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1. Introduction

In the field of homotopy theory, the spherical Freudenthal suspension theorem is the fundamental result leading to
the concept of stabilization of homotopy groups and ultimately to stable homotopy theory. As it is shown in [1, Chapter
4], it explains the behavior of simultanecously taking suspensions and increasing the index of the homotopy groups of
the space in question. More precisely, the suspension homomorphism X : 7,, (S") — m,,, +1(S"H) was introduced by
Freudenthal [2], who proved that X is an epimorphism if £ < —1 and an isomorphism if £ < —1. These bounds are sharp
in general, i.c., the suspension map X : 7, (S") — 7,, +1(S"H) need not be surjective. The following theorem proved
by Freudenthal in [2] says that the image of X is exactly the set of elements whose Hopf invariant 4, : x,, +1(S"H) —

2n+1
7T2I1+1(S ’

Theorem. (Freudenthal) The image of the suspension homomorphism

) = Z is zero.

T 1, (S") = 1y, (")

is {a € ., (S™); hy(a) = 0}.

Freudenthal also obtained some results on the kernel of £ for k = —1. Namely, the kernel of the epimorphism X :
Ty, (S") — 7r2n(S"H) is the cyclic group generated by the Whitehead product [z,, 7,] for the homotopy class 1, of the
identity map idg. The latter results on the suspension homomorphism were completed by Whitehead, G.W. [3].

Putman [4] has written up a modern account of Pontryagin’s approach [5] to calculating the homotopy groups
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7,.(S") and _,,(S") of the n-th sphere S” using techniques from low-dimensional. In particular, [4, Section 9] contains
a detailed account of Pontryagin’s proof of the theorem of Freudenthal above. It is shown how to use the Hopf invariant
to sharpen the Freudenthal suspension theorem.

71, S of Hopf invariant one exists only when n =2, 4, 8.

It is a fundamental theorem of Adams [6] that a map S
This has a number of very interesting consequences, for example:

+ R" is a division algebra only forn =1, 2, 4, 8.

+S" is an H-space only forn =0, 1, 3, 7.

* S" has n linearly independent tangent vector fields only forn=0, 1, 3, 7.

* The only fiber bundles §” — S? — S" occur when (p, ¢, 7) = (0, 1, 1), (1, 3, 2), (3, 7, 4), and (7, 15, 8).

o If S"il, with its usual differentiable structure, is parallelizable then n =2, 4, or 8.

James [7] constructs a functorial homotopy decomposition ZQX(X) =V, _Z(X"") for path-connected, pointed
CW-complexes X. The paper [8] generalizes this to a p-local functorial decomposition of ZQ(Y) for a co-H-space Y
and shows that the wedge summands of £Q(Y) functorially decompose by using an action of an appropriate symmetric
group. This is used to construct James-Hopf invariants, being generalizations of Hopf invariants, in a more general
context. As a valuable example, an application to the theory of quasi-symmetric functions is presented. Furthermore,
results stated in [9, Chapter XI] emphasize a significant role of James-Hopf invariants in homotopy theory.

It seems to be no other approach for this Freudenthal suspension theorem and James-Hopf invariants of spheres
being a generalization of Hopf invariant. The main objective of this paper is to generalize the Freudenthal theorem

n+l n+l

above and relate more precisely the image of £ : 7, ,(S") — m,,,,,(S"") with the kernel of &, : 7, ., ,(S") —

Ton+ke] ™"
In Section 1, we set stages for developments to come. This introductory section is devoted to a general discussion
and establishes notations used in the rest of the paper.
Section 2 reviews some basic results on maps of co-H-spaces needed in the next section.

) of James-Hopf invariant for k< 9.

Section 3 is devoted to the main result on the image of X and the kernel of #,.

Theorem 3.4 (1) If k£ < 0 then the suspension homomorphism X : «,, ,(S") — 7,,,, +1(S"H) is surjective,

() Ifk=0,2,3 then Im(Z : 7,,,(S") = 7,010 (S ) = Ker(hy : 7y, 10 (S") = 7y (S fOrn > 1,

() Ifk=1then Im(Z : 7,,. (S") — 7,1o(S"™ ) = Ker(h, : 7, (") — 1, o(S™ 1)) for n £ 2.

The image Im(Z : 74(S°) — 7(S’)) = Z,{2v'} & Ker(h, : 1(S’) — 7,(S”)) = Z{2v""}.

Furthermore, the image of £ : 7, (S") — 7,,,,.,(S""") and the kernel of A, : 7, |(S"") — 7, (S7"") for 4 <

k <9 are investigated as well.
To make techniques used in this paper more plausible, we refer to [10] and [11].

2. Prerequisites

Throughout this paper, all spaces are assumed to be connected, based and of the homotopy type of CW-complexes,
and all maps are based maps unless stated otherwise. We write Q(X) (resp. (X)) for the (based) loop (resp. suspension)
space of a space X and [Y, X] for the set of (based) homotopy classes of maps ¥ — X. We do not distinguish notationally
between a continuous map and its homotopy class and we use freely notations from the books [12] and [13].

Let X be a pointed connected topological space. For any prime p, we write 7,(X; p) for the p-primary component of
the k-th homotopy group z,(X) for k> 1. For a nilpotent space X, we write X " for its p-localization.

Given a space X, James [7] has shown that the extension J(X) = QX(X) of the counit map # 1 X — QX(X) to the
infinite reduced product (the James construction [7] of X) J(X) = colim,.,/,(X) is a homotopy equivalence and Z(J(X))
=V?_ Z(X""), where X" denotes the m-fold smash power of X. This means that J(S") = Q(S""") for the n-th sphere S”

n+l kn+1

and the splitting map above leads to the projection maps 2Q(S" ') — S™ for £ > 0 which are adjoint to the maps
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H, Q™) - sk
known as James-Hopf maps. Those induce James-Hopf invariants
e 1Y, QS > [r, Q)
or equivalently
Iy :[3(Y), S™] - [2(r), s

for any space Y.
Now, recall the fibration

n £ n+l a 2n+1
found by James [14] and the fibrations

~2n
S > QST > stE,

- a2n 2np-1
Sty - Q) > QAT

2n+1

~2n
found by Toda [13] for p > 2, where S is the (2np — 1)-skeleton of the loop space Q(S™ ). Here, E = X stands for
Einfingung (suspension), = H, for James-Hopf map, and P for Whitehead product. Thus, the fibrations above and the
Serre result [15] lead to:

eorem 1. e fibre of James-Hopf map H, : — ) is ™ and there is an odd primary
Th 1.1 (1) The fibre of J Hopf map H, : Q(S*) — Q™ ") is S and there i dd pri

equivalence (due to Serre)
Q(SZn) ~ SZn—l x Q(S4n—1 )’

(2) the p-local fibre of H, : QS - sy is JP,I(SZ") for any prime p (due to James for p = 2 and Toda for

p>2).
The EHP-sequences are the long exact sequences of homotopy groups associated with fibrations considered above.
Hence, we get the long exact sequence

> 1

H P
> Tk (S 2 Tkt S > Tkt STy ) = Tk 1(S{py) = .

Thus, we may state:
Proposition 1.2 (1) If p=2 and n > 1 or p > 2 and » odd then there is a fibration

S(p) = QST > QST
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which yields the long exact sequence

s H P
1 2n+1
= Tk S{p) = Tkt S(p)) = k1 Sy )= Zok1 (S{py) = -+,
(2)ifp>2and n=2m — 1 then

2 2m-1 4m-1
Tamsk S(p)) = Tamek—1 Sy )@ Tamur (S(py -

The spherical Freudenthal suspension theorem [2] is the fundamental result leading to the concept of stabilization
of homotopy groups and ultimately to stable homotopy theory. It explains the behavior of simultaneously taking
suspensions and increasing the index of the homotopy groups of the space in question. For its general formulation we
need:

Lemma 1.3 ([16, Proposition 3.2]) Let X be an n-connected topological space. Then, the adjunction unit of the
adjunction X — QX(X) is (2n + 1)-connected.

The Freudenthal suspension theorem is about homotopy groups of n-spheres but, applying Lemma 1.3, we may
state:

Proposition 1.4 The suspension homomorphism on homotopy groups of spheres x,,.,(S") — ,, +,CH(S”H) is an
epimorphism for £ <—1 and an isomorphism for k£ <—1.

More generally, for X an n-connected CW-complex, then the suspension homomorphism on homotopy groups z,(X)

— 1,.,,(2X) is an epimorphism for k£ < 2n+1 and an isomorphism for k£ < 2n + 1.
Next, since the sphere S¥ = E(Skﬁl) and S"'isa co-H-space for k> 1, results stated in [17, Chapter III, (1.8) and (1.9)

Corollaries] yield the following proved by Hilton [18].
Proposition 1.5 Let a € 7,(S") and B, y € x,(S") with k, m, n> 1. Then

(B+y)ea=Ppa+ya+[B, yloh(a).

In particular, by induction on ¢ € Z, it follows:

t(t-1)

(ty,) e =ta+[ j[zm, 1y I ().

3. Maps of co-H-spaces

To move to the main objective of the paper and generalize Freudenthal theorem announced in Introduction, some
prerequisites are required.

Given co-H-spaces (X, v) and (X', v'), we say that o : X — X" is a co-H-map (or primitive) with respect to v and v’ if
the diagram

X 2 X'
vy v

XvX ——— X'vXx'
ava

commutes up to homotopy.
Remark 2.1 Let a : X — X" be a map of co-H-spaces. Then, the following are equivalent:
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(1)a: X — X'is a co-H-map,

(2) (i, +iya=ia+ioin [X, X' v X', where 7}, i, : X" & X'v X" are first and second inclusion maps, respectively.

Certainly, the suspension X(f) : Z(X) — Z(X") of amap S : X — X' is a co-H-map with respect to the suspension
structures on X(X) and X(X"). It is easily seen that /,(X(f)) = 0 for k> 2.

We say that a map « : X — X' of co-H-spaces is a weak co-H-map if the induced map o : [X, Y] — [X, Y] is a
homomorphism for any space Y. Certainly, any co-H-map o : X — X' of co-H-spaces is a weak co-H-map.

In particular, a map of spheres a : S* — S" is a weak co-H-map if the induced map o : 7, (S") - m(S") is a
homomorphism for n > 0. For maps of spheres we have:

Proposition 2.2 Let a : S* — S”. Then:

(1) (B+ p)a = Pa+ ya provided [B, y] = 0 for B,y € m (S"),

(2) if h,(a) =0 then a : S¥ — S is a weak co-H-map,

(3) (8. YD = (B, Y1) for t € Z,

(4) if hy(a) = 0 and m is even then o : S” — S" is a suspension map,

(5) if the order |a| = t and m are odd then o : S* — S is a weak co-H-map.

Proof. (1) and (2): Those follow from Proposition 1.5.

(3): We proceed by induction on ¢.

First, by 2[4, yDa = ([8, 1 + [, yDec and [[5, y], [B, y]] = 0, the property (1) yields (2[f, yDa = 2([5, y]e).

Next, let (7[5, y])a = «([f, y]a) for some integer z. Then, again (1) yields (( + D[S, y])a = (1B, y]1 + [B, yDa = (S, y])

o+ [f, yDe. Hence, ((t + D[, yDa = (¢ + 1)([f, 7]o).
(4): It follows from EHP-sequence properties.

(5): If B, y € =,(S") then, in view of Proposition 1.5,

(B+y)ea=Ppa+ya+[B, yloeh(a).

But for |a| = ¢, in view of (3), we have (#[8, y]) ° hy(a) = [B, 7]) ° (thy(a)) = 0. Since |a = ¢ and m are odd, we deduce
that #[, y] = [, y]. Consequently, [B, y] ° hy(a) = 0 implies (f + y) e & = fa + ya and the proof is complete.

o

Example 2.3 Given an odd prime p, by [13, Lemma 13.5] there are a,(p) € 7y, +2(S3; p) with pa(p) =0 for k> 1.
Furthermore, in view of [13, (13.9)], we have h,(o,(p)) = to,_,(p) for 1 <k < p and ¢# 0 (mod p). Then, by Proposition
2.2(5), the map a,(p) : S*PTD2 _, % is a weak co-H-map, but it is not a co-H-map provided k£ > 1.

Co-H-maps a : Z(Y) — Z(Y) need not be suspensions. But, in view of [17, (2.7) Proposition], we have:

Proposition 2.4 Let X be finite dimensional CWW-complex. Then a map o : £(X) — Z(X) is a co-H-map with respect
to the suspension structures on X(X) and X(X") if and only if James-Hopf invariants /() are trivial for k> 2.

Furthermore, by [19, Theorem 2], we have:

Proposition 2.5 Let p be an odd prime and X a space. Then a : ZZ(X) — S(zlf)ﬂ is a co-H-map with respect to the
suspension structures on 22()() and S(Z;’)H only if () is trivial.

We point out that Proposition 2.5 might be easily extended to maps a : £(X) — S(Z;'; ! provided X is a co-H-space.

The question as to whether co-H-spaces are suspensions leads naturally to the related question for maps: if co-H-
map Z(X) — Z(X") with respect to the suspension structures, is a suspension? Examples have been given in [20] to show
that the answer is in general negative.

Example 2.6 Let p be an odd prime and ,(3) nzp(S3; p) be an element of order p. Then, &,(3) is not a suspension
since ”2p—1(82) = nzp,l(Sg’) contains no element of order p ([13, (13.6)’]). Furthermore, the group nzp(SkH) with k> 1
contains no element of order p. Therefore, 4,(,(3)) = 0 with k£ > 2 and, by Proposition 2.4, the map «,(3) : s¥ »S'isa
co-H-map.

Recall that by Section 1 the fibration
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+1 2n+1
S{p) = QAS(p)) = Sp)

forp=2andn>1orp>2 and n odd yields the EHP-sequence

z H P
U Ttk (S?p) ) Ty erl (S?;)l ) Ty kal (8(2;;1 ) Tk (S?p) ) >

Here, H = h, for Hopf invariant, and P for Whitehead product. If n = 2m — 1 is odd then the fibration is valid for all

primes p and it splits at odd primes, so for p > 2 we have

2 2m-1 4m-1
Tamik S(p) = Tamek1S(p) )@ ok S(py -

4. The main result

It is well-known that the spherical Freudenthal suspension theorem says that the suspension map X : x,, ,(S")
— Ty, +,{H(S"H) is surjective for £ > —1 and an isomorphism for & < —1. These bounds are sharp in general, i.e., the

suspension map X : 7, (S") — 7,,.,.,(S"") need not be surjective for k > 0.

n+l 2n+l).

Certainly, the image of ¥ : 7, (S") — 7,,,,.,(S"") is contained in the kernel of &, : 7, . (S"") = 7,111 (S
The result proved by Freudenthal in [4] (the same paper that contains the usual Freudenthal suspension theorem) says
that the image of £ : 7, (S") — 7,,,,(S") is exactly the kernel of James-Hopf invariant 4, : 7, ,(S"") — 7,, . (S"") = Z.

In the sequel, we need the results stated in [20, Theorem B]:

Theorem 3.1 If dim X < 3n — 2 and X" is (n — 1)-connected with n > 1, with locally finite generated homology, then
every homomorphism X(X) — X(X’) is a suspension.

Thus, we may state:

Theorem 3.2 (1) If p=2and n>1 or p > 2 and » odd then there is a fibration

+1 2n+l
S{p) = () > S(p)

which gives the long exact sequence

z H P
T Mgk (S?p) ) Tkl (SE’;)I ) Tkl (S(Z;;—l ) Tkt (S?p) ) >

(2)ifp>2and n=2m — 1 then
2 2m-1 4m-1
Tamsk S(p)) = Tamek—1 Sy )@ Tamur (S(py -

Now, we show:

Lemma 3.3 If n > 1 then:

(1) IM(E 2 7y, ((S") = 7y (S™)) = Ker(hy : 7y, (S™) = 75,000, (S™1)) provided:
() k=<0,

(i) n is odd,

(2) Im(E & 7,,4(S" 2) = 7,0 (8" 5 20) = Kerly : 3,01 (8"5 2) = 3,0 (8™ 20).
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Proof. (1)(i): Certainly, Im(Z : 7,,.(S") = 7y, 1(S™) € Ker(h, : 7, (S = 7,,,,,(S™)). On the other
hand, by Freudenthal suspension theorem [2], the sus-pension map X : 7,,,(S") — ,, +kﬂ(S"H) is an epimorphism
provided & < 0. Consequently, A,(a) =0 for any a € Im(2) =, , (ST,

(1)(i1) and (2) follow from Theorem 3.2(1) and the proof is complete.

Next, we recall from [9, Exercises 5-6] the formulae:
(D ifaen, (S and f € m(S") then

By (a0 2(B)) = by (@) 2 Z( ),

Q) ifa e n(S)and f e x,, (S""") then

hn (@) e B) =Z(a n---Aa)o by, (B),

/

where [ is the weight of the basic productw,,,.
Applying upshots and formulae above, we state the main result:
Theorem 3.4 (1) If k£ < 0 then the suspension homomorphism X : «,, ,(S") — 7,,,, +1(S"H) is surjective,

(2)ifk=0,2,3 then Im(2 : 7, (S") — 7y, 11 (")) = Ker(hy : 7y (S") = 7y (7)) fOr m > 1,

(3) if k=1 then Im(Z : 7,,,,(S") — 7,,,(S"")) = Ker(h, : 7y, o(S™") = 7,,,,(S™")) for n # 2.

The image Im(E : 74(S°) — 7(S’) = Z,{2v"} G Ker(h, : 7,(S’) — 1,(S) = Z (20"},

(4) if k=4 then Im(2 : 7,,.,(S") — 7y, (S")) = Ker(h, : m,,,(S"") — 7y, (S™)) for n # 2.

The image Im(Z : 7,(S%) — 7,(SY)) = {0} G Ker(h, : 74(S”) — 7(S")) = (S,

(5) if k=5 then Im(2 : 7,,,(S") — 7y, (S ) = Ker(h, : m,,,((S"") = 7y, (S™)) for n # 2.

The image Im(Z : 74(S”) — 74(S’)) = {0} G Ker(h, : 7(S’) — 1,(S) = 7,(S),

(6) if k=6 then Im(T : 7,,,((S") — 7,,,(S"") = Ker(h, : ), (S"™") = 75, (")) for n # 4.

The image Im(X : 7t14(S4) — nlS(SS) =ZLg{vsog} @ Zyinsiies ® Zs{36,(5)} G Ker(h, : nlS(SS) — 7115(89)) = 7115(85),

(7) if k=7 then Im(2 : 7,,,(S") — 7y, (")) = Ker(h, : ,,,((S") — 7y, ((S™)) for n + 4.

The image Im(X : 7[15(84) — 7[16(85)) = Zn{vsVg} @ Zyivsegt @ Zgi2(st @ Zo{ay(5)} @ Zg{3a}(5)} ; Ker(h, :
1,6(S”) = 1, (S7) = Zy {viVg} ® Zy{vieg) ® Zgl205) ® Zo{ay(5)} @ Zolal(5)},

(8) if k=8 then Im(X : 7,,,(S") — 7,,.(S" ) = Ker(h, : 7, .o(S"") = 7,,,(S" ) for n # 2.

The image Im(Z : 7,,(S%) — 7,5(SY) = Z, {26} @ Zy{nsu,} G Ker(hy : 1,5(S”) = 1,5(S) = Z, (26"} ® Zy iy, ®
Zy{01(3)a,(6)},

(9) if k=9 then Im(X : 7,,,(S") = 7,,,,o(S" ) = Ker(h, : 7, 1o(S") = 7,,,4,(S™"*)) for n # 2.

The image Im(X : 7,5(S”) — 7,,(SY) = Z,{2u"} G Ker(h, : 7,,(S’) = 7,,(SV) = Z, {20} ® Zy{ns} @ Zyia,(3)
a,(6)}.

Proof. (1) If k < 0 then dim S"™* = n + k < 2n — 2. Thus, Lemma 3.3 implies that = : 7, (S") — 7y, 4. (S"") is

surjective.
Next, notice that Lemma 3.3 implies

IM(Z: 714 (8") = T (8" = Ker(hy : 73,441 (8™1) = 71 (827)

for n >k + 1 with £ > 0 unless # is even.
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(2), k= 0: Then, in view of Lemma 3.3, the image
I(E 2 775, (8") = 72,141 (S") = Ker(hy : 713,141 (8") > 73,11 (7"

forn>1.

k= 2: Then, in view of lemma 3.3, the image Im(Z : 7,,.,(S") — 7,,.5(S"™) = Ker(h, : 7, (") = 7y, 5(S™"")
forn # 2.

Furthermore:

if n'=2 then 7(S”) = Z,{n,v"} and Z(y,v") = 0 imply that the map Im(X : 7,(S*) — 7,(S”)) is trivial. Since 7,(S’) =
2y (v} hy(v'ng) = 2 and 7(S”) = Z, {3}, the map h, : 7,(S’) — 7(S”) = Z, {3} is an isomorphism.

k= 3: Then, in view of Lemma 3.3, the image of Im(Z : 7,,,5(S") — 7, ,,(S"") = {a € 7,,,,(S""); hy(a) = 0} for n
#2,4.

Furthermore:

if n =2 then 7(S”) = Z,{n,v'ns} and Z(y,v") = 0 imply that the map = : 7(S*) — 7(S”) is trivial. Since 7i(S’) =
Zo (v}, hy(v'ng) = = 4vg and my(S”) = Z, {v1}, the map h, : 7(S’) — 74(S’) = Z,{v!} is a monomorphism;

if n = 4 then 7,,(S*) = Z{a,(4)} ® Zy{[1; 1,]0,(7)} @ Zs{a,(4)} and 7,,(S”) = Zy{0""} @ Zy{ay(5)} ® Zs{a,(5)}
imply that Im((Z : 7,,(S*) — 7,5(S°)) = Zy{0y(5)} @ Zs{a,(5)}. Next, for h, : 7,,(S°) — 7,(S”) = Z,,{vi} we have
hy(6"") = 4vy # 0 and hy(ay(5)) = hy(Zay(3)) = hy(0,(5)) = hy(Z*a,(3)) = 0.

(3), k= 1: In view of Lemma 3.3, the image Im(X : 7,,,,,(S") — nznﬂ(S"H)) is {a € 7r2n+k+l(S"+1); hy(a) =0} forn #2.

Furthermore:

if n=2 then 7y(S%) = Z, {13}, 1(S’) = Zy, {v'*} for vt =v' = a,(3), Ty = 20" and Im(Z : 74(S°) — 7,(SY)) = Z, {2v'}.
Next, for &, : 7(S’) = Zy, (v"*} — 1(S”) = Z,{ns} we get h,(2v") = 255 = h,(a,(3)) = 0. Hence, Im(Z : 7(S”) — 7,(S’))
G {a e ny(SY); hy(a) =0} = Z{2v""}.

(4), k = 4: Then, in view of Lemma 3.3, the image of ¥ : z,,,(S") — 7,,,s(S"") is {a € 7,,,(S""); hy(a) = 0} for
n#2,4.

Furthermore:

if n=2 then 7(S”) = Z, {n,v'ne} and T : m(S”) — 7o(S”) is trivial. Next, 7o(S”) = Zj {or,(3)a,(6)} and /(e (3)a,(6))
= hy(0,(3))t,(6) = 0 show that h, : 7(S’) — 7o(S’) is trivial. Hence, Im(X : 74(S) — 7,(S)) = {0} G {& e ,(S’; hy(@)
=0} =7,(S");

if n =4 then 7,,(S%) = Z,{&,}, 71,5(S”) = Zy{es} and T : 7,(S") — 7,5(S") is an isomorphism. Next, &, : 7,5(S’) —
7r13(S9) =0 is trivial.

(5), k= 5: Then, in view of Lemma 3.3, the image of X : 7, 4(S") — 7t2n+6(S"+1) is {a € 7t2n+5(S"H); hy(a) = 0} for
n#+2,4,6.

Furthermore:

if n =2 then 7o(S”) = Zy {17,¢,,(3)a,(6)}, and 55a,(4)ex,(7) = 0 imply that ¥ : 7(S”) — 7,,(S") is trivial. Next, 7,,(S")
= Zy{0,(3)} @ Zs{a,(3)} and hy(o(3)e,(6)) = hy(a,(3)) = 0 show that &, : 7o(S”) — 7y(S’) is trivial. Hence, Im(Z :
7y(S%) = 7(S7) = {0} S {a € 7y(S’; hy(e) = 0} = 7,(S);

if n =4 then 7,,(S%) = Z,{v}} ® Zy{u,} ® Zyinesh, 1,,(S)) = Zy(vi} @ Zy{us}® Zy {05}, and T : m5(S") —
T, 4(SS) is an isomorphism. Next, 4, : m, 4(SS) — 4(S9) =0 is trivial;

if n =6 then 7,,(S°) = Z, {Vev,s} @ Zgils) @ Z{a($)ay(15)} ® Zolal(6)}, m(S)) = Zy (Vv s} ® Zglls} ®
Zr{0,(5)0,(16)} @ Zo{a(7)} and X : 7,(S°) — 7,4(S) is a surjection. Next, h, : 7,4(S) — 7,4(S") = 0 is trivial.

(6), k= 6: Then, in view of Lemma 3.3, the image of Im(X : 7,,,,((S") — 7, +7(S"+1) ={aem,, +7(S"H); hy(a) = 0}
forn #2,4,6.
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Furthermore:

if n =2 then 7,((S%) = Z; {11,0(5)} ® Zg{n,0,(3)} and 7,,(S’) = Z,{e;} imply that = : 7,((S?) — 7,,(S’) is trivial.
Next, h,(e;) = V52 yields that £, : nll(SS) — nll(SS) =7, {V52 } is an isomorphism;

if n =4 then 7,(S*) = Zg {v,0"} ® Z,{Ze"} ® Zy{nus} ® Zsla,@ar(D)} @ Zof[ty, 1)on(D)} @ Zgfor,(T)}, 7,5(S")
= Zg {50} ® Zo{nsite} ® Zolf(5)}, Z(v,0) = 0, 226" = £2(v.o,) and a,(5)a,(8) = —3f,(5) imply that

IM(E: 14 (S*) = 715(S%)) = Zg {vsog} ® Ly s gt D L3 35, (5)}-

Next, 1,(vsog) = hy(15t2¢) = hy(B,(5)) = 0 yields that &, : 7,(S”) — 7,4(S”) is trivial. Hence,
(S : 714 (S") > 715(87) S {ar € 115(S); iy (@) = 0} = 75(S°);

if =6 then 7,(S") = 0 imply that ¥ : 7,(S%) — 7,o(S") = 0 and &, : 7,(S”) = 0 — 7,(S"?) are trivial.

(7), k= T7: Then, in view of Lemma 3.3, the image of Im(X : m,,,,(S") — m,, +8(S"+1) ={aem, +8(S"H); hy(a) = 0}
forn #2,4,6,8.

Furthermore:

if n=2 then 7,,(S%) = Z, {mes} 75(S’) = Zy {3} ® Z, {n5,} imply that imply that the map X : ,,(S%) — 7,,(S”) is
a monomorphism. Next, A,(1,¢,) = 0 and &, (u,) = o'

if n = 4 then 7r15(84) =ZLy{(vson 4t © Zy{vyv,) @ Zn{vye;s @ Zole,,t @ ZyiZv'e;) @ Zy{os(4)) @ Z,{a(4)}
and 7,(S”) = Z, (v} @ Zy{vseg) ® Zglls) @ Zo{ay(5)} @ Zolay(5)}. Then, Tu’ = 220, 2u’ = naus, V' = 2vs,
VsZo'n s+ xZ‘.zv’a8 + ynsz 1, = 0 for some integers x, y and a4(5) = 3a5(5) imply that Im(Z : 7r15(84) — 7116(85)) =Zy{vsvg}
D Zy{vseg) @ Zgi2ls) @ Zyia (5)} @ Zgi3as(5)}. Certainly, h,(vsvge) = hy(vseg) = hy(a)(5)) = hy(ai(5)) = 0 and hy((5)
= 80, implies /,(2¢;) = 0. Consequently, {& & m,(S°); hy(0) = 0} = Z,{veig} ® Z, (vt} @ Zgi20s} @ Zp{0,(5)} @
Zgiak(5)} and

Im(2: 715(S*) = m6(S”)) G {ar € my6(S”); hy (@) = 0};

if n=6 then 7,o(S®) = Z, {vsov,6} ® Zy{a,(6)8,(9)} and m,(S”) = Z,{v,0,4v,5} ® Zy{e,(7)8,(10)}. Then, the map
PN nlg(Sé) — 7r20(87) is an isomorphism;

if n = 8 then 7t23(88) =Zy{0gv 5} @ Zy{oge st @ Z,{Z0'e 5} @ Zyieg} @ Zg{Zp"} @ Zy{iay(8)} @ Zs{ay(8)} and
1,,(S”) = Zy {376} ® Zp {04816} ® Ly {Bo} ® Zglp'} @ Zy{0,(9)} @ Zg{a(9)}. Then, ¥°6" = 26, and £°p" = 2p' imply
that Im(Z : 7,5(S®) = 7,,(S”)) = Zy {09V 1o} @ Zp{098,6} ® Zo{Eo} ® Zy{2p"s ® Zy{ry(9)} @ Zg{n(9)}. Next, hy(p') =
80, # 0 and £,(2p") = 80,, = 0.

(8), k = 8: Then, in view of Lemma 3.3, the image of Im(X : 7,, ,(S") — 7,,.(S"") = {a € 7,,.(S"); hy(@2) = 0}
forn #2,4,6,8.

Furthermore:

if n =2 then 7,(S%) = Z,{n3e,} ® Zy{nois}, 1,5(S”) = Zyfe's @ Zy{nauy} @ Zyto,(3)ay(6)} and e, = 2¢' imply
that imply that the map Im(Z : 7,,(S?) — 7,5(SY)) = Z,{26"} @ Z,{nsu,} G {a € 1,5(SY) : hy(a) = 0} = Z,{2¢} @
Zoinspg} ® Zsioy(3)ay(6)};

if n=4 then 7,((S*) = Z, {(v,0'7,} ® Z, (v} ® Zy{v, 117} ® Ly (v} ® Lo (Zviis} @ Zy ® Ly (Zv'neg), 1S
= Zz{v§} @ Zp{vs gt @ Zny{vsiige), V5005 = Z‘zv’s8 and =%’ = 2vs imply that the map X : 7116(84) — 7117(85) is an

epimorphism;
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if n = 6 then 7,,(S°) = Z, {0703} ® Z,{Vv},} ® Zy{a} and 7y, (S') = Zg{o'0,,v,,}® Zy{ic,} @ Zs{Za}. But, To”
= 20" and 2k, = V.v's + 2x8a"0,, with x = 0 or 1. Hence, Im(X : 7,((S%) — 7,,(S")) = Z,{20'5,,} ® Z,{2;} ® Z{Za}.
Next, h,y(c'0,,) = 13014 = hit ;3 T &3 # 0 and &, : 7r21(87) - 7121(813) =7,V 13} ® Z,{e,5} is an epimorphism. Hence,
hy(ie;) = 7,3 # 0 or g5 # 0 and s0 Im(Z : 7,(S°) — 7,,(S)) = {at € 7, (S"); hy(@) = 0};

if n =8 then 7,,(S%) = Z, {Zv}s} ® Zy{og )5} ® Zy {0y 5815} @ Ly{Z0'u s} ® Zy{E '} @ Zy{pago,s) ® Lot}
= 15, and 7,5(S”) = Zy{ogvis) ® Zylogits} ® Zo{og 617} @ Zolttgo,s} = Tos. Then, by [13, (10.17)], the map X :
7r24(Sg) — 7r25(89) is an epimorphism.

(9), k= 9: Then, in view of Lemma 3.3, the image of Im(X : x,, o(S") — 7,, +1O(S"H) ={aem,, +9(S"H); hy(a) = 0}
forn #2,4,6,8, 10.

Furthermore:

if n =2 then 7,5(S%) = Z,{n,e"} ® Zoinspy} ® Zy{11,0,(3)0y(6)}, 1 ,(S7) = Zy{u'} @ Zoieyv,,} @ Z,y{v'ee} ®
Zy{05(5)} @ Zy{a,(5)}, 1130,(8)o(7) = 0 and y3us = 2u' imply that imply that Im(X : 7,5(S%) — 7,,(S”)) = Z, {2u'}.

Next, hy(u') = s # 0, hy(egvy,) = hy(e)v,, = vi # 0, hy(v'ee) = hy(v)eg = 156 # 0 and hy(05(5)) = hy(e,(5)) = 0 lead
to Im(E : m5(S%) = 7,,(8) = 2,126} & (o € 1, (S)) : hy(@) = 0} = Z, 20"} @ Ly (gt} @ Zy e (3)y(6)

if n =4 then 7,,(S*) = Zg{vio,)} ® Zoy{vyopig} ® ZoiZviusutg} ® Zy{a (BN} ® Zyi[1,, 1,18,(7)} and m,o(S”)
= T {vs0gVyst D Zn{vsiigityt @ Zsia,(5)F,(8)}. But, by [13, (7.19)], we x(vialo) = 2vs04v,5 = 0 for an odd x so "2‘710 =
0. Next, hy(vsogv,s) = Zvive)y(agv,s) = vis # 0. Hence, Im(Z : 7, (S") — 7,4(S")) = Z, {verigite} @ Zy{a,(5),(8)} {a €
7,5(S"); hy(a) = 0}

if n =6 then 7,(S%) = Z{p""} ® Z,{Ts} ® Z3{ay(6)} ® Zy{l1g 18,(11)} ® Zs{ay(6)}, myy(S) = Zgip"} ®
Zy{o'V ) ® Zy{e,} @ Zsy{oy(T)} @ Zsia(T)} and Zp"' =2p". Next, hy(p") = w5, h,(c'V,,) = 1,5V, # 0 and h,(c's,,) =
Msé1g 7 0.

if n = 8 then 7125(88) =Zp{og sttt @ Zp{Zo N sptie) ® Zniveky } ® Znpipigt @ Zny{ngttg0 st ® Znitigo,st @ Zn{lig,
1]B,(15)} and 7,(S”) = Zy {0y gt 17} @ Ly {vei1n} ® Ly (Vo) @ Zy{nopt o010} This implies that the map X : 7,4(S") —
7r26(S9) is an epimorphism;

if 7= 10 then my(S'%) = Zg{& o} @ Zy{0,0} @ Zy{as(10)} ® Zoyiltyer 110)81(9)} ® Zyy{ay(9)} and my(S') =
Ly {20} ® {0} ® LS 11} @ Zy {0y} Next, hy(Ap9) = 617129 (OA(Vy 1129 + £317129) = (3, + 12:839)) and y(Z755)
=V, 1l T 9119 = v; + 115,649 Hence, 71,(A,4), h5(E'1,9) # 0 and the proof is complete.
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