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1. Introduction
The Toda lattice [1] is a clue in nonlinear one-dimensional crystal which has been used in solid state physics and

presented in the following form:
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The Toda lattice is relevant in many fields of science, even as a model for DNA in biology [2]. Soliton solutions, 
which are related to the integrability of the equations, play a crucial role in the Toda lattice. The presence of such 
solutions is linked to the integrability of equations. The work [3] shows that all the integrable systems have soliton 
solutions. Many studies have focused on investigating the Toda lattice and its generalizations, from which we indicate 
here only [4-13].

Recent interest has been growing in investigating soliton equations and their hierarchies with self-consistent 
sources. These sources appear in solitary waves with alternating speeds, leading to diverse dynamics in physical models 
such as plasma physics, hydrodynamics, and solid-state physics [14-26]. The work [17] is dedicated to Korteweg-

Contemporary Mathematics
http://ojs.wiserpub.com/index.php/CM/

Copyright ©2023 Murod Ruzmetov, et al.
DOI: https://doi.org/10.37256/cm.4420232391
This is an open-access article distributed under a CC BY license 
(Creative Commons Attribution 4.0 International License) 
https://creativecommons.org/licenses/by/4.0/

Contemporary Mathematics

mailto:rmurod2002@gmail.com
http://www.wiserpub.com/
http://ojs.wiserpub.com/index.php/CM/
https://ojs.wiserpub.com/index.php/CM/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.37256/cm.4420232391


Volume 4 Issue 4|2023| 685 Contemporary Mathematics

de Vries (KdV) equations containing integral types that are self-consistent. As shown in previous works, [18] have 
examined soliton equations with self-consistent sources in the context of the KdV equation, capillary-gravity waves, 
and the nonlinear Schrödinger equation, among others. Furthermore, in [26], it has been considered that other important 
soliton equations with a self-consistent source are the nonlinear Schrödinger equation, which describes the nonlinear 
interaction of ions acoustic waves in double-component homogeneous plasma with an electrostatic high-frequency 
wave. The associated results were collected in [27-34].

The discrete soliton equations with self-consistent sources were first studied by Liu and Zeng [35], who 
investigated the Darboux transformation for formulating and calculating the Toda lattice with self-consistent sources. 
An inverse scattering method was also developed to find solutions for the Toda lattice with self-consistent sources [36-38]. 
Integrability of the periodic Toda lattice and its hierarchy with a source has been shown in previous works [39-44].

In this study, we work on the higher-order Toda lattice with an integral-type source using the standard Zakharov-
Shabat algorithm.

We contemplate the isospectral deformation of the L-operator by scalar products of its eigenfunctions, which 
transforms the nonlinear equation into a prescribed form on the right-hand side. The solution can be constructed using 
the inverse scattering problem for the L-operator [45]. Analogously in [46, 47], this approach may discover applications 
in certain models of electric transmission lines.

2. Formulation of the problem
In this part, we will provide a brief review of the statement of the problem. For this purpose, we consider the

following system:
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1 2 1, ,..., rc c c +  are given arbitrary real numbers. Here and in the future, dot means the derivative with respect to time. 
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−∞ −∞  satisfy the following properties:
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Varying r, we obtain the hierarchy for the Toda lattice with the integral-type source (1) that is advertised in the title 

of this paper. In system (1), the functional sequences of the functions { ( )} ,{ ( )} ,{ ( , )}n n na t b t f tµ∞ ∞ ∞
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Here p(µ,t), q(µ,t), r(µ,t), and s(µ,t) are given continuous functions in µ and t with first-order derivatives with 
respect to µ and satisfy Holder’s condition [40] with some degree ν ∈  (0, 1] on |µ| = 1 for all nonnegative t. Moreover, 
let the quantities P and Q of the form
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satisfy the relations

1 1( , ) ( , ),  ( , ) ( , ),P t P t Q t Q tµ µ µ µ− −= − = −

for all |µ| = 1 and t ≥ 0, where the overbar means complex conjugation.
The main aim of this work is to obtain the expressions of the solutions { ( )} ,  { ( )} ( , { , )}n n na t b t f tµ∞ ∞ ∞

−∞ −∞ −∞ , and 
{ ( , )}ng tµ ∞

−∞  of the problem (1)-(2) in the framework of  inverse scattering method for the operator L(t).

3. The basic facts from scattering problem
In this section, we give some basic information about the scattering theory for the operator L(t). This theory was

developed in the work [48].
We consider the second-order difference equation
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Contemporary Mathematics



Volume 4 Issue 4|2023| 687 Contemporary Mathematics

0, 0, ,

1 .
2

n n

n n
n

a Imb n Z

n a b
∞

=−∞

> = ∈

 
− + < ∞ 

 
∑ (7)

If condition (7) is valid, then equation (6) has Jost solutions with the asymptotics:
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As we know that such solutions exist, and moreover, they are identified by the asymptotic expressions (8) unique 
and analytically expended into the circle |z| < 1.
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where the coefficients K(n,n′) are independent on z, and are related to an and bn by formulas
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For |z| = 1, the pairs 1{ ( ), ( )}n nz zϕ ϕ −  and 1{ ( ), ( )}n nz zψ ψ −  are the pairs of linearly independent solutions of (6), 
therefore

1

1 1

( ) ( ) ( ) ( ) ( ),
( ) ( ) ( ) ( ) ( ),

n n n

n n n

z z z z z
z z z z z

ψ α ϕ β ϕ
ϕ α ψ β ψ

−

− −

= +
= − (11)

with

{ }1

2( ) ( ), ( ) ,n nz W z z
z z

α ψ ϕ−=
−

(12)

and

1 1{ ( ), ( )} ( ( ) ( ) ( ) ( )).n n n n n n nW z z a z z z zψ ϕ ψ ϕ ψ ϕ+ +≡ −

The reflection coefficient is given by the formula 
1( )( )

( )
zR z
z

β
α

−

= −  and is regular enough on the circle. The function 
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The set of the quantities
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is called the scattering data for equations (6).
The coefficients K(n,n′) given in representation (9) satisfy the equation of Gelfand-Levitan-Marchenko type
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−∞  can be expressed via the scattering data by the formulas (10).
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will need the following identity.
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−∞  are solutions of the equations Lx xλ=  and Ly yξ= , then the identity holds:
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4. Time evolution for zk(t)
In this section, we will show the time independence of the eigenvalues λk(t), k = 1, 2, ..., N of the operator L(t) as

well as zk(t), k = 1, 2, ..., N.
If Ker(L(t) − λ), λ ∈  C denotes the two-dimensional nullspace of L(t) − λ, then the system of equations (1) can be 

rewritten as follows:
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µ µξ
−+

=  Note that, according to (18), Sn(µ,z) ≡ 0, n ∈  Z.

Now, we determine 0( ) ( ).nL S zλ−  For this, we introduce the following notations
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( ) ( ) ( )

( ) ( )

2 2 , , 1

1

2 , , ,
1 , .

r n n r n r

n n n

P a t G t S H t

g F z d
µ

λ λ

µ µ µ
µ

+
+ +

=

= −

Ω = ∫

 



(27)

Here S+ is shift operator, i.e., 1( )( ) .nS f n f±
±=

0 0
2 2 2 2

2 2

( ) ( ) ( ) ( )
( ) ( ) .

n n n r n n n r n n

n n r n n

LS z S z L y P y y P y
Ly y L P y L

λ λ
λ λ λ

+ +

+

− = − +Ω − − +Ω
= − − − + − Ω

 

 

By using the equality n n nLy y Lyλ− = −    and notations (27), we obtain

0 0

2
1 1, 1 1, 1 1

1 1 1
1

, 1 , 1

1

1 1, 2 1, 1 1

1 1
1

( ) ( )
2

1 ( ) ( , )

 2
1 ( ) ( , )

 2
1 ( ) ( ,

n n

n n n r n n n r n

n n n

n n n r n n n r n

n n n

n n n r n n n r n

n n n

LS z S z
Ly a G y a H y

a g F z d

a b G y b H y

b g F z d

a a G y a H y

a g F

µ

µ

µ

λ

µ µ µ
µ

µ µ µ
µ

µ µ
µ

− − − − + −

− − −
=

+ +

=

+ + + + + +

+ +
=

−
= − − +

+

− +

+

− +

+

∫

∫

∫

 

 

 







, 1 , 1

1

) )

 2
1 ( ) ( , ) .

n n r n n r n

n n

z d

a G y H y

g F z d
µ

µ

λ λ

λ µ µ µ
µ

+ +

=

+ −

− ∫

 



According to (24), (19) and the following equality

1 1 1

1 1 1
1 1

,

n n n n n n n

n n
n n n n n n n

n n

Ly a y b y a y
b a

a y y b y a y
a a
λ

− − +

− + +
− −

= + +
 −

= − + + 
 




 



 

we get
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]

0 0
1 , 1 1, 1 ,

1 1 1
1

2 2 2
1 1, 1 1, ,

1 1

, 1

( ) ( ) ( 2( ) )
1 ( ( , ) ( , )  ( , ) ( , ))

  [2( ( )

1 ( ) )  

n n n n r n r n n r

n n n n n

n n
n n n n r n n r n n r

n n

n n r n

LS z S z a H H b G

a f t g t f t g t d

b ay y a G a G b G
a a

b H a

µ

µ

λ λ

µ µ µ µ µ
µ

λ λ

λ
µ

− + − +

− − −
=

+ + − −
− −

+
=

− = − + − −
− −

 −
× − − − + − 
 

− − +

∫

 

  





1 1
1

1, 1 , 1 1 1, 1 1
1

1 1, 1 , 1, 1

1, 1

( ( , ) ( , )  ( , ) ( , ))

1 [ ( 2( ) )  ( ( , ) ( , )

 ( , ) ( , )) ]  [ 2  2 ( )
 2

n n n n

n n r n r n n r n n n

n n n n n r n n n r n n r n

n n r n

f t g t f t g t d

a H H b G a f t g t

f t g t d y a H a b G a G b
a H a

µ

µ µ µ µ µ

λ µ µ
µ

µ µ µ λ
λ

+ +

+ + + + + + +
=

+ − + + +

+ +

+

− + − − +

− − + + −
− −

∫

∫ 

 







2
, 1 1 1, 1, 1 , 1

2
1, , 1 1 1 1

1

1 1
1 1 1

]  [2 ( )
1 2 ]  ( ) ( , )

1 1 1 ( ) ( , )  ( ) ( , ) ( ) ( , ) .

n r n n n r n n r n n r

n n r n r n n n n

n n n n n n n n

G y a G b H b H

a G H y a g F z d

b g F z d a g F z d g F z d
µ

µ µ µ

λ

λ µ µ µ
µ

µ µ µ µ µ µ λ µ µ µ
µ µ µ

+ − − − + +

+ + − − −
=

+ +
= = =

− − − −

− + +

+ + −

∫

∫ ∫ ∫

  

 



  

After a simple simplification, on the right-hand side of the last equality, we derive

0 0
1 1

1

1 1 1 1 1 1 1

1 1 1 1 1

1( ) ( ) [ { , ( , )} ( , )  { , ( , )} ( , )

 ( , ) ( , )  ( , ) ( , )  ( , ) ( , )
 ( , ) ( , )  ( , ) ( , )  

n n n n n n n n

n n n n n n n n n n n n

n n n n n n n n n

LS z S z W y f t g t W y f t g t

a y f t g t a y f t g t a y f t g t
a y f t g t a y f t g t a g

µ

λ µ µ µ µ
µ

µ µ µ µ µ µ
µ µ µ µ

− −
=

− − − − − − +

+ + + + −

− = − −

+ + −
− − +

∫

1 1

1 1

( ) ( , )
 ( ) ( , )  ( ) ( , ) ( ) ( , )] .

n n

n n n n n n n n

F z
b g F z a g F z g F z d

µ µ
µ µ µ µ λ µ µ µ

− −

+ ++ + −

Taking into account (25) and

1 1{ ( ), ( )} { ( ), ( )} 0,
,

n n n nW f g W f g
n Z

µ µ µ µ− −− =
∈

we obtain

0

1

1( ) ( ) ( ) ( , ) , .n n nL S z g S z d n Z
µ

λ µ µ µ
µ=

− = − ∈∫

It follows that

 0( ) ( ) 0, .nL S z n Zλ− = ∈   (28)

We denote by ϕn(z, t) and ψn(z, t) the Jost solutions of the equation (24) which satisfy condition (8). Setting yn
+ ≡ 

ϕn(z) and yn
− ≡ ψn(z) in (25), we define

1

1

( , ) ( ) ( ) 2 ( ) ( ),

( , ) ( ) ( ) 2 ( ) ( ).

n

n n n j j
j

n n n j j
j n

F z f z f z

F z f z f z

µ µ ψ µ ψ

µ µ φ µ φ

−
−

=−∞

∞
+

= +

= +

= − −

∑

∑ (29)

It is easy to check that these equalities determine the functions Fn
−(µ,z) and Fn

+(µ,z) at any |µ| = 1 to be analytical 
functions of the parameter z on the |z| < 1. Taking into account (18) and (29), the functions Fn

−(µ,z) and Fn
+(µ,z) at any 



694 | Murod Ruzmetov, et al.

value of the parameter z inside the circle |z| < 1 can be represented as

{ } { }( )1 11 1

2 1 1( , ) ( ), ( ) ( ), ( ) ,n n n n nF z W f z W f z
zz z z

µµ µ ψ µ ψ
µ µ

−
− −− −

 
= − − × + −− − 

(30)

and

{ } { }( )1 11 1

2 1 1( , ) ( ), ( ) ( ), ( ) .n n n n nF z W f z W f z
zz z z

µµ µ ϕ µ ϕ
µ µ

+
− −− −

 
= − − × + −− − 

(31)

The right-hand side of the expressions (30) and (31) are also meaningful at any |z| = 1 of the parameter z satisfying the 
conditions z ≠ µ and z ≠ µ .

Next, we introduce ( )0
nS z−  and ( )0

nS z+  for |z| < 1 as follows:

0
, 1 , 1

1

1( ) 2 ( ) ( , ) ,n
n n n r n n r n n nS z a G H g F z d

t µ

ψ
ψ ψ µ µ µ

µ
− −

+ +
=

∂
= + − +

∂ ∫ 



(32)

0
, 1 , 1

1

1( ) 2 ( ) ( , ) ,n
n n n r n n r n n nS z a G H g F z d

t µ

φ
φ φ µ µ µ

µ
+

+ +
+

=

∂
= + −

∂
+ ∫ 



(33)

In accordance with the aforesaid, the quantities ( ) ( )0 0
n nS z S z− −=  and ( ) ( )0 0

n nS z S z+ +=  thus determined depend 
analytically on the parameter z in the circle |z| < 1. However, since at any |z| = 1 and z ≠ ±1 the functions ( ),nF zµ−  and 

( ),nF zµ+  have singularities at the points µ = z and µ = z − 1, the limiting values of the functions ( )0
nS z−  and ( )0

nS z+

as |z| → 1 must to be determined more accurately. To do it, substituting the right-hand sides of equalities (30) and (31) 
into expressions (32) and (33), we get that at |z| = 1 the following equalities are valid:

0 1
, 1 , 1 1 21

1( ) 2  . . ( ) ( , )  ( ) ( ) ( ) ( ),n
n n n r n n r n n n n nS z a G H v p g F z d z z z z

t µ

ψ
ψ ψ µ µ µ φ ψ φ ψ

µ
− − − − −

+ + =

∂
= + − + + +

∂ ∫ 



(34)

0 1
, 1 , 1 1 21

1( ) 2  . . ( ) ( , )  ( ) ( ) ( ) ( ),n
n n n r n n r n n n n nS z a G H v p g F z d z z z z

t µ

φ
φ φ µ µ µ φ ϕ φ ϕ

µ
+ + + − +

+ + =

∂
= + − + + +

∂ ∫ 



(35)

where v.p. means that integrals are taken as the principal value, and quantities 1 2 1( ), ( ), ( )z z zφ φ φ− − +  and 2 ( )zφ+  are 
determined by expressions

           

1 1
1

1 1
2

( ) 2  ( ( ) ( ) ( ) ( )),
( ) 2  ( ( ) ( ) ( ) ( ))
z i p z r z q z s z
z i q z r z p z s z

φ π
φ π

− − −

− − −

= +
= + (36)

and

           

1 1
1

1 1
2

( ) 2  ( ( ) ( ) ( ) ( )),
( ) 2  ( ( ) ( ) ( ) ( )).
z i a z c z b z d z
z i b z c z a z d z

φ π
φ π

+ − −

+ − −

= − +
= − + (37)

Due to (5), we have

           1 2( ) 2 ( ), ( ) 2 ( ),z iP z z iQ zφ π φ π− −= =
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2 1 1
1

1 1 1 2

( ) 2  ( ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ))

z i P z z Q z z z
Q z z z P z z

φ π β α β
α β α

+ − −

− − −

= − +
+ +

and

1 1 1 1 1 1 1
2 ( ) 2 ( ( ) ( ) ( )  ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )).z i P z z z Q z z z Q z z z P z z zφ π α β α α β β α β+ − − − − − − −= − + + +

In the next step, we will find the asymptotes of the quantities

1

1. . ( ) ( , )  as n
n nv p g F z d n

µ
φ µ µ µ

µ
−

− =
= → −∞∫

and

1

1. . ( ) ( , )  as .n
n nv p g F z d n

µ
φ µ µ µ

µ
+

+ =
= → ∞∫

Using expression (29), we find that the following asymptotes is valid:

1 2

1 2

( ) ~ ( ) ( ) ,

( ) ~ ( ) ( ) ,

n n n

n
n n n

n

z C z z C z z

z C z z C z z

φ

φ

− − −
− → − ∞

+ + −
+ → ∞

+

+

where

       

1 2 1
1

2

1 ( ) ( )( )( 1) ( ) ( )( )( 1)( ) . .  ,
( )1 ( )

( ) 2 ( )

q r z z p s z zC z v p d
zz z

C z P z

µ

µ µ µ µ µ µ µ µ µ
µ µ µ µ

π

−
−

=

−

 + − − +
= + −− − 

= −

∫

  (38)

and

1 2 11

1 1
2

1 ( ) ( )( )( 1) ( ) ( )( )( 1)( ) . .
( )1 ( )

( ) 2 [ ( ) ( ) ( ) ( )].

b c z z a d z zC z v p d
zz z

C z i a z c z b z d z

µ

µ µ µ µ µ µ µ µ µ
µ µ µ µ

π

+
−=

+ − −

 + − − +
= − +  −− − 

= +

∫

    (39)

Taking into account of (28), (34), and (35), we obtain the equalities

( )
( )

0 1 1
1 0

0 1
1 0

( ) ( ,0) ( ,0) ( ) ( ) ( ) ( ),
( ) ( ,0) ( ,0) ( ) ( ) ( ) ( ),

n r r n n

n r r n n

S z g z z h z K z z K z z
S z g z z h z K z z K z z

ψ ψ
φ φ

− − − − −
+

+ + + −
+

= − + × +

= − + × +









where

2 1

0 1 2

( ) ( ) ( ),
( ) ( ) ( ),

K z z C z
K z z C z

φ
φ

− − −

− − −

= +
= +   (40)

2 1

0 1 2

( ) ( ) ( ),
( ) ( ) ( ),

K z z C z
K z z C z

φ
φ

+ + +

+ + +

= +
= +   (41)
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Here, ( ,0)rg z  and 1( ,0)rh z+
  are polynomial in variable z. Note that in accordance with (36), (37), (38), and (39) we 

deduce

0 0( ) ( ) 0,K z K z− += ≡

in that

)(0 1
1( ) ( ,0) ( ,0)  ( ) ( )n r r nS z g z z h z K z zψ− − −
+= − +

 (42)

and

)(0
1( ) ( ,0) ( ,0) ( ) ( ), .n r r nS z g z z h z K z z n Zφ+ +
+= − + ∈

 (43)

Due to (38)-(41) one can easily be convinced that the quantities K−(z)and K+(z) admit analytical continuation in z into 
the circle |z| < 1. Moreover, it is easy to show that at |z| < 1, the equalities

2 1
1

1 ( ) ( )( )( 1) ( ) ( )( )( 1)( )
( )1 ( )

q r z z p s z zK z d
zz zµ

µ µ µ µ µ µ µ µ µ
µ µ µ µ

−
−

=

 + − − +
= + −− − 

∫ (44)

and

2 11

1 ( ) ( )( )( 1) ( ) ( )( )( 1)( )
( )1 ( )

b c z z a d z zK z d
zz zµ

µ µ µ µ µ µ µ µ µ
µ µ µ µ

+
−=

 + − − +
= − + −− − 

∫ (45)

are fulfilled. Now, we assume

0 0 1 1 0( ) ( ) ( ) ( ) ( ) ( ).n n n nG z S z z S z z S zα β+ − − − −= − +

In view of (42) and (43), we deduce

( )
( ) ( )

1 1 1
1 1

1 1 1 1

( ) ( ,0) ( ,0)  ( ,0) ( ,0) ( ) ( )
 ( ) ( ) ( ) ( )  ( ,0) ( ,0) ( ) ( )  ( ) ( ).

n r r r r n

n r r n

G z g z z g z z h z h z z z
K z K z z z g z z g z z K z K z t z z

α ψ

α ψ β ψ

− − −
+ +

+ − − − − + − −

= − − +

+ − − − + − ×

 

 

         (46)

On the other hand, from expressions (11), (30), and (31), at any |z| = 1 and |µ| = 1 the following equality

1 1( , ) ( ) ( , ) ( ) ( , ) 0,n n nF z z F z z F zµ α µ β µ+ − − − −− + =

is valid. Then, according to (11), (25), (36), and (37) we get

           

1 1 1 1 1 1
1 2 1 2 1 2

1 1
( ) ( ) ( ) ( )  ( )( ( ) ( ) ( ) ( ))  ( )( ( ) ( ) ( ) ( ))
4 ( )( ( ) ( ) ( ) ( )).

n n n n n n

n n

z z z z z z z z z z z z z z
i z P z z Q z z

φ ϕ φ ϕ α φ ψ φ ψ β φ ψ φ ψ
π α ψ ψ

+ − + − − − − − − − − −

− −
+ − + + +

= − +

By virtue of these equalities and using (11), (34), and (35), we deduce

1
1 1( , ) ( , )( , ) 4 ( , ) ( , ) ( , ) 4 ( , ) ( , ) ( , ).n n n

z t z tG z t iQ z t z t z t P z t z t z t
t t

α βπ α ψ π α ψ
−

− − ∂ ∂ = − − +  ∂ ∂   

Comparing this equality with (46), we obtain
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1 1 1
1 1

( , ) [4 ( , ) ( ,0)  ( ,0) ( ,0) ( ,0) ( ) ( )] ( , )r r r r
z t iQ z t g z z g z z h z h z K z K z z t
t

α π α− − + − −
+ +

∂
= + − − + + −

∂
 

 

and

1
1 1 1( , ) [ ( ,0)( ) ( ) ( )] ( , ) 4 ( , ) ( , ).r

z t g z z z K z K z z t P z t z t
t

β β π α
−

− + − − −∂
= − + − −

∂


Finally, from 
1( , )( , ) ,

( , )
z tR z t
z t

β
α

−

= −  (44) and (45) we obtain that at any |z| = 1, the following equality

1
2

1
1 1

( , ) 1[ ( ,0)( )  . . ( , ) ] ( , )
1

2  ( ( , ) ( , )) ( , ) 4  ( )

r
R z t g z z z v p D t d R z t

t z
i Q z t Q z t R z t iP z

µ

µ µ

π π

−

=
− −

∂
= − +

∂ −
+ + +

∫



                               (47)

are fulfilled, where

( ) 1

( )( 1) ( )( 1)( , ) ( , ) ( , ) ( , ) ( , ) .
( ) ( )
z z z zD t q t r t p t s t

z z
µ µ µ µµ µ µ µ µ
µ µ µ µ −

 + − − +
= + × + − − 

6. Time dependence of Bn

We introduce

0 0( ) ( ), 1, 2,..., ,k
n n k k n kG S z B S z k N+ −= − =

where the quantity Bk = Bk(t) is determined by (13). Using (42) and (43), we get

     1[ ( ,0)( ) ( ) ( )] ( ), .k
n r k k k k k k n kG g z z z K z K z B z n Zψ− + −= − + − ∈ (48)

In (48), the quantities K−(zk) and K+(zk) are determined from (44) and (45).
On the other hand, taking into account formulas (30), (31), and the orthogonality relation of L(t), we deduce the 

following equality

( , ) ( , ) 2 ( ) ( ) 0,n k k n k j j k
j

F z B F z f zµ µ µ ψ
∞

+ −

=−∞

− = − =∑

at any |µ| = 1.
In consequence, by virtue of (26), we obtain that

( )
( ), , 1, 2,..., .k k

n n k
dB t

G z n Z k N
dt

ψ= ∈ =

Comparing this equality with (48), we get

1( )
[ ( ,0) ( ) ( ,0) ( )] ( ), 1, 2,..., ,k

r k k k r k k k k
dB t

g z z K z g z z K z B t k N
dt

+ − −= + − − = 



698 | Murod Ruzmetov, et al.

where quantities K−(zk , t) and K+(zk , t) are determined from (44) and (45). Thus

1
2

1

2 1
1

( ) ( )( 1)1[( ) ( ,0)
( )1

( )( 1)1 ( ( , ) ( , ) ( , ) ( , ))  
1 ( )

1,2,..., ,

k k k
k k r k

kk

k k

k k

dB t z z
z z g z

dt zz
z z

b t c t q t r t d
z z

k N

µ

µ

µ µ
µ µ

µ µ
µ µ µ µ µ

µ µ

−

=

−
=

+ −
= − −

−−
− +

× + −
− −

=

∫

∫







(49)

where

1

1

1

1

( , ) ( , ) ( , ) ( , ) ( , ),
( , ) ( , ) ( , ) ( , ) ( , ),
( , ) ( , ) ( , ) ( , ) ( , ),
( , ) ( , ) ( , ) ( , ) ( , )

a t p t t q t t
b t p t t q t t
c t r t t s t t
d t r t t s t t

µ µ β µ µ α µ
µ µ α µ µ β µ
µ µ β µ µ α µ
µ µ α µ µ β µ

−

−

−

−

= +
= +
= +
= + (50)

and

( )2 1

1 1

1( , ) exp ln 1 ( , ) , ( , ) ( , ) ( , ).
1 4  

N
j

j j

z dt R t t R t t
z i ζ

µ µ ζ ζα µ ζ β µ µ α µ
µ π µ ζ ζ

−

= =

 − + = × − = − 
− −  

∏ ∫

As consequence of all the previous arguments, we have thereby proved the following assertion.
Theorem 1. If the functions an(t), bn(t), fn(µ,t), gn(µ,t), n ∈  Z are solutions of the problem (1)-(3), then the 

scattering data of the operator

( ) 1 1 1( ) ( ) ( ) ( ) ,n n n n n nnL t y a t y b t y a t y− − +≡ + +

by relations (23), (47), and (49).

7. Conclusion
The obtained results completely define the time evolution of the spectral data, which allows us to solve the problem

(1-4) by using the following algorithm: Let us give 0 0 and ,n na b  n ∈  Z.
1. With the given 0 0 and ,n na b , n ∈  Z, we find scattering data

1 2 1 2{ ( ), , ,..., , , ,..., }N NR z z z z B B B  for

( ) ;(0) nL y

2. According to the results of Theorem 1, we obtain the time evolution of the scattering data

1 2 1 2{ ( , ), ( ), ( ),..., ( ), ( ), ( ),..., ( )}N NR z t z t z t z t B t B t B t

for ( )( ) ;nL t y
3. With the obtained scattering data, we uniquely define the function F(n, t) from the equality (16);
4. Substituting F(n,t) into the equations (14) and (15), and solving the resulting system we define χ(n, m, t) then the

potentials an(t) and bn(t) can be obtain via the formulas (10);
5. Solving the equation (6), we will construct the eigenfunctions { }( , )nf tµ ∞

−∞  and { }( , ) , .ng t n Zµ ∞

−∞
∈  

The results obtained play an important role in the theory of solitons, and they can be used in some models of a 
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special type of transmission line.

Conflict of interest
The authors declare that the research was conducted in the absence of any commercial or financial relationships 

that could be construed as a potential conflict of interest.

References

[1] Toda M. Waves in nonlinear lattice. Progress of Theoretical Physics Supplements. 1970; 45: 74-200. Available
from: https://doi.org/10.1143/PTPS.45.174.

[2] Muto V, Scott AC, Christiansen PL. Thermally generated solitons in a Toda lattice model of DNA. Physics Letters A.
1989; 136(1-2): 33-36. Available from: https://doi.org/10.1016/0375-9601(89)90671-3.

[3] Lou SY, Tang XY. Method of nonlinear mathematical physics method. Beijing, China: Science Press; 2006.
[4] Manakov SV. Complete integrability and stochastization of discrete dynamical systems. Zhurnal Eksperimentalnoi

i Teoreticheskoi Fiziki. 1974; 67: 543-555.
[5] Khanmamedov AK. Rapidly decreasing solution of the initial-boundary value problem for the Toda lattice.

Ukrainian Mathematical Journal. 2005; 57: 1350-1359. Available from: https://doi.org/10.1007/s11253-005-0267-
7.

[6] Grinevich PG, Taimanov IA. Spectral conservation laws for periodic nonlinear equations of the Melnikov type.
American Mathematical Society Translations: Series 2. 2008; 224(2): 25-138.

[7] Yamilov RI. Integrability conditions for an analogues of the relativistic Toda chain. Theoretical and Mathematical
Physics. 2007; 151(1): 492-504. Available from: https://doi.org/10.1007/s11232-007-0037-9.

[8] Yamilov R. Symmetries as integrability criteria for differential difference equations. Journal of Physics A:
Mathematical and General. 2006; 39(45): R541. Available from: https://doi.org/10.1088/0305-4470/39/45/R01.

[9] Babajanov BA, Khasanov AB. Integration of equation of Toda periodic chain kind. Ufa Mathematical Journal.
2017; 9(2): 17-24. Available from: https://doi.org/10.13108/2017-9-2-17.

[10] Habibullin IT, Kuznetsova MN,, Sakieva AU. Integrability conditions for two-dimensional Toda-like equations.
Journal of Physics A: Mathematical and Theoretical. 2020; 53(39): 395203. Available from: https://doi.
org/10.1088/1751-8121/abac98.

[11] Ueno K, Takasaki K. Toda lattice hierarchy. In: Okamoto K. (eds.) Advanced studies in pure mathematics. Tokyo,
Japan: Mathematical Society of Japan; 1983. p.1-95. Available from: https://doi.org/10.2969/aspm/00410001.

[12] Bulla W, Gesztesy F, Holden H, Teschl G. Algebro-geometric quasi-periodic finite-gap solutions of the Toda and
Kac-van Moerbeke hierarchies. Rhode Island, US; American Mathematical Society: 1998.

[13] Teschl G. On the Toda and Kac-van Moerbeke hierarchies. Mathematische Zeitschrift. 1999; 231: 325-344.
Available from: https://doi.org/10.1007/PL00004732.

[14] Mel’nikov VK. A direct method for deriving a multi-soliton solution for the problem of interaction of waves
on thex,y plane. Communications in Mathematical Physics. 1987; 112: 639-652. Available from: https://doi.
org/10.1007/BF01225378.

[15] Mel’nikov VK. Integration method of the Korteweg-de Vries equation with a self-consistent source. Physics Letters
A. 1988; 133(9): 493-496. Available from: https://doi.org/10.1016/0375-9601(88)90522-1.

[16] Mel’nikov VK. Integration of the nonlinear Schrodinger equation with a self-consistent source. Communications in
Mathematical Physics. 1991; 137: 359-381. Available from: https://doi.org/10.1007/BF02431884

[17] Mel’nikov VK. Integration of the Korteweg-de Vries equation with a source. Inverse Problems. 1990; 6: 233-246.
Available from: https://doi.org/10.1088/0266-5611/6/2/007.

[18] Leon J, Latifi A. Solution of an initial-boundary value problem for coupled nonlinear waves, Journal of Physics A:
Mathematical and General. 1990; 23(8): 1385-1403. Available from: https://doi.org/10.1088/0305-4470/23/8/013.

[19] Shakeel M, Attaullah, Shah NA, Chung JD. Modified exp-function method to find exact solutions of microtubules

https://doi.org/10.1143/PTPS.45.174
https://doi.org/10.1016/0375-9601(89)90671-3
https://doi.org/10.1007/s11253-005-0267-7
https://doi.org/10.1007/s11253-005-0267-7
https://doi.org/10.1007/s11232-007-0037-9
https://doi.org/10.1088/0305-4470/39/45/R01
https://doi.org/10.13108/2017-9-2-17
https://doi.org/10.1088/1751-8121/abac98
https://doi.org/10.1088/1751-8121/abac98
https://doi.org/10.2969/aspm/00410001
https://doi.org/10.1007/PL00004732
https://doi.org/10.1007/BF01225378
https://doi.org/10.1007/BF01225378
https://doi.org/10.1016/0375-9601(88)90522-1
https://doi.org/10.1007/BF02431884
https://doi.org/10.1088/0266-5611/6/2/007
https://doi.org/10.1088/0305-4470/23/8/013


700 | Murod Ruzmetov, et al.

nonlinear dynamics models. Symmetry. 2023; 15(2): 360. Available from: https://doi.org/10.3390/sym15020360.
[20] Shakeel M, Shah NA, Chung JD. Novel analytical technique to find closed form solutions of time fractional

partial differential equations. Fractal and Fractional. 2022; 6(1): 24. Available from: https://doi.org/10.3390/
fractalfract6010024.

[21] Shakeel M, Attaullah, Shah NA, Chung JD. Application of modified expfunction method for strain wave equation
for finding analytical solutions. Ain Shams Engineering Journal. 2023; 14(3): 101883. Available from: https://doi.
org/10.1016/j.asej.2022.101883.

[22] Attaullah, Shakeel M, Ahmad B, Shah NA, Chung JD. Solitons solution of Riemann wave equation via modified
exp function method. Symmetry. 2022; 14(12): 2574. Available from: https://doi.org/10.3390/sym14122574.

[23] Shakeel M, Attaullah, Alaoui MK, Zidan AM, Shah NA, Weera W. Closed form solutions in a magneto-electro-
elastic circular rod via generalized exp-function method. Mathematics. 2022; 10(18): 3400. Available from: https://
doi.org/10.3390/math10183400.

[24] Rani A, Shakeel M, Alaoui MK, Zidan AM, Shah NA, Junsawang P. Application of the exp(−φ(ξ))-expansion
method to find the soliton solutions in biomembranes and nerves. Mathematics. 2022; 10(18): 3372. Available
from: https://doi.org/10.3390/math10183372.

[25] Shakeel M, Attaullah, El-Zahar ER, Shah NA, Chung JD. Generalized exp-function method to find closed form
solutions of nonlinear dispersive modified Benjamin-Bona-Mahony equation defined by seismic sea waves.
Mathematics. 2022; 10(7): 1026. Available from:  https://doi.org/10.3390/math10071026.

[26] Claude C, Latifi A, Leon J. Nonliear resonant scattering and plasma instability: An integrable model. Journal of
Mathematical Physics. 1991; 32: 3321-3330. Available from: https://doi.org/10.1063/1.529443.

[27] Shchesnovich VS, Doktorov EV. Modified Manakov system with self-consistent source. Physics Letters A. 1996;
213(1-2): 23-31. Available from: https://doi.org/10.1016/0375-9601(96)00090-4.

[28] Manakov SV. Complete integrability and stochastization of discrete dynamical systems. Zhurnal Eksperimentalnoi
i Teoreticheskoi Fiziki. 1974; 67: 543-555.

[29] Yakhshimuratov AB, Babajanov BA. Integration of equation of Kaup system kind with a self-consistent source in
the class of periodic functions. Ufa Mathematical Journal. 2020; 12(1): 104-114.

[30] Babajanov BA, Babadjanova AK, Azamatov AS. Integration of the differential–difference sine-gordon equation
with a self-consistent source. Theoretical and Mathematical Physics. 2022; 210(3): 327-336. Available from:
https://doi.org/10.1134/S0040577922030035.

[31] Lin R, Zeng Y, Ma W-X. Solving the KdV hierarchy with self-consistent sources by inverse scattering method.
Physica A: Statistical Mechanics and its Applications. 2001; 291(1-4): 287-298. Available from: https://doi.
org/10.1016/S0378-4371(00)00519-7.

[32] Zeng YB, Ma W-X, Shao Y. Two binary Darboux transformations for the KdV hierarchy with self-consistent
sources. Journal of Mathematical Physics. 2001; 42: 2113-2128.

[33] Zeng Y, Shao Y, Xue W. Negaton and positon solutions of the soliton equation with self-consistent sources. Journal
of Physics A: Mathematical and General. 2003; 36(18): 5035-5043. Available from: https://doi.org/10.1088/0305-
4470/36/18/308.

[34] Zhang D-J, Chen D-Y. The N-soliton solutions of the sine-Gordon equation with self-consistent sources. Physica
A: Statistical Mechanics and its Applications. 2003; 321(3-4): 467-481. Available from: https://doi.org/10.1016/
S0378-4371(02)01742-9.

[35] Liu X, Zeng Y. On the Toda lattice equation with self-consistent sources. Journal of Physics A: Mathematical and
General. 2005; 38(41): 8951-8965.

[36] Urazboev GU. Toda lattice with a special self-consistent source. Theoretical and Mathematical Physics. 2008; 154:
260-269. Available from: https://doi.org/10.1007/s11232-008-0025-8.

[37] Cabada A, Urazboev G. Integration of the Toda lattice with an integral-type source. Inverse Problems. 2010; 26(8):
085004. Available from: https://doi.org/10.1088/0266-5611/26/8/085004.

[38] Urazboev G. Integrating the Toda Lattice with self-consistent source via inverse scattering method. Mathematical
Physics, Analysis and Geometry. 2012; 15: 401-412. Available from: https://doi.org/10.1007/s11040-012-9117-7.

[39] Babajanov BA, Khasanov AB. Periodic Toda chain an integral source. Theoretical and Mathematical Physics.
2015; 184: 1114-1128. Available from: https://doi.org/10.1007/s11232-015-0321-z.

Contemporary Mathematics

https://doi.org/10.3390/sym15020360
https://doi.org/10.3390/fractalfract6010024
https://doi.org/10.3390/fractalfract6010024
https://doi.org/10.1016/j.asej.2022.101883
https://doi.org/10.1016/j.asej.2022.101883
https://doi.org/10.3390/sym14122574
https://doi.org/10.3390/math10183400
https://doi.org/10.3390/math10183400
https://doi.org/10.3390/math10183372
https://doi.org/10.3390/math10071026
https://doi.org/10.1063/1.529443
https://doi.org/10.1016/0375-9601(96)00090-4
https://doi.org/10.1134/S0040577922030035
https://doi.org/10.1016/S0378-4371(00)00519-7
https://doi.org/10.1016/S0378-4371(00)00519-7
https://doi.org/10.1088/0305-4470/36/18/308
https://doi.org/10.1088/0305-4470/36/18/308
https://doi.org/10.1016/S0378-4371(02)01742-9
https://doi.org/10.1016/S0378-4371(02)01742-9
https://doi.org/10.1007/s11232-008-0025-8
https://doi.org/10.1088/0266-5611/26/8/085004
https://doi.org/10.1007/s11040-012-9117-7
https://doi.org/10.1007/s11232-015-0321-z


Volume 4 Issue 4|2023| 701 Contemporary Mathematics

[40] Babajanov B, Fečkan M, Urazboev G. On the periodic Toda lattice with self-consistent source. Communications in
Nonlinear Science and Numerical Simulation. 2015; 22(1-3): 1223-1234. Available from: https://doi.org/10.1016/
j.cnsns.2014.10.013.

[41] Babajanov B, Fečkan M, Urazboev G. On the periodic Toda lattice hierarchy with an integral source.
Communications in Nonlinear Science and Numerical Simulation. 2017; 52: 110-123. Available from: https://doi.
org/10.1016/j.cnsns.2017.04.023.

[42] Babajanov B, Ruzmetov M. On the construction and integration of a hierarchy for the periodic Toda lattice with a
self-consistent source. The Bulletin of Irkutsk State University. Series Mathematics. 2021; 38: 3-18. Available from:
https://doi.org/10.26516/1997-7670.2021.38.3.

[43] Babajanov BA, Ruzmetov MM, Sadullaev SO. Integration of the finite complex Toda lattice with a self-consistent
source. Partial Differential Equations in Applied Mathematics. 2023; 7: 100510. Available from: https://doi.
org/10.1016/j.padiff.2023.100510.

[44] Babajanov BA. Integration of the Toda-type chain with a special self-consistent source. In: Ibragimov Z, Levenberg
N, Rozikov U, Sadullaev A. (eds.) Algebra, Complex Analysis, and Pluripotential Theory. USUZCAMP 2017.
Springer Proceedings in Mathematics & Statistics. Switzerland; Springer: 2018. p.45-57. Available from: https://
doi.org/10.1007/978-3-030-01144-4_4.

[45] Ablowitz MJ, Segur H. Solitons and the inverse scattering transform. Philadelphia, USA: Society for Industrial
and Applied Mathematics; 1981.

[46] Cai D, Grønbech-Jensen N, Bishop AR, Findikoglu AT, Reagor D. A perturbed Toda lattice model for low loss
nonlinear transmission lines. Physica D: Nonlinear Phenomena. 1998; 123(1-4): 291-300. Available from: https://
doi.org/10.1016/S0167-2789(98)00128-6.

[47] Garnier J, Abdullaev FK. Soliton dynamics in a random Toda chain. Physical Review E. 2003; 67: 026609.
Available from: https://doi.org/10.1103/PhysRevE.67.026609.

[48] Case KM, Kac M. A discrete version of the inverse scattering problem, Journal of Mathematical Physics. 1973; 14:
594-603. Available from: https://doi.org/10.1063/1.1666364.

https://doi.org/10.1016/j.cnsns.2014.10.013
https://doi.org/10.1016/j.cnsns.2014.10.013
https://doi.org/10.1016/j.cnsns.2017.04.023
https://doi.org/10.1016/j.cnsns.2017.04.023
https://doi.org/10.26516/1997-7670.2021.38.3
https://doi.org/10.1016/j.padiff.2023.100510
https://doi.org/10.1016/j.padiff.2023.100510
https://doi.org/10.1007/978-3-030-01144-4_4
https://doi.org/10.1007/978-3-030-01144-4_4
https://doi.org/10.1016/S0167-2789(98)00128-6
https://doi.org/10.1016/S0167-2789(98)00128-6
https://doi.org/10.1103/PhysRevE.67.026609
https://doi.org/10.1063/1.1666364



