘” ((0,T)xR) .[R (6)26”)2 (ai”)z dx

1
< E”axu(t, .)||j(,(R) +C(T) LR (@u) (Bu)dx
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1 6 3 2 5 2
< ot M, + €O, [P
1 6 3 2
< 5||axu(z, iy + CT) axu(z,')"ﬁm) .
Therefore, by (56),
Lo e .. <Cc@|Puten|
A 7R S ) = ey
An integration on (0, ) and (44) give (45). o
Lemma 5 We have that
2 2 et
fin aﬁu(z,.)"Lz(R) 2 [ loats, Mz g, ds < CCD), (57)

forevery 0 <¢<T.
Proof. Let 0 <7< T. Consider 4 a positive constant, which will be specified later. Multiplying (1) by 240,u, thanks
to (46) and (47), an integration on R gives

2

Aﬂzi

%u(t,-
p u(t,)

_ 2[ A4
)= 24P J-]R@Xué’tudx

AR

2
2 (R)

=—24|0,u(t,")

- 2AIRf'(u)8xu8tudx
—2AVIR 0ud,udx — ZAK'[R 0 ud,udx

—2Aa| 8ud? L dx
JHW "[(1+u2)“]

—24b[ 8,ud, Lz dx
® +©@u)")

~24d| o.ud, L‘l dx
R 1+ [0

= 24[0,u(t, )32 ) ~24[ ()8 00 udx

(R)

—2AVIR 02ud,udx — 2AKLR 0*ud udx

2 2
~24a| OHOM_ 1+ 4 dqe| MO O
R(1+u”)” R (1+u?)*"!
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2 3 )
+84 de—&laazj %
* Ay B (14+u®)™
272 2
+4Aaaj thatul _ Ab_[ ax”—at”z »
)™ (14 (@)Y
2
Aby| @070, {0.u) 0o dr—~24d | 0o
FA+@u)" Bl+|0u ™"
+2Ad(r+1)j Ouloul Slgn(iu)a ud,u "
(+|0u[*)?
Therefore, we have that
2 d 2
Ap =z xu(t,.)"Lz( +2.A0,u(t,") LZ(R)

= 24[_f"()0,ududx~24v [ Oud,udv—2Ax[ 0lud udx

2 2
2 daf —axua;“ dx +4 dact —”(axuz a,?
R(1+u”)” R (1+u”)**
3 2
iy I ud,u(0, u)? dx—SAaazj u 0,u(0 u)
1+ )a+2 R (1+u2)a+2
22 2
+4daa | U0 a‘zlalul dx—ZAbI —atuéluz X
R(1+u)* RA+@u)")

2
J- (0,.u) auﬁuld Adj axuétul
R(1+(0,u))"* Rl+|oul™

O.u|0.ul sgin(0, u)@ u@udx

24d(@+1)|_ o)

(58)

Due to (2), (29), (30), (41), (42) and the Young inequality,

24 | /@) 001101 dx <2411 o iy [ 1Ot 10,0

<2C(N)A[ |00 dx < 4° Mooy +o 2 g,
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< AP CT)+ [0, )32 -

24|v || | 0%u||du|dx < A*V?
R X t

xu(t,-)"i otz e,

< A2C)+ 0,1t} -

2A\K|j |&%u || 0,u | dx < A2K*

2(R) +||6 u(t, )"Lz(]R) >

24]al [ Maf <24|al[,|0%u|0u|dv< 4’

2u(t, )||

2(R)

(R) (R) ’

J‘ |u|(@,u)" | O
R

T S S dx <4d|aa| [ |ul(0.u) |0 dx

S4A|aa\||u

|axu"L°°((0,T)xR) _[R| O |Ou | dx

||L°° ((0,7)xR)
<24CD)| 0,010 dx < A0tz g, + [0z,
< A2C(T) +[j0 e,

R)”’

ul|Ou|(d,u)°

|
8| Aac | IR ety de8|Aaa|JR|u||8[u |(8,u) dx

S8|Aaa|||u||

L7 ((0,7)xR) I XM L* ((0,T)xR) IR|8XM|\6tu|dx

<2A4C(T) jR| o]0 | dx < A2C(T)||0,u(t, )2 5, + 0.0,

(R) (R)

< A2C(T) +[j0 (e,

R)”’

3 2
84|ala’| desmamzj \u P |0,u|(0.u) dx
R (1+u2)a+2 R t x

<84|a|a’ ””";’ ((0,7)xR)

R P j]R| 0.u||6,uldx
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u |62u||6u|
|J‘R oz+1

| O3u | 0,u
A0 IJ‘R(l +(0,u)*)

I(a ) [ 02u | 0,u
E o (1+@u))"!

I | &ul|0,u|
R

1+|0,u

1+r

<24C(D)[ |0, |0 | dx < A2CT)||0 20,2 )+,

< A*C(T) +|[o,u(t, )||

2 (R)®

dx s4A|aa|jRu2|a§u||a,u\dx

<44|aa ||ul}.. o) jR\ O%u || 0u | dx < 2AC(T)J.R| o%u || 8,u | dx

")”iz(m) +||at”(t")||iz(]1{) < A2C(T)+||a,u(t,')”iz(R) ’

dx szA|b|jR|a§u|\a,u|dx

< A°h?

N g, o ) < A2CT) +[0,u00

(R)?

dx£4A|by|.[R(6xu)2 | 0%u || &,u|dx

“ul|Oul|dx < 2AC(T)IR| aiu || 0,u|dx

2u(t, )|| +o,ute )| oy SACT)+[puc, N

2(3) 2 ®)’
WOHNOHT o szA|d|jR|aiu||6tu\dx
< A%d* |oju, ')"izuR) +||at”(’a')"i2(u§> <AC) +"at”(t")"iz(R> ’

[ % || Ou

24d(r +1
(1+|0,u

Contemporary Mathematics

O.u|0.ul sign(@ u)d>ud,u
J.

|1+1)

)
dx <A|d(r+)|j| NG

7+1
xNL* ((0,T)xR)

[ 1%l dx

< 2AC(T)J.R| o%u || 8,u | dx

2
xu(ta')”L

Lz(R) Lz(R)
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It follows from (58) that

2 d |42 2 2
ap— axu(t,-)"Lz(R) +2(4=6)|0,u(t, ) 2 e
< L2C(T)+ 427 aiu(t,-)”izUR) .
Choosing 4 = 7, we have that
2 d |42 2 2
s dt Ou ')"LZ(R) +2"a‘”(t")”L2<R>
2|43 2
< C(T)+49¢ [P u(t, -)||L2(R) ,
which gives
d 2 2 2
2 2
p dt ult, ')"LZ(R) +7”a’u(t’ ’)"LZUR)
2|43 2
<C(T)+7x"|[oul(t,) .

Integrating on (0, 7), by (15) and (29), we get

2

ﬂZ

2 ¢t
GRS +7f0||a,u(s, Mz ey s

2 (R)

2 t
<Cy+C(T)t+Tk jo

3 2
axu(s,-)”Lz(R)ds <C(T),

which gives (57). |
We are ready for the proof of Theorem 1.
Proof of Theorem 1 Thanks to Lemmas 1, 2, 3, 4 and the Cauchy-Kovalevskaya Theorem 67], we have that u is
solution of (1) and (11) holds.
We prove (12). Let u, and u, be two solutions of (1), which verify (11), that is,

du, +0_f(u)+ 0%, +vd’u,
+KO2u, +ad> Lz
(I+u)*
bo,| — Ot i=1,2.
1+ u)"))
o.u.
do,| —="—1=0, 0<t<T, xeR,
1+]0u; [**
u;(0,x) =u; 4(x), xeR,
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Then, the function

a(t,x) =u, (t,x)—u,(t,x),

is the solution of the following Cauchy problem:

ata)+6x (f(ul)_f(uz))+ ﬁ261w+v6ia)

+ K0 @+ ad> ulz - uzz
(I+u))*  (+uy)”

+b0 axul _ aqu
A+@u)))  (+(0,uy)7))

0 0
do. xull _ xuzl =0, 0<t<T, xeR,
[0 |77 1+|0,u, [
@(0,X) = 1y 5 (x) =14y 4 (x), rek.

Fixed 7> 0, since u,(t, -), u(t, -) € H*(R), for every 0 < ¢ < T, we have that

"”l ||L°° ((0,7)xR) ° "”2 ||L°°((0,T)><]R) < C(T)’

0.uy| <c().

[ ((0,T)xR) ° ||6xu2 "L“’((O,T)xR)

We define the following function:

\%
F () :m~
1

Since F, € C'(R), thanks to (59), there exists &, between u, and u,, such that
F () = Fi(uy) = F(&)wy —uy) = F(§Dw, uy <& <uy, or, uy <& <u.

Moreover, by (61),

| Fi’(fl) |S ||F'2'||Lw(7C(T),C(T)) < C(T)
We define the following function:

V2

BTN

, =0, U.

Since F, € C'(R), thanks to (59), there exists &, between 0,u, and d,u,, such that

F,(0,u)—Fy(0,uy) = F}(&£,)(0,u, — 0 u,) = F}(&,)0, 0,

(59)

(60)

(61)

(62)

(63)

(64)

(65)
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o, <& <0.u,, or, 0,u, <& <0.u,. (66)
Moreover, by (61),
| FED I ey < COD. (67)

We defined the following function:

, vy =|0ul. (68)

1+7

V.
F3(v3):1+—3
3

Since F; € C'(R), there exists & between |0,u,| and |0,u,|, such that
Fy(10,, )= F5(10,uy ) = F(&)(| 0,4 [ = | 0,1, 1),
[O.u |<& <|0u, |, or, |Ou,|<& <|0u]. (69)
Moreover, by (61), we have that
IE@ B2 ey < CD- (70)
Observe that, since thanks to (59),
100 1= 10,0, | <] 0, 0,0, =] 0,0, n
it follows from (68), (69), (70) and (71) that
| B0 D=F(0.00 D] =1 @100 =100 |
<C) |0, 1100
<C(T)|0,u; —0,u, |=C(T)|0,m|. (72)
Since f € C'(R), thanks to (59), there exists &, between u, and u,, such that

S) = fu,) = f' ) —uy) = f'(EDw, u, <&, <uy, or, u, <&, <u,. (73)

Moreover, by (61), we have that
| f’(§4) ‘ < ||f’||L°0(—C(T),C(T)) < C(T)' (74)

Observe that, thanks to (62), (63), (65), (66), (68), (69) and (73), Equation (60) is equivalent to the following one:
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0,0+0,(f(&)w)+ folw+v0lw+ k0w
+ad} (F/(&)w)+b0, (F(£)0,0)+dd, (F(&)(10,u |-|8,u, 1)) =0. (75)
Multiplying (75) by 2w, an integration on R gives

d >

ooz ) =2], 8,000
_—zj (fEDw)dx-2p j 0" wdx — 2vj w0 wdx
2| wdlodx—2a[ o0’ (F/(&)o)dx
“2b[ @0, (F(£,)0,0)dx—2d[ o, (Fi(&)(10,0 110, )
=2[_f'(&)0d,0dx+2p* | 8,00,wdx~2v[ wdlwds
2k [ 0,00}wdx+2a[ 0,00, (F/(&)o)dx
2b[ F(&)(0,0) dv+2d [ (&) (10, =01, )0, wdx

=2, /'(&)wd, odx -

2 2
xa)(t,')”Lz(R) —2ij w0, wdx
~2a jR F(&)wdwdx +2b LR FJ(&,)(0,0) dx

¥2d [ F(&)(10. |-10,u, )0, wdx.

Therefore, we have that

2
xa)(t;)"Lz

d 2
E"w(t’ ')"L2 (R) (R)

=2 f'(&)wd,0dv—2v[ odlwdi-2a[ F(&)ododx

+2b[ Fl(&,)0,0) dx+2d [ Fl(&)(10,u,|~|0,u, 1)0,0dx. (76)

Due to (64), (67), (72) and the Young inequality,
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2[ | f'E) @] 0,0|ds<2C(T)] || 0,0

2
2 (R)

< ()|t )22 g, + CD) 0,000,

®)°

2veo

B

2vif lo|dlopx = |ﬂa§wdx

2

ﬁZ

207
< 7 |a)(t, ')HEZ(R) + 7

g1,

2®)’

C(Tu
B

|ﬂ6iu dx

2|aIRFl’(él)llcoll6§w|de2C(T)IR|u|I6§u|dx=fR‘

2

ﬂ2

< C(T)||u(f")"i2(ﬂ%) Y

du(t)

®R)’

2
LZ (R)’

216 [ | F()(0,0) dx < C(T)|jo, 0|

21d | [ | FE) 1. =10, ]| 0,0 dv < CT)]0,00 )32 -

It follows from (76) that

2

d
E"w(r,-)";m + B aiw(;,.)”

2 (R)

2
*(R)

2
2(R)

<CD)|eo(t,) 2, + C(T)]0,00(2,)

(77

Observe that

2
2 (R)

C(T)

axa)(ta )

= C(T)|_ 8,00, 0dx =~C(T)|_wd}wds.
Therefore, by the Young inequality,

2
2(R)

), o) SC<T>IR|”'5§"’”’“ZIR‘C(?Q) .

0%

2

2
<cot)f, +2

2 T
L (R) 2

8?&)(1‘, )"

R’

Consequently, by (77),
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00, < O

d
E"w(t’ )"iz ® T 2®)

The Gronwall Lemma and (60) give

2 (T
,Be()J‘ —C(T)s
0

2
"a)(t’ ) (R) + )

L2<R>

(12) follows from (59) and (78).

3. Proof of Theorem 2

In this section, we prove Theorem 2, under assumption

u, € H'(R).

82 (s, )” < CM1 "wO”Lz(]R)'

(78)

(79)

Our existence argument is based on passing to the limit in a vanishing viscosity approximation of (1). The presence

of the high order perturbation allows us to make rigorous all the computations in the following lemmas.

Fix a small number 0 < ¢ < 1, and let u, = u,(¢, x) be the unique classical solution of the following problem (see

Section 2, [61]):

du, +0, f(u,)+ 0%, +volu,
+K0%u, +ad’ u—gz
(+u)”

ax ( axug 5 J
1+, Y)Y

u(0,x) = uy(x), xeR,

where u,, is a C” approximation of u, such that

\/; 0*u

|H ® " " 0"H '®)° ‘Lz(]R) -

x%e,0 0>
where C, is a positive constant, independent on .
Some a priori estimates on u, are needed.
Lemma 6 We have that
2 _Cot
2 ﬂ € ! 7C09 2
"uf (t")"LZUR) + ) .[o O LZ(R)

+2ge IO e o

u (s, )|| [ ds < C(D),

(80)

(81)

(82)
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[ 10,01, (5.2 e, < CCD. (83)
2
ey 5 ds < C(T), (84)
j s, ds < ds < C(T), (85)
2 2
5 ) axus (S7 ')||L2(]R) = l/l? (S, ')axug (Sa ' 2(R) < C(T): (86)
forevery 0 <¢<T.
Proof. Let 0 <t < T. Observe that
6 —_
ZgIR u,Ou,dx =-2¢|0,u,(t, )"LZ(R)
Therefore, arguing as in Lemma 1, we have that
d 2 2
I ")||L2(R> +7 A )||L2(R) 2800 (1 LZ(R) h ")”LZGR%) ’
By the Gronwall Lemma and (81), we have that
2 _Cot
N Pe T _cos || A2
) )||L2(R) + 2 Joe Ot (s, )||L2(]R)
Cot [*~Cos 2 ¢
+2ge Ioe 1103w, (s,~)||L2(]R) ds < Cye™ < C(T),
which gives (82).
Finally, arguing as in Lemma 1, we have (83), while arguing as in Lemma 2, we have (84), (85), (86). ]
Lemma 7 We have that
U, "L“’(O,T;LZ(R)) < (), (87)
2 2
")"LZ(R) oll9xte (s, )"LZ(JR)
+zg U (t, )|| ds<C(T), (88)
"”s ||L°° ((0,T)xR) < C(T)’ (89)
[lo. gy A5 <C(T), (90)
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j;||axug (5,35 s < C(T), 1)

)

0,1, (5,1 iy ds <C(D), (92)

forevery 0 <¢<T.
Proof. Let 0 <7< T. Observe that

2

—25'[]R 0%u 0°u_dx = 2¢

aiug (ta)"

x7TeYx"e Lz(]R).
Consequently, arguing as in Lemma 3, we have that
Doy 0o + B2 |2 ~)||2 +2¢]otu,(t -)||2
A e > N2y el |2 gy el | 2 gy
<Gl %, 4Gy (142D, |02, )|
=% X”S(Z")"LZ(R)“L o(1+2D)) xus(t")"ﬁn@

+C,

2 2 2
U (t’ ')axug (ta .)||L2(R) + ||ug (ta ')axus (t: ')”LZ (R)

1
+31 0u, "iw(O,T;LZ(R)) (”us (t")"i”(R) +||”(t")"i°°(R) )

Integrating on (0, ), by (82), (83), (84), (85), and (86), we have that

’ dtu, (s, -)"2 ds

(R)

axug (tn )"i2 (R) + ﬁz J‘Ot

O, (5, 5., ds+2¢];

2 (R)

Su,(s. )|, ds

2(R)

< Cy+ Co 0,01, N2 ) + Co (142D

2 2

2 (R)

ds

u, (Sa ')axus (S’ )

2 (590,00, (5., ds+ ]!

+C, L:

(R)

1 t t
+E"axus "iw(O,T;LZ(]R)) (_[0 ””s (s, ')"iw(R)dS + ,[0 "u(s, ')"8L°°(R)ds)

1
<C(T) (1 + H] ”ax”s "i"o(O,T;LZ ®) " ©3)
!

Consequently, by (93),
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& ”i“’(O,T;LZ(]R)) :

1
024, e 012 < C(T)[HHJ ou
1

Choosing D, an in (36), we have (87).
(88) follows from (87) and (93), while arguing as in Lemma 3, we have (89), (90) and (91).
Finally, we prove (92). Observe that, thanks to (88), we have that

Us (t")"i“’(R) - <M (t")HLZ(]R)'
Hence,
u, (t")"iw(R) - EA )||L2(R)
Integrating on (0, ¢), by (82), we have (92). =
Lemma 8 We have that
Ve o, 20,752 (R)) e, O

u(t)” +/i’g

o

12 (R) LZ(R)

+2¢°

o

7 (R)

u, || O5u, |

+2|d(z+1)| —Tdsdx <)), (95)
I J O (14| 0,u, |*7)
forevery 0 <¢<T.
Proof. Let 0 <t < T. We begin by observing that
2[ A4, A6 _
2¢g j O u,0u dx = 267 Tu, (2, )"LZUR)
Therefore, arguing as in Lemma 4, we have that
g (1, )"LZ(]R) +2ﬂ2€ <t (1 )||L2(R) +25° <t (1 )||L2(R)
_ 2 4
= 2e[_f'(u,)0,u,0%u,dx+ 2ve |0, )||L2(R)
Ou,0u u, (0,u,) 0tu,
- gj—x‘gz’”dx+4aa et
R (1+u))* B (+ul)™
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3 2 A4
+8aagj u; (O,u ) 8" Ye dx Saazgj —ug(éxug) O,
R (14ul)*? (1+ul)*?
2
+2aae] de_zb [ OOt
B (1+u?)* E(1+(0u,))Y

2u o 2 A4
XugGXde 2ng‘ ou.o.u
R

J‘ +1 e fﬂ' X
® (1+(a ) 1+ [0,u, |

2 4 T
R (I+]0.u, |7)
Since 0 < ¢ < 1, thanks to (2), (88), (89) and the Young inequality,
' 4 ' 4
26[ 110 ) 0.0, 1184, 1dx <21 ooy 1t 1183, | e
<20(N)e|_ |0,u, || 0%, )2+ 2 o0, )
<C(T)+eo*u,(t, )||L2(R) (97)
ou
j' €|| dx<2|a|gj|a§u€||aju€\dx

2
~"u5(t")"L2(R) <t (1, )||L2(]R)
LA )||L2(R) u (t, )||L2(]R)

lu, |(0,u,)" | O3u, |
4|aa|ij Ly

dx<4|aa ij\ u, |(0.u,) |0tu, | dx
<4laa|lu, |- 0w € jR (0.u,)* | 6%u, | dx < 2C(T)gj]R (0.u,)* | 0%u, | dx

4

<C(T)|0,u, (¢,

U (t, )||

2
(R) +&

2 (R)

<C(T)

4
8xug(t,~)||L4(R)+g Tu(t, )"

2 ®R)’
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d.u) o
8|aa | gj]R'”g '((1 X”;))QLZ el e <8 aar | ef lu, [0u,) |8, | dx
+u;
<8l aa [, ]« 5, ¢ jR (0,u,)* |0*u, |dx <2C(T)e jR 0,u,)* |0*u, | dx
4 2| A4 2
<C(T) "8):”5 ( ')"L“(R) +e7 |0 ')”B(R)
4 4 2
< C(T)”axus (t’.)"]f‘(]R) +é& axug (t’.)"LZ(]R) s
3 2 4
) )
8|a|a2€I |u5| ( xus) | xuc |S8|a|a2£J‘ |u |3(6 u )2 ‘6414 |dx
R (1+u2)a+2 R' € x%e e

<81a|@ [} 0.1y €, Ott,) |Ou, | dx <2C(T)e[ (B,u,) | %, | d

< C(T)||0,u,(t,") }m) +& |0, (t, ')"iz ®
4 4 2
< C(T) 6xu£(t,')"L4(R) +é axug (t’.)"Lz(]R) >

2 2 4
u"|0u, ||0u
2| ac| & deszmmgj w0, || 0%u, | dx
R (1+u2)a+1 R A

<2aca|

T, || 0%, | dx <2C(D)s | |Olu, || 0%, | d

2
el o,r)xm) gJ.]R| O

2

<C(T)

otu . 2
wu(t,) 2w +é&

O, (1)

(R)

2

<C(T)

2 2 4
- +el||0u,(t,- " s
axus (t7 )"LZ(IR) & xué‘( > ) LZ(IR)

2 4
| Oyu, || Ou, |

el Gy =2 Pl 2
242 ’ 2ot i
<b 8x“g(”')”mm<> e a"uf(t")"Lz(R)
5 2
<b*|0%u, (t’.)"LZ(R) +ef0hu ')"Lz(R)
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(0,u,)* |0%u, || Ofu,

dc<4|bylel Bu.) |0, ||0%. |dx
(1 @) b7 e, @0,)* |, || 0%, |

by(a ) 6 u,

_2J' \/7

2.2
<P g ¢ [ @) @, ) dx+ Dye|jou, (z, )||
4

2 (R)

22
<b}/

u )

S, (), + D

2 (R)

),

I (R) 2 (R)

2

b;/g

+D
x s(t )"L (R) 4‘9

») "L2 ®)’

el 0,152 ()

where D, is a positive constant, which will be specified later. Observe that, thanks to (2),

0,u,0%u,0%u, |0.u, [ sign(,u)
2d(r+1)gj e E o

2 4 1
u, || O, || 0., ™
(1+ | axug |1+z' )2

dxsz|d(f+1)|ij|a

o2 ot ou. IFH 62 84 A2 4
:2|d(7+1)|€J‘R| g || O, || Ogu, [ +[0hu, || Ou, | |6xu€”6xu£|dx

(+[0,u \”’)
|0, |10, | (1410, [ 4
=2]d(c+1)| [ ( — )dx 2]d(z+1)| j#
® (140 ,u, [*7)? (4]0, |77
u, || O3, | u, || O3, |
oy ef 1O g gy of L0
d(z+1)|& le el o 2ldE D jﬂm o )
<2]d(c+1)|&[ |8u, || 0%, |dx=2|d(z+1)] j 4 | 0., | (98)
= <0+ 0,0, )
Since, 0 <& < 1, it follows from (96), (97) and (98) that
2
u, (t, )||L2(R)+2ﬂ &[10u, (¢, )”Lz(]R)
262 S 42]d(r+1] 0,1, |
+2& xus(t,-)"Lz( + | (T+ )l IRW
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2
<C(T)+ ()02, (1,9 »

12 (R)

+2|v\||83u @, )||

2 (R)

F D01, sy + (74 Dy ) 0, 1)

paet 1% (R)

b 7 &
" ||L O.T:2(R)) " <t (8, ')";"(R)

+2|d(z’+1)|5jR|6§us || 6%u, | dx. (99)
Due to the Young inequality,

21d(e+1)| & |0u, || 0%u, | dx

<d® @+ 1) |02u, @0+ ot ]

2(R) (R)
S [ i
Consequently, by (99),
ool 2ol

4
+2¢7 ||aiug (t ~)||i2 +2]d(t+)) ¢ J‘R%

<C(1)+C(T)|0%, (r,.)||i2 w2|v o, . )||

2 (R)

+C(T)|0,u, (6. 1s 5, +(8+ D) ||a u, (1, )||

(R) 1% (R)

b 7 £
" ||L (0,712 (R)) " e (1 ')"iw(lR) )

Integrating on (0, 7), thanks to (81), (88), (90) and (92),

oot g, + 287 ol ts,

2(R) LZ(R)
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19u, |

P 2
e xug(s,-)"Lz dS+2|d(T+1)| IJ}RW
<l (S )||L2(R <l (S, )||L2(R)
L4(R)ds+(8+D ) u, (s, )”Lz(]R)
b 7 £
*ellreo,r L2(]R)).[ " g (S )”L (R)
2
<C(T)(1+— ou, o (OTLZ(R))+D4]' (100)
Therefore, by (100), we have that
2 | 2
g|ou, o (OTLZ(]R)) (T)[1+— ou, 0.1 (B) +D4J.
Hence,
() 2
(l— D, j gllou, B (OTLZ(R)) C(T)(1+D4).
Choosing
D, :2C(T), (101)
we obtain that
€42
E x7e Lw(O,T;LZ(]R)) - C(T)7
which gives (94).
Finally, (95) follows from (100) and (101). ]
Now, we prove the following result.
Lemma 9 Fix 7> 0. Then,
the sequence {u,},., is compact in L; ((0,50)xR). (102)

Consequently, there exists a subsequence { u, };y of {u,}, ., andu € L 7. ((0,00)xR) such that, for each compact
subset K of (0, ©) x R),
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u, —>uin I[*(K) and a.e. (103)

Moreover, u is a solution of (1), satisfying (13).
Proof. We begin by proving (102). To prove (102), we rely on the Aubin-Lions Lemma (see [68]). We recall that

H,,(R)y>< L, (R)—> H, (R),

where the first inclusion is compact and the second is continuous. Owing to the Aubin-Lions Lemma [68], to prove (102),
it suffices to show that

{u,} -, is uniformly bounded in Z*(0,T; H,,, (R)), (104)

{0,u,},-, is uniformly bounded in I*(0,T; H,,) (R)), (105)

We prove (104). Thanks to Lemmas 82 and 7,

"”6 @ ')"21(]&) = "”6 (t")”j?(R) +0,u, (2, ')"iz(R) <.
Therefore,
{u,},., is uniformly bounded in L* (0,T; H '(R)),

which gives (104). We prove (105). Observe that, by (80),

atus = _ax (G(ué‘)) - fl(uf )axug ’

where, thanks to (33),
2 243 5 ad,u,
G(u,)=vo,u, +x0.u, + [ °0.u, +&ou, ++
’ (1+u;)”
_ 2aau’o u, bo u, N do.u, (106)
+u))™ A+ @u,))Y 1| o, 7
Thanks to (82), (88) and (95), we have that
2 2 2 2
V| Oxt 2(0,T)<R) e |2 0,1)xR) < C(D),
4ll~3 |12 2|45
B|jou, 12((0,T)xR) *TEN 2 (0,1)xR) = C@). (107)

We claim that
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a| J'R (1+ 2 M dedx < C(T),

4 2
2 2T U (0u,)
da o -[ J‘Rm dtdx < C(T),

r (axug )2
bz -[0 J‘RW dtdx < C(T),

2 (7 @,u,)°
NN lon T didx < C(T). (108)

Thanks to (2), (83), (84), (85), and (86),

j _[R (+u —dsdx < a | |o.u, (t")"iz(R)dt <C(T),

4 2
2 o7 u;(0,u,)
da*a .[OIR—(1+M§)2(0(+1) dsdx <

202 (M 0,90, 1,0, de < C(T)
0 & > xXE 2 LZ(R) - >

T (axue ’ T
sz‘ -[RW didx < b* J‘O ||axu£ (t")”iz(na)dt <C(T),

2 r (axue‘ )2 2 T 2
d jo ‘[Rmdtdx <d jo 10,20, £,z 0 < C(T).

Therefore, by (106), (107) and (108), we have that

10, (G(u,))},., is bounded in H'((0,T)xR). (109)
We have that

T / 2 2
jojR(f @,))*(0,u,) drdx < C(T). (110)
Thanks to (88) and (89),
r , 2 2 "2 T 2
JoJ @) @t dudy < e iy ey Jo 1000 0y < €T,

Therefore, (105) follows from (109) and (110).

Thanks to the Aubin-Lions Lemma, (102) and (103) hold.

Consequently, u is solution of (1) and, thanks to Lemmas 6 and 7, (13) holds. o
Lemma 10 The stability estimate (12) holds.
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Proof. We begin by observing that, by (14), (1) reads:

Qu+0, f(u)+ 20 +volu
+Kaiu+aai(ﬁJ:0, 0<¢<T, xeR, (111)
+u

u(0,x) = uy(x), xeR.

Lemma 9 gives the existence of a solution (111) satisfying (13).
We prove (12). Let u, and u, two solutions of (111), which verify (13), that is

O, +0 f(u)+ 0%, +vo’u,

+Kaiui+aa§((1”—iz)a}o, 0<(<T, xeR, i=12.
+ul.

u;(0,x) =u; 4 (x), xeR,
Then, the function w, defined in (59), is the solution of the following Cauchy problem:

d,0+0, (f(u)—f(u,))+pd0to+v0w

tlotad’| — - |0, 0</<T, xeR, (112)
(+ud) (+ud)

@(0,x) = U g (%) =1y o(x), xeR
Fixed 7> 0, since u,, u, € H'(R), for every 0 <¢< T, we have that
||u1||L°°((0,T)><R) > ||u2 ||L°°((O,T)><]R) < C(T)' (1 13)

Consequently, thanks to (113), and arguing as in Section 2, we have (63), (64), (73) and (74). Therefore, by (63)
and (73), Equation (112) is equivalent to the following one:

0,0+0, (f'(&)w)+ B otw+v0iw+ K00+ ad; (F(&)w) =0. (114)

Multiplying (114) by 2w, an integration on R gives

d

e = 2| @8,0dx
=-2 jR w0, (f'(&)w)dx— 2ﬁ2JR 0" wdx —2v jR 0> wdx
2k jR w0 wdx —2a jR wd* (F(&)o)dx

=2 jR (&) b wdx+28° jR 0.0’ wdx — 2ij w0 wdx
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+2x [ 0,00 wdx +2a[ 8,00, (F/(&)o)dx

_2j FUE) @O wdx - HECD) P —2ijwa§mdx
~2a[ F{(&)od,wdx.
Consequently, we have that
"a)(t )||L2(R) o, )||L2(R)

= 2jR F1(E)wd wdx — 2ij w0 wdx —2a jR F/(&) w0 wdsx.

(115)
Due to (64), (74) and the Young inequality,
2[ 1 /'€ @] 0,0]dr<2C(T)| | @] 8,0]dx
< (D)oot )2 o]
L*(R) >Ry
2v|[ | wplody = 2o 2| o2 a]dx
” @ )||L2<R> zolt, )"LZ(]R)
2]al [ |F&) o] doldr< D] o6 ok
C(T)o
.[]R |,362 dx < C(T) e, )"L2<R> <ot )”LZ(IR) :
It follows from (115) that
d 2
E"w(l’ .)"iz(lR) xw(t")”LZ(R) s C(T)||w(t")”iz(11§) +C(T) "axw(t")”iz(R) :
Arguing as in Section 2, we have (12). o
Proof of Theorem 2 Theorem 2 follows from Lemmas 9 and 10. o

4. Conclusion

We considered the Kuramoto-Sivashinsky equation with Ehrilch—Schwoebel effects in its full generality. We
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proved that the Cauchy problem is well-posed in the Hadamard sense in both /' and H* globally in time. Our arguments
are based on energy estimates.
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