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Abstract: This paper’s major purpose is to evaluate the local convergence of the parameter-based sixth- and seventh-
order continuation iterative approach for solving nonlinear equations in R. This analysis assumes that the Fréchet
derivative of the first order satisfies the Lipschitz continuity condition. Under these circumstances, we explore
convergence analysis in order to investigate the existence and uniqueness region for the solution of our proposed
strategies. Thus, we also offered the theoretical concept of the radii of convergence balls for the proposed approach. By
determining the radii of the convergence balls and solving many numerical problems, we can verify the significance of
our convergence study.
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1. Introduction

Our main objective of this research is to consider the problem of approximating a solution ¢* of the equation

?(@)=0 (1)

where ¢ : Q € R — R is a non-linear operator on an open convex subset Q. There are numerous difficult issues in
physics, numerical analysis, engineering, and applied mathematics that involve finding the roots of an equation (1) for
solving such problems, we frequently use iterative methods. In literature, we find many higher order iterative methods.
Beginning with an initial approximation of a solution ¢* of the equation (1), a sequence {g,,} of approximations is
generated such that {|o,, — 0|} decreases and a better approximation to the solution ¢" is obtained at every step. There
are numerous iterative approaches to solving (1). The most commonly used approach is the quadratically convergent
Newton’s method, which is provided by
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, -1
Ot = 0n—(#(00)) 9(0,,) n=0,1,23,.... )

where, g, , is the initial point.

The Newton method and the Newton-like method are well-known iterative techniques for solving nonlinear
equations. These techniques quickly converge from any sufficient initial guess. If you can see in the literature,
Kantorovich [1] and Rall [2] established the convergence analysis of Newton’s technique in a Banach space. Many
researchers discussed three types of convergence analysis to prove the convergence of iterative methods those are semi-
local convergence, local-convergence, global convergence. Several researchers have generalized and produced local
and semilocal convergence analyses of the Newton method Equation (2) under various conditions i.e., lipschitz, Holder,
and w continuity conditions. Various researchers examined the local convergence analysis of several Chebyshev-Halley
type schemes, including improved Chebyshev-Halley type methods. In a Banach space, the study of local convergence
of iterative methods of higher order can be analyzed under various continuity assumptions. Semilocal convergence
of continuation method between chebyshev and Halley method under different continuity conditions discussed in [3-
5]. The local convergence of iterative methods of higher order mentioned in [6-12]. In an iterative method the radii of
convergence ball plays an important role because choosing initial guess for iterative method is not so easy. The global
convergence is of many methods discussed in [13, 14].

Inspired by ongoing research, we design the four-step sixth and seventh order continuation method between
Halley and super-Halley for solving non linear equations and discuss the local-convergence under Lipschitz continuity
condition. This manuscript divided into four sections.

In section 1, Introduction formed. In Section 2, we present a new continuation approach for solving the nonlinear
equation (1) and demonstrate convergence theory of the proposed method. Several numerical examples are examined in
Section 3 to validate the theoretical results. lastly, the concluding observations discussed in Section 4.

2. Local convergence

This section describes the local convergence analysis of the proposed iterative method. Consider the proposed
family of iterative methods as follows,

S = Oun — 9000920 -

o = o= (P10, 006,.)) (01,,)~2006,.,))

-1 -1

(e (0o -0t6.)) (9100 -2006.,0) )|

9000 (900 (3)
wa,n = Ta,n - {Z)(Ta’n )(Qa,n - Ta,n )(ga,n - ga,n )2 (ga,n - z-az,n)

(A(0(0,,) + Bo(c,,) +Co(z, )+ De'(e,,)) s

Gurs = B~ 9@, ) (00, -

Theorem 1 Let L,>0,L>0,M>0,a € Sand ¢ : Q < R — R be the given parameters and differentiable function
respectively. Suppose, there exists o* € Q such that the following holds true for every g, ¢ € Q:

* #\~1
p(0)=0, ¢'(0") €L(S.S), )
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«\~1 * *
#(e) G-t fo-c], ©)

(o) @o-o

<Llo-gl, @)

#(7) @

<M, ()
U',rcQ, ©)

where r is given by » = min{r,, r,, 74, 5}. Then by using the method (3) for g,, € U(o", r) | {o"} the sequence {g,,} is
well defined, remains in U(Q*, r)foreachn =0, 1, 2, 3, ... converges to ¢". In addition, the following estimates hold true.

)
)

|wa,n —@*| < g (|9a,n —@*|)

Sun = 0| < &1 ([0 =0 ) 0 = 0| <[00 €| <7 (10)

T =0 <& (|00n =0 own €| < [0 —0'| <7 (11

0un=0'| <|og. 0| <, (12)

O =0 € 215 (|00 = ') 0 = €' <[00 = 0| <7, (13)

. . 2 - -
where the g functions are defined above. Furthermore, there exist R € {r,L—J such that U(o", r) < Q, then the limit
- 0
point ¢ is the only solution of (1) in U(g", r).

Proof. Let, ¢ : Q < R — R be a differentiable function. Suppose ¢" is the solution that belongs to the domain Q.
That is " € Q. 0, is the initial-point in the domain Q. From the condition (6)

‘(o’(g* ) (@@ -9

<L, |Q_Q*|~
and, 0,, € Q, we get

() @)@ < Lo o (14)

For |Qa,0 —g*| < LLO’ gives

x\~1 *
P (e) e -ve)<t
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<1,

P (0) e -oe)

‘co’(a* ) Pl -o'(c) o] <1

and,

o =\
‘1—40(9) 0'(0,0)| <1 (15)

o o\
1=0(e') " pe.)|<1. (16)

Then, (gz)’(ga,o))f1 exists, and
' -1 _r * 1
(@) @'(¥) |=—F— 17)
1-Ly|o,0—0

From the first step of the method (3), for n = 0, we get
S0 =0 =040 =0 ~(@'(0,0))” 9(040)
= (00 =0 = (9'(0,.0)) " 9040
= (00 =) (000 ) 0'(200) |- (9'(000)) ' P(04 ).

From this, we get

60— = ‘((p'(@a,o))'lfo1 [0 +0(0,0—0" N~ 9'(0,0) |dO00, —9*)‘

<|(@' (00 9'(@")]|(000 — ") (18)
Jo@ @ [0@ + 00,0~ N =e,) 40, (19)
Hence,
. 12
. Li(ez0—0)
Cuo =0 | S ; (20)
2(1 -1, (Qa,O -0 )|)
This gives,
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Su0—0'| <& ([(euo—0]) < 1)
For n = 0, we conclude that, ¢,, € U(o", ), where

Lt

& () :2(1——L0t)'

(22)

0

then, 4,(¢) = g,(¢) — 1, with A,(0) = —1, hl[LLJ — 0. According to the Intermediate Value Theorem (IVT), 4, has the

smallest zero 7, in the interval (0, 1/L,). The result is 0 < r, < 7 and 0 < g,(r) < 1Vt € (0, r;). Now, consider second

step of method (3) for n =0, ’

B P(040) f(-a) P(04,0) = P(S40) 40,(9,1,0) . 23)
’ ’ P(0,0) = (S0 0) P(04.0) = 290(540) ) | 9 (Qa0)

We get,

1-PT|= ‘((o'(g*))_l (a0 =) 90200 —0")

~(2@)) (200-0") @2ue)~9(500)

1

) |(Qa,0 -0 b

0eo 0| [ 0a6

Qa,O _Q*|

*

)

*

Op0 — 0O

)

+Mg, (|Qa,o —0

<L, |9a,0 _Q*|%+Mg1 ( Qa0 _Q*|) Qa0 -0
S -
:%+Mgl(t)t

=& (t)

<g(r)
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Hence, we get

(0@) " oicu)|= M0 =0'| < M (0 = oo 2T 24)
where,
(0 =2+ Mg 1 (25)
(0(000) - P50l 90 € . (26)
Qg0 ~0 |(1_gz |Qa,o -0 |)
‘(co’(@"))_1 20(6,0)| < 2M |50~ 0| <2Mg, (|00 — ') [ous — 0] 27)
and
g, :%+2Mgl (0. (28)
(0(00) 2060 ) 00| € . 29)
000 —0"|(1- 2 |ou0 <)

B b . N (1—a)[ (0,0) = P(50) || P(20)
9 “0 P(04.0)— 2(S,0) P(00.0) = 20(S00) ) | #'(000)

*
[rea=e']=

(Cao =0~ a[—m)“‘()) J
’ P(0,0) = P(Sa0)

+(1 _ 0!) q’(ga,o) - ¢(Ga,0) (0(9(1,0)
P(040) = 20(500) ) | #'(000)

=|1+||a| M
l1-g,

el
000 0| 1-g 0,0 0|

M -
—]Iea,o d

=Ly feao <)
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= &4 (|owo —0'[)] w0 0"
<|ews-e’]
<r
Since |r,, — 0" <7, so forn=0, and 7, € U(o", r), where
M 1-g,(t M
gty =1+ L2M g M(L”J M (30)
1-g,(1) 1-g;(1) ) J1- Lyt

then, %,(¢) = g,(¢) — 1, with 4,(0) =, hy(r,) > 0. According to the Intermediate Value Theorem, /, has the smallest zero 7,
in the interval (0, 7). The result is 0 <r <r,<r, and 0 < g,(t) < 1Vt € (0, ;). From step three of the method (3),

(Qa,n _Ta,n )(Qa,n _ga,n )2 (ga,n _Ta,n)

—r , 31
Tan = Fen =P Cen) o V5 Bolg,,)+ Cole,, )+ Dol(a, ) Gh
) 0(0,) 0(0,0)~0(c,0) V] 0(0.0)]
|00 = Tuo| = | | =——2L—|+(1-0) ,
0(0,.0) = P(Sp0) 0(0,.0)—29¢(5,0) w(ga,o)\
_ N »
[ 7 S— +|1—05|M—g1(ga’0 Q*)
(1—g2 Qa0 ~0 ) 1—g3(|9a,o—9 )
1 *
—Mlo,—0
I_LO(Qa,O_Q ) ' |
= & (|0~
<gs (r)
<1,
where
1 I-g,(®) Mt
)= M—+|1-alM 1 ) 32
sO= |l gy [l—ga(t)ﬂl—Lo(t) 42

1000 =] =|(@' (000 ) ' 2l0,.0)]
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:ge(Qa,o_Q

< g (r)
<1, (33)
where,
Mt
1) = . 34
g(0) 1-L,(0) (34)
, _ ?(0,)
[0 = Tuo| =| (@' (000 ) 0(00 )| | ————
0(0,.0)—P(S,0)
H(-a) P20) = Pan) |,
0(0,.0)—2¢(5,0)
Mo, o—0" 1-g (|00 -0
= | 0 |* |C{|M *+|1—a|M 1( 0 *)+1
1=L|050 —0 | 1-85|000 —0 l—gs(@a,o—g )
=& (Jouo <)
<g;(r)
<1,
where
Mt 1- t
2. () = {|a|M +1-al ML()H}. (35)
1-Lyt 1-g,(1) 1-g5(2)
¢(Qa,0)

3000 =264, ~ Ta,0| =

|

(9'(04.0) (040 )0{

+(1- a)(

0(04.0) = (S p0)

J

¢(Qa,0) - (o(ga,O)
P(0,0)=2¢(5, )
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where

00+ 2600 = 374.0| <|(@(00.0)) " 9(0,.0)

Contemporary Mathematics

1=, [0 -
= s(|e.o-2)
< gs(r)
<1,
Mt 1 1-g,(1)
g (t):—{|a|M +|1-al M—+2}. (36)
Ly 1-g,(1) 1-g,(0)

[2+3 la| ‘((0'(9*))71 P(0.0)

@le) -0 (o) |

‘rp’(g*)(w(ga,o)—(p(ga,o))fl‘+3

- a|‘(¢‘(9a,o)_ 20(6.0)) 90 )H

_ 1 _y v
-1, Qa,o—9*|M o8 |{2+3(ZM(1g2 Qa,o—@*|)+
Al1—a Ml—gl(ga,o—Q:D
1_g3(|9a,0_9 |)
=& (eco =)
=g9(t)
<g(r)
<1,
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where

25(1) = +3|1—ale+z}. (37)

{ lal M
1-Lyt 1-g,() 1-g5(1)

|A| = |(ga,0 “Ta0 )2 (3Qa,0 - Zga,o - Ta’0)|

< (g(0)* (g5(1))
=810(0)s
where
£10(1) = (g,(0))* (g5 (1)), (38)
where
211(0) = (g5(0))* g, (). (39)
212 (1) = (g;(1)) g5(1) g4 (1) (40)

* * 2
wa,O -0 = Ta,O -0 _go(z-a,o)(ga,O _‘[a,O)(Qa,O _ga,O) (ga,O _Ta,O)

-1

(A(@(040)+ BP(S,0)+ Co7, 0)+ Dp'(0,0))

Ly (1)

g13(t):Tgw(t)+(gs(t))3Mg1(t)t+g11(t)Mg4(t)+g12(t)M. (41)
- " 1
(00,0 Botc, )+ Cote, )+ Do'(e, ) o'te)| s —— s “2)
Qg0 —0 (1_813 Qg0 —0 )

* * 2
Ty,o—0 | =1T00=0 =T, 00000 = T0.0) 000 =Su0) (Sao — Ta,0)|

(4t0t0,.0)+ Bots, )+ Cotz, )+ Dp'(e, ) |

*

Qa,() _49

i

o —9*|)(g6 (

<2, (Jewo =) evo —@*|[1+g5 (

*

) M
oo ='|(1=20 oo =)

&7 (|Qa,o —0
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*

X

= 2is(|eca =)

<

%ﬂ—5|

<r.

2 1
t)= 1+ t M —|. 43
811 (1) = g,( ){ 8s( )(gs) g;(t) t(l—g13(t))} (43)
then, &,,(t) = g,4(t) — 1, with h,,(0) = —1, h4(r,) > 0. Then we say that the function /,, have smallest zero r, in the
interval (0, r,) by the intermediate value theorem . Then we get 0 <r <r, <r,<r; and 0 < g,,(¢t) <1Vt € (0, r)

* * q)(wa,o)
|x1 -0 |: Tyo—0 ——
4 (Qa,o)
. |o@@,
S|wa’0—g + qof ’0)
4 (Qa,o)

<8, (|Qa,o _Q*|) Qa0 —Q*| 1+M+m
= 215 (|on0 —0']) oro — 0’|
<fena <]
<r,
where
gls(f)=g14(f){1+M1_L0(1)}~ (44)

then, &,5(¢) = g,5(t) — 1, with /,5(0) = —1, A 5(r,,) > 0. According to the Intermediate Value Theorem, 4,5 has the smallest
zero 75 in the interval (0, 1/L,). The resultis 0 <rs<r, <r,<r,and 0 < g,5(t) < 1Vt € (0, ). This conclude that for n =0,
and x, € U(o", r).

Now, we will prove the uniqueness part.

Suppose, there is another solution ¢". Since, ¢" is a solution, that implies ¢(¢*) = 0. Let ¢* € U(g", r), that implies |o*
—¢|<r,and¢"# 0"

Let us consider
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1 * ® *
T=[ ¢ +0(" ~¢")do

=0(0)-p(s)
—0-0
~0.

But 7 can never be equal to 0, which contradicts our hypothesis. That implies ¢* = ¢".

3. Numerical examples

In this section, numerical examples are provided to illustrate the effectiveness of the method and analysis under

consideration. All numerical examples were executed by Mathematica 11.3.
Example 1 Let « =R, Q =[—1, 1], o* = 0 and ¢ be the function defined on Q by ¢(p) = sin().
Fora=0.75, we get L,=1, L =1, M = 1. Then, by using the “g” functions, we obtain r, = 0.666667, r, = 0.569514,

r, = 0.568376, r ;s =0.249122. This gives, r = min(r,, 7y, 4, 1s) = 0.249122.

Table 1. Radius of convergence for a = 0.75

a r 7y T ris 7 =min(ry, 7y, Figs 75)

0.75 0.666667 0.569514 0.568376 0.249122 0.249122

Therefore, from Table 1 we can assure the convergence of the proposed strategy with a = 0.75 by using the

Theorem 1.
Example 2 Let k=R, Q=[—1, 1], 0" = 0 and ¢ be the function defined on Q by ¢p(¢) = ¢’ — 1.
Then, for a = 0.125, we get L,=¢ — 1, L = e, M = e. Then, by using the “g” functions, we get r, = 0.382692, r, =

0.366058, r, = 0.0883582, ;s = 0.0874554. Hence, we get r = min(ry, ry, 14, 1'5) = 0.0874554.

Table 2. Radius of convergence for a = 0.125

a r Ty an s 7 =min(ry, 7y, Figs 7s)

0.125 0.382692 0.3660588 0.0883582 0.0874554 0.0874554

Therefore, from Table 2 we can assure the convergence of the proposed strategy with a = 0.125 by using the

Theorem 1.
Example 3 Let, X =Y = R. Define ¢ on Q =[1, 3] by

2 3
p(0) = g@z -o0.
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9
Then, ¢" = e 9'(0") ' =2, Ly=L =1 and, a = 0.9870. Then, by using the “g” functions, we obtain r, = 0.666667,
ry=0.457978, r\, = 0.0846284, r,; = 0.0839528. hence, we get r = min(r,, r,, 14, 715) = 0.0839528.

Table 3. Radius of convergence for a = 0.0987

a r Ty an s 7= min(ry, 7y, P, Fis)

0.09870 0.666667 0.457978 0.0846284 0.0839528 0.0839528

Therefore, from Table 3 we can assure the convergence of the proposed strategy with with o = 0.9870 by using the
Theorem 1. .
Example 4 Let ¢ be a function defined on X =Y =R, Q = ¥(0, 1) by

clg3lng2 +C2,Q5 +c3g4, 0#0
p(0) =
0, 0=0,

where ¢, # 0, ¢,, ¢, are the real parameters. Then, we have
¢'(0) =3¢,0°In0” +5¢,0" +4c30” +2¢,0%,

@"(0) = 6¢,0lng> +20c,0° +12¢,0% +10c, 0,
and
@" (V) = 6¢,Ing” +60c,0” +24c,0+22¢,0.
Also, we have
L=1,=146.6629073, M =101.5578008.

Choose a = 0.00006.

Then, by using the ““g” function, we obtain r, = 0.00454557, r, = 0.00454546, r,, = 0.0000147588, r s =
0.00000147587.

Thus, we get r = min(r,, ry, 4, 15) = 0.00000147587.

Table 4. Radius of convergence for a = 0.00006

a r 7y an s 7 =min(ry, 7y, Figs 75)

0.00006 0.00454557 0.00454546 0.0000147588 0.00000147587 0.00000147587

Therefore, from Table 4 we can assure the convergence of the proposed strategy with o = 0.00006 by using the
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Theorem 1.
Example 5 (Continuous Stirred Tank Reactor (CSTR))
Let us consider the isothermal CSTR.
A = Component fed to the reactor at the rate Q.
R = Component fed to the reactor at the rate ¢-Q.
Then we obtain the following reaction schemes in the reactor
A+R— B
B+R—C
C+R—D
D+R—E
Douglas designed the simple expression for transferring function of the reactor

2.98(0 +2.25)

=— 4
Pe (0+1.45)(0+2.85)* (0 +4.35) (42)

Where,

p. = The gain of the proportional controller.

The control system is stable for values of p,. that yields roots of the transfer function having negative real part. We
will get poles of the open-loop transfer function as the roots of the non-linear equation if we will choose p, = 0.

The non-linear equation is

@(0) = 0" +11.500° +47.490” +83.063250 +51.23266875 (46)

The function has 4 approximate roots ¢* = —1.45, —2.85, —2.28, —4.35. We are choosing —4.35 as the approximate
root.
Let us consider, Q = [-4.5, —4]. Then, we obtain L = L, = 2.760568793, M = 2.

Table 5. Radius of convergence for o = 0.3

4 r Ty an s r=min(ry, iy, P, Fis)

0.3 0.241496 0.228665 0.228298 0.228297 0.228297

Therefore, from Table 5 we can assure the convergence of the proposed strategy with o = 0.3 by using the Theorem

Example 6 In the study of the multi-factor effect, the trajectory of an electron in the air gap between two parallel
plates is given by:

o(s)=g, + (AO + eﬂ sin(ws, + ,u)j (s—sp)+ eiz(cos(a)s + 1)) +sin(ws, + 1)) (47)
me m(w)

Where,

m = Mass of the electron at rest.

e = Charge of the electron at rest.

0, = Position of the electron at time s,,.

Ao = Velocity of the electron at time s,

E, sin(ws + 1) = Radio Frequency (RF) electric field between the plates.
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We choose the particulars parameters in the expression (47) in order to get the simpler form which is defined as

cos(p) 7
=0——F+— (48)
p(o)=0 > '3
The required root of the function is ¢* = —0.30909327154179.
Then we have L, = 1.5235420095,
L =1.523542095,
M =1.523542095.
Choose a = 0.3, then by using the “g” function, we obtain
Table 6. Radius of convergence for & = 0.3 and 0.5
a r Ty T4 s 7 =min(ry, 7y, Figs 7s)
0.3 0.437577 0.39003 0.388295 0.388294 0.388294
0.5 0.437577 0.381151 0.380218 0.126173 0.126173

Therefore, from Table 6 we can assure the convergence of the proposed strategy with @ = 0.3, a = 0.5 by using the
Theorem 1.

Example 7 (Kepler Equation)
Consider the Kepler equation /: D < R — R defined by

f(@)=ho—4sin(o)~ 4, (49)
where, 4, =1, 0 < 4, <=, and 0 < 4, < z.The parameters involve for evaluating the radius of convergence ball are given
byL=L,= #* . So using theorem 1 we have different radii of convergence.

|4 =2, cos(e")|

Table 7. Radius of convergence for a = 0.5

A A A o* 7 7y i s r=min(ry, ry, Fig 1ys)
1 0.4 0.2 0.329386 2.07168 1.18804 1.17822 0.302895 0.302895
1 0.5 0.3 0.569682 1.28569 0.725293 0.265648 0.261504 0.261504
1 0.6 0.4 0.851271 1.00674 0.752373 0.711516 0.708659 0.708659
1 0.7 0.5 1.134395 0.938831 0.676173 0.675523 0.672947 0.672947
1 0.8 0.6 1.386444 0.948169 0.660695 0.236703 0.233603 0.233603

Therefore, from Table 7 we can assure the convergence of the proposed strategy with o = 0.5 by using the Theorem
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Example 8 Let us consider a non-linear equation which is defined as, ¢ : Q € R — R by

3 2
o0 o S0 1
==t 50
»(0) et e 613 (50)

The required approximate root of the above equation is ¢ = 0.46259 and ¢'(¢") = 0.572135. Then we get, L, =

0.45653, L = 0.42385. So by using theorem 1 we have different radii of convergence

Table 8. Radius of convergence for . = 0.5

a r Ty an s r=min(ry, s P, Fis)

0.5 1.49599 0.95156 0.94551 0.272882 0.272882

Therefore, from Table 8 we can assure the convergence of the proposed strategy with o = 0.5 by using the Theorem

4. Conclusion

In this research work, we present the local convergence analysis of the of sixth and seventh order derivative free

continuation method. Our proposed work will be described only if the first-order fréchet derivative meets the Lipschitz
continuity assumption. We have presented the existence and uniqueness for the proposed method given by convergence
ball. To check the efficacy of theoretical analysis several numerical examples were carried out.
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