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Abstract: The application of the Chebyshev-Halley type scheme for nonlinear equations is extended with no additional
conditions. In particular, the purpose of this study is two folds. The proof of the semi-local convergence analysis is
based on the recurrence relation technique in the first fold. In the second fold, the proof relies on majorizing sequences.
Iterates are shown to belong to a larger domain resulting in tighter Lipschitz constants and a finer convergence analysis
than in earlier works. The convergence order of these methods is at least three. The numerical example further validates
the theoretical results.
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1. Introduction
Many applications in computational Sciences require finding a solution x_ of the nonlinear equation
E(x) =0, (D
where the operator £ : D X — Y is acting between Banach spaces X and Y. Higher convergence order schemes have

been used extensively to generate a sequence approximating x under certain conditions [1-4]. In particular, the third
order scheme [5] has been used and is defined Vk=0, 1, 2, ... by

X1 =X — T E () (EG)), @)

where a € R, Lg = £'(x) " €"(x)€ () E(xy ), and Ty = I +1 L (1 -aLg)™ 1fa=0, L1, 1, then (2) reduces to the
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Chebyshev, Halley and Super-Halley Schemes [6-10], respectively.
The convergence conditions used [11-15] are:

(A1) [Ex) || < B

(A2) [[E1xy) ' EGxpIl < 7.

(A3) ||E"(x) < M,|| for each x € D.

(A4) [|€"(x) = E"0)|| < Ly|lx — | for each x, y € D.

But there are even simple scalar examples where condition (A4) is not satisfied.
Example 1.1 Let X=Y =R, D =[—0.5, 1.5]. Define the function 4 on the interval D by

3 2,5 4 .
e(x):{x logx™ +x" —x" ifx#0

0 ifx=0
Then, we get x = 1, and
€"(x) = 6log x? +60x> — 24x +22.

But ¢"(x) is unbounded on D. Thus, the convergence of scheme (2) is not assured by the previous works [13-16].

That is why in reference [5] the following conditions are used:

(B3) [|E'(x)|| < M, for each x € D.

(B4) [|€"(x) = E"W)|| < w,(llx — ¥||) for each x, y € D, where w,(0) >0, and for ¢ > 0, function w, is continuous and
nondecreasing.

(B5) There exists w,(ts) < w,(H)w,(s) for t € [0, 1] and 5 € (0, +0).

Using (A1), (A2), (B3)-(BS5) the Halley scheme was shown to be of R—order at least two [5]. In particular, if
w(t) = iLitq" , the Halley scheme is of R—order at least 2 + g, where ¢ = min{q,, q,, ... qj}, q;€[0,1].i=1,2,...,/.

i=1

If a# 0, scheme (2) requires the evaluation of the inverse of linear operator / — aL, at each step. That is why to

reduce the computational cost of this inversion and increase the R—order scheme

v = x5 —E ) )
2 =% ~TRE () E(xy)
X1 = 2 ~TEE () " E) 3)

2
was studied in [5], where T} =T+ 1 Le + 2L + 2 I3 T7 =T+ Lg +cT} ,ae[0,1], ce[-2, 2] and T} = £'(x;) ' €"(xp)

1o y=1
E'(xp ) E(zg)-

Let us consider the condition:

(CH [|E"Cx) = E"WI < wy(J]x — ¥|]) for each x, y € D; < D where D, # is a convex set, w,(f) is a continuous and
nondecreasing scalar fucntion with w,(0) > 0, and there exists non-negative real function w, € C[0, 1] satisfying w(¢) <
1 and w,(ts) < wy(Hw,(s), t € [0, 1], 5 € (0, ).

Using conditions (A1)-(A3) and (C4) the R—order was increased. In particular, if the second derivative satisfies (A4)
the R—order of the scheme (3) is at least five which is higher than Chebyshev’s, Halley’s, and Super-Halley’s [1-4, 17].
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In our study, we are concerned with optimization considerations. We raise the following questions.
Can we: (Q1) Increase the convergence domain?

(Q2) Weaken the suffcient semi-local convergence criteria?

(Q3) Improve the estimates on error bounds on the distances |, , — x|, ||x, — x*||?

(Q4) Improve the uniqueness information for the location of X

(Q5) Use weaker conditions.

and

(Q6) Provide the results in affne invariant form.

The advantages of (Q6) are well-known [3, 17-18]. Denote this set of questions by (Q). We would like question
Q to be answered positively without additional or even weaker conditions. This can be achieved by finding at least as
small My, L, w,, w;, w, and w;.

In Section 2 we achieve this goal. Another concern involves conditions (A4) or (B4) or (C4). Denote the set of
nonlinear equations where the operator £ satisfies say (C4) by S1. Moreover, denote by S2 the set of nonlinear equations
where the operator £’ does not satisfy (C4). Then, S1 is a strict subset of S2. Therefore, working on S2 instead of S1
is interesting, since the applicability of scheme (3) is extended. We show how to do this by dropping condition (C4) in
Section 3.

2. Semi-local convergence I

The results are presented in the affine invariant form. Therefore, the condition (A1) is dropped. In particular, the
conditions (H) are used:
(H1) [€6x) (E100) = ECeoll < Myllx = x| ¥x € D.

1
Dy =U(xy, —)ND.
Set Dy =U(xg Mo)

(H2) [|€x)) ' E"()|| < M Vx € D,

(H3) IIS’(xO)fl(é'”(x) = E"W)II < w(lx — yll) Vx, y € D,, where w is a continuous and nondecreasing function with
w(0) > 0, and there exists a non-negative function w, € C[0, 1] such that wy(¢) < 1 and w(ts) < w(Ow(s)Vt € [0, 1], s € (0,
0).

Remark 2.1 It follows by the definition of the set D, that

Dyc D, “)
50
M, < M|, 6))
M < M, (6)
and
w(t) < Bw (). (7

Notice also that using (A3) the following estimate was used in the earlier studies [3-5, 7-16]:
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L s Tl

But using the weaker and needed (H1) we obtained instead the tighter estimate

e el s —
R T vy

Moreover, suppose
My<M.
Otherwise, the results that follow hold with the parameter M, replacing M.

Next, we state the semi-local convergence result [5, Theorem 1]. But first, we consider some scalar functions. Let
us define the functions p, 4 and ¢ by

p(u) =g (u) +[1+u+| clugy(u)lg (uy),

1
h(y) = ————,
1—uy p(uy)
Py, uy) = | ¢ Ly Gy, uy)* +ul [+ ] ¢ |y (uyup)w (g uy)

+huy[l+uy+ | e |y (uy,uy)y (uy,uy)

2
u
+71[1 + Buy + BRud W[+ uy+ | ¢ [y (g, un) Uy uy)

u 2 2
+?1[1+u1+|0|u1l//(u1,142)] w(uy,uy)”,

where
2
1 B2 B3
w)=l+—u +—ui +—uyj,
g1(uy) R e
u 2.2 2
gz(“1)=?1[1+ﬁ“1+ﬁ uj +g1(u)°1,
2 3
B2 uj 2.2 uj 222
l//(ul,uz)—gul (1+5u1)+7(1+5u1 +ﬂ lll )+Ilu1 +?(l+ﬁu1 +ﬁ u])
and
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1= [y €)1 -w)dé, I = [} £u)de.

Moreover, define the function g(u,) = u,p(u,) — 1. Notice that for u, > 0 the function g(u,) is increasing. Then g(u,)
= 0 has non more than one root in (0, o). Since, g(0) = -1 <0, g(%) > 0, we know that g(u,) = 0 has a root in (0, %).

Define s~ as the positive root of equation u,p(u;) — 1 = 0, then s < %
Theorem 2.2 Suppose: £: D < X — Y is twice Fréchet differentiable and conditions (A1)-(A3), (C4)and

Ulxo. Rylc D

hold, where R = ffljz(:))’ ag =M, fn, by = fwy (1), dy = h(ag)y (ag,by) satisfy ap < s and h(ag)dy < 1.Then, the following

assertion holds

{x,} < Ulxp, Rl
Moreover, there exists lim,_,_ x, = x e Ulx,, Rn] so that E(x*) =0,

2k
Ix" = xll<e, = plagmAty 2 ———
X —xpll< e = plagnd™y TR
1-Ay

where y = h(a,)d, and /. = ﬁ'o) only solution of equation &(x) = 0 in the region U(x,, R,n) N D, where R, = % - R

In our case we have
Theorem 2.3 Suppose £: D < X — Yis twice Fréchet differentable and the conditions (H) hold.

a
Ulxgs Ryr] < D, Ry =f(§),
(]

where ay = M fn, 170 =nw(n), th(cTO W (ay, 170) satisfy q < s and h(EO)cYO < 1. Then, the following assertion holds
{x,} = Ulxg, Ron]-

Moreover, there exists lim,_,_ x, = x e Ulxy, Ryn], such that E(X*) =0,

¥ |
* _ — ok
I <@ = p@mi > —
1=2070
where ¥ = h(ay )(,70 and /4, =—L__ Furthermore, the point x s the only solution of equation &(x) = 0 in the region

h(ap)
U(xO,Eln)mD, where El = MLO—RO.

Proof. Simply use M, w, a, I;O, 670, ROE, Ao, vo for My, wy, agy, by, dy, R, R, A, ¥ used in Theorem 2.2.

Remark 2.4 In view of (4)-(7), we have
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ay <s*:EO <s*,
ay < ag,
h(ag)dy <1=> h(ay)dy <1
e, <e,
and
R <R,

These estimates show that questions (Q) have been answered positively under our technique.

3. Semi-local convergence 11

The results are also presented in an affine invariant form and the restrictive condition (C4) is dropped.

Suppose:

(H4) \|8’(x0)71(5’(x) = &I < v(lx =yl Vx, y € D,, where v is a real continuous and nondecreasing function
defined on the interval [0, ).

Denote conditions (A2), (H1), (H2) and weaker (H3) or (C4) or (B4), or (A4). The semi-local convergence is based
on conditions (H)".

Define scalar sequences {¢,}, {s,} and {u,} Vk=0,1,2, ... by

10 =0,50 =7

up =g + 7k (Sg — 1),

Broy
levt =g 770
— Mol
5k+1
Skt Zlert T, (3)
— Mol

where

M2 -t b2 M (ss 1)
ak:lM(Sk—tk)2+m (5 —t)” , b (Sk k;
2 2 =Mooy 2 (1-Mgy)

+] VO ~1)d00y, 1),

Contemporary Mathematics 6 | Samundra Regmi, et al.



M —t M
B =1+ (s¢ k)+|c % -
1=Mot (1= Mty)

2 1-Mot, 2\ 1=-My, | 2\ 1=-Myt,

_ I M (s —4) +ﬂ[M(Sk —fk)J2 +b2 (M(Sk —fk)]3
2

and

2
MGs —t) el May J

Opy) =5+ M (s —t;)
" 2 =Mt (1-My,)*

(1-Mot)
H2M (s — 4 Wy — 1)+ M (g — 55 W — Uy )

[ O~ DOy ).

We shall show that these sequences are majorizing for the scheme (3).
Lemma 3.1 Suppose

Myt, <1Vk=0,1,2, ... )

Then, the sequence {¢,} is increasing, bounded from above by [ = MLO and converges to e [0, t**], which is its
unique least upper bound.
Proof. It follows from (8) and (9) that sequence {¢,} is such that#, <5, <u, <t,+1 < MLO’ and as such it converges

M

tot.
i
Another convergence result with stronger conditions but easier to verify than (9) follows. Suppose that
OSsk—tkSn,m<l (10)
and
Myt <1. (11)

Then, the following estimates hold:

Vi SMn(l+2|b| My+4b>M62p%) = 15,
1 1
< M+ [ DM + 202 Mp 4] v(O(+ IO+ s ))s = 1)

= po (s, — 1),
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Bra
PR <2y (s 1)1+ 2Mn +2 | | M pgip)
- My,

= 1 (s, — 1),

and

S5
— kL <[4 || Mdn+MQ2Mn+4|c| M un)
1-Mt,

+2M (L+ )iy + M iz (1+ 1 )17
[ WO+ )OI+ )5~ 1)

= w3 (g —1)-

Set m = max{u,, iy, i} for £, =max{n, u,— s, t; — u,} and £; = min{u,, u,, u;}.
Lemma 3.2 Under conditions (13) and (14) further suppose

Then, the following assertions hold
0< < k=1
Sup—sp <m(sg —t)<m"n,
0 < Sk _tk < m(sk_l _tk—l) < mkﬂ,

0< tk+1 — Uy < m(sk _tk) < mk+177,

1 l-m
0Stk+,~—tkSBnmk <——m" ",

and there exists 1 = lim,_, ¢, such that

and

2Moty <1,
where B=1+m + m".

Co iporary Math tics
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(13)

(14)

(15)

(16)

)
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Proof. It follows from (8), (9), (11) and (12) that estimates (13)-(16) hold. Let i > 0 be an iteger. Then, we can
write in turn that

0<tpy; —tg = hsi —tprim) T Gprim) —tpwiz2) oot (G — )

< Bn(mkﬂ;2 +...+ tkii)

i-1 k-1
=B?]mk_1 l;m < Bi]m i (18)
-m -m

so the assertion (17) holds. Hence, the sequence {¢,} is complete in the Banach space X and as such it converges to some
‘. By letting k — oo in (18), we obtain (18). Notice also that

k+1
1- oM
2Mt, <2M, le n< 1_?%'731,

by the right hand side of (12), thus m <2
o

Remark 3.3 The condition (12) is the sufficient convergence criterion for the sequence {z,}. Such a criterion is
standard in this type of study. It shows how close x,, should be to the solution (i.e. how small # should be) to obtain
convergence.

Notice also that each u; <1, i =1, 2, 3 can be solved for 5, which depends on M, M, b, c, and v, i.e. the initial data.

The following modified auxiliary result is needed from [5, Lemma 1].

Lemma 3.4 Suppose that the iterates {x,} are well defined by the scheme (6). Then, the following Ostrowski-type

relationship [3-4] holds
EG) = —c€" (5 )(E () E(zp))?
+E"()E () EC (L +TE (x) " Ez)

=E" (X )V = X ) Xpe1 —2)

) €70+ 0z = 9O = 3t =)

+L1 [E'(z +O(xp 41 = 21)) = E'(2)]dO(xp 11 — 21),

and

Volume 4 Issue 1/2023| 9 Contemporary Mathematics



E(zy) = —%6”@% )E () )

—gé’"(xk)é"(xk Y G ) LeE (x) T E(xy)

2
—%5"()% )E' () L ECe ) LEE (x)  E(xy)

[ (€ + 0z~ 500) ~ €' ))dB(z; ).

Next, we present the second semi-local convergence result for the scheme (3).

Theorem 3.5 Under the conditions (H)’, further suppose Ulx,, ¢ | < D, if conditions of Lemma 3.1 or Lemma 3.2

hold. Then, the following assertions hold {x,} < U[x,, t*] and there exists lim,_,  x, = x e Ulx,, t*] so that

Ix" =l <t 1.

Proof. Assertions

Iy, =x, I< s, =2, (19)

1z = ISy =5, (20)
and

I Xn+l ~Zp < Lyl — Uy,
shall be shown using induction. By (8) and the first substep of method (3), we have
70 =0 I €'Cxo) " EGx) I 1= 59 —1g <1,
thus, the iterat y, € Ulx,, t*] and (19) holds for n = 0. Let u € U[x,, t*]. Using (H1), we get
1€ (x) ™ (") = E'(xp)) ls M 1w —xq < Mt™ <1,

so Eu) ' e L(Y, X) and

1

&) e xy)ls ———————
0 1—M0 ||M—X0 ||

follow from the Banach lemma on linear operators with inverses [1, 3-4,17]. Some estimates are obtained using the
definitions, (H) and Lemma 3.2

iporary Math tics 10 | Samundra Regmi, et al.




M|y, —x, |

I, lls ———=A—"—,
" 1—M0 ||Xn—XO ”

2
21-Myllx, —xo | 2 (1=Mq llx, —x |

2 3
+b_[ My, —x,| J =

2\ 1-Mylx,-xo 1) "
z, = x, —E'(x,)  Ex,) +E(x,)  E(x,) -TIE (x,)  E(x,)
=y, (I} - DE'(x,) " E(x,)

1
=Y+ (T = Dy = %),

thus,

” Zp = Vn ”S 7771 ”yn X ”S 7n(sn _tn)S”n ~Sps

_ 1
1€ Gx) " Ez,) I oM Iy, —x, I?

b My, -x |?
+%M||yn—x [

" 1—M0 ||xn—x0 ”
2
b? My, —x, I
+7M ” Yn =% ”[1# “yn X ”

1
+Iov(9 Iz, -x, haéllz, -x,<a,,

M - Ma 73
I x,.1 2, ||S[1+ 13 =2 | + [cIMa, > G
1=Mg llx, =x0 I 1=y | x, = xg )2 J1=Mo 1 x5, = xo
gtn+1_un’
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1 lc|Ma?
” Yn+l ~Xn+l HS I: .

1=Mo 1 x,0 = x0 Il (1= | x, = x0 [)?

M - Me,
+M||y,,-xn||[1 b=l IclMa, ]

-M, ”Xn — Xy [ a-M, I X, — X ||)2
£2M ly, —x, | I x,00 =z, 1+M 1z, =y, | I x,41 =2, |

1
+J0V(9 ” Xn+l —2p ||)d9 ” X+l —Zpn ||:|

< 5n+1
1=M [l x,11 —xq |

5n+1

< Oml oo ot 21
1_M0tn+1 n+l n+l ( )

where we also used || y, —x, I<s, —t,, | z, =y, IS u, —s,,, | x,,11 — 2, I< 2,11 — 14y,
l Z, — Xy [<] Z, =V [+ Y —Xp < U, —S, +5, -ty =u, <t*,
g =0 Il g = 2, 1 2, =g I 1y =0y 10, —tg =100 <1,
Ix, +6(y, —x,)—x0 lc 1=0) | x, —x0 [ +6 1 y,, = x¢ |
<(1-0)¢ +or =t",
Iz + 60,1 ~20)=x0 1< A=) 2, —x0 146 .1 — 0 |
<=0y +0t =t
and
I y1 = x0 <l vy =00y 14 Ty =0 |
< Syt ~ sl Flyet o =Sy <1

SO, Zy,, X415 X, + OV, — X)), 2, +0(X, 11 — 2,), Yy €U (g, ¢") and the induction for estimates is completed.

It follows that sequence {t,} is complete in X and as such it converges to some x e Ulx,, t*]. By letting n — o in
the estimation (see (21))

Co iporary Math tics 12 | Samundra Regmi, et al.




&' (x) " €)1 84

and using the continuity of £ we obtain S(x*) = 0. Moreover, see (20) for the proof of (26).
O

Remark 3.6 The condition U[x,, t*] C D can be replaced by U[x,, MLO] < D if conditions of Lemma 3.1 hold or

Ulx,, % < D] under conditions of Lemma 3.2 where MLO and % are given in closed form in contrast to ¢ .

The uniqueness of the solution x_ result follows without necessarily using conditions of Theorem 2.2 or Theorem 2.3
or Theorem 3.5.
Proposition 3.7 Suppose x e U(x,, &) = D is a simple solution of equation &(x) = 0; Condition (H2) holds and

there exists &> &, such that
My(Go+S)<2. (22)
Set G = Ulx,, ] N D. Then, the point x is the only solution of equation &(x) = 0 in the set G.

Proof. Let y* € G with 8()/*) = 0. Define linear operator Q = féé”(x* + 9()/* - x*))dﬁ. By using (H2) and (22) we get

in turn

[€00)™ @& I Mo [ (0=0) | = xp 1401 " x¢ a6

3%(50 +&)<1.

Therefore, x' =" is implied since O ' € L(Y, X) and (v —x) = 1) — &x") = 0.

4. Numerical applications

Three numerical examples further validate the theory.
Example 4.1 Let us consider a scalar function ¢ defined on the set Q =[x, — (1 = p), x,+ 1 —p] for p € (0, 1) by

e(x) = X -p.

. . 1-
Choose x, = r =r, = 1. Then, we obtain the estimates # = Tp,
' ' 2 2
l€'(x)—€'(xp) |= 3] x" —xq |
<3[x+xg |[x—xp [<3(x—x0 [| 2] x0 [) [ x—xp |

=3(1=p+2)|x=x0 =38 -p)[x=xo |,

for each x € Q, 50 Ly = (3—p), Qg =Ul(xo, i)mg = U (x, i),

Volume 4 Issue 1/2023| 13 Contemporary Mathematics



l€()—€'(x)[=3]y* —x7 |
S3fy+xlly—x|€3(ly—xp +x—x9 +2x0) | y— x|

=3(1y=xo [+[x=xo [+2|x9 D]y —x]

11 1
<3(—+—+2) | y—x|=6(1+—)| y—x|,
(LO I, ) y—xI=6( LO)Iy |

for each x, y € Q and so L; :3(1+ﬁ) and L :é.

The following Table 1, shows that the condition (4) is satisfied.

Hence, the convergence to x = \/; is established under weaker conditions than in [5].

Table 1. Sequence (4)

n 1 2 3 4 5 6
by 0.1995 0.2307 0.2324 0.2324 0.2324 0.2324
Lyt 0.5168 0.5974 0.6018 0.6018 0.6018 0.6018

Example 4.2 We already saw in Example 1.1 that the older conditions (A4), (B4), and (C4) do not hold. Hence,
the convergence of the scheme (3) to the solution x =1 cannot be assured with the previous approaches. However, the

scheme (2) for x, = 0.7 converges to x  after three iterations.

Example 4.3 Let us consider the nonlinear system

€(z)=0,

where z = (z, zz)T

€(z)=(27 —lzlz —25,—21 +22, —lz%)T.
9 9
The derivatives are

2-2z 1
€(z)=

and

Contemporary Mathematics
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Choose z, = (11.4, 11.4)T. Then, the solution z= , 9)T is obtained after three iterations.

5. Conclusion

A two-fold finer semilocal convergence analysis for scheme (3) is presented with advantages as already stated in
the introduction. Hence, the applicability of the scheme (3) is extended with the same or weaker conditions than before.
This technique can be used to extend the applicability of other schemes analogously.
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