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Abstract: In this article, we study a mathematical model of the chlamydia infection caused by sexual contact. To
analyze this model, we combine the homotopy perturbation Laplace transform technique with the fractional order
formulation in the Caputo sense. This article illustrates the increased degree of freedom that fractional derivative models
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noninteger order makes this study more useful.
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1. Introduction

These days, the study of infectious diseases and their cures is widely practiced in many different fields [1, 2].
We can better anticipate future disease outbreaks with the help of mathematical models that consider existing data.
Fractional differential equation (FDE) models were extensively used to study the spread of viral infections [3-7]. To
date, several models have been developed to investigate chlamydia transmission. The authors defined an optimal control
derivation for chlamydia modeling in [8]. In [9], an optimal control is used. A model of chronic Chlamydia trachomatis
disease was developed, taking into account a combination treatment with tryptophan and antibiotics. Because of their
memory effect, FDEs have gained importance in modeling many scientific and engineering fields. Vellappandi et al. [10]
also studied the chlamydia disease model in fractional order. There is no precise method for dealing with fractional-
order differential equations. Several numerical and analytical methods have been used to obtain the approximate solution
of FDEs, viz., the homotopy perturbation method (HPM) [11], the homotopy perturbation general transform method [12],
the residual power series method [13], the homotopy analysis method [14], the L1-Predictor-Corrector method [15], the
Caputo-Fabrizio derivatives [16], etc.

In this work, we examine a nonlinear chlamydia model discussed by Shah et al. [17]. The prime parameters utilized

Copyright ©2024 Jignesh P. Chauhan, et al.

DOI: https://doi.org/10.37256/cm.5220242435

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Contemporary Mathematics 2134 | Jignesh P. Chauhan, et al.



in the described model are the susceptible class as S(¢), the exposed class as E(f), infected individuals due to sexual
activity as /(f), infected individuals due to the unhygienic environment as /,(f), and the recovered class as R(7). This
model is specified using a set of differential equations, as mentioned below

ds

dt

=B aSOE®) +agR(1) — uS(@),

d
7}? = a1 S(VE(t) - ay E(6) — ay E(6) — pE(2),

dl
d_: =ayE(t)—ayl (1) — plg (1),

dl
7: = a3E(1)—asl,, (1) — pl,, (1),

‘2_1: = gL, (1) + asI, () — agR(6)— kR (1),

where initially we take the values as

S0)=3S8,,E0)=E,,1,(0)Is,,1,(0)=1u,,R(0)=R,.

We consider the total population of the system as N(z), where
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N =S +E@) +1.(t)+1,(t)+ R(D).

Table 1. Chlamydia model parameters

Notation Value Description
s 0.018 The average global birth rate
a, 0.8 The rate of transmission from S to £
a, 0.67 The rate of transmission from E to I,
as 0.32 The rate of transmission from E to 7,
a, 0.92 Recovery rate from /;
as 0.95 Recovery rate from /,
ag 0.05 The rate of transmission from R to S
u 0.01 Escape rate

(M

2

(€)
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Figure 1. Diagram of chlamydia model

2. Preliminaries

Definition 1 The Caputo time-fractional derivative [18] of u(x, ) with order a > 0 is

ﬁj‘(j(l‘ O')nalaal//(no-)d n-l<a<n
S Dl ()= an” X
—V/(a), a=neN. “)
oc”
Definition 2 The Laplace transform of (4) is given by [18],
n—1
L{iy )} =s"L{y(0)} - sy (0),n-1<a<n 5)
k=0
The solution of FDE [19]
o Dl () = f (o where () € C([0.T)),a € (01], ©)
with (0) =y, is given by
a-1
t do. 7
() =y, + F()I( o) flo)do (7)

Theorem 1 [20, 21] Let V' = C [0, T] be the Banach space of continuous real valued functions defined on [0, 7.
Define a Banach space B=V x V' x V' x V' x JV, with norm,

lwll=|IS.E.1,.1,.R|| = sup S(t)+E@)+1,(t)+1,(t)+R(2), (8)

where w € B and S,E,[,I,,R V. Moreover, consider a convex subset 4 of Banach space B. If the operator X on 4
are such that they satisfy the following three conditions, then there exists at least one fixed point we 4 for [X; i.e.,
1.Xwed, Aw € A.

2. X is a contraction.
3. X is continuous and compact.
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3. Qualitative analysis

For system (1), we construct a function
[i(t, S@), E@), 1(0), 1,,(0), R()) = B = ayS()E(®) + agR(t) — uS (),
fo (8, @), E@), 1,(0), I, (1), R(1)) = ayS(6) E(t) = ap E(t) - as E(¢) = uE(?),
S3(8 8@, E@), 1,(0), 1, (1), R(t)) = ay E(t) = ag I (1) = (1),
fa(t, S@), EQ), L(0), I, (1), R(1)) = a3 E(1) = as 1, () = u,, (0),

f5 (t’ S(t), E(t)> Is(t)9 Iu (t)9 R(t)) = a4ls (t) + a5[u (t) _a6R(t)_/lR(t)- (9)

Also, we generalize (60) as

CDly(t) = o(tyw (), (10)
where 0<a <1,1€[0,T],w(0) =y,.
As mentioned in Lemma 1, (10) yields
VO =+ s [ o) (o (@) do, (an
where
S(1) s, ] £ (6.8, E@0),1,(t).1,(5),R()) |
E(1) E, £, (6.5, E(),1,(0),1,(£), R())
() =10 ], wo=| (), |» @(t.w(®)=| £, (,50),E@®),1,(t),1,(6),R()) |,
1,(t) (1,), £ (6.5, E@),1,(0),1,(£), R())
R(?) | R, | S (6S@,.E),1,(0),1,(),R()) |
and
[ £(0,5(0), £(0),1,(0),1,(0), R(0)) |
£,(0,8(0), £(0),1,(0), ,(0), R(0))
@, = £;(0,8(0), E(0),1,(0),1,(0), R(0)) |. (12)
£,(0,8(0), £(0),1,(0),,(0), R(0))
| £:(0,8(0), E(0),1,(0),1,(0), R(0)) |

4. Existence and uniqueness

Let us consider the following axioms and Lipschitz conditions to prove existence and uniqueness:
Hypothesis 1 There exist C, and D, such that
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o(ty(®)<C,|w|+D,. (13)
Hypothesis 2 There exist L, > 0 such that
Yy, € B, o(ty) - ot,i) < L, v~ (14)
Theorem 2 Considering Hypotheses 1 and 2, system (10) has at least one solution to (11) if L, < 1.
Proof. Proof of theorem is given by following two steps:

1. Consider 7 € 4, where 4 ={y e B,|y||< p,p>0} is a closed and convex set. For X(y) from equations (13)
and (14),

X ) - x| = tS[%I;]M(t,W(t)) ~oty ). L,y -] (15)

Hence, X is a contraction.
2. Here, we show that the operator X is relatively compact, i.e., X should be equicontinuous and bounded. It follows
that if w is continuous, then X is also continuous for all y € 4,

1
Il X(w)ll= sup

w [ye-0" o .y @),
tel0,

1 (T 3
< T-0)"o (r,y(1))dr,
Faydo 790 ()
TCZ
< C,ll wl+D,]|,
@l ol il
a
< C,p+D,|
() Cor+ Dol (16)
Thus, X is bounded.
For equicontinuity, we consider ¢, >t,V¢,,t, €[0,T], such that
1 t -1
Xy (1)=X (v () =55 Jo (1 =7) etm. wieds
5} a-1
_jo (tn —7)" o(z, w(r))d1l,
]
< ICop+ Dy, (17)
I'(a) @ ®

As t, > t,, we have |t1“ —t2“| — 0, and from (17),

X (w(0) =X (y(@))| > 0.

Therefore, X is uniformly continuous and bounded. From the Arzela-Ascoli theorem, we say that X is relatively
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compact and entirely continuous. Hence, from Theorem 1, we conclude that (11) has at least one solution.

a

. . . T°L
Theorem 3 Let us consider Hypotheses 1 and 2, system (10) holds a solution as (11) if T “’1
Proof. For Banach space B, the operator X : B — B defined as a+l)

X[y O]=y, +—|.(t-7)" o (r.p(0))dr, (18)

L
I'(a)
For v,y € B, we get

_ 1
Il X(w)-XW)II<— sup
A te]0, T

Jyt-0""e (r. y@ydr-[ -0 o @ FE)dr

E

Sl sup I;‘(t—r)a_1|| o (r, y(1)-o (T, 1/7(2'))6172",
A 10, T

T%L, _
< | w—wl
I(a+1) (19)

From (19), X is contraction. Now, using Banach fixed point theorem, operator X has a unique fixed point, w(?), i.e.,
X(y(1)) = w(t), which gives the unique solution of generalized FDE (10).

5. Stability analysis
5.1 Local stability

We will find equilibrium points to discuss the local stability of our system.
5.2 Equilibrium points

There are two equilibrium points in our chlamydia system (1).
i) Disease-free equilibrium point E:

Ey= (ﬁ, 0,0, 0, 0}. (20)
7
It means when there is no infection £ =/, = I,= R = 0. Thus, the model (1) has a unique equilibrium point E,,.
ii) Endemic equilibrium point E, ,:

E,=(S.E.I.I,R), 1

s27u?’

where

*_a2+a3+,u

aq
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. (a5 + ) (g + 1) (ay + )47 +(-a —a5) u+ fay

a1,u|:y3 +(ay +ay +ay +as+ag) u? +{(a2 +ay+as+ag)agt
(a2 +a3 +a6)a5 +(a2 +a3)a6},u+{(a2 +d3 +a6)a5 +a3a6}a4 +a2asa6J

. (as+ p)ay (ag + 1) (~42* +(~ap —a3) -+ By )

N

al,u|:,u3 +(a2 +a3 +ay +a5 +a6)y2 +{(a2 +a3 +ay +a6)a5 +
((12 +(13 +a6)a4 +(l6 ((12 +a3)}y+((a2 +a3 +a6)a4 +a6a2)a5 +a3a4a6]
(a6 + 1) a3 (ay +#)(—/¢2 +(-a —03)ﬂ+ﬁ’al)

*
[ =

u

al,u[,u3+(a2 +a3 +a4 +a5 +a6),uz+{(a2 +a3 +(15 +a6)a4+

(612 +a3 +a6)a5 +a6 (a2 +a3)},u+{(a2 +(13 +a6)a5 +a3a6}a4 +a2a5a6:|

R* B ((02614 +a3a5),u+a4a5 (612 +d3 ))(—,UZ +(—Ll2 —a3),u+ﬁal)

2+ (ay +az vay +as +ag) it
a +((a2 +az +as +a6)a4 +(612 +aj +a6)a5 +a6(a2 +a3))y

+((6l2 +a3 +a6)a5 +a3a6)a4 +a2a5a6

5.3 Basic reproduction number

A basic reproduction number R, is calculated to get the transmission rate of chlamydia disease, using the next-
generation matrix (NGM) algorithm [22, 23].

Let X =(S,E,I,1,,R), then the model can be rewrite as

X' =F(X)-V(X),

a)SE i E(a2 +a +,u)
0 —ayE+1 (a2 +,u)
where F(X)=| 0 |and V(X)= —azE+1, (a5 + ,u)
0 —aul; —asl, +R(a6 +,u)
0 | —B+aSE—agR+uS | (22)

Here, F(X) and V(X) are the rate of appearance of new infections in the compartment and the rate of transfer
individuals respectively. By calculating Jacobian matrices at E,, we get

D(F(EO)):LJ; g}andD(V(EO))z[v 0},

where
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a]S 0 0 0 dlE
0 000 O
f= =
oX ;
J 0 000 O
0 000 O
and

[ay +ay+u 0 0

) as + U 0
V= M = —a3 0 az +

oX;
0 —ay —as
| @S 0 0

Now, we calculate NGM fi', and find the largest eigenvalues of /i ' is

R—— W
u(a, +ay+ p1)

0 aE
0 0
0 0
ag + 0
—ag @ E+u] (23)

24

Theorem 4 The system (1) with disease-free equilibrium point E, is locally asymptotically stable if

cBLtatu

* >

a

Proof. The Jacobian matrix for the system (1) at £, can be evaluated by

_ _ap 0 0
H
0 -a,-a,—pu 0 0
J(E,) =
(£o) 0 a, -a,—u 0
0 a, 0 —as— U
| 0 0 a, as

Therefore, the eigenvalues of matrix J(E,) are

A =—H

Ay =—(ag + 1)
2 =—(as + )
Ay =—(ag+ 1)

A :ﬂal —,u(a;—i—a3 +,u).
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’ (25)
0
0
—ag— ]
(26)
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. . +a, +
Here, we can clearly see that 4,, 4,, 4,, and 4, are negative. Moreover, if I < M, then 4, <0.
H a
As we can see that all eigenvalues are negative. So, the system (1) with £ is locally asymptotically stable.
Theorem 5 The system (1) with endemic equilibrium point E,, is locally asymptotically stable if

2
. a
S <max<—=, L
al alas

Proof. The Jacobian matrix by linearizing the system (1) at E, , can be defined as

_—alE* —-u -a,S" 0 0 ag ]
aE aS —a,—a,—u 0
J(E") = 0 a, —a,—p
0 a, 0 —as— U 0
. 0 0 a, as —ag— U | (27)

By basic matrix calculation, we get
S*al <as and S*a1a5 < u?

2
* a *
=5 <3 and S < £
q a1as

2
— 5" <max] % H (28)
a, aas

Hence, theorem is proved.

5.4 Global stability

The stability analysis of FDEs is one of the significant factors [24]. There are various forms and types of stability,
and Ulam-Hyers (UH) stability represents one of the significant types. This stability was proposed by Ulam in 1940
and further investigated by Hyers [25]. Rassias extended this stability into a more general form known as Ulam-Hyers-
Rassias (UHR) stability.

Let us consider S = C[0, 7] as the Banach space of real-valued continuous functions in [0, 7], and let us define
Banach space B =S x S x S having norm ¢ € B, as a sup norm. Now, taking positive real number F, : Q) — R and for
¢ >0, and assuming following Ulam’s stability postulates

| D) - oo (1,4(0)| < F,, 29)
s DEg(O) - o (1.9())| < &, (30)
| Digt) = (t,4(0))| < F,, (31)

where V¢ e Q and & =max(&), fori=1,2, 3.
Definition 3 The fractional chlamydia model (4) is UH stable, provided for each £ >0 and ¢ € B of (29). For a
positive real number F, > 0, the existence of ¥ € B for model (4) ensures

lp(t) —w ()| < EC, 1 e Q, (32)
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where & =max(¢;) and C, =max(C, ), fori=1,2,3.

Definition 4 The fractional model as given in (4) is said to have the stability of the type generalized Ulam-Hyers
(GUH): corresponding to a continuous function F, : R — R having condition F, (0)=0,if V& >0 and V¢ e B of (30),
then v € B of model (4) having

o) v ()| < F, ()t e (33)
where & =max(g;) and F|, = max(F), ),i =1,2,3.
Remark 2 A mapping ¢ € B will be the result of (29), provided equivalently, we have a mapping  in B so that the

following conditions are satisfied:
@) [HD)[< &, =max(9),

(b) $Dg(t) = o(t,9(t)) + 9(t),V1 € Q.

Lemma 2 For 0 < a <0 if ¢ is a member of the Banach space B, and is the result of (29), then ¢ satisfies

a

T
() - X (w(®)| < Tain® (34)

Proof. Let ¢ be a result of (29) and therefore from Remark 2(b), we get
0D () = o (1, 1) +9(1), t [0, T,

$(0) = gy 2 0. (35)

Following that, the solution of (35) can be written as

G )—(—) [ -0 ott, g(o)) dr,

a-1
<F(a+1) j (t-1)*9(r) dr. (36)

Now, using Remark 2, we get

‘¢() b [ -0 ot gy

1)

j (t—7)% ' 9(r)dr

“tr
I'(a+1)70

1 t a-1
< D jo(t—r) | %(7) | dr

TO!
) T(a+1) a4 (37)
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Hence, the proof holds.

Theorem 4 Considering a real-valued continuous map @ on [0, 7] x B (or [0, 7] x B), so that for every
v()eB,weC ([0, T]x B,R). Therefore, under the assumption of Hypothesis 2 and conclusion of Theorem 3, fractional
chlamydia system (4) is UH stable on [0, 7.

Proof. Suppose that £ > 0 and let ¢ € B be any response of (29). Considering ¥ € B to be the only outcome of the
system (11), as

s Dy () =o(t,¢@)),t €[0,T], with y(0) =y,, (38)

where

v(t)=vw, +;J‘Ot(t - r)lH o(t,y(r))dr.

T(a+1) (39)
In the light of Lemma 2, and Hypothesis 2, we get
1 t a1 1 t a-1
190 -y O < S [ =00 @ gedr o f =0 o (6 (@)
Ta O.’Ca) t _ a—1 _
“Far S Tt 1Oy @z
T¢ r“c,
Sr(a+l)§+r(a+l)|¢(f)—l//(r)|- (40)
It follows that
AE T
|p(t) - (1)) < ac’ where A = et 41)

Corollary 1 Considering F (¢) = £C, in Theorem 4, such that F, (0) = 0, we have the fractional chlamydia system
(4) GUH stable.

Definition 5 Let F, be continuous positive real-valued function over [0, 7] = [0, 7], i.e., F, € C([0,T],R"), the
fractional chlamydia model (1) is UHR stable, if we have real constant K, >0, such that for every > 0 and every

result ¢ of (30), there lies the result y in B, such that
pO) -y () <K cF,(0),1€[0,T], (42)
where & = max (&), F, = max (F,,), and K, = max (K,,) fori=1, 2, 3.

Definition 6 The fractional chlamydia model (4) is generalized Ulam-Hyers-Rassias (GUHR) stable if there exist a
real constant K, >0 and a mapping F, € C ([0, T ],R*), such that for each ¢ of (31), there exists a solution i € B of (4),

PO~y ()< K F, (1), 1[0, T, (43)

where £, =max(F, ) and K, =max(K, ),fori=1,2,3.
Remark 3 A mapping ¢ € B is solution of (30), provided mapping 8 € B such that
(a) |6(t)| < &,0 =max(b,),
(b) § D p(t) = o(t,4(1))+6(1),vt €[0,T].
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Hypothesis 3 For F, € B and 34, >0, such that for V7 €[0,7] inequality of
fractional integral is

o I F, < . F,(0). (44)

Lemma 3 For0<a<1,if ¢ € B is aresult of (30), then ¢ satisfies

ORY/S o l)j( —7)" o (t,4(2))d1| < &4, F, (0). (45)

Proof. Let ¢ € B be an outcome of (30) and considering Remark 3(b), we get
o DIg(1) = o (1,9(1)) + 0(1),1 €[0,T], $(0) = ¢ (46)

The solution of (46) is given by

(6 =gy + 1) [ia-0""0 @ gpar,
1 t a-l1
< e jo (t-1)*0(z)dx. (47)
Now, using Remark 3, we get
‘¢< )= - j (t-0)""o (&, §(r))dz

1 _a-l
<‘mj (t-0)*'o(r)dz|,

1
I'(a+1)70

<

[[a-0 0 dr,

< &g Fy(0). (48)

Hence, proved.

Theorem 5 Considering the mapping @ e C([0,7]x R,R)V i € B, the fractional chlamydia system (4) is UHR
stable on [0, 7 by assumptions of Hypothesis 2 and (11).

Proof. In the view of Lemma 3, Hypotheses 2 and 3, we get
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LORZ01S= )ja ) ot g(0)dr - (1 )j(r ) ot y(@)dr

r _a-l
- Fla+1) o r(a 1)I (=) [9(0) -y () |dz
r“c,
S Ap, Fp ()G + Tt | p(r) - ()| o)
It follows that
|¢(f)—‘//(t)|SKpm§Fw(t) where K - :_T—:C“' 0
I'(a+1)

Hence, the theorem is proved.
Corollary 2 Considering § = 1 in Theorem 5, we have the fractional chlamydia system (4) is GUHR stable.

6. Working of homotopy perturbation Laplace transform method

Consider a generalized FDE with Caputo derivative as:
D w(t)+Ry(t)+ Ny ()= f(t),t>0,n-1<a<n,neN, (51)

such that

dy(©) _ . dy©) _ . d7y(©)

0 :C N D ERRE)
v (0) T TR 2

dtnfl = Cn—l s

(52)

where (Dt = d_j is fractional differential operator, R is linear terms, NV is nonlinear terms of y(?), and f{¢) is continuous
t

function.
Operating Laplace transform to equation (51),

L{S DIy (O} =—L{Ry (O} - L{Ny (D)} + L{f (1)}, (53)

and using differentiation properties (5),
L{u(r)} nz:s“ Ut (0) =~ L{Ry ()} —L{Ny (1)} + L{f (1)} (54)
k=0

From equation (52), we get
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n—1
E{w(t)}=Ez//(0)+ 1 dy(), +LM}

s2odt ¢ g!

+%[—£{Rl//(f)} —L{Ny )} + LS (D],
s
taking inverse Laplace transform (ILT) to equation (55),
y(o)= o)L L%L{Rw(r)} +S%E{Nw(r)}}

where w(?) is ILT of first and last terms of equation (55). Applying HPM [11] to equation (56) gives

o %E{R[ip"%@))}
> pvi= en-pc'|t LT
0 +S7£{N(Zp'w,-(t)J}

to determine nonlinear terms of the above equation (57), we use He’s [26] polynomial,

Ny(r) = ip“Hm W),

1 dm 0 i
where H, (v.w,,¥5,...,,) :%{dpm N[Zp l//,-(t)ﬂ ,m=01122.....
. i=0 p:O

Substituting equation (58) into (57), and comparing the coefficients of p’, p', p’, ..., we have

P° 1w () = w(2),

p1 (1) = [%E{Rl//o(t)}J{(l_a)—imjﬁ{Ho} ,
s s

P’ 5‘//2(’):_E{%E{R‘//l(f)}J{(l_a)—imJﬁ{Hl} ,
s s

The solution of equation (51) can be obtained as
w() =Y p'w, () =w,()+ p'y, () + Py, (D) +...
i=0

as p — 1 gives

v (O =y, )+ 1, () + Y, (0 ..

(55)

(56)

(57

(5%)

(59)

(60)

(61)
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7. Approximate solution of chlamydia model

In this section, we present the analytical approach to system (1) given by
§ DY S(t)= B—ayS(D)E(t) + agR(t) - uS (1),
§ DIE() = ayS(VEW) ~ ay E(1) ~asE(t) = uE(@),
§ DF I,(t) = ay E(t) — agl, ()~ pl (1),
DI, (t) = ayE(t) - asI,, (t) — ul,, (f)
0~t fu 3 5%u MLy D),

0D/ R(t) = agl () +asl, (1) — agR() — uR(D), (62)

Applying Laplace transform to (62) in Caputo sense, we achieve
c { ¢ p S(t)} = L{B-a\S(t)E(®) +agR() - uS(1)},
c { ¢ po E(t)} = L{a,S()E(t) - ay E(t) - a3 E(t) — HE(D)},
L{5D1,0f = L{arEW - agl (0 - ul ()},
E{SD{"IM (t)} = L{ayE(t) - asl, (1) - ul, (1)},
E{OC D R(t)} = L{ayl,(t)+ asl,, (t) - agR(t) - uR(2)}. (63)
using differentiation property (5), we gt
% LIS} —s271S(0) = L{B - ayS(OE(t) + agR(t) — uS (D)},
S*LAE()) 5% E(0) = £{ayS(1)E(t) - ay E(t) - as E(t) — nE(1)},
SELUO) =57 (0) = L{ay E(1) —ag L (1) — ul (1)},
YL 0} =571, 0) = L{a E() - as, (1) = ul,, (1)}
SYLIR()} — s IR(0) = L{ayl (1) + asI, (t) — agR(t) — uR(1)}. (64)

Applying ic (4) and taking inverse Laplace, we have
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S(t)=Sy+L! {%L {B—a;S(t)E(t)+agR(1) yS(t)}},
S

L{aS()E(t)—-ayE(t) —a3E(f)—ﬂE(l)}},

_ -1 1
E(t)—EO + L |:S_0t

1

L) =Isg + L7} {—aL{azE(t) —ayl(t) - p (x)}},
S

1,(0) = Iug + L' HL{%E(r)—aslu (0)- ul, (z)}},
S

R(t)=Ry+L" {%L {agl (1) +asl, () —agR(1) - ,uR(t)}}. (65)
N

Now, we applying HPM [11] to equation (65),

> p"S, (=S +pL! {% {ﬂ alzp”S (OE, (t)+a62p"R (- #Z P"S, (t)H

n=0 n=0 n=0

> P"E,(t)=Ey+pL” IFIL alzp"S (O)E, (1) - azZp”E () - asZp”E - ﬂz P"E, (f)H

n=0 n=0 n=0 n=0

z pnlsn (t)=1Isy + pL {%L{az z p E (t)—ay z p"[s - ,uz pnls (t)H

n=0 n=0 n=0

Zp”lu (t)=Iug + pL” [%L{ 32p E, (1)~ asZp”lu (1)~ uz p”fun(r)H

n=0 n=0 n=0 n=0

> p"R,(t)=Ry+pL" PL{@ZIJ”A (t)+a52p”1u (t)- agzp”R (t)- ﬂzp R (r)H (66)
n=0 n=0 n=0 n=0 n=0

In above equation (66), nonlinear terms are decomposed using He’s [26] polynomial H,
Hy =S8yE,
Hy =SyE| +S,Ey,
Hy =8SyEy +81E1 +S5,E,

H3 = SOE3 + SIEZ + S2E1 + S3E0, (67)
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Comparing “p” terms of equation (66), yields
P° 1Sy =5,
Ey(1)=Ey
Iso(t) = Isy

IUO (l) = IMO

Ry(t) =Ry

plisio=L" [%L{ﬂJr%Ro — 1Sy —alHo}},
N

ta

= (B+acRy — 1Sy — aySo By ) ———
(B+agRy — uSy 100)F(1+a)

-1l 1
El(t) =L 1|:—aL{—a2EO—a3E0 —/,lEO +a1H0}:|,
N

ta

=(-ayEg —a3 By — uEy + alsoEo)ma

SO{

[Sl(t) :L71 |: ! L{a2E0 —a4ls0 —/,lISO}:|,

a

=(ayEy —aylsy — ulsy ) ——,
(20 4150 —H O)F(1+a)

Sll

Iul (t) = Ll|: ! L{(13E0 —QSIMO —ﬂluo}:|

ta

= (a3E0 —aslug — ,quO)

rd+a)’
- 1
Rl(t) =L 1|:—aL{(14IS0 +a5[u0 —a6RO —,LlRo}:|
N
ta
= (a4ls0 + GSIMO - a6R0 - IURO ) 1"(1 N a) .
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1] 1
pZSZ(t) =L 1|:_aL{ﬂ+a6Rl—,uSl—a1Hl}i|,
S

tOl

= ﬂm{% (aglsy +aslug —agRy — Ry ) = (B +asRo — 1Sy — 1o Ey )

- 1Sy (—arEy — a3 Eg — nEy + a1 SyEy)

t2a

— @ Ey (B +agRy — Sy _aISOEO)]m,

4l 1
Ez(t) =L ! —aL{ﬂ+a6Rl—,uS1—a1H1}}
N

41
=L —aL{—azEl —(13E1 —lLlEl +(11H1}:|,
N

2a
t
_ ((lz + as +:u + alSO)(—a2E0 —(13E0 —ﬂEO + a1SOE0 )}m,
IS2 (t) = L71 |:LOCL{(12E1 - a4IS1 - ﬂ[Sl }:| .
S
2a
=[ay (~ayEq —a3Eq — uEg +aySoEg )~ (ay + 1) (ayEg — aglso — plsy )]m
Tuy (1) ! {%L{%El —asluy —ylul}},
S
t2a
= |:a3 (—(leO —a3E0 —,UEO +a1S0E0)—(a5 +y)(a3EO —a51u0 —IUIZ/IO )}m,
Ry() =L {%L{aﬂsl +ashiy —agRy — uR, }},
S

= |:Cl4 (azEO —a4]s0 —,UISO)+ as ((13E0 —CISIMO —IUIM())

t2a

— (a6 +,u)(a4[s0 +615h£0 —Cl6R0 _ﬂR() )]m,

(68)

Thus, the solution of equation (62) can be obtained using (61) as
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S(t) = So (1) + S, () + Sy (1) + ...

a

t

=Sy +(28+agRy — 1S, _GISOEO)m

+|:a6 (0410 +a5]u0 —a6R0 —/JRo)

—u(B+agRy — 1Sy —a1SoEy ) — 1Sy (—ay Eg — a3 Eg — nEy + a1 So Ey )

2a
t
—alEO (,B+a6R0 —/JSO —GISOEo)}m-F...

EW=Ey0)+E )+ Ey(H)+...

a

t
= Ey +(~ay By — a3 By — HEy + a1 S)E )me[alEo (B+agRy — Sy — a1 SyEp)

Zt205
—(a2 +a3 +,u+a1S0)(—a2E0 —a3E0 —/JEO +a1S0E0)Jm+...

I () = Iso(t) + Is (1) + Isy (D) +...

(24

= ]SO + (a2E0 — a4[S0 - /,lISO ) 1—‘(1 A a)

+[ ay (~ayEg —asEy — uEy + @Sy Ey )

2a
t
_(a4 +,u)(a2E0 —61415'0 —,UISO )]m‘i‘

1,(6) = Tug () + Tuy (£) + Tuy (£) + ...

(24

= IMO +(Cl3EO —GSIMO —ﬂluo)m+|:a3 (

—ayEy — a3 Eg — uEy + a1 SyE)

2a

(s ) (as By = ashug = g |

R(t) = Ry(t)+ R, (£)+ Ry () +...

ta
= Ry +(aylsg +aslug —agRy — pRy )1“(1—+a)+[a4 (ayEq —aglsy — ulsg)

t2a

+as (a3 Eq —aslug — pulug) = (ag + i) (aglsy +aslug — agRy — 4Ry )|
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8. Conclusions

In this work, we have studied a nonlinear mathematical model of chlamydia transmission using FDEs in the
Caputo sense. As a means of speculating about potential chlamydia epidemics, we have run several simulations under
a wide range of parameters and studied the memory properties of the system using the different noninteger orders of
derived FDEs. By using this method, we can attain a more comprehensive understanding of the chlamydia model. The
effectiveness of the technique is shown by the findings in (69). The research has considerable significance in predicting
the future of the disease and its treatment. The data shows that homotopy perturbation Laplace transform method may
outperform conventional approaches. Figures 2-6 show the results for various fractional orders a for S(¢), E(t), (1), 1,(¢),
and R(f). Table 2 depicts the approximate solutions to the chlamydia model for five separate a values: 1, 0.9, 0.8, and 0.7.
This study is beneficial for medical research institutions to track and understand the spread of disease.

Table 2. The approximate solution of chlamydia model for distinct order o

Order

The approximate solution of chlamydia model

S(t) = 233824096 — 9.352964073 x 10"t — 8.729087285 x 10°'F + ...

E(f) = 500000 + 9.352963790 x 10"t~ 4.676481895 x 10"F + ...
1(1) =200904 + 1.4815928 x 1057+ 3.133242862 x 10" + ...
I(f) = 250000 — 800007 + 1.496474210 x 10137 + ...

R() = 225000 + 1.671433426 x 10"'1 + 6.399838705 x 10°° + ...

S(¢) = 233824096 — 9.724783063 x 10°1*° — 1.041352252 x 1074 + ...

E(f) = 500000 + 9.724782769 x 10"** — 5.578893637 x 10"¢'* + ...
1(f) = 200904 + 1.540492239 x 10°"" + 3.737858728 x 10"#* + ...
I(f) = 250000 — 83180.33075 x (" + 1.785245969 x 1074 + ...

R(?) = 225000 + 4.250844295 x 10’ + 21340.19289¢° + ...

S(f) = 233824096 — 1.004200885 x 10"/**— 1.221171983 x 1071+ ...

E(t) = 500000 + 1.004200855 x 10"/** — 6.542251762 x 10" + ...
I(f) = 200904 + 1.590743629 x 10°"* + 4.383308670 x 107 + ...
I(f) = 250000 — 85893.70192 x "+ 2.093520570 x 10"/ + ...

R(f) = 225000 + 4.389508307 x 105/** + 25025.19740 x 1+ ...

S(f) = 233824096 — 1.029338034 x 10"/"7 — 1.405458494 x 10714 + ...

E(r) = 500000 + 1.029338003 x 10"/*7 — 7.529540016 x 10""* + ...
I(1) =200904 + 1.630563112 x 10°"" + 5.044791799 x 10°"* + ...
I(1) = 250000 — 88043.79244 x {7 +2.409452812 x 107" + ...

R(f) = 225000 + 4.499386447 x 10°"" + 28801.73862¢"* + ...
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Figure 2. The behavior of the susceptible class S(¢) at various order a
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Figure 3. The behavior of the exposed class £(¢) at various order o
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Figure 4. The behavior of the infected class due to sexual activity /(7) at various order o
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Infected class due to unhygienic environment

I
1.2 x 10°

1x10° 1

8 x 10* {

6 x 10* 1

4 x10*

2% 10*

0 02 0.4 0.6 08 1

Time ¢ (years)

Figure 5. The behavior of infected class due to unhygienic environment /,(¢) at various order o
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Figure 6. The behavior of the recovered class R(f) at various order a
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