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Abstract: The object of this paper is to bring out the space (g, p) of non-absolute patterns. Also, we will structure
B

its completeness property. Also, the Kothe duals will be determined. Moreover, the Schauder basis for it will be
constructed.
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1. Introduction

By Q=C", we indicate the set of every sequence for C to symbolize the complex field and N ={0,1,2,---}. We
say each linear subspace of Q is called a sequence space. We symbolize the bounded sequences by /, and by /(p) as
p-absolutely convergent series.

Consider Y to be any linear space, define & :Y — R, and call it a paranorm for Y, holding the following axioms:

»H &©)=0,

(i) &(-0)=6(0),

(iii)) B(O+¢) <B(O)+&(¢), and

(@iv) for |¢, —c|— 0 and &(C,-0) — 0, imply &(c,0, —cO) =0 for each ¢’s in R and U’s in Y, where zero
vector ® belongs to Y. Choose (p,) as a bounded and positive number sequence having sup p, ='H and M = max{l, H}.
So, as in [1] the space /(p) is given by: g

[(p)={c=(c): X )6, I"<o0}

and is completely paranormed with

‘1’1(6){2@ I""} )
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1 1
for —+ —
Py {pi}
Consider infinite matrix (W =(w,;)) and sequence (v =(v,) € Q), then for every (i € N), the W -transform
Wv ={(Wv),}) exists with

=1 if 1<inf p, <H <.

OV9), = 2w,

As in [2], the matrix domain of W in G is

Gy ={v=(,)eQ:Wveg}. (1)
t
For ¢ € N, choose sequence of positive numbers (Q;) with Q, = ZQ ;- Then, the matrix R% = (rtf) is given by
=0
9.
0 |=5 ifo<j<t,

=

0, ifj >t

In [3], the author has given new techniques and introduced the spaces U(a) as follows:
UA)={0=(0,)eQ:(x0,)eU}

for Uell,,c,c,} and a0, =0, -0 .
It was further analysed in [4-7] and many others as cited. The authors in [8] introduced the space r° (a7) as

follows:
Pr
<o,

where (0 < p; < H <o) and g = (g)) is a sequence, such that g, #0 forall jeN.
For each i, j € N, the author in [9] defined matrix B = (b,,) as:

rI(AY) :{U: ©)eq:)’

k

1 k
azngjAUj

k j=0

r, for j=m-—i
b =45, forj=m-1
0, forO0<j<m—lorj>m,

with r,s € R—{0}. By putting » =1, 2 = —1, matrix ‘B reaches to matrix a.

To notion of getting a new way of introducing generalized spaces with some limiting approach were studied in [4, 9,
10] and many others.

2. The space r; (g, p)

The approach of this portion is to define 75 (g, p), and compute its various topological structures. By R!B
-transform of a sequence O = (0O, ), we imply that sequence 77 = (7,) is related as
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l k-1
7:(q) :Q_{Z(gjﬂj-r+g‘/+1Qj+1-S)Uj +ngk'r'Uk}’ (k eN). 2
« Lm0

Following various authors as in [9-20], we introduce r;f (g, p) as follows:
1w (g,p)={0=(0,) e Q:n,(q) € l(p)}.

In case » = 1 and s = —1, then the set 7 (g, p) gets merged to 77 (A7) [8] and for taking g, =g, forall neN (k
fixed), yielding the results as in [6]. Also, if (g,) =e=(1,1,...), s =—1 and » = 1, then 7 (g, p) merges to r (A?) studied
by Basarir [9].

Utilizing notion of (1), we redefine it as

Ty (8:2) = U(P)} -

Now, we shall now begin the following theorem without proof, which is important in the text.
Theorem 2.1. For M =max{l,#} and 0< p, <'H <o, the set 1, (g, p) is complete and is paranormed by Gy,
where

1
Pr (M

CNOEDY

k

1 k-1
_(z(gjgj'r+gj+lgj+l's)6j +Q,8; "’Ukj

k \ Jj=0

Theorem 2.2. For 0 < p, <'H <o, the set 7,'(g, p) and I(p) are linearly isomorphic.

Proof. Using the notion of (2), choose the map 7T : 7, (g, p) = I(p) as O — 5 =TO.

Nothing to prove about the linearity of 7" as is obvious. Also, O =0 for TO = ® showing T is injective. Suppose
n €l(p), and choose U= (0,) as

k-1 k—n-1 k—n D
U, =) () al T Q gy +
k ;( ) (rkn n+]Q”+| rk—an”Qn nnn rngk
Then,
1
1 k-1 g Q e P (M
63(6) = Z _z(gjgjr+gj+lﬂj+ls)6j +M
papo = 9
1
k Pr ﬂ
= X280,
& |j=0
1
Py ﬂ
= Z|77k| :‘Pl(ﬂ)<00,
k
for

W=

5 - 1, whenk # j,
0, whenk=j.

Consequently, U e ;' (g, p). Hence, T is surjective as well as preserves paranorm, yielding 7" as linear bijection, and the
result follows.
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3. Duals and basis of rg(g,p)

Here, the determination of basis and duals of 7,’(g, p) will be given.
Definition 3.1. Kothe duals: For the spaces K and £ define (A(K, L)) as follows:

A(IC,L):{L):(uj)eQ:ux:(ijj) eLVx:(xj)elC}.
Therefore, as in [1], the Kothe duals by above representation are defined as
K“=A(K,!,),K” = A(K,cs) and K = A(K,bs).

Theorem 3.1 (i): For each k£ € N with 1< p, <H < oo, construct the sets D,(g,p) and D,(g,p) as:

Di(g.p)=Jla=(@)eq:

B>1

2}:; ;{vg (k,n)a,Q, + g:’;]n Dn}B" m < o0}
and
D,(g,p)= H{a =(@)eQ:
) P
zk: H rgf’;} —+7, (k n),g;l al)ﬂk }Bl < oo},
where
b= (e )
Then,

a B /4
[(e.p] =Di(g.p)[1 (. p)] =Dy(g.p)nes=[r(g.p)] -
(ii): Let 0 <p, <1, for each k € N. Consider the sets D;(g, p) and D,(g, p) as given below:

Dy(g,p)={a=(q,)eQ:

2

a, _
nek |:vg (k’ n)angk " rgnQn Dn}g |

Py

sup sup < oo}

KeF k

and

D,(g,p)={a=(a,)eQ:

‘H a;;2 +vg(n,k)zn: ai]ﬂk}

Pr

sup < oo},

k &y i=k+1

Then, we have
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[72(2.p)]" = Dy(2. p).[ 2] =Dy(g, p)nes=[r2(g. p)] .

To establish Theorem 3.1, the following lemmas are needed.
Lemma 3.1 (see, [17]) (i): For an integer B> 1,if 1 <p, < H <o, then C € (I(p):1) if

Pk

sup Y |De B <o
KeF keN |nek
(ii): Let 0 <p,<1.Then, Ce(l(p):L,) if
P
sup sup chk < o0,
KeF keN |pek

Lemma 3.2 (see, [21]) (i): For an integer B> 1,if 1< p, <'H <oo. Then, C e (I(p):1,) if

supYfe, B[ <. 3)
n k
(ii): For 0 <p, <1 with ke N, then Ce (I(p): L)) if
sup |c,, " <o, 4)

n,keN

Lemma 3.3 (see, [21]). For 0 < p, < H < with each k € N, we have C € ({(p):c) if (3) and (4) hold along with
limc, = g,. ®)

Proof of Theorem 3.1. First choose 1 < pk < H <o and define a = (a,) € Q, then (2) yields

nil anQn n -
anUn :zvg(kvn)angknk + 77 gkl
pay rQ,
=Y cum =(Cn),, (6)
k=0

where C =(c,,) is defined by

v, (k,n)a,Q,, if0<k<n-1,
¢, = if k=n,
" |reQ,

0, if k> n,

Clearly from (6) with Lemma 3.1, we deduce that a0 = (a,0,) €/, whenever O = (0,) er; (g, p) if Cip €], whenever
n € l(p), yielding [ ;" (g, )| = Di(g, p).

Now for n € N, consider
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Zn:anﬁn = z(r‘g g +v,(k,n) Z a,} Qn, =(Dn),, (7)
~k

k=0 k=0 i=k+1

with D=(d,), given by

d, =

nk

[ ai& +vg(k,n)2a,}Qk, if 0<k<n,
k

rgk i=k+1

0, if k> n,

Now, from (7) and Lemma 3.2 yields that a0 = (a,0,) € cs whenever U =(0,) e, (g,p) if Dpec for nel(p).
Consequently, from (7), we have

Pi

< 0, ®)

rg &y i=k+1

z ‘K a, +vg(n,k)zn: a[ij}B—l
X Q

and limd,, is finite, thereby yielding [VBD (g, p)}ﬂ =D,(g,p)Ncs.

As established above, with Lemma 3.3 along (8) yields a0 =(a,0,) € bs whenever O =(0,) e’ (g, p),
if and only if Dnp el whenever n=(7,) €l(p). Consequently, by applying the same condition, we deduce that
[72(2.p)| =Dy(g.p)"es.

Definition 3.2. Basis: If space & is paranormed by B contains a sequence (g, ), and every ¢ € &, we can find
one and only one (e, ), such that

lim%[g—ia,go,] =0,

i=0

where (¢, ) represents sequence of scalars, then (¢,) is a Schauder basis for ®. The series Zaﬂgoi having the sum ¢ is
then said to be as expansion of ¢ w.r.t. (§%,) and is expressed as ¢ = 2, a,0,.
Theorem 3.2. Let 5™ () = {b!"(Q)} be defined as elements of ;' (g, p) as

9,

rgm m

+V,(n,m)Q,, if 0<n<m,
b (Q) =

0, if n>m,

for each fixed m € N. Then, {b"" ()} is a basis for ;' (g, p) having a unique representation of the form
0=, (Q) ©)

forany x er,'(g, p) with 2,(Q)=(R>BV),VmeN and 0< p, <H <.
Proof. For 0 < p, <H <o, trivially, {b'(Q)} = ' (g, p) as

2 pr () ) ;
R; BV (Q)=e" el(p)for jeN,
where the sequence e having only non-zero term as 1 at jth place.
Let O erl(g,p) be given. For every non-negative integer x, we put
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o =3 4 (6" (9). (10)

m=0

Now, taking R/B to (10), and with the help of (9), we see that

RIBO™ =3 2 (Q)R!BH™(Q) =D (R!BD), e
m=0 m=0
and

0, if 0<i<k
(r28(-50) =

i

(R;Bﬁ)i , ifi>k
with i,x € N. Also, for ¢ > 0, we can find an integer x,, such that

1

@ M
(ZKR;BG), |“j <§

for all x > x,,. Hence,

NS

&, (0-0")= (i(R;BU)i § ]

< (Z (RLBO), " J

i=kKy

N

£
<—<g¢
2
for each x > «,,, which proves that O € r/ (g, p) is represented as (9).
To prove this representation for O €/ (g, p) given by (9) is unique. We assume on the contrary that there do exists

another representation given by O = Z u; ()b’ (Q). But, as in Theorem 3.1, the T :r{ (g, p) - I(p) is continuous, so
we have J

(RIBU), =3 u,(Q)(RIBY (),
=30, (e = 1, ()

for each n € N, contradicting (R{B), = 4,(Q). Therefore, it follows that representation (9) is unique.
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