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Abstract: A connected signed graph G, where all blocks of it are positive cliques or negative cliques (of possibly
varying sizes), is called a signed block graph. Let 4, N and D be adjacency, net Laplacian and net distance matrices of
a signed block graph, respectively. In this paper the formulas for the determinant of 4 and D were given firstly. Then
the inverse (resp. Moore-Penrose inverse) of D is obtained if it is nonsingular (resp. singular), which is the sum of a
Laplacian-like matrix and at most two matrices with rank 1.
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1. Introduction

A signed graph G is a pair (G, ¢), where G = (V, E) is a simple graph called the underlying graph, and ¢ : E —
{1, —1} is the signature. An edge e € E of G is called positive (resp. negative) edge if a(e) = +1 (resp. a(e) = —1). The
number of vertices of G is denoted by n. For a signed graph G = (G, o), the degree o, of a vertex i of G is the number
of its neighbours. The positive degree (resp. negative degree) 5: (resp. J;) is the number of positive (resp. negative)
neighbours of i. The net degree of i is 5l.i = 5: —0,. We use K, (resp. —K,) to denote the positive (resp. negative) n-clique.

Recall that a signed hypergraph (T, £) is a hypergraph I' = (V, H) with a vertex-edge incidence function & : V' x H
— {~1, 0, 1} and the sign of a hyper-edge % is —II,_,&(v, h). A signed hypergraph is called a signed hypertree, if it is
both connected and acyclic. One can refer [1] for properties of a signed hypertree. For a signed hypertree (T, &), let G be
the signed graph obtained from (T, &) by replacing each signed hyperedge with a signed clique, for example, replacing
a negative hyperedge of five vertices with a negative clique of order five, then G is a signed block graph with each
block a positive or negative clique, see Figure 1 for an example, where the signatures of vertices and the positive (resp.
negative) hyperedges are depicted by + (resp. —), and the corresponding signed block graph with signed cliques —Kj,
K, K, and —K,, and the edges of the positive (resp. negative) clique are depicted by solid (resp. dash) lines. Let Gbea
signed block graph with signed cliques B;, 1 <7 <k, here the order of B, is b, and the signature of B, is #,. In this paper,
each signed clique of a signed block graph is assumed to be a positive clique or a negative clique, thatis 7, = 1if B, is a

positive clique and #, = —1 if B, is a negative clique.
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Figure 1. A signed hypertree and the corresponding signed block graph.

The adjacency matrix 4 = (a,;) of a signed graph is obtained from the adjacency matrix of its underlying graph by
reversing the sign of all 1s which correspond to negative edges. The net Laplacian matrix of a signed graph is defined
as N= A" — 4, where A” is the diagonal matrix of vertex net degrees. For basic properties of the net Laplacian matrix,
one can refer [2]. The Laplacian matrix of a unsigned graph is L = A — A4, where A denotes the diagonal matrix of
vertex degrees. More about the Laplacian matrices of unsigned graphs see [3]. Given a signed block graph G with
signed cliques B,, 1 <i <k, each B, of G is considered as a graph on n vertices perhaps with isolated vertices and let its

edge set be £,. Let N, and L, be the net Laplacian matrix and the Laplacian matrix of B, = (V, E)), respectively Deﬁne the

net Laplacian-like matrix and the Laplacian-like matrix of the signed block graph as N= Z and L = Z—L

i=1 l
respectively.
Recall that the distance d(i, j) between the vertices i and j of a graph G is the length of a shortest path from i to ;.
The distance matrix D = (déi) of G is an n X n matrix, where d@'f =d@,j)andd,;=0,7,j=1,2, ..., n. One can refer [4]
for properties of distance matrix. For the distance matrix of a tree with n vertices, Graham and Pollak [5] showed that

the determinant of D is (*1)"_1(;1 - 1)2"_2, which depends only on the order of 7, and Graham and Lovasz [6] gave a

_ 1 .
formula D™ = —5L+ 20-1) Z'TT, where 7= (7, 7,, ..., rn)T, ,=2—-0,i=1,2,...,n Let f be an n x 1 vector with
n—
1 .. . . . .
Bi= Z::IF— (r—1), where vertex i is in » > 1 cliques of size b,, b,, ..., b,. Bapat and Sivasubramanian [7] showed that
! k

if G is a block graph on n vertices with distance matrix D, then the determinant of D is det(D) = (—1)"/1H b; and the
i=l1
inverse of Dis D' =—L+— ﬁﬂ where 4 = z The formula for D" establishes the relationship between the

l
inverse of the distance matrix and the Laplacian-like matrix L of a block graph. Similar results for an odd-cycle-clique
graph and a bi-block graph were given in [8-9]. More about the inverse of distance matrix and Laplacian matrix of a
graph, see [10-12].
For a signed graph G with n vertices and rank(N) = n — 1. Following [13], let Z = (N +— J) LZ= diag(z,, ...,

z,.), where z,, is the entries of the diagonal of Z, i = 1, ..., n. Call the matrix R = (r(i, j)), where r(z,]) z; T z;— 2z, the
resistance matrix of G. In a signed block graph G, for two vertices i and j, d @i, )= Zeep a(e) denotes the net distance
between i and j, where P, ; is any shortest path from i/ to j, specially, d (i,1)=0,i=1,2, ..., n. The net distance matrix
of a signed block graph G is defined as D= (d ii)’ where d i d (i, /), 1 <i,j < n. Recall that for an n x n matrix M, the
Moore-Penrose inverse (denoted by M") of M is the unique 7 x n matrix satisfying the matrix equations (i) MM M = M, (ii)

MMM =M, (ii1) (MM+)T= MM, (iv) (M+M)T = M"M. More for Moore-Penrose inverse of a matrix see [14].
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The aim of this paper is to generalize the above results to a signed block graph. The paper is organized as follows.
In Section 2, we obtain the determinants of the adjacency matrix A4 and the net distance matrix D of a signed block graph

b; —1 . ~_ ~ o1
lb # 0. In Section 3, we showed that D' = —N+Zﬂﬁr

and it follows that D is nonsingular if and only if ¢ = Zf;l n;

1

~ A ~ A ~ T D ~ ~
if D is nonsingular. In Section 4, we obtain the explicit formulas for N* and D*, namely, N* = -D - ! ?1 J +l(DJ +JD),
n n
7o
D =-N-LNE g L (fupp" + T D)
25y BB

2. The determinants of 4 and D

Let 1 be an appropriate size column vector whose entries are ones. Let / be the identity matrix and J be the all ones
matrix. A block is called a pendant block if it has only one cut vertex or if it is the only block in that component. Given
a signed block graph G with signed cliques B,, ..., B, it S§< {1, ..., k}, then Gs will denote the subgraph of G induced
by signed cliques B,, i € S. An isolated vertex in a signed block graph is considered to be a block of the signed block
graph. The Lemma 1 in [15] also holds for signed block graphs. We state it in the following lemma and omit the proof.

Lemma 2.1 Let G be a signed block graph of order n with signed cliques B,, ..., B,. Let b, and 7, be the order and
the signature of B,, respectively. Let (a,, ..., ;) be a k-tuples of nonnegative integers satisfying the following conditions:
(1) Z:f;lai = n, (ii) for any nonempty S < {1, ..., k}, Ziesa[ < |V(GS)|. If B, is a pendant block, then a; equals either b, or
b, —1.

l Given a signed block graph G, for a vertex i, we use G\{i} to denote the signed graph by deleting vertex i from G.
The next result gives a formula for the determinant of the adjacency matrix of a signed block graph which extend the
similar result for a unsigned block graph. One can refer [15] for detail proof.

Theorem 2.2 Let G be a signed block graph on n vertices with signed cliques B, ..., B,. Let 5, be the signature of
B,. Let A4 be the adjacency matrix of G. Then

det(4) = (=" X" (1) (&g = 1)+ (e = 1),

where the summation is over all k-tuples (a,, ..., ;) of nonnegative integers satisfying the following conditions: (i)

Zleai = n (i1) for any nonempty S < {1, ..., k}, ZieS a; < |V(GS)\ and 1 = Ziexai, X< {1, ..., k} is the index set
corresponding to negative cliques.

Next we consider the signed block graph in Figure 1 to illustrate the above result.

Example 2.3 For the signed block graph in Figure 1, we get the adjacency matrix is

0 -1 -1 00 0 0 0 O
-1 0 -1 00 0 O O O
-1 -1 0 111 0 0 O
o 0 1 00 0 O O O
A=0 0 1 00 1 O 0 O
o o 1 01 0 -1 -1 -1
o 0 0 00 -1 0 -1 -1
0o 0 0 00 -1 -1 0 -1
0o 0 0 00 -1 -1 -1 0
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Then we have
det(4)=2=(-1)""*((-)*P2-D2-D2-DB-D+ (1> B-D1-D2-DHE-1)
+H=DHE-DA-DA-DE-D+ (=D 2-DER-D-1)4-1)
= (=" (=D (e ~ (@ ~ ) (@3 ~1)(@g — 1),

where ¢ = z ex % X < {1, 4} is the index set corresponding to negative cliques and the summation is over all 4-tuples (a;,
a,, a4, 0,) of nonnegative integers satisfying the conditions (i) a, + a, + o + a, =9, (ii) for any nonempty S < {1, 2, 3, 4},
Z res O S \V(GS)|. The determinant of 4 not only depends on the order and the signature of each signed cliques, but also
on the structure of G. If we change the structure of the signed block graph in Figure 1, for example, exchange K; and
—K,, then the determinant of 4 will be 0.

If O is an n x n matrix, then we use cof(Q) to denote the sum of its all algebraic cofactors. The following Theorem 2.4

is similar to the distance matrix of a graph, we omit the proof here. One can refer [16] for detail proof.

Theorem 2.4 Let G be a signed block graph with signed cliques B, ..., B, Let D be the net distance matrix of G.
Then (i) cof (D) = Hf;l cof (Dz‘ ), (i) det(D) = Zf:l det(ﬁi)H j:&icof (D j ), where Dl. denotes the net distance matrix of
signed clique B, 1 <i<k

Let G be a signed block graph with n vertices with signed cliques B, 1 <i <k, where each B, is a b~clique with
k b
=l p

1
distance matrix of a signed block graph in the following theorem.

. -1
signature 7,. Denoted by ( be the constant ¢ =¢; = Z ——;. We give the formula for the determinant of the net

Theorem 2.5 Let G be a signed block graph on n vertices with signed cliques B, 1<i<k Let B, be a b-clique
with signature #,. Let D be the net distance matrix of G. Then

k
det(D) = ("¢ b
i=1

Proof. As the net distance matrix Di of B, is n(J — 1), we have det(ﬁi) = (—l)h"fl(bl. - I)nibi and cof (li) = (—1)})"71
bi’?,-b’_l' Since Zlebi =n— k+ 1, then according to Theorem 2.4, it follows that

det(D) = Zdet(D [ eor D))= Z( D2l b D[ T

i=1 J#i J#i

(1)”1Hb Z '1”1_[] (1)’”]—[19 Z

J#i =1 i=l by

k
-1
iH '
i=1

k
= (1"} Q’ani_lbi.

i=1

Remark 2.6 For a signed block graph G, the determinant of D only depends on the order and signature of each
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signed clique B, 1 <i <k, not on the structure of G, which is different from the determinant of 4. According to Theorem
2.5, the net distance matrix D of G is nonsingular if and only if (e#0.
If {, = 0, we have rank(D) = n — 1. In fact, for any vertex i which is not a cut vertex, we always have Ca i + 0.

In other words, the net distance matrix of the signed block graph G \{i} is nonsingular. Hence we have the following
corollary.
Corollary 2.7 Let D be the net distance matrix of a signed block graph G. Then

n, if {#0,

rank(D) = {n L if =0

Example 2.8 For the signed block graph in Figure 1, whose signed cliques are =K, K,,, K5 and —K,. We have

0 -1 -1 00 0 -1 -1 -1
10 100 0 -1 -1 -1
1 -1 0 11 1 0 0 0
0 0 1 02 2 1
D={0 0 1 20 1 0 0 0],
0 0 1 21 0 -1 -1 -1
1 -1 0 10 -1 0 -1 -1
1 -1 0 10 -1 -1 0 -1
1 -1 0 1 0 -1 -1 =1 0
andg:—§+%+§—%:—%,hence, det(D):lS:(—l)g-(—%)-3.2-3{—4)=(—1)”‘1g~]‘[f:1nf’t b,

3. The formula for D™

For a signed block graph G, let 8 be an n x 1 vector defined as follows. Let a vertex v € ¥ be in » > 1 cliques of
size by, ..., b,. We define

fo=Y =D,

i=1"i

. R 11 511 5 1 1 17

For the signed block graph given in Figure 1, we get S = (E, 3T ey T Z) .

In this section, we first drive the eigenvector associated with eigenvalue 0 of D when D is singular. Furthermore,
we obtain the formula for D~ when it is nonsingular. Let us start with a lemma.

Lemma 3.1 [7, Lemma 1] Let G be a signed block graph of order n with signed blocks B, 1 <i<k Letp bethe
vector defined as above. Then

> B, =L

vel (G)
For vectors f, g with the same dimension, we use ( f, g) to denote the usual inner product of two vectors. The
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following lemma is similar to the unsigned block graph. One can refer [7] for detailed proof.
Lemma 3.2 Let D be the net distance matrix of a signed block graph G with n vertices. Let B, be the signed clique
of G with signature 1, 1 <i<k Let f8 be the vector defined as above. Then

Dp=¢1.

It follows from Lemma 3.2 that /8 is an eigenvector associated with eigenvalue 0 of the net distance matrix D if D
is singular. We use R, (4) (resp. C,(4)) to denote the v-th row (resp. column) of the matrix 4.

Lemma 3.3 Let G be a signed block graph on n vertices with signed cliques B, 1 <i <k. Let D be the net distance
matrix of G. Let N and f be the matrix and the vector as defined above, respectively. Then

ND+1=p1".

. . ~ - 1 1 .
Proof. We prove the result by induction on k. For k=1, we have D = (J— D), N = — —J)n, and f = —1. Then it
n n

is easy to verify that ND+1= p1 T So let k > 2 and assume the result to be true for signed block graphs with less than &
signed cliques.
Next considering a signed block graph G with k signed cliques, we may assume, without loss of generality, that B,

. . . . . x ¥ : e 1 -k

is a pendant signed clique and its cut vertex is vertex c. Let G = G\(B,\{c}) and NG* = Zfzzb—N,-. Let e, be the [I(G )|
i

dimensional column vector with 1 in position ¢ and zeros elsewhere. Let o denote the c-th column of D+, i.e. o = D cve,.

Let f; be the |V(B,\{c})|dimensional column vector with 1 in position i and zeros elsewhere, where the index set of it is
V(B,\{c}). Then we have

5 b -1 T M T
N ..+ -—e.1 =
G b hecec by € DG* (a+7711)1T
N= ,D=
Mt M1 - ) 1 +p1") (/=D
C
by by
Thus it follows that
o L h-l T M LT
N ..+ e —e.l ~ T
G b] Thecec b] € DG* (0(+771 D1
ND+1I = +1.
T T
gt ﬂ(bll_J) (o +m1)  (J-Dn
bl C

Next we need to provE that (]\713 +D),;=p, forall1<i,j<n

Case I: Forrow i € G \{c}.

For iuch a row i and for columns j € G, by an induction assumption, we have (N D+ D; = (Be);- Since ;= (),
fori € G \{c}, we are done for all columns in G . While for columns j € B,\{c}, we have

(ND+1) = (R(N ) @+ ) = (RN )y @)+ (RN ) D) = (N D e = By
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Case II: Forrow i € B,\{c}.

. . 1 .
Since for any row i € B\{c}, it is easy to note that 3; = o For columns j € B\\{c}, if i # j, then we get

1

(ND+1; =<—%e§ : a+f711>+<%(b1ff 17, M- 1))

by
1 1 I 1

= —— 1—— —1 —=—=0,
1 D= = A

and it is easy to see that when i =,
o 1
(ND+1); =41 +1=
For the column j = ¢, it is simple to note that

(ND+ 1) =(=Tel ay+ (7 =17, 1)
b b

T/ WA S
=1 blm(bl 1) n Bi.

For columns j ¢ B,, we obtain

(ND+1), = <—Zl—‘ef L C (D) +<Z_I(blf"T ~17), (@ +m)D)

1
by b by

My 1= —1>—bli(b1 -1)

77 ~ ~ ~ 77 ~ 1 1
:—Eldjc+nldjc+l—nldjc+ald- —l+—=—=4.

Toonop

Case III: For the row c.
For the column ¢, we have
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=—ﬂa?,-c+<%b1ﬁT,J,«c1>+<ﬂblﬁT, )+ (11T d 1)+ —%F, m1)
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(RD+ 1), = (R (W), Co(D )+ <%me§ By )

N ~ 1 1
:(NG*DG'*)CC _g(bl _1)+1:(ﬁG* )e _1_1+E+1

1 1
=(B.+1-—)=1+—=p..
(B + b1) +b1 Pe

For columns j € G*\{c}, we get

. . . -1 - .
(VD 1)y = (R (W), €4+ (el €D+ (7 e

b -1 - m -~ 1
=B de == —Eldjc(bl D=y

1 1
=B 1=l

1

And for columns j € B,\{c}, we drive that

-1

(ND+1)gj = (Re(N ), a+7711)+<b1 mel a+7711>+<—%1f, m(=f;)

N - -1 1 1
=(R.(N _..),C.(D ..y +————(b -1)+—
RN CeDye )+ == =D
A~ 1 1
:(NG-*DG-*)CC-I-E:(ﬂG.*)C—l-FE
1 1
:(ﬁc—i_l_g)_l"—g:ﬂu
Therefore, we completed the proof of ND+1I= p1 T i

We are now in a position to give a formula for the inverse of the net distance matrix when it is nonsingular.
Theorem 3.4 Let D be the net distance matrix of a signed block graph G. Let N, ¢, 5 be defined as above. If { # 0,
then

Pl =N+ LT
v

Proof. According to Lemmas 3.2 and 3.3, it is easy to verify that
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S PN N S P 7,1 7
-N+— D=—-ND+— D=I1-p01 —pf1 =1.
( +§ﬂﬂ ) +gﬂﬁ B +§ﬁ ¢

Therefore, we get b= —N+%ﬁﬁT. o

. - 11 511 51 11
For the signed block graph in Figure 1, we also have f=(—-, —, - —, —, —, ——, —, — s —)T and

33 6 2 3 12 4 4 4

2Ty 0 0 0 0 o
3 3 3
21 65 6 0o 0o o o
3 3 3
r1r 1 1. 1 1 4 4
3 3 2 2 3 3
11
0 0 —— — 0 0 0 0 0
2 2
=lo o L o 2 L o 0o o
3 3 3
0 o0 Lo L1111
3 3 12 4 4 4
o 0o o o o L+ 3 L 1
4 4 4
o 0o o o o L+ L 31
4 4 4 4
o o o o o L+ L 1 .3
4 4 4

Then we obtain D! = —N +é ﬂﬁT .

In particular, for a signed block graph, if its all signed cliques are £K,, then we have the following corollary from
Theorem 3.4.

Corollary 3.5 Let D be the net distance matrix of a signed tree T on n vertices with p positive edges and g negative
edges, where p # g. Let N be the net Laplacian matrix of T and 7z be an n x 1 vector with 7, =2 — 6,, where 0, is the
degree of vertex i. Then

~_ 1 1
D 1:——N+ I

2 2p—-q)

4. The Moore-Penrose inverses of /V, N, D and R

It is clear to see that N1 = 0, N1 =0 and DB =0 when = 0. Thus we know that ]\7, N and D are singular when = 0.
In this section, the rank of NV and N of a signed block graph is obtained. And the explicit formulas for the Moore-Penrose
inverse of N and D are given. Let us start with a lemma.

Lemma 4.1 Let G be a signed block graph on n vertices with signed cliques B, 1<i<k Lety,be the signature of
B, 1<i<k LetN be the net Laplacian matrix of G. Let N be the matrix corresponding to G defined as above. Then
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rank(]V) =rank(N)=n-1.

Proof. We prove rank(N) = n — 1 by induction on k. For k = 1, we have D = (J — Dn, and N = (nl — J)n,. Then we
get rank(N) =n — 1. So let k > 2 and assume the result to be true for signed block graphs with less than £ signed cliques.

Next considering a signed block graph G with k signed cliques, we may assume, without loss of generality, that
B, is a pendant signed clique and its cut vertex is vertex b,. Let G- = G\(B,\{h,}). Let e,, be the IV(G")| dimensional
column vector with 1 in position b, and zeros elsewhere. Then the net Laplacian matrix of G is given by

N s + (b =Dmey e; —T11€p, 1
N =

~mle, m(tl=J)

where N+ is the net Laplacian matrix of G.In N, plus the columns corresponding to the index set V(B,\{b,}) to the
column b, and plus the rows corresponding to the index set V(B,\{b,}) to the row b,. The resulting matrix is

N - NG* 0
Lo ommi-n)

We get, by an induction assumption, rank(N) = rank(Ng+) + (b, — 1) = ZL([)I — 1) =n — 1. Similarly, the rank of
the matrix N of a signed block graph is n — 1. i

Next we give the formulas for the Moore-Penrose inverse of Nand D ofa signed block graph.

Theorem 4.2 Let G be a signed block graph on n vertices with net distance matrix D. Let N be the matrix
corresponding to G as defined above. Then the Moore-Penrose inverse of Nis

ov_ ~ 11D1
N*=-D-
n2

J +l(DJ +JD).
n

T =
Proof. Let H =—-D— I D1

1 = ~ . . ~ o
J+—(DJ +JD). We prove that H is the Moore-Penrose inverse of N by the definition
n n

of Moore-Penrose inverse. In fact,

17 b1
nZ

NH =—-ND -

A+t (NDJ + NJD)
n

=71-p17 +l(ﬁ1T -1J = -1
n n

A 1 A A
Similarly, HN = I — —J. Thus both NH and HN are symmetric. Hence
n
NHN =1 -1 )R = R
n
Finally,
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17 Dl

I’l

HNH =(I - l.1)(—15 - J+— (DJ +JD))
n

TR
! Dl JJ—LJDJ——JJD
n’ n? n?

:H+1JD+
n

T T
=H+ lJD ! DIJ ! DlJ—lJD H.

n n2 n n

. . A - 1'D1
Therefore, H is the Moore-Penrose inverse of N, i.e. Nt =—-D—

Jad (DJ +JD). O
n n
Theorem 4.3 Let G be a signed block graph on n vertices with ¢ = 0. Let D be the net distance matrix of G. Let N

and f be the matrix and the vector defined as above, respectively. Then

T o
b =-R-LN8 gt L (R8T + ppT )
B p) BB
o BNB I T Ty - <
Proof. Let H =—-N ,8/3 7 (NBB" + pp" N). We prove the Moore-Penrose inverse of D by the
BB BB
definition of the Moore-Penrose inverse. In fact, we have
HD =-ND - pNp ﬁﬁ L(l\?ﬂ/ﬂb+ BB ND)

BB B p

Bt 1 —— BT (1T - 1) - I——ﬁﬂ
pp B'p
N 1 N N
It is similar to show that DH =1 — ﬁ BB T. Thus both HD and DH are symmetric matrices. We further drive that
Y a 1 T ~
DHD :D(I—Tﬂﬂ )y=D
BB

and

HDH = (- N—ﬂ Np Ay - (NﬂﬂT+ﬁﬁTN))(l—ﬁTlﬁﬁﬁT)

BB B
=H++NﬁﬂT PN T o2
BB BBy B" ﬂ) (TP
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T+ LN gt 1 gpr BB gt
L T S R V)

-
(‘; T]; fi p5" +ﬁ(1\7ﬂﬂT + BTN, :

Since the rank of net Laplacian matrix N of a signed block graph with n vertices is n — 1, next we turn to the

Hence, H is the Moore-Penrose inverse of D, i.e. D =—-N —

ppT if pTRp #0, and rank(R) =

. C o - 1
Moore-Penrose inverse of N. Ali, Atik and Bapat [13] showed that R L= _EN +—

p Rp

o7 r " o Ly Ve r e VR ¢
n—1ifp'Rp =0, where p=(p,, ..., p,), p; :2_Zj~i’376(l])' And R :_EN+E(R 1p° +p1' R )—T,D,O )
which is a relationship between R™ and N. The following theorem give the Moore-Penrose inverses of N and R if R is

singular. Since the proofs are similar to D" and ]\A/+, we omit the proofs here.
Theorem 4.4 Let G be a signed block graph on 7 vertices. Let N be the net Laplacian matrix and R the resistance

matrix of G, respectively. Then

1, 1'R1 1

N"=-—R >J +=—(RJ +JR),
2 2n 2n
1« I'n 1
R* =N~ 2L pp +——(Npp" +pp” N).
20" p) 2p°p

Next we illustrate the above results by an example.

(3]
*
1
1
1
1
|
1
g..----<r
¢
o
~

Figure 2. 4 signed block graph of order seven with signed blocks K, =K, K, and K.

Example 4.5 Consider the signed block graph G in Figure 2. Then we have (=0, = (— — —%, l, —l 1 l)T,
4 12 2, 373727 633

=7 = _919__ 5 RZO)
(33 3 333) pap
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= = = o 1“31"32_3
= = = = 1"32_31"3
IS o —la 4 7_61“31“3
IS IS 1_21“2 o o o
1_31_32_31_2]“2 o o
1_32“31_3 o ) o o
2“31_31_3 o o o o
1]
Z
—_— — N = — - O
—_— e N = = O
S O -~ O O =
TPT oo~ —
TTeT ~aa
TeoT 9o ——
ST T 9o~
I
Q

— — njen ANjen N|jen N |jen ©
— — wn]n NN N|[en © A
—|len —|len  — o o N|jen AN |en
5"35"3 i o S Aln A
2“32“3 o in — wn]en v|en
2“3 o 2“35“31_3 — —
o 2“32“35"31_3 — —
Il
S
=
<
cococo T T A
oc o oo T a7
oo T oo T 7
oo ~ 7 oo o
—_ — o 1|_A oS O
- Y o o oo
J. —_—-_- 0 o © o
Il

Hence we obtain

(DJ +JD),

l_n
+
J
y—
NDZ
~ | X
Y
[
S
_
[
O O >~ on
TR ToaR
O O >~ on
FTITT85
O
v ()
g T e
<t AN o0 on
—_— O
wvw — N o
o e
NBN ol o~
o~ >~ © O
o= QT
[w] O O
~ —
AT v G q
(] O O
~ —
T e g9
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248/441 -193/441 -13/441
—193/441 248/441 -13/441
—13/441 -13/441 -58/441
DY =| —53/294 —53/294  1/294
-17/882 —-17/882 433/882
17/441 17/441 8/441
17/441 17/441 8/441

e
— - LE gt L (Nigp” + BT,
B P BB
32 17 45 66 -18 -39 -39
17 32 45 66 -18 -39 -39
45 45 24 45 -39 —60 —60
N+=$ 66 66 25 -81 —18 -39 -39
18 —18 -39 —18 45 24 24
39 -39 —60 -39 24 101 52
39 -39 —60 -39 24 52 101
and
362/441 —599/882 —41/882 —65/294
509/882 362/441 —41/882 —65/294
_41/882  —41/882 —43/441 25/294
RV =| —65/294 —65/294 25/294 47/196
_47/882 —47/882 493/882 —-61/588
31/882  31/882  11/441  59/588
31/882  31/882  11/441  59/588
=—%N— pTTNp2 pp’ + IT (Npp" +pp" N).
2(p" p) 2p°p

Remark 4.6 A symmetric matrix is called centered symmetric if it has zero row sums and a symmetric matrix
is called hollow symmetric if it has zero diagonal elements. Kurata and Bapat [13] showed that there is a one to one
correspondence between the classes of hollow symmetric matrices and centered symmetric matrices. For a signed block
graph G with 7 vertices, D (resp. R) is a hollow symmetric matrix and corresponding centered symmetric matrix is N
(resp. N), moreover, if {; # 0, (resp. pTRp = 0) then matrices D (resp. R ) and N (resp. N) have the same rank n — 1.
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—53/294
—53/294
1/294
19/98
—5/294
5/147
5/147

-17/882  17/441 17/441
-17/882  17/441 17/441
433/882 8/441 8/441
-5/294 5/147 5/147
—989/882 107/441 107/441
107/441 -214/441 227/441
107/441 227/441 -214/441

T
=—1R—1 R1J+L(RJ+JR),

—47/882 31/882 31/882
—47/882 31/882 31/882
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