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Abstract: To unify and extend the study of various subclasses of starlike and convex functions, here we introduce a new
subclass of 1-pseudo starlike symmetric functions. To add more versatility to our study, we have defined a new class of
functions subordinate to a conic region impacted by the well-known Janowski functions. This study extends well-known
results and unifies the studies of various subclasses of a-convex functions. Coefficient estimates of the inverse function
and the Fekete-Szeg0 result for the function class are the main results. Some interesting special cases of our main results
are also presented here.
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1. Introduction and motivation

We let A denote the class of analytic functions defined in U/, having a series of the type
f(z):z+2anz". )

Also, we let S to denote the class of all functions in A, which are univalent in U. It is well-known that every function
f €8 hasa function [, defined by

@)=z (zelU)

and
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A= (il <n (R )
In fact, the inverse function f~' is given by
W) =w-a,w +(2a, —a,)w’ —(5a; —Sa,a, +a)w' +---.
Lewin in [1] introduced the so-called class of bi-univalent functions, which consists of functions f analytic in unit

disc U = {z; z| < 1} such that both fand ' are univalent in &/ Here we let BS to denote the class of bi-univalent
functions. Examples of functions belonging to the class BS include

£(2) =1L, fi(z)=—log(l-2), fi(2) =llog(1”),....
-z 2

1-z

Figure 1 is the mapping of f, and /', respectively, if the domain is unit disc. On the other hand, the function

z
= belongs to class S but does not belong to BS . Recently several researchers introduced and studied various

subclasses of bi-univalent functions, see [2-16].

0 1 2 3 4
z

Figure 1. Mapping of w=——-— and its inverse z =
g pping (-2 (I-w)

We let P to be the class of functions with positive real part which has a power series representation of the form
l(z)=1+ Z p,z". Ma and Minda [17] considered a function ¥ € P satisfying
n=1 ,
() w(0)=1,p'(0)>0;

(iii)) w maps the open unit disc &/ onto a region starlike with respect to 1 and symmetric with respect to the real
axis.

Also, they assumed that y(z) =1+ L,z +L,z* +..., with L, > 0, and introduced the classes:

v s 2 (2) :
N ('//)-—{feA- e =<y( )}

and
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Cw) —{feA I+ ;(( ))< (2 )}

Well-known special case of S" () and C(y) which have been dealt with in detail by various researchers, are the
so-called Janowski starlike functions and Janowski convex functions (see [18]) which is defined by

/ 1+0,z
5(0,.0,)=1feca: L £ 1<0, <0, <1},
(©,,8,) {fe f(z)-<l+®2z » <Y,
and
C(G)l,@)—{feA TEACD 1+®'Z,—1s®2<®131}.
f(z) 1+0,z

Here, < denotes the subordination of analytic function, refer to any standard text for its definition and properties. For
arbitrary fixed numbers ©,,0,,-1<0, <1,-1<0, <®,, we denote N(®,,0,) by the family of functions p(z) € P
satisfying the condition

1+0)(z)+1-0,

0(z) < .
(1+0,)(z)+1-0,

This so-called Janowski class [18] was studied by several authors, see [19-21]. Extending the Janowski class of
functions [18], Aouf [19] (equation 4) defined the class ¢(z) € P(®,,0,, p,) if and only if

+[ PO, +(©, -0,)(p-a)|w(2)
[1+®2w(z)]

’(z)=2 , (-1£0,<0,<1,0<a <), 3)

where w(z) is the Schwartz function and p e N ={1,2,...}. Recently, Breaz et al. [22] (equation 4) used the following
expression to study a new class of multivalent function

[(1+®)p+a(® @)]l//(z)+[(1 0,)p-a(®, @)]

N(p:0,,0,;a:v;z 4
N(p;0,,0,;a;¥;z) is an extension of the class P(©,,0,, p,a).
The function p, ,(z) plays the role of an extremal functions related to the conic domain and is given by
1+(1—20)z, k=0
-z
1+ 2029 o L4z | ifk=1
T 1- «f
Pro(2)=
(1 G) inh? [(—arccos kjarctanhf} if0<k<l1
1-k* T
u(z)
e Ul N : de |+ ——, ifk>1 )
1-k 2R(t) "0 \/1 X \/1 (tx) k™ -1

. R
t €(0,1) and ¢ is chosen such that k& = cosh 7R (1)
4R(t)

where u(z) = ]

-z~

j, with R(¢) is Legendre’s complete elliptic
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integral of the first kind and R'(¢) is complementary integral of R(f). Clearly, is in 7> with the expansion of the form

Dio(2)=1+ TZH+T,Z e, (r;, =p;(k,0),j=123,..), (6)
we get
8(1—-o)(arccos k)’ I
1=k -
7= 8(1_20), itk =1
T
2 —
z (1=0) , ifk>1. )
4t DR ()(1+1)

Noor and Malik [23] studied a class functions involving x(1;®1,®2;0; ﬁkﬁ;z). Thereafter several authors studied
various subclasses impacted by Janowski functions, refer to [22-28].

Motivated by [29] (also see [30, 31]), here we study a new class of functions omitting the additional stringent
criterion of /' to be one-one. !

Definition 1.1. For 0<a <1,LA>0;4 ;tg and |t[<L¢t#1, a function f €. A of the form (1) is said to be in the

class V' (a;0,,0,;y(z2)) ifit satisfies:

1-0:(7@) | (a-0(z'@) | ©+hwe-©-
f@-f2) )\ [f2)- 1) (0, +Dy(2)-(0,-1) (8)

where y(z) =1+ Lz+L,z> +---€P.

Remark 1.2. Now we will present some special cases of our class.

(i) Letr=1and y(z)=p,,(z) (seeS) in Definition 1.1, then the class VA (a;0,,0,;w(z)) reduces to classes
k-US(9,,0,,0,t) and k-UC(©,,0,,0,t) for a =0 and a = 1, respectively. The classes k —US(O,,0,,0,t)
and k - UC(0,,0,,0,t) were defined by Arif et al. [32].

(i) If we replace A= 1,7=0and y(z) = p,,(z) in Vi (a;0,,0,;y(z)), where Dio(2) is defined as in (5), we
can get k—S7[0,,0,] and k-UC[O,,0,] classes defined by Noor and Malik [23] (Definitions 1.3 and
1.4) by choosing o = 0 and a = 1, respectively. Note that 1-UC[0,,0,]=UP[0,,0,](-1<0, <0, <1) was
recently studied by Malik et al. [33].

(iii) If welet 1=1,0,=1 and t=0,=—1in V' (;0,,0,;w(z)), we can get S (y) and C’(y) classes defined
by Shanmugam et al. [34] by choosing a = 0 and o = 1, respectively.

1 1 2 2
(iv) Ifwelet®,=1,1=0,=—1and k(z) = +7 z2 N
l-7z-7°z

to

(r= —\/g) /2) in (8), then Vf (;0,,0,;w(z)) reduces

] <k(2);,

R, (a,7) = fEA{ 2z(/'(2)) J [[ 2(z'(2))

JT@=f2) ) \[f(2)-f(-2)]

the class R, (a,7) was recently introduced by Giiney et al. [29], but with an addition criterion for inverse function.

2. Coefficient estimates of inverse in Vtﬂ (a:0,,0,;w(2))

For all f eV (a;0,,0,;w(z), we have f'(0)=1%0 for all ze U and £{0) = 0. Then, there exists an inverse
function in some small disk with the center at w = 0. Now we will obtain the coefficient estimates of an inverse function
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belonging to V" (2;0,,0,;w/(2)).
Now, we will discuss the prerequisite results that are required to obtain our main results.

Lemma 2.1. [17]If p(z)=1+ Zpkz" € P, and v is complex number, then

k=1

|p, —vp7| < 2max{1;| 2v-11},

and the result is sharp for the functions

1+z 1+2°
p(z2)=—— and p,(z2)=—.
1-z 1-z

Theorem 2.2. Let f € Vf (@;0,,0,;(2)) is given by (1), then the inverse coefficients estimates of g = /'
(provided f~' exists) is given by

|b|< |Ll|(®1_®2) )
12 -24) e -2
and
Ib,| < [1](©,-6:) max [ |2y -1]] (10)
‘(4a—6)(1+t+t2)+3A(6+4a)‘
with
1 L
v;z_{Ll(@)z+1)+2(1——2]+M+N}, (1n
4 L
where
- _(®1 2_®z )lel ~ an N o= Ll (®; _®z )kz =, (12)
2(a=2)"(1+t-24) 2(a-2)"(1+t-24)
with
ki =@-Ta+a’)1+2t+1*)—da’ (A+ At —A*)+16A(1-a) (A —1)— 4418~ Ta)
k, =(4a—6)(1+t+£)+3A(6+4a). (13)
Proof. If f eV*(a;0,,0,;w(z)), then there exists a Schwartz function such that
1-0:(r@) V[a-0='@) | " @+ -© -1
f@-) |\ [f@-r@] |  (©,+hy()-(©,-1) (14)

Let {(z) € P be of the form ¢(z) =1+ an z" and it is defined by
n=1

1+ w(2) e

(z) w2’
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On simple computation gives

/(z)-1 1 1 1 ,) 1 1 5),
wz)=——"——=—pz +—= - +— - +— Z+,zeld
(2) 1)+ P 2(192 PSP Ppt

and considering

O, +y(2)-(©,-1
(©, + Dy (2)-(©, ~1)

(©,+DL + 2[1 —LZJ
L 2

+L1p|(®1_®2)2+(®1_®2)L1 2 1 P (15)

=1
4 4 D= D 4

Left hand side of (14) is given by

(1-0)z(/'(2)) (1—t)(Zf'(Z)), :1+(a—2)(1+z-2/1)z+1[a3k2—klaj]z2+~--, (16)
J@=1@) ] [f&)-f@) 2

where &, and £, are given by (13). From (2) and (16), we obtain

Lp(©® -6
L= (0, 2) 17
4a-2)(1+t-24)
and
=
a, = (®1 _®2)L1 P, _p]z Ll (®2 +1) + Ll _ (®1 :®2)L1k1 - (18)
2k, 4 2 8(a—2)>(1+t—24)

From (2), we see that b, = —a, and applying | pn| <2,(n>1) in (17), we obtain the inequality (9). Also, from (2) we have

-D*(3 1
b}:ﬂ( a2 j:za;—a}

3! \6a, 4a,
_ Lpl(©-6,)"  (©,-0,lL o p? Ll(®2+l)+ L)  (©,-0,)Lk
16(a —2)*(1+1—24)° 2k, 2 4 2 8(a—2)(1+1-24)
_L1(®1_®2) 1 2 Lz
=t 2y —— Pl L(O®, + ) +2[ 1-=2 |+ M+ N ||,
2, P 4p1 (0, +1) L, (19)

where M and N are given by (12). Applying Lemma 2.1 to (19), we get (10) which is the assertion of the theorem.
An interesting generalization of a class of starlike functions is the so-called class of starlike functions associated
with the vertical domain, which is defined as follows:
Definition 2.1. [35] f € A issaid to be in S(J,¢) if it satisfies
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5<Rezjj(z)<€,ze?/{, (20)

where 0< 6 <l1<e.
Letting t =0, =1=1,0, =1,0, =—1, and

_ _ 27ri((176)/(£76))
w(z)=1+% 5ilog£1 ¢ Z] 1)
T 1-z
in Theorem 2.2, we have
Corollary 2.3. [36] Let f € S'(J,¢), then the coefficient estimates of the inverse function are
b < 2(s-9) Sin(ﬂ(l—(?)j
Vi -0
and
1-5
| b, |< Ae=9) sin 7(1=9) max 1;1—3 g_5i+ l+3 8_51' e2 =
V4 -0 2 T 2 V4
Lettinga=¢=0,41=1and y(z) = p,,(z) in Theorem 2.2, we get
Corollary 2.4. [33] Suppose that f € UP[®,,0,](-1<0, <®, <1) (see Remark 1.1), then
2 —
|b2| < (®1 - ®2)
Vil
and
40, -0
by |< (1—22)
6r
3. Fekete-Szego inequality for the function of V*(2;0,,0,;w(z))
Here, we will present the Fekete-Szegé inequality for the functions belonging to the class V' (2;0,,0,;w/(2)).
Theorem 3.1. Let f €V (a;0,,0,;y(z)), then for all e C we have
L|(® -0,)
a, - pa;| < [L1(® -, max| ;|27 -1 22
with
1 L uN
Ti=—| L(O,+)+2|1-=2 |+ M+,
4{ (0, +1) ( Llj 2} (23)

where M and N are given by (12). The inequality is sharp for x e C.
Proof If f eV (a;0,,0,;y(z)), in the view of relation (17) and (18), for 1€ C we have
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L

2

1_

0, -0 ( LJ _

|as—/wz|=—( =) p—pt| 5@ L A (®‘2®2)le1 :
4 2 8(a-2)(1+1-24)

2 2 _ 2 _
Llpl (®1 ®2) = (®1 ®2)L1 I:pz _%plz (L] (®2 +1)+2[1—%J+M+%J:|

l6(@-22+t-247 2k, 1
IL|©-0)], 1 ,(|L, o HN|
L uN . . . .
now if f_L‘ ®,+1)-M —5 <2 in the above inequality, we obtain
_ 2 |L1 |(®1 - ®2)
|a3 ,ua2| < —2|k2| . (25)
Further, if %—Ll ©,+1)-M —% > 2 in the same inequality, we obtain
| <JBl©@ ey (lL, MmN
|a, - pa3| < 216 L L@, +)- M- | (26)
Following the steps in [25], we can establish that inequality (22) will be sharp if
1-0:(/'@) | (=00 | _©+)pE)-©,-D
IO || [f@-r@] ) (@ +DpE)—(©,-1) 27)
and
(l—t)z(f'(z)))“ ) (1 —t)(zf'(z));” o _ ©,+Dp,(2)-(®,-1)
@O/ ||\ [fo-r@] ]  ©+hp@-©,-1) (28)

and the proof of the theorem is complete.

Letting t =0, =4=1,0, =1,0, =-1 and w(z) is of the form (21) in Theorem 3.1, then we have the following
result obtained by Sim and Kwon [36].

Corollary 3.2. [36] Let f € S'(6,¢). Then, for any u,

|a3 —,ua§| <£ ;5 sin(ﬂg__;)

max {1;

Lettingt=0,a=1=1,0, =1, and ®, =—1 in Theorem 3.1, then we have the following result obtained by Tu and
Xiong [37].
Corollary 3.3. [37] Suppose f(z) €S (v) (z € U), then

1-6
l+(l—2y)g_5i+(l—(l—2y)g_5ijesz5 }
2 V4 2 T
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L
L +L—2—2,uL1

1

L
|a3—ya§|s?lmax{l; } (uel).

The inequality is sharp for the function given by

L
Li+—>=2uly =1

1

zexp Ioz[w(t)—l]%dt, if
f(2)=
zexpj-oz[(//(ﬁ)—l}%dt, if

L
L +72—2,UL1 <.

1

4. Conclusion

We have defined a new family of pseudo-starlike functions that connect the convex combinations of analytic
functions. To make this study more comprehensive, we have defined the class of functions with respect to symmetric
points, which amalgamates the study of several classes of well-known analytic functions. Solutions to the Fekete-Szeg6
problem and coefficient estimates of an inverse function are the foremost results of this paper. Also, we have pointed out
appropriate connections and applications of our main results, which are mostly presented in the form of corollaries and
remarks. Refer to [5, 23, 25, 38-40], for studies closely related to the results presented here.

This study can be further extended by replacing the superordinate function in (8) with a function that is not
Carathéodory (see [41]). Further, this study can be extended by taking a trigonometric hyperbolic function, Gegenbauer
polynomial, Laguerre polynomial, Chebyshev polynomial, Fibonacci sequence, or g-Hermite polynomial instead of
considering w(z) as in (8).
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