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Abstract: Evolution algebras are non-associative in general, that is, the binary multiplication law is not associative.
However, there exist some of them that are associative. In this paper we deal with these last ones. We give an explicit
classification of these algebras and show that the concept of associativity is equivalent to the existence of an unitary
element for non-degenerate evolution algebras. We also explicitly describe the derivation space of these algebras.
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1. Introduction

Since Tian introduced in 2004 evolution algebras, making them the subject of his Ph.D. Thesis [1], and later
publishing an article on them jointly with Vojtechovsky in 2006 [2] and a book in 2008 [3], the number of scientific
articles involving them has continued growing over the years, not only for being interesting by themselves, but also due
to they are very useful tool to be used in several applications to other disciplines (an interesting historical perspective on
these algebras can be consulted in [4]).

However, evolution algebras are not associative, in general, which means that some of them are. There is not
much information on the latter in the literature, that is the reason for which this article can be considered novel, since
it presents a result referring to the associativity of these algebras, which can serve to facilitate the study of more
aspects related to this topic in general, and complements the study of other aspects of these algebras that are also rarely
discussed, such as hierarchy (see [5]), the fact that they are normed (see [6]), or the links between these algebras and
Markov chains (see [7]) or between the same and graphs (see [8-10], for instance).

Examples of usual topics in the literature, which have proven to be a very convenient approach, are the study of
derivation spaces [11-15] and the classification of some family of evolution algebras sharing interesting properties.
For example, nilpotent evolution algebras are characterized in [16-18] and power-associative evolution algebras are
classified in [19], up to dimension six. Three dimensional real evolution algebras with condition dim(Ez) =1 are
analyzed in [20], while in [21] the authors study the case of four dimensional perfect non-simple evolution algebras.
Classifications involving properties of the main operator of the algebra are dealt with in [22-23].

Following this trend, the main goals of this paper are the following. The first one is to classify those evolution
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algebras that are associative, in any finite dimension. The second one is to give a characterization of associative
evolution algebras in term of the existence of an unitary element for non-degenerate evolution algebras. In addition, we
study the space of derivations of some associative evolution algebras.

2. Preliminaries

In this paper we will only consider finite dimensional evolution algebras. The main concepts and results on them
used throughout this paper are the following.

Definition 2.1 Let £ = (E, +, -) be an algebra over a field K. It is said that £ is an evolution algebra if there exists a
basis B = {e,:i € A} of E, where A is an index set, such that e, - e, =0, if i # . The basis B is called a natural basis.

Since B is a basis, the product e e = ef can be written as X, _ A9 €5 with a; €K, where only a finite quantity of 4
called structure constants, are non-zero for each j € A fixed. So, the product on £ is determined by the structure matrix
A= (ay).

Definition 2.2 The evolution operator associated with B is the endomorphism L : £ — E which maps each
generator into its square, that is, L(ej.) = e‘lz. =Zicadye; forallj € A.

Note that the matrix representation of the evolution operator with respect to the basis B is the structure matrix A.
Furthermore, for all x € E, we have that

L(x):{ZeiJ-x

ieA

so L =M, where e =X,_,e, and the endomorphism M, is the operator of multiplication by the element e.

Definition 2.3 An evolution algebra is said to be non-degenerate if ef # 0, for all j € A. On the contrary, the
evolution algebra is called degenerate.

Definition 2.4 An evolution algebra F is said to be associative if (x - y) - z=x - (y - z), forallx, y,z € E.

Definition 2.5 An element y € E is said to be unitary if 4 - x =x, for all x € E. E is said to be an unitary evolution
algebra if there exists an unitary element in E.

Definition 2.6 An evolution algebra E is said to be nonzero trivial if ejz; ae;, with a;#* 0, forallj € A.

Note that, by definition, all nonzero trivial evolution algebras are non-degenerate.

Definition 2.7 An evolution algebra E is said to be nilpotent if there exist n, € N such that £"0 = 0, where E '=E
and E"=E" " E, forall n>2.

Definition 2.8 We define the annihilator of an evolution algebra £ as the set

Ann(E)={x e E : x- E = 0} = span{e; :el-2 =0}.

We end these preliminaries with the following result given in [3].

Proposition 2.9 Let £ be an evolution algebra. Then, the following assertions are equivalent
1. E is a nonzero trivial evolution algebra.

2. E is an unitary evolution algebra.

eé:

In this case, the unitary element of the evolution algebra is ¢ = Z ;.

ieA
ajj

3. Associative evolution algebras

We deal in this section with associative evolution algebras. In it we prove two characterizations of these algebras.
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The first provides a classification of them, with reference to how the structure matrix of the algebra has to be, in a
general way. The second is in terms of the existence of an unitary element for non-degenerate evolution algebras. In

addition, these results also establish connections with the evolution operator of the algebra.
Theorem 3.1 Let £ be an evolution algebra with natural basis B = {e; : 1= 1, ..

evolution operator L. Then, the following assertions are equivalent
(MM,(x-y)=x-M/y),foralla,x,y € E.
2)L(x-y)=x-L(y), forallx,y € E.

(3) There exists a rearrangement of the basis 3 such that the structure matrix has the form

( Dy 0)
MSX}" OSXS ’
where » + 5 =n and

* D, is a diagonal matrix of order r.

* M,,, isas X r matrix.

0, and 0., are null matrices of dimension » X s and s x s, respectively.

(4) Eisan associative evolution algebra.
Proof. (1) = (2)
It is enough to take a = e = Z
2) = (3)
If i #/, then

" e,
=1

0=L(0)=L(¢;-¢;) = ¢ - L(e;) (Zakjekj ,j,,

., 1}, structure matrix 4 = (aq; ) and

(*)

so a; =0orA, =0, for all i # j. Suppose 4 has s null columns. By reordering the basis, we can assume that these

columns are the last ones. Let us set » =n —s. Then, a;=0, for all i, j < rand i # . Hence, assertion (3) follows.

B)=
From the structure of 4, we deduce that e_? =age v, with v, € Ann(E). Let x,, x,, x; € E, with x; = Z
Then,
i n n n 5
() -xp)-x3 = lejej . szjej X3 = leszjej - X3
L\J=1 J=1 J=1
n
= za]JX1]xzjej+xlsz]V] 'x Z
J=1 eAnn(E) J=1
¢ 2
Z JiMj*2%3 € ] Zajjx21x31xlj J
j=l1 Jj=1
=(xp-x3)-x1 = X7+ (X - x3).
@ =1
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JiXLjX2 €5

.x3

j=1 xij'ej .
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If E is associative, then

My(x-p)=(x-y)-a=x-(y-a)=x M, (p).

The previous result provides us with a classification of associative evolution algebras, up to basis permutations.
However, some of these algebras are isomorphic. The following result will allow us to classify these algebras up to
isomorphism.

Proposition 3.2 Let £ be a finite-dimensional associative evolution algebra. Then, £ =T ® N, where

* T'is a nonzero trivial evolution algebra with structure matrix the identity.

* N is a nilpotent evolution algebra with N P=0.

Proof. Let B = {e|, ..
(*). By reordering the basis, we can assume that a; # 0 if and only if i < ¢, for some ¢ € {0, ..., r}. Let us consider the
following elements of £

., e,} be anatural basis of £ such that the structure matrix 4 = (¢, ) relative to this basis is like

:—(e + Z i )

4ij k=r+14

for i <t Then,

Lo $ ). (e 3 )

k=r+1 4 k=r+19jj
eAnn(E) eAnn(E)
1 1
= €€ :51']'_ (all e+ Z aklek)
a..a .o 2
i jj aj; k=r+1

(e + Z _ek) it »

dij k=r+1 4

where 5;‘]‘ is the Kronecker delta function. We define T = span(y,, ..., n,) and N = span(e,,,, ..., e,). From the above
equality it follows that 7 is a nonzero trivial evolution algebra with identity structure matrix relative to the natural basis
{1, ..., n,}. Furthermore, N is a nilpotent evolution algebra, because N = Ann(E) and then N 3=0.
i

From the previous result it follows that to classify associative evolution algebras, up to isomorphisms, it is enough
to classify nilpotent evolution algebras N with N ? =0, which is a well-studied problem. Details can be found in [16-18],
where nilpotent evolution algebras of dimension up to five are classified.

Collorary 3.3 Let £ be a non-degenerate evolution algebra with evolution operator L. Then, the following
assertions are equivalent

MMKx-y)=x-M/[(),foralla,x,y € E.

2)L(x-y)=x-L(y), forallx,y € E.

(3) E is a nonzero trivial evolution algebra.

(4) E is an unitary evolution algebra.

(5) E is an associative evolution algebra.

Proof. From assertion (3) of Theorem 3.1, we get A =D . that is, E is a nonzero trivial evolution algebra. This is

nxn’
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equivalent to £ being an unitary evolution algebra (Proposition 2.9).

4. Derivation space

In this section we provide a result on the space of derivations of evolution algebras, in the case of these being
associative, that can be added to those already obtained regarding this concept in the case of evolution algebras in
general (see [11-15] in this respect, for instance).

An endomorphism d : E — E is called a derivation if d(x - y) =d(x) - y + x - d(y), for all x, y € E. In [3], Tian
shows that this is equivalent to

dﬂakj +dljakl = 0, for all i,j,k with i # j,

k

where D = (dij) is the matrix associated with endomorphism d. The set of all derivations is denoted by Der(E) and has a
Lie algebra structure.

Theorem 4.1 Let £ be an associative evolution algebra with natural basis B = {e|, ..., e,} such that its structure
matrix 4 = (ai/.) is like (*), with a;; # 0, for all i <r. Then, d € Der(E) if and only if the first » rows of D are null and D4 = 0.

As a consequence, Der(E) is a s*-dimensional Lie algebra.
Proof. We consider the matrices 4 and D as block matrices

A= N D= B
where the blocks have the same size as those of (*). The endomorphism d is a derivation if and only if
DA =2ADiag(D).

The first condition implies that D,, is diagonal and D, = 0. The second one gives

D11D = 2DD11,
D21D+D22M = 2MD11.

Now, the first of these conditions implies D, = 0 and the second one is equivalent to DA = 0.

5. Conclusions

This paper deals with two aspects of evolution algebras that at first do not seem to be very related to each other and
about which there is not much information in the literature. They are the associativity and the evolution operator of the
algebra. Authors show the first known explicit classification of associative algebras and a characterization in terms of
the existence of an unitary element for non-degenerate evolution algebras. They also explicitly describe the derivation
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space of some associative evolution algebras.

Regarding the associativity of the algebra and as already mentioned in the Introduction, evolution algebras are not
associative in general and only a small number of them have this property. This might be the reason why the topic of
the associativity of the algebras of evolution has been scarcely dealt with by researchers until now, since there are quite
few references in the literature about it: [19] and [24] are the most representative. In the first of them, authors deal with
power-associative evolution algebras, which are those evolution algebras verifying the property (x-x)-(x-x) = ((x"x)"x)"x,
Vx € E (and the same occurs performing e, by itself several times). In the second one, authors introduce the concept of
commutative associative universal faithful representation and describe it (when it exists) for all evolution algebras of
dimension two.

And with respect to the evolution operator of evolution algebras, there are not too many contributions in the
literature. Apart from some last works [22] and [23] by the authors of this paper, [25] can also be consulted. In that last
short paper of 6 pages, authors review previous results for discrete-time dynamical systems and evolution algebras of
sex linked inheritance and discuss some open problems related to such inheritance.

In general, it is difficult to find any connection between the associativity of an algebra and the existence of an
unitary element, since they are concepts that seem unrelated and to start from different points of interest. Despite this,
we have seen that these two concepts are equivalent in non-degenerate evolution algebras. Moreover, we can affirm that
the existence of an unitary element in the algebra implies the associative property, in a general way.

In addition to this, the equivalence between items (3) and (4) of Theorem 3.1 gives us a classification of associative
evolution algebras, which is a novel result. Furthermore, we have seen that the dimension of the space Der(E) of some
associative evolution algebras is sz, which sets out a connection with the dimension of Ann(E). Moreover, in these cases,
we can calculate Der(E) by solving the equation D4 = 0, which in turn is equivalent to solve r linear equations to obtain
null(4") and can be done in an efficient way, especially taking into account the structure of A.
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