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Abstract: Vaccination programs aimed at preventing the spread of the coronavirus appear to have a significant 
global impact. In this research, we have investigated a mathematical model projecting COVID-19 disease spread 
by considering five groups of individuals viz. vulnerable, exposed, infected, unreported, recovered, and vaccinated. 
Looking at the current abnormal pattern of the virus spread in the projected model, we have implemented the fractional 
derivative in the Mittag-Leffler context. Using the existing theory of the fractional derivative, we have examined the 
theoretical aspects such as the existence and uniqueness of the solutions, the existence and stability of the disease-free 
and endemic equilibrium points, and the global stability of the disease-free equilibrium point. In computing the basic 
reproduction number, we have analyzed that the existence and stability of points of equilibrium are dependent on this 
number. The sensitivity of the basic reproduction number is also examined. The importance of the vaccination drive is 
highlighted by relating it to the basic reproduction number. Finally, we have presented the simulation of the numerical 
results by capturing the profile of each group under the influence of the fractional derivative and investigated the 
impact of vaccination rate and contact rate in controlling the disease by applying the Adams-Bashforth-Moultan (ABM) 
method. The present research study demonstrates the importance of the vaccination campaign and the curb on individual 
contact by featuring a novel fractional operator in the projected model and capturing the corresponding consequence.

Keywords: susceptible-exposed-infectious-recovered (SEIR) model, COVID-19, vaccination, Caputo fractional 
derivative, ABM method
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1. Introduction
One of the greatest life-changing events of our time is the COVID-19 outbreak, which resulted from the SARS-

CoV-2, a contemporary coronavirus. This virus, on the other hand, has a long history stretching back more than six 
decades. In 1965, the first human coronavirus was found. Later that decade, scientists found a collection of human 
and animal viruses that they dubbed “crown viruses” because of their crown-like appearance. Discovered in 2002 
in southern China for the first time, SARS quickly spread to 28 other countries. Another class of coronavirus, first 
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discovered in Saudi Arabia in 2012, was the Middle East respiratory syndrome (MERS) [1]. While less infectious than 
SARS, the coronavirus is more deadly, having killed 858 people. It has the same respiratory symptoms as a common 
cold, but it also has the potential to cause kidney failure. On December 31, 2019, the World Health Organization 
(WHO) discovered a new strain of this virus, COVID-19, after analyzing a cluster of cases of “viral pneumonia” in 
Wuhan, People’s Republic of China. According to scientists, SARS-CoV-2, believed to have emerged in bats, was 
discovered in one of Wuhan’s open-air “wet markets” It causes colds, dry coughs, and breathing difficulties in people. 
Approximately, 15% become critically ill, needing intensive treatment, and 5% become severely ill, requiring oxygen. 
In rare cases, children can develop a severe inflammatory syndrome a few weeks after infection [2-4]. The spread of 
this illness has changed the livelihood of humankind. Two years ago, none of us would have predicted that masks, 
social distancing, working from home, and online education would become a part of our daily lives. However, this 
seems to be the new standard. The virus that causes COVID-19, SARS-CoV-2, develops like all viruses. When a virus 
replicates or repeats itself, it may change significantly, as viruses do. Mutations are the scientific term for these changes. 
When a virus is widely dispersed in a population and causes repeated illnesses, its risk of mutation increases. As the 
COVID-19 epidemic sweeps the globe, WHO and its partners are scrambling to find and deploy safe and effective 
vaccinations. The vaccine is a crucial new weapon in the fight against COVID-19, and the very encouraging fact is 
that so many are being produced and have been demonstrated to be effective. Scientists from all across the world are 
scrambling to develop studies, treatments, and vaccines that will save lives and bring the pandemic to an end as soon as 
possible. As of February 18, 2021, at least seven different vaccines, including Sputnik V, Covishield, Covaxin, Pfizer-
BioNTech, Johnson & Johnson’s Janssen, Moderna, and others, had been tested in countries across three networks [5-
7]. Vaccination for vulnerable populations is prioritized in all countries. At the same time, more than 200 other vaccine 
candidates are being developed, but only 60 of them are now in clinical trials [8, 9]. Safe and efficient vaccination is the 
only way to eradicate this pandemic from the world. As per the WHO report as of April 21, 2021, among the world’s 
total population of 7,845,261,000, the COVID-19 infection data is listed as follows: confirmed cases: 143,123,631, 
total deaths: 3,045,018, total recovery cases: 82,117,879; total population vaccinated: 207,978,809 [5]. Whereas as of 
September 24, 2021, around the world, including 4,724,876 deaths, there had been 230,418,451 confirmed cases of 
COVID-19. A total of 5,874,934,542 vaccine doses have been provided as of September 22, 2021 [5]. We can clearly 
notice the rapid vaccination drive within a span of five months.

Although fractional differentiation is 323 years old, the notion has received a lot of attention and consideration in 
the last 55 years, specifically in 1967, when it was first modified as part of the Caputo investigation [10]. In recent years, 
we have noticed rigorous applications of fractional calculus in various fields to model numerous real-world phenomena 
[11]. Significant literature on these works can be found in [12-14]. Over the decades, Riemann-Liouville and Caputo 
fractional derivative (FD) received special attention from the research community. The Caputo FD has the advantage of 
allowing standard initial conditions to be incorporated into the model formulation [10]. Additionally, the derivative of 
a constant is zero under the Caputo FD. Although these FDs provide a lot of benefits, they aren’t appropriate for every 
case. The exponential functions are the eigenfunctions of the decay differential ordinary equations and also the generator 
of an evolution partial differential equation with a classical derivative [15].

The study of disease dynamics has remained one of the most popular themes for many scientific communities. 
Evolution in the area of fractional calculus has appeared as an added advantage in this process [16-24]. The Caputo, 
Riemann-Liouville, Grünwald Letnikov, and Jumarie fractional operators are a few among the FDs that have gained 
importance among researchers in evaluating disease dynamics. In [16, 17], authors have analyzed the dynamics of a 
fractional epidemiological model and obtained remarkable results. An interesting application of the fractional epidemic 
model is presented in [19], where the authors have applied it to a pest management system. A numerical analysis of 
the fractional order model of HIV-1 infection of CD4+ T-cells is performed in [20]. New numerical methods to solve 
fractional differential equations are presented in [21, 22]. Apart from these derivatives, the Atangana-Baleanu derivative 
[25, 26] is one of the derivatives that is attracting researchers to evaluate epidemiology. Applying Caputo-Fabrizio 
FD to the epidemiological model, many remarkable works have been delivered by researchers [27, 28]. In the works 
of Baleanu et al. [29], Kojabad et al. [30], and Qureshi et al. [31], fractional extensions of integer-order mathematical 
models have been proven to be more systematic while representing the natural facts about disease dynamics. At the time 
of the outbreak of novel coronaviruses, mathematicians have continuously worked on modeling and have come up with 
many effective mathematical models of integer and fractional order to simulate the transmission of coronaviruses [32-
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43]. In [35], authors have fitted a fractional stochastic model to study the COVID-19 spread in Egypt. In [38], authors 
have applied the fractional COVID-19 model to study the SARS transmission in China. Safare et al. [42] have applied 
nonsingular FD to analyze COVID-19 spread. Vellappandi et al. [43] have studied COVID-19 spread in Russia.

The effect of hysteresis is introduced to the biological model by [44] because certain live organisms’ defense 
mechanisms are triggered by it. The FD is a generalization of the integer-order derivative that has been demonstrated 
to be more effective in replicating real-world problems involving memory effects. The FDs are significant in analyzing 
the hysteresis effect since the past is seen as the source of the present. In [45, 46], the theory of fractional calculus is 
employed to examine the epidemic’s evolution. Previous experiences suggest that, during a disease like COVID-19, 
hygiene habits or social distance are defensive actions to limit the transmission of an infectious disease in humans. 
When a vaccine has a long-term memory impact, it causes the body to defend itself through immunological memory. 
As a result, employing classical differential equations to model the dynamics of the populations involved may be 
ineffective. FDs’ ability to capture heterogeneous and memory-based properties motivated us to incorporate fractional 
operators in the projected COVID-19 model. The main objective of this study is to observe the influence of memory 
impact in terms of social contact, vaccination, etc. on the spread and control of COVID-19. In this paper, we look at the 
impact of hysteresis on disease propagation by considering the effects of all prior states on present dynamical stages 
with the incorporation of the Caputo operator. We explore the evolution of COVID-19 in a population to demonstrate 
the potential of fractional differential equations in epidemiological processes. Whenever any virus infection erupts in the 
population, it never disappears completely. In some corners of the planet, a small number of individuals remain infected 
by this disease. This phenomenon of coexistence can be very well depicted by fractional calculus. In this connection, 
we use the Caputo fractional-order derivative to investigate the COVID-19 transmission model. As the COVID-19 
vaccines are launched all over the world, we intend to incorporate vaccination terms in the model and examine 
the numerical simulation of COVID-19 spread and the impact of vaccination on it. The influence of vaccination in 
controlling the disease is projected by computing the basic reproduction (BR) number. Since one of the measures to be 
taken in managing epidemics is to restrict contact among the population, we have investigated the role of contact rate 
in controlling the spread. Connecting the impact of vaccination with the BR number and analyzing the sensitivity of the 
BR number concerning the parameters is the specific contribution of this work. The numerical results obtained using the 
fractional Adams-Bashforth-Moultan (ABM) method are compatible with the Caputo FD [47-51].

2. Preliminaries
Here, we have used the Caputo FDs because they support the integer-order initial condition. In this section, we 

have presented certain theorems that have been applied to determine the theoretical results corresponding to the solution 
of the projected model.

Definition 2.1. [13] Suppose g(t) is k times continuously differentiable function. The FD of the order α for g(t) in 
the Caputo sense is

                                                                0
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where ( )Γ ⋅  refers to gamma function, a>t  and k is a positive integer with the property that k − 1 < α < k.
Lemma 2.2. [13] Consider the system

                                                                             0( ) ( , ), ,D v g vα = >t t t t t                                                                          (2)

choosing the initial condition as 0( ),v t  where 0 < α ≤ 1 and 0:[ , ) , .n ng ∞ ×Ω→ Ω∈ t  When ( , )g vt  holds the locally 
Lipchitz conditions concerning v, equation (2) has a unique solution on 0[ , ) .∞ ×Ωt  

Lemma 2.3. [52] We assume that g(t) is a continuous function on 0[ , )+∞t  satisfying

                                                                      0 0( ) ( ) , ( ) ,D g g g gα ξ≤ − + =t t t t
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where 0 0≥t  is the initial time, 20 1, 0,  ( , ) .α ξ< ≤ ≠ ∈   Then,

                                                                  0 0( ) ( ( ) ) [ ( ) ] .g g E α
α

ξ ξ
≤ − − − +t t t t

                                                              (3)

3. Model formulation
Mathematical modeling is regarded as a crucial tool for analyzing epidemic models and forecasting their 

futures by capturing their effects. The well-known susceptible-exposed-infectious-recovered (SEIR) model is used to 
illustrate the evolution of the fatal coronavirus in this study. Observing the present nature of infection among people, 
we have incorporated the unreported cases into the model. As vaccination is launched in various countries, seeking a 
more realistic model, we have included the equation representing the evolution of vaccination [53-55]. In the model 
formulation, we denote the total global human population size by N(t), which is classified further into five classes: 
exposed E(t), susceptible S(t), unreported U(t), infected I(t), and recovered R(t), at any time t, so that N(t) = S(t) + E(t) 
+ I(t) + U(t) + R(t). The vaccinated people are considered to be a non-vulnerable group of individuals and are denoted 
by V(t). The schematic diagram of the interaction is projected in Figure 1. The arrows indicate the amount of population 
moving from one category to another. It can be seen from the figure that a portion of the exposed population moves 
to the infected group, whereas the remaining portion remains unreported. The biological meaning of the parameters is 
mentioned in Table 1.
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Figure 1. Schematic diagram of interaction among various groups of population
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Table 1. Meaning of the symbols used in system (4)

Sχ n × N, n is the birth rate and N is the total population of world

Sρ Contact rate

Iϑ Disease transmission rate from I

Uϑ Disease transmission rate from U

Sλ Vaccination rate

ξE Rate of exposed population being infected

δ Natural death rate of humans

Iη Rate at which E progresses to I

Ir Recovery rate of infected population

Ur Recovery rate of unreported population

The assumptions of the projected COVID-19 model can be stated below:
1.	 Susceptible when contacted either by an infected or unreported group, they are exposed to the disease and, at 

the rate of 1 2( )( ),S I Uν φ φ+ +  move to the exposed compartment.
2.	 Exposed population joins the infected compartment at the rate of I E Eη ξ  and the unreported compartment at the 

rate of (1 ) .E I Eξ η−  
3.	 Both the infected and unreported populations join the recovery compartment at the rate of Ir I  and ,Ur US  

respectively.
4.	 Susceptible population gets vaccinated at the rate of .Sλ  
Based on the above assumptions, the interaction among these populations is presented through the following 

fractional evolutionary differential equations in the Caputo sense:

                                                                   

( ) ,
( ) ,

,
(1 ) ,

,
,

t S S I U

t S I U E

t I E I

t E I U

t I U

t

D S S I U S
D E S I U E E
D I E r I I

D U E r U U
D R r I r U R
D V S

α

α

α

α

α

α

χ ρ ϑ ϑ λ
ρ ϑ ϑ ξ δ
η ξ δ
ξ η δ

δ
λ

= − + −
= + − −
= − −
= − − −
= + −
=                                                              (4)

with S(t) > 0, E(t) > 0, I(t) > 0, U(t) > 0, R(t) > 0 and V (t) > 0, and where t0 is the initial time. All the parameters 
, , , , , , ,  nd, a  ,S S I U E I I Ur rχ ρ ϑ ϑ λ ξ δ η  are positive.

4. Existence of solutions
The existence, and uniqueness of the solutions of the proposed model (4) are established using the Banach fixed 

point theorem in this section. Even though there are no direct approaches for evaluating the exact solutions of the model 
due to its complexity and non-local behavior, the existence of the solution can be assured if certain conditions are met. 
Then, by (4)
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With Volterra type integral equation, we have
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Theorem 4.1. The kernel G1 holds the Lipschitz condition and contraction if 3 40 ( ( ) ) 1S I Uρ ϑ ϑ λ≤ + + <   holds 
true.

Proof. We shall consider the two functions S and S1 such as:
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Taking 1 3 4 ,S I S Uζ ρ ϑ ρ ϑ λ= + +   where 3|| ( ) ||I t ≤   and 4|| ( ) ||U t ≤   are bounded functions, implies that
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We have 1 2 3 4 5 ,|| ( ) || ,|| ( ) || ,|| ( ) || ,|| ( ) || ,|| ( ) ||S t E t I t U t R t≤ ≤ ≤ ≤ ≤      and 6|| ( ) ||V t ≤   are bounded functions and 
therefore, the Lipschitz condition is satisfied for G1 and if 3 40 1,S I S Uρ ϑ ρ ϑ λ≤ + + <   then it follows a contraction. 
Similarly, for the remaining cases it can be proved and represented as follows:
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Now, by system (6), the recursive form can be written as
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By applying norm on system (11) and then using equation (8), we have
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By using the above theorem, we prove the following results.
Theorem 4.2. The solution of the system of fractional differential equations (4) will exist and is unique, if we 

obtain some t0, such that

                                                                       
0

1 1, for 1,2,3,...,6.
( ) it iζ
α

< =
Γ

Proof. Let S(t), E(t), I(t), U(t), R(t), and V (t) be the bounded functions, which satisfy the Lipschitz condition. Now, 
by equation (12), we have

                                                                     

1, 0 1

2, 0 2

3, 0 3

4, 0 4

5, 0 5

6, 0 6

1|| ( ) || || ( ) || ,
( )
1|| ( ) || || ( ) || ,
( )
1|| ( ) || || ( ) || ,
( )
1|| ( ) || || ( ) || ,
( )
1|| ( ) || || ( ) || ,
( )
1|| ( ) || || ( ) || .
( )

[ ]

[ ]

[ ]

[ ]

[ ]

[ ]

n
i n

n
i n

n
i n

n
i n

n
i n

n
i n

t S t

t E t

t I t

t U t

t R t

t V t

ζ
α

ζ
α

ζ
α

ζ
α

ζ
α

ζ
α

ℵ ≤
Γ

ℵ ≤
Γ

ℵ ≤
Γ

ℵ ≤
Γ

ℵ ≤
Γ

ℵ ≤
Γ                                                                

(13)

Hence, both the existence and continuity are shown for the obtained solutions. To prove that the relation (13) is the 
solution for (4), we consider:

                                                                        

0 1

0 2

0 3

0 4

0 5

0 6

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ).

n n

n n

n n

n n

n n

n n

S t S t S t t

E t E t E t t

I t I t I t t

U t U t U t t

R t R t R t t

V t V t V t t

− = −

− = −

− = −

− = −

− = −

− = −

W

W

W

W

W

W
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Now, we set

                                                    

0

0

1
1 1 11

1
1 1 1

1 1

1 ( ) ( ( , ) ( , ))( )
( )
1 ( ) ( ( , ) ( , ))
( )
1 .
( )

t

nn t

t

nt

n

t S S dt

t S S d

S S t

α

α

ϑ ϑ ϑ ϑ
α

ϑ ϑ ϑ ϑ
α

ζ
α

−
−

−
−

−

− −=
Γ

≤ − −
Γ

≤ −
Γ

∫

∫

 

 

W

                                            
(14)

Continuing the same procedure, at t0, we get

                                                                         
1 10

1 1|| ( ) || .
( )

( )n n
n

tt Mζ
α

+ +≤
Γ

W
                                                                  (15)

From equation (15), we can see that as n tends to 1,|| ( ) ||n t∞ W  approach to 0 provided 0 1.
( )
t
α

<
Γ

 Similarly, it can be 

proved that all 2 3 4 5 6|| ( ) ||,|| ( ) ||,|| ( ) ||,|| ( ) ||,|| ( ) ||n n n n nt t t t tW W W W W  tends to 0. We prove uniqueness on contrary, if there 
exists other set of solutions S*(t), E*(t), I*(t), U*(t), R*(t), and V *(t).

Then,

                                                           0

* *
1 1  1( ) ( ) ( ( , ) ( , )) .

( )
t

t
S t S t S S dϑ ϑ ϑ

α
− = −

Γ ∫  

By employing the norm, the above equation becomes

                                                     

0

* *
1 1

*
1  

1|| ( ) ( ) ||  || ( ( , ) ( , )) ||
( )

1 || ( ) ( ) || .
( )

t

t
S t S t S S d

t S t S t

ϑ ϑ ϑ
α

ζ
α

− = −
Γ

≤ −
Γ

∫  

                                              
(16)

On simplification

                                                                      
*

1 0
11 0.( ) ( )
( )

( )tS t S t ζ
α

− ≤−
Γ

Since

                                                                                 
1

11 0,
( )

( )tζ
α

− ≥
Γ                                                                            

(17)

from the above inequality, it is clear that S(t) − S*(t) = 0. Hence, the equation (17) proves the required result.

5. Equilibrium analysis
In this section, we analyze the disease-free equilibrium and endemic equilibrium states of the system (4). Since 

the sixth equation of system (4) is a part of the susceptible population, we have not considered this equation of system 
(4) when computing the equilibrium point. The BR number and its sensitivity are examined. To find the points of 
equilibrium, from equation (4), we consider
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( ) 0,
( ) 0,

0,
(1 ) 0,

 0.

S S I U

S I U E

I E I

E I U

I U

S I U S
S I U E E

E r I I
E r U U

r I r U R

χ ρ ϑ ϑ λ
ρ ϑ ϑ ξ δ
η ξ δ
ξ η δ

δ

− + − =
+ − − =

− − =
− − − =

+ − =                                                                (18)

If all the eigenvalues , 1, 2,...,i i βΘ =  of the Jacobian matrix J(E), E being the point of equilibrium, satisfy the condition

                                                     
| ( ( ( ))) |   | ( ) | , 1, 2,..., ,

2iarg eig J E arg iαπ β= Θ > =
                                                 (19)

then the E is a stable point of equilibrium. To evaluate the eigenvalues, we solve the characteristic equation 
| ( ) | 0.iJ E I−Θ =

Lemma 5.1. [56] Define the following characteristic equation

                                                              
1 2

1 2( ) ... 0.P A A Aβ β β
β

− −Θ = Θ + Θ + Θ + + =                                                       (20)

All the roots of the characteristic equation (20) satisfy the equation (19) if
1.	 For β = 1, the condition is A1 > 0.

2.	 For β = 2, the conditions are A1 > 0, 4A2 > A2
1, 

2
2 11

1

4
| tan |  .

2
A A
A

απ− −
>

 

3.	 For β = 3, if the discriminant of the polynomial P(Θ) is positive, then necessary and sufficient conditions to 
satisfy the equation (19) are

                                                 A1 > 0, A2 > 0, A1A2 > A3.

If the discriminant of the polynomial P(Θ) is negative, then necessary and sufficient conditions to satisfy the 
equation (19) are

                                                A1 > 0, A2 > 0, A1A2 = A3.

4.	 For general β, Aβ > 0 is the necessary condition for equation (19) to be satisfied.

5.1 BR number

On solving the system (18), we obtain the disease-free equilibrium (DFE) point 0 ( ,0,0,0,0) ( ,0,0,0,0).sE S χ
λ

= =  

DFE point is 0 ( ,0,0,0,0).SE χ
λ

=  We compute the BR number by evaluating the next-generation matrix. To compute 

BR number R0, we consider

                                                                             ( ( )) ( ) ( ),tD t F t V tα ∆ = −                                                                        (21)

where

                                           ( )
( ) 0

0

S I US I U
F t

ρ ϑ ϑ +
 =  
 
 

 
( )

and ( ) .
1

E

I I E

U I E

E E
V t I Ir E

U Ur E

δ ξ
δ η ξ

δ η ξ

+ 
 = + − 
 + − −  

At DFE E0, the Jacobian matrix of F(t) and G(t) are given as
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( )

( )( )
( )
( )( ) ( ) ( )1

0 0 0
0 0 0  and 0 .
0 0 0 1 0

1

0 0 0
0 0 0

S I S S U S

E

F V I E I

I E U

I E S U SI E S I S S I S S U S

I E U E I U
F V

J J r
r

r r r r
J J

ρ ϑ χ ρ ϑ χ
δ ξλ
η ξ δ

η ξ δ

η ξ ρ ϑ χη ξ ρ ϑ χ ρ ϑ χ ρ ϑ χ
λ δ δ ξ λ δ δ ξ λ δ λ δ−

 
 
 =  
  

 
  + Υ   = = − +   
   − +   
 

−
−



+



+ + + + +

                         

is the next generation matrix and the BR number is

                                                         

( ) ( )( )
( )( )( )0

(1 )
.E S S I I U I U I

E I U

r r
R

r r
ξ ρ χ η ϑ δ η ϑ δ

λ ξ δ δ δ

+ + − +
=

+ + +                                                    
(22)

5.2 Stability of DFE

Theorem 5.2. The DFE E0 of the proposed fractional-order COVID-19 model (4) is locally asymptotically stable if 
R0 < 1 and is unstable if R0 > 1.

Proof. The Jacobian matrix at E0 is

                                                   

( )

0

0 0

0 0
( ) .

0 0 0

0 1 0 0

0 0

S I S S U S

S I S S U S
E

j E I

j E U

I U

J E
r

r

r r

ρ ϑ χ ρ ϑ χ
λ

λ λ
ρ ϑ χ ρ ϑ χ

δ ξ
λ λ

η ξ δ

η ξ δ

δ

 − − − 
 
 − − 

=  
− − 

 − − − 
 − 

Thus, the DFE E0 is locally asymptotically stable if all the eigenvalues , 1, 2, ,5,i iΘ =   of the Jacobian matrix J(E0) 
admits

                                                       0| ( ( ( ))) |   | ( ) | , 1, 2, ,5.
2iarg eig J E arg iαπ

= Θ > = 

                                               (23)

The characteristic equation is

                                                           3 2
1 2 3( )( )( ) 0.A A Aδ λ+Θ +Θ Θ + Θ + Θ+ =

This yields 1 20, 0,δ λΘ = − < Θ = − <  and

                                                                           3 2
1 2 3 0,A A AΘ + Θ + Θ+ =                                                                      (24)

where 1 3 0,E I UA r rξ δ= + + + >
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                ( )( )( )

2
2

3 02

1 (2 ( ) 3 2 2 0,
1 (1 ).

E E I E I s s U I E U E S S U I I U U

E I U

A r r r r r r

A R
r r

δλξ λξ ξ η ρ χ ϑ ϑ λξ ξ ρ χ ϑ δ λ δλ λ δλ
λ

λ ξ δ δ δ

= + + − + − + + + + >

= −
+ + +

Clearly, A1 > 0, A2 > 0. We have A3 > 0 if R0 < 1. This concludes that DFE point E0 is stable if R0 < 1.

5.3 Existence and stability of endemic equilibrium point

The endemic equilibrium point is E* = (S*, E*, I*, U*, R*), where

                                               

( )( )( )
( ) ( )( ) ( )( )

*

0
*

* 0

*
* 0

*
* 0

*
* 0

,

( 1) ,

( 1) ,
( )( )

(1 ) ( 1) ,
( )( )

( (1 )) ( 1) .
( )( )

E I U S

E S I I U U I U I

E

I E

I E

E I

U E

I E U E I

U E

r r
S

Rr r r
R SE

R SI
r

R SU
r

r R SR
r

ξ δ δ δ χ
λξ ρ η ϑ δ ϑ δ ϑ δ

λ
ξ δ

η ξ λ
δ ξ δ

ξ η λ
δ ξ δ

η ξ ξ η λ
δ ξ δ

+ + +
= =

+ − + + +
−

=
+

−
=

+ +
− −

=
+ +
+ − −

=
+ +

Endemic equilibrium point exists if R0 > 1.
Theorem 5.3. The endemic equilibrium E* of the proposed fractional-order model (4) is locally asymptotically

stable if R0 > 1 and unstable otherwise.
Proof. The Jacobian matrix at E* is

                                              

( )

0
0 0

0*
0 0

0 0

( 1) 0
( ) .

0 0 0
0 1 0 0
0 0

S I S S U S

S I S S U S
E

I E I

I E U

I U

R
R R

R
R RJ E

r
r

r r

ρ ϑ χ ρ ϑ χ
λ

λ λ
ρ ϑ χ ρ ϑ χ

λ δ ξ
λ λ

η ξ δ
η ξ δ

δ

 − − − 
 
 

− − − 
=  
 − −
 

− − − 
 − 

The characteristic polynomial is

                                                               4 3 2
1 2 3 4( )( ) 0,B B B Bδ +Θ + Θ + Θ + Θ + Θ =                                                         (25)

where

                         

( )

( ) ( )

( ) ( )
( )( )

1 0

2
2 0 0

0 0
0

3 1 ,

2 1 3 3 2 1

     1 2 3 1 ,

E I U

E E I E E U E I I I I U

E s s j I U U
U U U

B r r R

B r r R r r R r r r

R r r r R
R

ξ δ λ λ

δξ ξ λξ ξ λ ξ δ δλ δ λ λ
ξ ρ χ η ϑ ϑ ϑ

λ δ λ δλ
λ

= + + + + + −

= + + + + − + + + + + − +
− +

+ − + + + − −
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( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )( ) ( )( )

2
3 0 0

3 2 2
0 0 0

2 2
0 0

0

2 1 1

2 1 3 2 2 1 1

2 1 2 3 1

,

E E E I E I E I a I U E U E U

E U E I I I I U

I U I U U U U

E s s j I U U I U I

B r r R r r r R r r

r R r r R r R r r

r r r r R r r r R

r r r

R

δ ξ δλξ δξ λξ λ ξ ξ λ ξ δξ

λξ δλ ξ δ δ λ δ δλ δλ λ

δ λ δλ δ δλ δ λ

ξ ρ χ η ϑ δ λ ϑ δ λ ϑ δ λ

λ

= + + + + − + + − +

+ + − + + + + + − + −

+ + + − + + + −

+ + − + + + + +
−

                              

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )( ) ( )( )

2
4 0 0 0

2 3 2 2
0 0 0

2 2 3
0 0

0

1 1 1

1 1 1

1 1

.

E E I E I E I U E I U E U

E U E I I I U

I U U U

E s s j j U U I U I

B r R r R r r r r R r

r R r R r R r r

r r R r r R

r r r

R

δ λξ δλξ δλ ξ λ ξ λξ δλ ξ

δλξ δ λ ξ δ λ δ λ δ λ δλ

δλ δ λ δ λ δ λ

ξ ρ χ η τ δ ϑ δ ϑ δ

= + + − + − + + −

+ + − + + + − + −

+ + − + + −

+ − + + +
−

By Lemma 5.1, endemic equilibrium point is stable if R0 > 1.

5.4 Global stability

Here, we discussed the global asymptotic stability analysis.
Theorem 5.4. The DFE point E0 is globally asymptotically stable if Q > 0, where

                                                                 1 1 2 22 ( ) ( ) .( )S
I UQ χ ρ

δ γ θ ϑ γ ϑ θ
λ

= + − +

Proof. To analyze the global stability of DFE point, we define a positive definite function [52]:

                          

( , , , , ) .

( , , , , ) 1

                             ( ( ) ) ( )
                             

( ( ))
( )
( )

t t t t t t

S S I U S I U E

I E I

SX S E I U R S S Sln E I U R
S

SD X S E I U R D S D E D I D U D R
S

S S S I U S S I U E E
S
E r I I

α α α α α α

χ ρ ϑ ϑ λ ρ ϑ ϑ ξ δ
η ξ δ

= − − + + + +

≤ − + + + +

−
= − + − + + − −

+ − − + (1 )

                             ( ( ) ( )) ( )
                             ( ).

( )

E I U I U

S I U S I U

E r U U r I r U R

S S S S S I U S I U
S

E I U R

ξ η δ δ

λ ρ ϑ ϑ ρ ϑ ϑ
δ

− − − + + −

−
= − − − + + +

− + + +

Let 1 2 1 2, ,S E Iψ ψ γ γ< < < <  and 1 2, .U Rθ θ< <
Then,

                                                  

2
1 1 2 2

2

2

2

( ) 2 ( ) ( )

( ) ,

( )
     

S
t I UD X S S

S S Q

α χ ρλ
δ γ θ ϑ γ ϑ θ

ψ λ
λ
ψ

≤ − − − + − +

= − − −

where
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                                                                   1 1 2 22 ( ) ( ).S
I UQ χ ρ

δ γ θ ϑ γ ϑ θ
λ

= + − +

Therefore, 0tD Xα ≤  if Q > 0.

5.5 Sensitivity analysis of R0

Here, we have analyzed the sensitivity of the BR number by evaluating the first derivative of BR number with 
respect to various parameters

                              

( ) ( )( )
( )( )( )
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,
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,
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=
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∂
=

∂
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1
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E I U

E S S I U I E U I I U E I
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E I S S U

U E U

E S S I I U I U I

E

r r
r r

r r r rR
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ξ ρ χ η ϑ δ ξ δ η ϑ δ ξ δ
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ξ η ϑ ρ χ

λ ξ δ δ

ξ η ρ χ ϑ

λ ξ δ δ

ξ ρ χ η ϑ δ η ϑ δ
λ λ ξ
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+ + +

− + + + + + + +∂
= −

∂ + + +

∂
= −

∂ + +

−∂
= −

∂ + +

+ + − +∂
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∂ +( )( )( )
.

I Ur rδ δ δ+ +

From the above computation, we observe that 0 0
I

R
ϑ
∂

>
∂

 and 0 0.
I

R
r

∂
<

∂
 If the rate ηI at which exposed population progress 

towards infected population is less than 1, then

                                              
0 0 0 0 0 0 00, 0, 0, 0, 0, 0, 0.
S S E U U

R R R R R R R
rρ χ ξ ϑ δ λ

∂ ∂ ∂ ∂ ∂ ∂ ∂
> > > > > < <

∂ ∂ ∂ ∂ ∂ ∂ ∂

Sensitivity of R0 cannot be determined based on its derivative with respect to ηI. Sensitivity analysis of the BR number 
indicates that by controlling the contact rate and transmission rate, and by improving the recovery rate and vaccination 
rate the disease can be controlled from being endemic.
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6. Numerical method
In this section, we have presented the numerical method employed to solve the COVID-19 vaccination model (4). 

We use the generalized ABM technique [51] to solve the system (4). Consider the nonlinear equation below:

                                                              ( ) ( )
0

( ) ( , ( )), 0 ,

(0) , 0,1, 2,3,..., ..., [ ].

t

m m

D x t f t x t t T

x x m

α

ν ν α

= ≤ ≤

= = =    

The corresponding Volterra integral equation may be written as
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tx t x t s f s x s ds
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=
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Γ∑ ∫                                                    

(26)

In order to integrate (26), the ABM scheme was employed in [47, 48, 50, 57]. Set , , 0,1, 2,..., .n
Th t nh n N
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+= = = ∈  
Now, by (4) we have

                 

1 0 1 1 1 1 , 1
0

1 0 1 1 1 1 1

, 1
0

1 0

( ) ( ) ,
( 2)

( )
(

 

2)

 ( )   , 

( ( ))

(
( ))

n
P P P P

n S S n I n U n n i n S S i I i U i i
i

P P P P P
n S n I n U n E n n

n

i n S i I i U i E i i
i

n

hS S S I U S a S I U S

hE E S I U E E

a S I U E E

I I

α

α

χ ρ ϑ ϑ λ χ ρ ϑ ϑ λ
α

ρ ϑ ϑ ξ δ
α

ρ ϑ ϑ ξ δ

+ + + + + +
=

+ + + + + +

+
=

+

= + − + − + − + −
Γ +

= + + − −
Γ +

+ + − −

= +

∑

∑

1 1 1 , 1
0

1 0 1 1 1

, 1
0

1 0 1 1 1 , 1
0

[ ] ,
( 2)

(1 )
( 2)

       (1 ) ,

( 2)

( )

(
( ))

(

n
P P P

I E n I n n i n I E i I i i
i

P P P
n E I n U n n

n

i n E I i U i i
i

P P P
n I n U n n i n

i

h E r I I a E r I I

hU U E r U U

a E r U U

hR R r I r U R a

α

α

α

η ξ δ η ξ δ
α

ξ η δ
α

ξ η δ

δ
α

+ + + +
=

+ + + +

+
=

+ + + + +
=

− − + − −
Γ +

= + − − −
Γ +

+ − − −

= + + − +
Γ +

∑

∑

1 0 1 1 , 1
0

,

1 ,
( ) ( ) ( 2)

( ))

( ) ( ( ))

n

I i U i i

n
P

n n n i n i
i

r I r U R

hV V S S a S
α

δ

α α
λ λ λ

α α α+ + + +
=

+ −

−
= + + +

Γ +

∑

∑ 

where

                                               

1 0 , 1
0

1 0 , 1
0

1 0 , 1
0

1 0 , 1
0

( ) ,
( 1)

( ) ,
( 1)

,
( 1)

(1 )
( 1)

( )

( )

( )

(

n
P
n i n S S i I i U i i

i
n

P
n i n S i I i U i E i i

i
n

P
n i n I E i I i i

i
n

P
n i n E I i U i

i

hS S b S I U S

hE E b S I U E E

hI I b E r I I

hU U b E r U

α

α

α

α

χ ρ ϑ ϑ λ
α

ρ ϑ ϑ ξ δ
α

η ξ δ
α

ξ η δ
α

+ +
=

+ +
=

+ +
=

+ +
=

= + − + −
Γ +

= + + − −
Γ +

= + − −
Γ +

= + − − −
Γ +

∑

∑

∑

∑

1 0 , 1
0

1 0 , 1
0

,

,
( 1)

,
( 1)

)

( )

( )

i

n
P
n i n I i U i i

i
n

P
n i n i

i

U

hR R b r I r U R

hV V b S

α

α

δ
α

λ
α

+ +
=

+ +
=

= + + −
Γ +

= +
Γ +

∑

∑
                                        

(27)



Contemporary Mathematics 270 | P. Veeresha, et al.

in which

                                                 

1

1 1 1
, 1

( )( 1) , 0,
( 2) ( ) 2( 1) , 1 ,
1, 1,

i n

n n n i
a n i n i n i i n

i n

α α

α α α

α+

+ + +
+

 − − + =
= − + + − − − + ≤ ≤
 = +

and , 1 ( 1) ( ) , 0 .i nb n i n i i nα α
+ = − + − − ≤ ≤

7. Numerical simulation
The numerical simulation of the fractional COVID-19 model (4) using real-world data is discussed in this 

section. According to WHO report, the total population of the world as of April 21, 2021 was N = 7,845,261,000 ≊ 
7.9 × 109, and the birth rate for the world in 2021 was 17.873 births per 1,000 people. Hence, for every day, we have 

384159.86
365S

n N
χ

×
= = . For the simulation, we used the fractional predictor-corrector method, Mathematica software, 

and WHO COVID-19 details. The following is a list of global COVID-19 cases as of April 21, 2021: Total confirmed 
cases: 143,123,631; total deaths: 3,045,018; total recovery cases: 82,117,879; total population fully vaccinated: 
207,978,809. We have considered the initial data as of April 21, 2021:

 

9 9 8 9
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By using the above data and using the fractional predictor-corrector technique discussed in Section 6, we have 
plotted the graphs of the time history of S(t), E(t), I(t), U(t), R(t), and V(t) for α = 1, 0.9, 0.85, 0.8, and 0.7 to see 
the effect of FDs on various populations. The estimates show the population in billions. When FDs are added, the 
behavior of all populations become more realistic, as shown in Figure 2. Even though data on susceptible, exposed, 
and unreported cases is difficult to come by, we can check the model’s validity by looking at global data on infected, 
recovered, and unreported cases. Figures 2(c), 2(d), and 2(e) reflect approximately the same number when derivative 
values are fractional-order rather than integer-order. α = 0.8 and α = 0.7 give better representation than other values of 
α. For comparison, we have referred to the WHO website. As the number of COVID-19 infections in India was at its 
maximum during April-May 2021, the predicted peak date in India may be considered the global peak. The analysis of 
model (4) in Figure 2(c) shows that infection is at its peak from May 1, 2021, to May 10, 2021. But seeing the infection 
trend as of May 10, 2021, looks more realistic, which is reflected at α = 0.7. We can see in Figure 2 that, as the number 
of days increases, the susceptible, exposed, infected, and unreported population decreases, while the population of 
recovered and vaccinated individuals increases. It is seen that, due to the influence of vaccination, as the number of days 
increases, the infection reaches its peak and gradually decreases. In Table 2, using equation (22), we have presented the 
change in the BR number concerning the real-time worldwide vaccination rate. It is observed that the present model (4) 
depicts that the vaccination rate has a huge impact on curbing the COVID-19 spread.

Figures 3, 4, 5, and 6 represent the effect of different vaccination rates λ = 0.1172, 0.1436, 0.175, 0.201, and 0.236 
on susceptible, exposed, infected, unreported, and recovered populations for α = 1,0.9, 0.8, and 0.7, respectively. From 
Figure 3 for α = 1, we can see that when the vaccination rate λ is increasing, the susceptible, exposed, infected, and 
unreported populations are decreasing, and the recovered population is in an increasing trend. Further, from Figures 4, 5, 
and 6 for α = 0.9, 0.8, and 0.7, respectively, we observed that susceptible, exposed, infected, and unreported populations 
decline faster than the integer order derivative. Hence, with the increase in vaccination rates, the proposed generalized 
model helps us capture the reliable and interesting consequences of the projected system.

In Figures 7, 8, and 9, we have intended to figure out the impact of contact on the spread of COVID-19 infection in 
the presence of the Caputo fractional operator. The fractional operator in the system and its numerical simulation using 
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the predictor-corrector approach have important implications for examining and forecasting the future of the suggested 
model.
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Figure 2. The time history of (a) susceptible, (b) exposed, (c) infected, (d) unreported, (e) recovered, and (f) vaccinated population for different values 
of α
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Table 2. Effect of vaccination rate on BR number. Vaccination rates are collected from [58] as per 2021 data

Date Rate of vaccination BR number

Before Jan 19 0.0003 1.08919

Jan 19 to 31 0.001 0.32675

Feb 10 0.003 0.10892

Feb 20 0.005 0.06535

Feb 28 0.007 0.04668

Mar 10 0.009 0.03631

Mar 20 0.013 0.02514

Mar 30 0.016 0.02042

April 21 0.028 0.1167

April 30 0.035 0.00934

May 10 0.042 0.00778

May 20 0.049 0.00667

May 30 0.055 0.00594

June 10 0.063 0.00519

June 20 0.072 0.00454

June 30 0.082 0.00398

July 10 0.093 0.00351

July 20 0.104 0.00314

July 30 0.117 0.00279

Aug 10 0.13 0.00251

Aug 20 0.243 0.00134

Aug 30 0.272 0.00120

Sept 10 0.300 0.00109

Sept 20 0.322 0.00101
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Figure 3. Effect of vaccination on (a) susceptible, (b) exposed, (c) infected, (d) unreported, and (e) recovered population for α = 1
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Figure 4. Effect of vaccination on (a) susceptible, (b) exposed, (c) infected, (d) unreported, and (e) recovered population for α = 0.9
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Figure 5. Effect of vaccination on (a) susceptible, (b) exposed, (c) infected, (d) unreported, and (e) recovered population for α = 0.8
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Figure 6. Effect of vaccination on (a) susceptible, (b) exposed, (c) infected, (d) unreported, and (e) recovered population for α = 0.7
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Figure 7. Effect of contact rate on (a) susceptible, (b) exposed, (c) infected, (d) unreported population for α = 1
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Figure 8. Effect of contact rate on (a) susceptible, (b) exposed, (c) infected, and (d) unreported population for α = 0.9
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Figure 9. Effect of contact rate on (a) susceptible, (b) exposed, (c) infected, and (d) unreported population for α = 0.8

8. Conclusion
The main contribution of this study is the analysis of a mathematical model for propagating the COVID-19 disease 

in the presence of a vaccination drive in the frame of the Caputo fractional-order derivative. We studied the existence 
and uniqueness of the solutions using fixed point theory. The BR number R0 was calculated using the next-generation 
matrix approach, and it acts as a threshold parameter in disease transmission, determining whether the disease continues 
or disappears from the population. The existence of an endemic equilibrium point has been investigated. For the 
projected fractional-order system, the local asymptotic stability conditions of the DFE and endemic equilibrium points 
have been discussed in terms of BR number, and it has been established that the disease-free equilibrium point is 
stable if R0 < 1, and the endemic equilibrium point is stable if R0 > 1. We have developed the essential requirements for 
achieving global stability at equilibrium points by creating the Lyapunov function. In the numerical investigation, we 
examine the evolution of COVID-19, the effect of vaccination, and the effect of contact rate on its spread by taking 21 
April 2021 WHO data as initial data. By evaluating the connection of the Caputo fractional operator with susceptible, 
exposed, verified, unreported, recovered, and vaccinated populations in the contagion of the novel virus, some important 
and simulating facts about the COVID-19 vaccination and contact effect are exemplified to understand its evolution 
and forecast its development globally. In places where vaccination campaigns are being broadly implemented, several 
apparent trends, such as (a) incidences of serious sickness caused by COVID-19 have decreased as vaccination rates 
have increased; (b) “breakthrough infections” among fully vaccinated persons are infrequent and usually mild; and 
(c) cases of major illness resulting in hospitalization or death are now mostly seen in unvaccinated populations, have 
emerged. This influence of vaccination on curbing the spread of COVID-19 disease is depicted by computing the BR 
number. A numerical simulation obtained by using the predictor-corrector technique and the computational mathematical 
tool Mathematica records convincing results. It is observed that plots presented using the fractional-order value of 
the derivative reveal a more convincing pattern of disease spread than the integer-order derivative. The current study 
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emphasizes the importance of using a mathematical model when discussing real-world problems and the performance 
of the fractional operator under consideration. Furthermore, the projected solution procedure for solving the system of 
fractional differential equations is highly methodical and effective.

This study can be extended by incorporating the socio-economic aspects of COVID-19 infection.
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