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formulation in the Caputo sense. This article illustrates the increased degree of freedom that fractional derivative models 
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and consistency of the problem are also examined in the research. The unique parameter estimation for each value of the 
noninteger order makes this study more useful.
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1. Introduction
These days, the study of infectious diseases and their cures is widely practiced in many different fields [1, 2].

We can better anticipate future disease outbreaks with the help of mathematical models that consider existing data. 
Fractional differential equation (FDE) models were extensively used to study the spread of viral infections [3-7]. To 
date, several models have been developed to investigate chlamydia transmission. The authors defined an optimal control 
derivation for chlamydia modeling in [8]. In [9], an optimal control is used. A model of chronic Chlamydia trachomatis 
disease was developed, taking into account a combination treatment with tryptophan and antibiotics. Because of their 
memory effect, FDEs have gained importance in modeling many scientific and engineering fields. Vellappandi et al. [10] 
also studied the chlamydia disease model in fractional order. There is no precise method for dealing with fractional-
order differential equations. Several numerical and analytical methods have been used to obtain the approximate solution 
of FDEs, viz., the homotopy perturbation method (HPM) [11], the homotopy perturbation general transform method [12], 
the residual power series method [13], the homotopy analysis method [14], the L1-Predictor-Corrector method [15], the 
Caputo-Fabrizio derivatives [16], etc.

In this work, we examine a nonlinear chlamydia model discussed by Shah et al. [17]. The prime parameters utilized 
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in the described model are the susceptible class as S(t), the exposed class as E(t), infected individuals due to sexual 
activity as Is(t), infected individuals due to the unhygienic environment as Iu(t), and the recovered class as R(t). This 
model is specified using a set of differential equations, as mentioned below
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where initially we take the values as

      0 0 0 0 0(0) , (0) , (0) , (0) , (0) .s uS S E E I Is I Iu R R= = = = (2)

We consider the total population of the system as N(t), where

( ) ( ) ( ) ( ) ( ) ( ).s uN t S t E t I t I t R t= + + + + (3)

Table 1. Chlamydia model parameters

Notation Value Description

β 0.018 The average global birth rate

a1 0.8 The rate of transmission from S to E

a2 0.67 The rate of transmission from E to Is

a3 0.32 The rate of transmission from E to Iu

a4 0.92 Recovery rate from Is

a5 0.95 Recovery rate from Iu

a6 0.05 The rate of transmission from R to S

µ 0.01 Escape rate

Iu

R

Is

ES

a2

μ

μμ μ

a1β

a4

a6

a3 a5

μ

Figure 1. Diagram of chlamydia model
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2. Preliminaries
Definition 1. The Caputo time-fractional derivative [18] of u(x, t) with order α > 0 is
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Definition 2. The Laplace transform of (4) is given by [18],
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The solution of FDE [19]
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Theorem 1. [20, 21] Let V = C [0, T] be the Banach space of continuous real valued functions defined on [0, T]. 
Define a Banach space B = V × V × V × V × V, with norm,
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where Bψ ∈  and , , , , .s uS E I I R V∈  Moreover, consider a convex subset A of Banach space B. If the operator X on A 
are such that they satisfy the following three conditions, then there exists at least one fixed point w A∈  for X; i.e.,

1. Xw ∈ A, Aw ∈ A.
2. X is a contraction.
3. X is continuous and compact.

3. Qualitative analysis
For system (1), we construct a function
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Also, we generalize (6) as

( )0 ( ) , ( ) ,C
tD t t tαψ ω ψ= (10)
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where [ ] 00 1, , (0) .0,t Tα ψ ψ< ≤ ∈ =  
As mentioned in equation (7), then (10) yields
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4. Existence and uniqueness
Let us consider the following axioms and Lipschitz conditions to prove existence and uniqueness:
Hypothesis 1. There exist Cω and Dω such that

( ), ( ) .t t C Dω ωω ψ ψ≤ +             (13)

Hypothesis 2. There exist Lω > 0 such that

( , , ( , ) , ) .B t t Lωψ ψ ω ψ ω ψ ψ ψ∀ ∈ − ≤ −  (14)

Theorem 2. Considering Hypotheses 1 and 2, system (10) has at least one solution to (11) if Lω < 1.
Proof. Proof of theorem is given by following two steps:
1. Consider ,Aψ ∈  where { }, , 0A Bψ ρ ρψ= ∈ ≤ >  is a closed and convex set. For X(ψ) from equations (13)

and (14),
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Hence, X is a contraction.
2. Here, we show that the operator X is relatively compact, i.e., X should be equicontinuous and bounded. It

follows that if ω is continuous, then X is also continuous for all ψ ∈ A,
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Thus, X is bounded.
For equicontinuity, we consider 1 2 1 2, [0, ],t t t t T> ∀ ∈  such that
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As 1 2 ,t t→  we have 1 2 0,t tα α− →  and from (17),

( ) ( )1 2( ) ( ) 0.X t X tψ ψ− →

Therefore, X is uniformly continuous and bounded. From the Arzela-Ascoli theorem, we say that X is relatively compact 
and entirely continuous. Hence, from Theorem 1, we conclude that (11) has at least one solution.

Theorem 3. Let us consider Hypotheses 1 and 2, system (10) holds a solution as (11) if 1.
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From (19), X is contraction. Now, using Banach fixed point theorem, operator X has a unique fixed point, ψ(t), i.e.,  
X(ψ(t)) = ψ(t), which gives the unique solution of generalized FDE (10).
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5. Stability analysis
5.1 Local stability 

We will find equilibrium points to discuss the local stability of our system.

5.2 Equilibrium points 

There are two equilibrium points in our chlamydia system (1).
i) Disease-free equilibrium point E0:

0 ,0,0,0,0 .E β
µ

 
=  
 

(20)

It means when there is no infection E = Is = Iu = R = 0. Thus, the model (1) has a unique equilibrium point E0.
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5.3 Basic reproduction number 

A basic reproduction number R0 is calculated to get the transmission rate of chlamydia disease, using the next-
generation matrix (NGM) algorithm [22, 23].

Let ( , , , , )s uX S E I I R= , then the model can be rewrite as
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Here, F(X) and V(X) are the rate of appearance of new infections in the compartment and the rate of transfer individuals 
respectively. By calculating Jacobian matrices at E0, we get
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Now, we calculate NGM fv−1, and find the largest eigenvalues of fv−1 is
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Therefore, the eigenvalues of matrix J(E0) are
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As we can see that all eigenvalues are negative. So, the system (1) with E0 is locally asymptotically stable.
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By basic matrix calculation, we get
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Hence, theorem is proved.

5.4 Global stability 

The stability analysis of FDEs is one of the significant factors [24]. There are various forms and types of stability, 
and Ulam-Hyers (UH) stability represents one of the significant types. This stability was proposed by Ulam in 1940 
and further investigated by Hyers [25]. Rassias extended this stability into a more general form known as Ulam-Hyers-
Rassias (UHR) stability.

Let us consider S = C[0, T] as the Banach space of real-valued continuous functions in [0, T], and let us define 
Banach space B = S × S × S having norm ,Bφ ∈  as a sup norm. Now, taking positive real number :F Rω

+Ω →  and for 
0,ξ >  and assuming following Ulam’s stability postulates 
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( )0 ( ) , ( ) ,C
tD t t t Fα

ωφ ω φ− ≤ (31)

where t∀ ∈Ω  and max( ),iξ ξ=  for i = 1, 2, 3.
Definition 3. The fractional chlamydia model (4) is UH stable, provided for each 0ξ >  and Bφ ∈  of (29). For a 

positive real number 0,Fω >  the existence of Bψ ∈  for model (4) ensures
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Hence, the proof holds.
Theorem 4. Considering a real-valued continuous map ω on [0, T] × B (or [0, T] × B), so that for every 

( )( ) , [0, ] , .t B C T B Rψ ω∈ ∈ ×  Therefore, under the assumption of Hypothesis 2 and conclusion of Theorem 3, fractional 
chlamydia system (4) is UH stable on [0, T].
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system (11), as

( ) [ ]0 0( ) , ,  with (0) ,, ( ) 0,C
tD t tt t Tαψ ω ψ ψφ= ∈ =       (38)

where

( ) ( )1
0 0

1( ) , ( ) .
( 1)

t
t t t dαψ ψ τ ω ψ τ τ

α
−= + −

Γ + ∫ (39)

In the light of Lemma 2, and Hypothesis 2, we get

( ) ( ) ( ) ( )

( )

1 1

0 0

1

0

1 1( ) ( ) , ( ) , ( ) ,
( 1) ( 1)

( ) ( ) ,
( 1) ( 1)

( ) ( ) .
( 1) ( 1)

t t

t

t t t t d t t d

CT t d

T CT

α α

α
αω

αα
ω

φ ψ τ ω φ τ τ τ ω ψ τ τ
α α

α
ξ τ φ τ ψ τ τ

α α

ξ φ τ ψ τ
α α

− −

−

− ≤ − − −
Γ + Γ +

≤ + − −
Γ + Γ +

≤ + −
Γ + Γ +

∫ ∫

∫

(40)

It follows that

( ) ( ) ,  where .
1 ( 1)

Tt t
C

α

ω

ξφ ψ
α

∆
− ≤ ∆ =

− ∆ Γ +
(41)

Corollary 1. Considering ( )F Cω ωξ ξ=  in Theorem 4, such that (0) 0,Fω =  we have the fractional chlamydia system 
(4) GUH stable.

Definition 5. Let Fω be continuous positive real-valued function over [0, T] ≡ [0, T], i.e., ([0, ], ),F C T Rω
+∈  the

fractional chlamydia model (1) is UHR stable, if we have real constant 0,FK
ω
>  such that for every ξ > 0 and every

result ϕ of (30), there lies the result ψ in B, such that

( ) ( ) ( ), [0, ],Ft t K F t t T
ω ωφ ψ ξ− ≤ ∈     (42)

where max( ), max( ),
ii F Fω ωξ ξ= =  and max( ),

iF FK K
ω ω
=  for i = 1, 2, 3.

Definition 6. The fractional chlamydia model (4) is generalized Ulam-Hyers-Rassias (GUHR) stable if there exist 
a real constant 0FK

ω
>  and a mapping ( )[0, ], ,F C T Rω

+∈  such that for each ϕ of (31), there exists a solution Bψ ∈  of
(4),

( ) ( ) ( ), [0, ],Ft t K F t t T
ω ωφ ψ− ≤ ∈ (43)

where max( )
i

F Fω ω=  and max( ),
iF FK K

ω ω
=  for i = 1, 2, 3.

Remark 3. A mapping ϕ ∈ B is solution of (30), provided mapping θ ∈  B such that
(a) | ( ) | , max( ),itθ ξ θ θ≤ =
(b) ( )0 ( ) , ( ) ( ), [0, ].C

tD t t t t t Tαφ ω φ θ= + ∀ ∈
Hypothesis 3. For F Bω ∈  and 0,Fω

λ∃ >  such that for [0, ]t T∀ ∈  inequality of
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fractional integral is

0 ( ).C
t FI F F t

ω

α
ω ωλ≤         (44)

Lemma 3. For 0 ≤ α ≤ 1, if Bφ ∈  is a result of (30), then ϕ satisfies

( ) ( )1
0 0

1( ) , ( ) ( ).
( 1)

t

Ft t t d F t
ω

α
ωφ φ τ ω φ τ τ ξλ

α
−− − − ≤

Γ + ∫ (45)

Proof. Let ϕ ∈ B be an outcome of (30) and considering Remark 3(b), we get

( ) [ ]0 0( ) ( ), , (0) ., ( ) 0,C
tD t t tt t Tαφ ω θ φ φφ= + ∈ =        (46)

The solution of (46) is given by

( ) ( )

( )

1
0 0

1

0

1( ) , ( ) ,
( 1)

1 ( ) .
( 1)

t

t

t t t d

t d

α

α

φ φ τ ω φ τ τ
α

τ θ τ τ
α

−

−

= + −
Γ +

≤ −
Γ +

∫

∫ (47)

Now, using Remark 3, we get

( ) ( )

( )

( )

1
0 0

1

0

1

0

1( ) , ( )
( 1)

1 ( ) ,
( 1)

1 ( ) ,
( 1)

( ).

t

t

t

F

t t t d

t d

t d

F t
ω

α

α

α

ω

φ φ τ ω φ τ τ
α

τ θ τ τ
α

τ θ τ τ
α

ξλ

−

−

−

− − −
Γ +

≤ −
Γ +

≤ −
Γ +

≤

∫

∫

∫

(48)

Hence, proved.
Theorem 5. Considering the mapping ([0, ] , ) ,C T R R Bω ψ∈ × ∀ ∈  the fractional chlamydia system (4) is UHR 

stable on [0, T] by assumptions of Hypothesis 2 and (11).
Proof. In the view of Lemma 3, Hypotheses 2 and 3, we get 

( ) ( ) ( ) ( )

( )

1 1

0 0

1

0

1 1( ) ( ) , ( ) , ( ) ,
( 1) ( 1)

( ) ( ) ,
( 1) ( 1)

( ) ( ) ( ) .
( 1)

t t

t

F

t t t t d t t d

CT t d

T C
F t

ω

α α

α
αω

α
ω

ω

φ ψ τ ω φ τ τ τ ω ψ τ τ
α α

α
ξ τ φ τ ψ τ τ

α α

λ ξ φ τ ψ τ
α

− −

−

− ≤ − − −
Γ + Γ +

≤ + − −
Γ + Γ +

≤ + −
Γ +

∫ ∫

∫

(49)

It follows that
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( ) ( ) ( ) where .
1

( 1)

F

F
Ft t K F t K

T C
ω

ω ωω α
ω

λ
φ ψ ξ

α

− ≤ =
−
Γ +

(50)

Hence, the theorem is proved.
Corollary 2. Considering ξ = 1 in Theorem 5, we have the fractional chlamydia system (4) is GUHR stable.

6. Working of homotopy perturbation Laplace transform method
Consider a generalized FDE with Caputo derivative as:

0 ( ) ( ) ( ) ( ), 0, 1 , ,  C
tD t R t N t f t t n n n Nαψ ψ ψ α+ + = > − < ≤ ∈ (51)

such that

2 1

0 1 2 12 1

(0) (0) (0)(0) , , ,..., ,
n

nn

d d dC C C C
dt dt dt
ψ ψ ψψ

−

−−= = = = (52)

where t
dD
dt

 ≡ 
 

 is fractional differential operator, R is linear terms, N is nonlinear terms of ψ(t), and f(t) is continuous 

function.
Operating Laplace transform to equation (51),

{ } { } { } { }0 ( ) ( ) ( ) ( ) ,C
tD t R t N t f tαψ ψ ψ= − − +              (53)

and using differentiation properties (5),

{ } { } { } { }
1

1

0
( ) (0) ( ) ( ) ( ) .

n
k k

k
s u t s u R t N t f tα α ψ ψ

−
− −

=

− = − − +∑    (54)

From equation (52), we get

{ }

{ } { } { }

1

2 1

1 1 (0) 1 (0)( ) (0) ...

1 ( ) ( ) ( ) ,

n

n n

d dt
s dts s dt

R t N t f t
sα

ψ ψψ ψ

ψ ψ

−

−

 
= + + + 
 

+ − − +  



   (55)

taking inverse Laplace transform (ILT) to equation (55),

{ } { }1 1 1( ) ( ) ( ) ( ) ,t t R t N t
s sα αψ ω ψ ψ−  = − +  

  
  

(56)

where ω(t) is ILT of first and last terms of equation (55). Applying HPM [11] to equation (56) gives
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1 0

0

0

1 ( )
( ) ( )

1 ( )

i
i

i i
i

ii
i

i

R p t
sp t t p

N p t
s

α

α

ψ
ψ ω

ψ

∞

∞
− =

∞
=

=

   
   

   = −
   

+    
   

∑
∑

∑





(57)

to determine nonlinear terms of the above equation (57), we use He’s [26] polynomial,

0
( ) ( ),m

m
m

N t p Hψ ψ
∞

=

= ∑ (58)

where ( )0 1 2
0 0

1, , ,..., ( ) , 0,1, 2,... .
!

m
i

m m im
i p

dH N p t m
m dp

ψ ψ ψ ψ ψ
∞

= =

  = =  
  
∑  

Substituting equation (58) into (57), and comparing the coefficients of p0, p1, p2, …, we have

{ } { }

{ } { }

0
0

1 1
1 0 0

2 1
2 1 1

: ( ) ( ),

1 (1 ): ( ) ( ) ,

1 (1 ): ( ) ( ) ,

p t t

sp t R t H
s s

sp t R t H
s s

α

α α

α

α α

ψ ω

α αψ ψ

α αψ ψ

−

−

=

  − +
= − +  

  
  − +

= − +  
  



  

  

(59)

The solution of equation (51) can be obtained as

1 2
0 1 2

0
( ) ( ) ( ) ( ) ( ) ...i

i
i

t p t t p t p tψ ψ ψ ψ ψ
∞

=

= = + + +∑ (60)

as p → 1 gives

0 1 2( ) ( ) ( ) ( ) ... .t t t tψ ψ ψ ψ= + + + (61)

7. Approximate solution of chlamydia model
In this section, we present the analytical approach to system (1) given by

0 1 6

0 1 2 3

2 4

0 3 5

0 4 6

0

5

( ) ( ) ( ) ( ) ( ),  

( ) ( ) ( ) ( ) ( ) ( ),  

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ) ( ).

C
t

C
t

t s s s

C
t u u u

C
t s

C

u

D S t a S t E t a R t S t

D E t a S t E t a E t a E t E t

D I t a E t a I t I t

D I t a E t a I t I t

D R t a I t a I t a R t R t

α

α

α

α

α

β µ

µ

µ

µ

µ

= − + −

= − − −

= − −

= − −

= + − − (62)

Applying Laplace transform to (62) in Caputo sense, we achieve
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{ } { }
{ } { }
{ } { }
{ } { }
{ } { }

0 1 6

0 1 2 3

0 2 4

0 3 5

0 4 5 6

( ) ( ) ( ) ( ) ( ) ,
( ) ( ) ( ) ( ) ( ) ( ) ,
( ) ( ) ( ) ( ) ,
( ) ( ) ( ) ( ) ,
( ) ( ) ( ) ( ) ( ) ,

C
t

C
t

C
t s s s

C
t u u u

C
t s u

D S t a S t E t a R t S t
D E t a S t E t a E t a E t E t
D I t a E t a I t I t
D I t a E t a I t I t
D R t a I t a I t a R t R t

α

α

α

α

α

β µ
µ

µ
µ

µ

= − + −
= − − −
= − −
= − −
= + − −

 
 
 
 
  (63)

using differentiation property (5), we get

{ } { }
{ } { }
{ } { }
{ } { }
{ }

1
1 6

1
1 2 3

1
2 4

1
3 5

1
4

( ) (0) ( ) ( ) ( ) ( ) ,
( ) (0) ( ) ( ) ( ) ( ) ( ) ,
( ) (0) ( ) ( ) ( ) ,
( ) (0) ( ) ( ) ( ) ,
( ) (0) (

s s s s

u u u u

s

s S t s S a S t E t a R t S t
s E t s E a S t E t a E t a E t E t
s I t s I a E t a I t I t
s I t s I a E t a I t I t
s R t s R a I

α α

α α

α α

α α

α α

β µ
µ

µ
µ

−

−

−

−

−

− = − + −
− = − − −
− = − −
− = − −
− =

 
 
 
 
 { }5 6) ( ) ( ) ( ) .ut a I t a R t R tµ+ − − (64)

Applying (4) and taking inverse Laplace, we have

{ }

{ }

{ }

{ }

1
0 1 6

1
0 1 2 3

1
0 2 4

1
0 3 5

1
0

1( ) ( ) ( ) ( ) ( ) ,

1( ) ( ) ( ) ( ) ( ) ( ) ,

1( ) ( ) ( ) ( ) ,

1( ) ( ) ( ) ( ) ,

( )

s s s

u u u

S t S L L a S t E t a R t S t
s

E t E L L a S t E t a E t a E t E t
s

I t Is L L a E t a I t I t
s

I t Iu L L a E t a I t I t
s

R t R L

α

α

α

α

β µ

µ

µ

µ

−

−

−

−

−

 = + − + −  
 = + − − −  
 = + − −  
 = + − −  

= + { }4 5 6
1 ( ) ( ) ( ) ( ) .s uL a I t a I t a R t R t
sα

µ + − −  
(65)

Now, we applying HPM [11] to equation (65),

1
0 1 6

0 0 0 0

1
0 1 2 3

0 0 0 0 0

1( ) ( ) ( ) ( ) ( ) ,

1( ) ( ) ( ) ( ) ( ) ( ) ,

( )

n n n n
n n n n n

n n n n

n n n n n
n n n n n n

n n n n n

n
n

n

p S t S pL L a p S t E t a p R t p S t
s

p E t E pL L a p S t E t a p E t a p E t p E t
s

p Is t

α

α

β µ

µ

∞ ∞ ∞ ∞
−

= = = =

∞ ∞ ∞ ∞ ∞
−

= = = = =

=

  
= + − + −  

  

  = + − − −  
 

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑ ∑

1
0 2 4

0 0 0 0

1
0 3 5

0 0 0 0

1
0 4 5

0 0

1 ( ) ( ) ( ) ,

1( ) ( ) ( ) ( ) ,

1( ) ( )

n n n
n n n

n n n

n n n n
n n n n

n n n n

n n
n n

n n

Is pL L a p E t a p Is t p Is t
s

p Iu t Iu pL L a p E t a p Iu t p Iu t
s

p R t R pL L a p Is t a
s

α

α

α

µ

µ

∞ ∞ ∞ ∞
−

= = =

∞ ∞ ∞ ∞
−

= = = =

∞ ∞
−

= =

  
= + − −  

  

  
= + − −  

  

= + +

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

∑ ∑ 6
0 0 0

( ) ( ) ( ) ,n n n
n n n

n n n
p Iu t a p R t p R tµ

∞ ∞ ∞

= = =

   − −  
 

∑ ∑ ∑ (66)

In above equation (66), nonlinear terms are decomposed using He’s [26] polynomial Hn,



0 0 0

1 0 1 1 0

2 0 2 1 1 2 0

3 0 3 1 2 2 1 3 0

,
,

,
,

H S E
H S E S E
H S E S E S E
H S E S E S E S E

=
= +
= + +
= + + +

 (67)

Comparing “p” terms of equation (66), yields

0 0

0 0

0 0

0

0
0

0

0

( ) ,
( ) ,
( ) ,

( ) ,

: ( )
E t E
Is

p

t Is
Iu t Iu
R t R

S t S
=
=

=

=

=

{ }

( ) ( )

( )

( )

2 1
2 6 1 1 1 1

6 4 0 5 0 6 0 0 6 0 0 1 0 0

1 0 2 0 3 0 0 1 0 0
2

1 0 6 0 0 1 0 0

1: ( ) ,

(1 )

,
(1 2 )

p S t L L a R S a H
s
t a a Is a Iu a R R a R S a S E

a S a E a E E a S E
ta E a R S a S E

α

α

α

β µ

β µ µ β µ
α

µ

β µ
α

−  + − −

−

=

−

  

+ + − − + − −Γ +
− − − +

+ − − 

=

−

Γ +

{ }

( )

{ }

( )

{ }

( )

1 1
1 6 0 0 1 0

6 0 0 1 0 0

1
1 2 0 3 0 0 1 0

2 0 3 0 0 1 0 0

1
1 2 0 4 0 0

2 0 4 0 0

1

1: ( ) ,

,
(1 )

1( ) ,

,
(1 )

1( ) ,

,
(1 )

(

p S t L L a R S a H
s

ta R S a S E

E t L L a E a E E a H
s

ta E a E E a S E

Is t L L a E a Is Is
s

ta E a Is Is

Iu

α

α

α

α

α

α

β µ

β µ
α

µ

µ
α

µ

µ
α

−

−

−

 = + − −  

= + − −
Γ +

 = − − − +  

= − − − +
Γ +

 = − −  

= − −
Γ +

{ }

( )

{ }

( )

1
3 0 5 0 0

3 0 5 0 0

1
1 4 0 5 0 6 0 0

4 0 5 0 6 0 0

1)

,
(1 )

1( )

,
(1 )

t L L a E a Iu Iu
s

ta E a Iu Iu

R t L L a Is a Iu a R R
s

ta Is a Iu a R R

α

α

α

α

µ

µ
α

µ

µ
α

−

−

 = − −  

= − −
Γ +

 = + − −  

= + − −
Γ +

{ }

{ }

( )( )

1
2 6 1 1 1 1

1
2 1 3 1 1 1 1

2

2 3 1 0 2 0 3 0 0 1 0 0

1( ) ,

1 ,

,
(1 2 )

E t L L a R S a H
s

L L a E a E E a H
s

ta a a S a E a E E a S E

α

α

α

β µ

µ

µ µ
α

−

−

 + − −  
 − − − +  

+ + + − − − +  Γ

=

=

−
+
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{ }

( ) ( )( )

1
2 2 1 4 1 1

2

2 2 0 3 0 0 1 0 0 4 2 0 4 0 0

1 ( ) ,

,
(1 2 )

Is t L L a E a Is Is
s

ta a E a E E a S E a a E a Is Is

α

α

µ

µ µ µ
α

−  − −  

− − − + − + − −   Γ +

=

=

{ }

{ }

( )( )

1
2 6 1 1 1 1

1
2 1 3 1 1 1 1

2

2 3 1 0 2 0 3 0 0 1 0 0

1( ) ,

1 ,

,
(1 2 )

E t L L a R S a H
s

L L a E a E E a H
s

ta a a S a E a E E a S E

α

α

α

β µ

µ

µ µ
α

−

−

 + − −  
 − − − +  

+ + + − − − +  Γ

=

=

−
+

{ }

( ) ( )( )

1
2 3 1 5 1 1

2

3 2 0 3 0 0 1 0 0 5 3 0 5 0 0

1( ) ,

,
(1 2 )

Iu t L L a E a Iu Iu
s

ta a E a E E a S E a a E a Iu Iu

α

α

µ

µ µ µ
α

−  − −  

− − − + − + − − Γ

=


+

= 

{ }

( ) ( )

( )( )

1
2 4 1 5 1 6 1 1

4 2 0 4 0 0 5 3 0 5 0 0

2

6 4 0 5 0 6 0 0

1( ) ,

,
(1 2 )

R t L L a Is a Iu a R R
s

a a E a Is Is a a E a Iu Iu

ta a Is a Iu a R R

α

α

µ

µ µ

µ µ
α

−  + − −  
− − + − −

+ + − −
Γ

−  +

=

=

 (68)

Thus, the solution of equation (62) can be obtained using (61) as

( ) ( )

( ) ( )

( )

0 1 2

0 6 0 0 1 0 0 6 4 0 5 0 6 0 0

6 0 0 1 0 0 1 0 2 0 3 0 0 1 0 0
2

1 0 6 0 0 1 0 0

( ) ( ) ( ) ( ) ...

2
(1 )

...
(1 2 )

S t S t S t S t
tS a R S a S E a a Is a Iu a R R

a R S a S E a S a E a E E a S E
ta E a R S a S E

α

α

β µ µ
α

µ β µ µ

β µ
α

+ + +

+ + − − + + − −Γ +
+ − − − − − − +

+ −

−

− +

=

Γ +

=

− 

( ) ( )

( )( )

0 1 2

0 2 0 3 0 0 1 0 0 1 0 6 0 0 1 0 0

2

2 3 1 0 2 0 3 0 0 1 0 0

( ) ( ) ( ) ( ) ...

(1 )

...
(1 2 )

E t E t E t E t
tE a E a E E a S E a E a R S a S E

ta a a S a E a E E a S E

α

α

µ β µ
α

µ µ
α

+ + +

+ − − − + + + − −Γ +

+ + + − − − + +−
Γ

=

=

 +

( ) ( )

( )( )

0 1 2

0 2 0 4 0 0 2 2 0 3 0 0 1 0 0

2

4 2 0 4 0 0

( ) ( ) ( ) ( ) ...

(1 )

...
(1 2 )

sI t Is t Is t Is t
tIs a E a Is Is a a E a E E a S E

ta a E a Is Is

α

α

µ µ
α

µ µ
α

+ + +

+ − − + − − − +Γ +

+ − −  +

=

+

=

−
Γ

( ) ( )

( )( )

0 1 2

0 3 0 5 0 0 3 2 0 3 0 0 1 0 0

2

5 3 0 5 0 0

( ) ( ) ( ) ( ) ...

(1 )

...
(1 2 )

uI t Iu t Iu t Iu t
tIu a E a Iu Iu a a E a E E a S E

ta a E a Iu Iu

α

α

µ µ
α

µ µ
α

+ + +

+ − − + − − − +Γ +

+ − −  +

=

+

=

−
Γ

( ) ( )

( ) ( )( )

0 1 2

0 4 0 5 0 6 0 0 4 2 0 4 0 0

2

5 3 0 5 0 0 6 4 0 5 0 6 0 0

( ) ( ) ( ) ( ) ...

(1 )

... .
(1 2 )

R t R t R t R t
tR a Is a Iu a R R a a E a Is Is

ta a E a Iu Iu a a Is a Iu a R R

α

α

µ µ
α

µ µ µ
α

+ + +

+ + − − + − −Γ +

− − − + + 

=

=

− ++ −
Γ +
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( ) ( )

( ) ( )( )

0 1 2

0 4 0 5 0 6 0 0 4 2 0 4 0 0

2

5 3 0 5 0 0 6 4 0 5 0 6 0 0

( ) ( ) ( ) ( ) ...

(1 )

... .
(1 2 )

R t R t R t R t
tR a Is a Iu a R R a a E a Is Is

ta a E a Iu Iu a a Is a Iu a R R

α

α

µ µ
α

µ µ µ
α

+ + +

+ + − − + − −Γ +

− − − + + 

=

=

− ++ −
Γ +

(69)

8. Conclusions
In this work, we have studied a nonlinear mathematical model of chlamydia transmission using FDEs in the

Caputo sense. As a means of speculating about potential chlamydia epidemics, we have run several simulations under 
a wide range of parameters and studied the memory properties of the system using the different noninteger orders of 
derived FDEs. By using this method, we can attain a more comprehensive understanding of the chlamydia model. The 
effectiveness of the technique is shown by the findings in (69). The research has considerable significance in predicting 
the future of the disease and its treatment. The data shows that homotopy perturbation Laplace transform method may 
outperform conventional approaches. Figures 2-6 show the results for various fractional orders α for S(t), E(t), Is(t), Iu(t), 
and R(t). Table 2 depicts the approximate solutions to the chlamydia model for five separate α values: 1, 0.9, 0.8, and 0.7. 
This study is beneficial for medical research institutions to track and understand the spread of disease.

Table 2. The approximate solution of chlamydia model for distinct order α

Order The approximate solution of chlamydia model

α = 1

S(t) = 233824096 − 9.352964073 × 1013t − 8.729087285 × 1021t2 + …

E(t) = 500000 + 9.352963790 × 1013t− 4.676481895 × 1013t2 + …

Is(t) = 200904 + 1.4815928 × 105t + 3.133242862 × 1013t2 + …

Iu(t) = 250000 − 80000t + 1.496474210 × 1013t2 + …

R(t) = 225000 + 1.671433426 × 1011t + 6.399838705 × 108t2 + …

α = 0.9

S(t) = 233824096 − 9.724783063 × 1013t0.9 − 1.041352252 × 1022t1.8 + …

E(t) = 500000 + 9.724782769 × 1013t0.9 − 5.578893637 × 1013t1.8 + …

Is(t) = 200904 + 1.540492239 × 105t0.9 + 3.737858728 × 1013t1.8 + …

Iu(t) = 250000 − 83180.33075 × t0.9 + 1.785245969 × 1013t1.8 + …

R(t) = 225000 + 4.250844295 × 105t0.9 + 21340.19289t1.8 + …

α = 0.8

S(t) = 233824096 − 1.004200885 × 1014t0.8 − 1.221171983 × 1022t1.6 + …

E(t) = 500000 + 1.004200855 × 1014t0.8 − 6.542251762 × 1013t1.6 + …

Is(t) = 200904 + 1.590743629 × 105t0.8 + 4.383308670 × 1013t1.6 + …

Iu(t) = 250000 − 85893.70192 × t0.8 + 2.093520570 × 1013t1.6 + …

R(t) = 225000 + 4.389508307 × 105t0.8 + 25025.19740 × t1.6 + …

α = 0.7

S(t) = 233824096 − 1.029338034 × 1014t0.7 − 1.405458494 × 1022t1.4 + …

E(t) = 500000 + 1.029338003 × 1014t0.7 − 7.529540016 × 1013t1.4 + …

Is(t) = 200904 + 1.630563112 × 105t0.7 + 5.044791799 × 1013t1.4 + …

Iu(t) = 250000 − 88043.79244 × t0.7 + 2.409452812 × 1013t1.4 + …

R(t) = 225000 + 4.499386447 × 105t0.7 + 28801.73862t1.4 + …

Contemporary MathematicsVolume 5 Issue 2|2024| 1345



1346 | Jignesh P. Chauhan, et al.

0.80.6 10.40.20
Time t (years)

Su
sc

ep
tib

le
 c

la
ss

1.4 × 1022

1.2 × 1022

1 × 1022

8 × 1021

6 × 1021

4 × 1021

2 × 1021

0

α = 1 α = 0.9 α = 0.8 α = 0.7

Figure 2. The behavior of the susceptible class S(t) at various order α
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Figure 3. The behavior of the exposed class E(t) at various order α
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Figure 4. The behavior of the infected class due to sexual activity Is(t) at various order α
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Figure 5. The behavior of infected class due to unhygienic environment Iu(t) at various order α
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Figure 6. The behavior of the recovered class R(t) at various order α

 
0.80.6 10.40.20

Time t (years)

C
om

pa
ris

on
 o

f s
us

ce
pt

ib
le

, e
xp

os
ed

, a
nd

 in
fe

ct
ed

 c
la

ss Susceptible individual Exposed individual
Infected due to sexual activity Infected due to unhygienic environment

8 × 1013

7 × 1013

5 × 1013

4 × 1013

6 × 1013

3 × 1013

2 × 1013

1 × 1013

0

Figure 7. The comparison of S(t), E(t), Is(t), and Iu(t)

Contemporary MathematicsVolume 5 Issue 2|2024| 1347



1348 | Jignesh P. Chauhan, et al.

1.51 20.50
Time t (years)

C
om

pa
ris

on
 o

f r
ec

ov
er

ed
 c

la
ss

 w
ith

 in
fe

ct
ed

 c
la

ss Recovered class
Infected due to sexual activity Infected due to unhygienic environment

3 × 109

2 × 109

1 × 109

0

Figure 8. The comparison of Is(t), Iu(t), and R(t)

Acknowledgments
The authors are thankful to the editor and anonymous reviewers for their valuable comments and suggestions.

Competing interests
The authors have no conflict of interest to declare.

References

[1] Nwajeri UK, Panle AB, Omame A, Obi MC, Onyenegecha CP. On the fractional order model for HPV and
syphilis using non-singular kernel. Results in Physics. 2022; 37: 105463. Available from: https://doi.org/10.1016/
j.rinp.2022.105463.

[2] Wan FYM. Growth of RB population in the conversion phase of chlamydia life cycle. Communications on Applied
Mathematics and Computation. 2024; 6: 90-112. Available from: https://doi.org/10.1007/s42967-022-00226-w.

[3] Nabi KN, Abboubakar H, Kumar P. Forecasting of COVID-19 pandemic: From integer derivatives to
fractional derivatives. Chaos, Solitons & Fractals. 2020; 141: 110283. Available from: https://doi.org/10.1016/
j.chaos.2020.110283.

[4] Nabi KN, Kumar P, Erturk VS. Projections and fractional dynamics of COVID-19 with optimal control strategies.
Chaos, Solitons & Fractals. 2021; 145: 110689. Available from: https://doi.org/10.1016/j.chaos.2021.110689.

[5] Kumar P, Erturk VS, Abboubakar H, Nisar KS. Prediction studies of the epidemic peak of coronavirus disease in
Brazil via new generalised Caputo type fractional derivatives. Alexandria Engineering Journal. 2021; 60(3): 3189-
3204. Available from: https://doi.org/10.1016/j.aej.2021.01.032.

[6] Etemad S, Avci I, Kumar P, Baleanu D, Rezapour S. Some novel mathematical analysis on the fractal-fractional
model of the AH1N1/09 virus and its generalized Caputo-type version. Chaos, Solitons & Fractals. 2022; 162:
112511. Available from: https://doi.org/10.1016/j.chaos.2022.112511.

[7] Zeb A, Kumar P, Erturk VS, Sitthiwirattham T. A new study on two different vaccinated fractional-order COVID-19
models via numerical algorithms. Journal of King Saud University-Science. 2022; 34(4): 101914. Available from:
https://doi.org/10.1016/j.jksus.2022.101914.

[8] Odionyenma UB, Omame A, Ukanwoke NO, Nometa I. Optimal control of chlamydia model with vaccination.

Contemporary Mathematics

https://doi.org/10.1016/j.rinp.2022.105463
https://doi.org/10.1016/j.rinp.2022.105463
https://doi.org/10.1007/s42967-022-00226-w
https://doi.org/10.1016/j.chaos.2020.110283
https://doi.org/10.1016/j.chaos.2020.110283
https://doi.org/10.1016/j.chaos.2021.110689
https://doi.org/10.1016/j.aej.2021.01.032
https://doi.org/10.1016/j.chaos.2022.112511
https://doi.org/10.1016/j.jksus.2022.101914


International Journal of Dynamics and Control. 2022; 10(1): 332-348. Available from: https://doi.org/10.1007/
s40435-021-00789-1.

[9] Akinlotan MD, Mallet DG, Araujo RP. An optimal control model of the treatment of chronic chlamydia trachomatis
infection using a combination treatment with antibiotic and tryptophan. Applied Mathematics and Computation.
2020; 375: 124899. Available from: https://doi.org/10.1016/j.amc.2019.124899.

[10] Vellappandi M, Kumar P, Govindaraj V. Role of fractional derivatives in the mathematical modeling of the
transmission of chlamydia in the United States from 1989 to 2019. Nonlinear Dynamics. 2023; 111(5): 4915-4929.
Available from: https://doi.org/10.1007/s11071-022-08073-3.

[11] He J-H. Homotopy perturbation technique. Computer Methods in Applied Mechanics and Engineering. 1999;
178(3-4): 257-262. Available from: https://doi.org/10.1016/S0045-7825(99)00018-3.

[12] Khirsariya SR, Rao SB, Chauhan JP. A novel hybrid technique to obtain the solution of generalized fractional-order
differential equations. Mathematics and Computers in Simulation. 2023; 205: 272-290. Available from: https://doi.
org/10.1016/j.matcom.2022.10.013.

[13] Khirsariya S, Rao S, Chauhan J. Semi-analytic solution of time-fractional Korteweg-de Vries equation using
fractional residual power series method. Results in Nonlinear Analysis. 2022; 5(3): 222-234. Available from:
https://doi.org/10.53006/rna.1024308.

[14] Fafa W, Odibat Z, Shawagfeh N. The homotopy analysis method for solving differential equations with generalized
Caputo-type fractional derivatives. Journal of Computational and Nonlinear Dynamics. 2023; 18(2): 021004.
Available from: https://doi.org/10.1115/1.4056392.

[15] Kumar P, Erturk VS, Murillo-Arcila M, Govindaraj V. A new form of L1-Predictor-Corrector scheme to solve
multiple delay-type fractional order systems with the example of a neural network model. Fractals. 2023; 31(4):
2340043. Available from: https://doi.org/10.1142/S0218348X23400650.

[16] Mahatekar Y, Scindia PS, Kumar P. A new numerical method to solve fractional differential equations in terms of
Caputo-Fabrizio derivatives. Physica Scripta. 2023; 98(2): 024001. Available from: https://doi.org/10.1088/1402-
4896/acaf1a.

[17] Shah NH, Vaghela JN, Pandya PM, Shah YN. Mathematical model for transmission of chlamydia due to sexual
activity and unhygienic environment. Exploration of Medicine. 2022; 3(4): 375-385. Available from: https://doi.
org/10.37349/emed.2022.00100.

[18] Podlubny I. Fractional differential equations, vol. 198 of mathematics in science and engineering. San Diego,
USA: Academic Press; 1999.

[19] Din A, Li Y. Lévy noise impact on a stochastic hepatitis B epidemic model under real statistical data and its fractal-
fractional Atangana-Baleanu order model. Physica Scripta. 2021; 96(12): 124008. Available from: https://doi.
org/10.1088/1402-4896/ac1c1a.

[20] Granas A, Dugundji J. Fixed point theory. New York: Springer-Verlag; 2003.
[21] Ali A, Khan MY, Sinan M, Allehiany FM, Mahmoud EE, Abdel-Aty A-H, et al. Theoretical and numerical analysis

of novel COVID-19 via fractional order mathematical model. Results in Physics. 2021; 20: 103676. Available
from: https://doi.org/10.1016/j.rinp.2020.103676.

[22] Routh EJ. A treatise on the stability of a given state of motion, particularly steady motion: being the essay to which
the Adams prize was adjudged in 1877, in the University of Cambridge. London: Macmillan and Co.; 1877.

[23] El-Saka HA, Ahmed E, Shehata MI, El-Sayed AMA. On stability, persistence, and Hopf bifurcation in fractional
order dynamical systems. Nonlinear Dynamics. 2009; 56: 121-126. Available from: https://doi.org/10.1007/s11071-
008-9383-x.

[24] Abbas S, Tyagi S, Kumar P,  Ertürk VS,  Momani S. Stability and bifurcation analysis of a fractional-order model
of cell-to-cell spread of HIV-1 with a discrete time delay. Mathematical Methods in the Applied Sciences. 2022;
45(11): 7081-7095. Available from: https://doi.org/10.1002/mma.8226.

[25] de Oliveira EC, da C. Sousa JV. Ulam-Hyers-Rassias stability for a class of fractional integro-differential equations.
Results in Mathematics. 2018; 73: 111. Available from: https://doi.org/10.1007/s00025-018-0872-z.

[26] He J-H. Homotopy perturbation method: A new nonlinear analytical technique. Applied Mathematics and
Computation. 2003; 135(1): 73-79. Available from: https://doi.org/10.1016/S0096-3003(01)00312-5.

Contemporary MathematicsVolume 5 Issue 2|2024| 1349

https://doi.org/10.1007/s40435-021-00789-1
https://doi.org/10.1007/s40435-021-00789-1
https://doi.org/10.1016/j.amc.2019.124899
https://doi.org/10.1007/s11071-022-08073-3
https://doi.org/10.1016/S0045-7825(99)00018-3
https://doi.org/10.1016/j.matcom.2022.10.013
https://doi.org/10.1016/j.matcom.2022.10.013
https://doi.org/10.53006/rna.1024308
https://doi.org/10.1115/1.4056392
https://doi.org/10.1142/S0218348X23400650
https://doi.org/10.1088/1402-4896/acaf1a
https://doi.org/10.1088/1402-4896/acaf1a
https://doi.org/10.37349/emed.2022.00100
https://doi.org/10.37349/emed.2022.00100
https://doi.org/10.1088/1402-4896/ac1c1a
https://doi.org/10.1088/1402-4896/ac1c1a
https://doi.org/10.1016/j.rinp.2020.103676
https://doi.org/10.1007/s11071-008-9383-x
https://doi.org/10.1007/s11071-008-9383-x
https://doi.org/10.1002/mma.8226
https://doi.org/10.1007/s00025-018-0872-z
https://doi.org/10.1016/S0096-3003(01)00312-5



