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Abstract: The Kawahara equation is a fifth-order dispersive equation that plays a significant role in explaining
the creation of non-linear water waves in the long-wavelength region. In this research, the Kawahara equation is
solved numerically using the novel Haar scale-3 wavelet method in conjunction with the collocation method. The
quasilinearisation approach and the Caputo derivative are used to characterise the non-linearity and fractional behaviour
of the equation, respectively. To verify that the findings obtained are legitimate, residual and error estimates are
generated. A thorough comparison is made between the present solutions and the numerical findings that have already
been published in the literature, which demonstrates the advantages and effectiveness of the suggested technique. The
Haar wavelet method reveals a dynamic system of alternative solutions for a wide variety of physical parameters.
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1. Introduction

Over the past few years, various scientific and technological fields have become interested in fractional analysis.
Due to its extraordinary capacity to carry out integration and differentiation operations on equations of any arbitrary
order, it has found use in a variety of biological and physical science fields, including electromagnetic theory, fluid
mechanics, electrical networks, and other physical sciences. Respective studies found that it is beneficial to explain these
phenomena using the concept of fractional-order derivatives when dealing with practical problems. It was discovered
during the investigation that the concept of derivatives having non-integer order has not only been widely used. But it
has also been crucial in many scientific domains.

For solving differential equations (DEs) of non-integer order, various techniques have been employed. For
simulating impulsive DEs of non-integer order, a generalised differential transform technique has been used [1]. Further,
the authors suggested generalised versions of the three well-known fractional numerical methods, Euler, Runge-Kutta
2-step, and Runge-Kutta 4-step, to find the fractional Caputo derivatives [2]. In addition, a new numerical approach has
been discussed for finding the solution of Caputo-Fabrizio derivative-containing fractional differential equations (FDEs)
[3]. In their research, the authors proposed two arrays that contain the coefficients of the fractional Adams-Bashforth
and Adams-Moulton as well as recursive relations to create the array elements method. By applying these arrays to
suitable examples, the higher-order fractional linear multi-step methods in general form with expanded stability regions
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for solving FDEs could be constructed [4]. The authors recently developed a novel version of the L1-predictor-corrector
(L1-PC) approach to solve multiple delay-type FDEs utilising various methods [5].

Numerical techniques based on wavelets are used to solve the system of equations quickly and efficiently. Wavelets
have been utilised to solve partial differential equations (PDEs) for the past twenty years. The collocation method is the
foundation of the wavelet algorithms used to solve PDEs. The Haar wavelets are the simplest orthonormal wavelets with
compact support among them since they only include piecewise constant functions.

Dispersive wave equations are essential in practical physics and mathematics. The Kawahara equation, which
plays a significant role in explaining the creation of non-linear water waves in the long-wavelength region, is the most
exciting since it has weaker dispersion but large non-linearity. The Kawahara have been the focus of in-depth study for
many years. In order to depict solitary-wave propagation in media, Kawahara first proposed the Kawahara equations in
1972. Both plasma magneto-acoustic waves and the theory of shallow water waves with surface tension contain them.
The modified Kawahara equation is also widely applicable to plasma waves, capillary-gravity water waves, and other
phenomena.

Numerous numerical and analytical techniques exist, such as the Mittag-Leffler law [6], the kernel method [7],
the discontinuous Galerkin method [8], the Adomian decomposition method (ADM) [9, 10], the natural transform
decomposition method [11], travelling wave solutions [12], the semi-analytical method [13], the B-spline method [14],
the homotopy analysis method [15], and the cubic B-spline differential quadrature method [16] are used to discuss
Kawahara and fractional Kawahara equations. But, it is not yet discussed by any wavelet method. In the previous study,
Haar wavelet method (HWM) was found to be the simplest approach in solving non-linear higher-order FDEs. Apart
from that, many other different equations have been solved by this method including fractional models [17], dispersive
equations [18, 19], fractional advection dispersion equations [20], fractional integrodifferential equations [21, 22],
integrodifferential equations [23], FDEs with singularity [24], fractional delay equation [25] and convection radiation
equation [26]. The obtained solution to these equations is compatible as a comparison to other methods available in the
literature. The application of the wavelet method for solving such non-linear time-fractional higher-order equations has
motivated us to study the behaviour of this equation using HWM.

The motive of this article is to evaluate the numerical solution and success of applying the HWM to time fractional
Kawahara, which are accordingly stated below as:

Dtljw(zﬂ t) + mwz + <DZZZ - §DZZZZZ = f(Z’t)
@(2,0) = ¢ (2)

Here, the value of 4, which lies between 0 to 1 describes the fractional derivative of ¢.

The following sections of the manuscript contain: Section 2 offers the basic definitions of fractional calculus.
In Section 3, it was briefly covered how to find the integrals of the explicit forms of Haar scale-3 wavelets and their
families. The quasilinearisation technique to solve a non-linear term in a differential equation is described in Section
4. In Section 5, space and time approximations are done by the proposed technique. In Section 6, the performance and
effectiveness of the current approach are assessed by solving two different models of FDEs. In the last section, the
findings drawn from the data as well as suggestions for additional research have been discussed.

2. Basic definition of fractional calculus

In this section, we discussed the basic definitions of fractional differentiation and integration.

* Reimann-Liouville fractional differential operator of order a: for the positive real numbers, y, ¢ across the
interval [m, n], the fractional differential operator established by the mathematician Riemann-Liouville is given
by [27]:

“ ——1 ip ")t -2) " e
df()=— y){dt} [ re-2r"d

(p-
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where u denotes the order of derivative and ¢ € [m, n].

Caputo fractional differential operator of order a: for positive real numbers, g, ¢, the fractional differential
operator developed by the Italian mathematician Caputo is [27]:

H — 1 " ip z _pr/H 7
df@—npwﬂim}fma ) d

where u denotes the order of derivative and ¢ € [m, n].

3. Basic structure of Haar wavelets

For the scale-2 wavelet family, detailed equations for scale-2 wavelet function, a father wavelet, a mother wavelet
are provided below.

3.1 Scale-2 Haar wavelet
A group of square waves written in the form of set of Haar functions is defined as:
1 K, K +0.5

m m
h(t)=¢(t) = 4 xk+0.5 <t< K+1

>

m m
0, otherwise.

Here, the value of m represents level of wavelets in terms of 2/, « is a translation parameter and has j as its maximum
number of revolution, here, i represents the wavelet number which can be expressed as i — 1 = x + m. If we take m =1,
x = 0, then the value of i = 2 and by further varying the value of k and m, different values of i can be obtained.

3.2 Scale-3 Haar wavelet

For the scale-3 wavelet family, detailed equations for scale-3 wavelet function, a father wavelet, two symmetric
and antisymmetric mother wavelets are provided below.

I, o<t <o, )
h(@)=¢(t)= fori=1.

0, otherwise

L m@O<t<m()
h(t)=qo‘(3”’—k)=L 2, @) <t<p()
| V2 |-L ) st<p)

0,  otherwise

fori=2,4,...3p—1.

Lo ()<t <)
0, )<t <u(i
hﬂh%@“%ﬁJg DS e 36 3p,
2|-L @) <t<p,(i)
0, otherwise

~ K ~ 3x+1 ~ 3k+2
Here, 1, (1) =—, t, (i) =——, i, () =
p 3p 3p

of ¥/, x is a translation parameter and has ; as its maximum number of revolution, here, i represents the wavelet number

1 .
NAOE k; Here, the value of p represents level of wavelets in terms
P
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which can be expressed as i — 1 = x + m. If we take m = 1, k = 0, then the value of i = 2 and by further varying the value
of k and m, different values of i can be obtained.

The main difference between Haar scale-2 and scale-3 wavelets is that in the former, the entire wavelet family
is constructed by a single mother wavelet, whereas in the latter, for the construction of the entire wavelet family, two
mother wavelets with different shapes are responsible. Because of this, Haar scale-3 wavelets improved the solution’s
convergence rate.

4. Quasilinearisation technique

Basically, quasilinearisation technique is generalised form of Newton-Raphson technique. It converges
quadratically to an exact solution, if there is a convergence, then it must be a monotone convergence.
Let us consider the non-linear second-order differential equation:

0" =k(w(z),z)
with boundary condition:
o(a)=0,0b)=0,; a<z<h

here, £ is in terms of w(z). Let us choose an approximation at the initial step of solution w(z). Let us say wy(z). k can be
expanded around w(z) is written in the form:

k(a(z),2) = k(g (2),2) + (0(2) = @y (2))k () (@ (2), 2)
@"(2) = k(@y(2),2) +(@(2) = 0y (2))ky ) (@ (2), 2)
@"(2) = k(@y(2),2) +(@(2) =& (2)k,, ) (@1 (2),2).

The form of a recurrence relationship is
a).¥+l (Z) = k (CUS (Z)ﬂ Z) + (a)ﬁ-l (Z) - a)s (Z))kws(z) (a)y (Z)’ Z)'
,(z) is known and can be used for obtaining w,.,(z). The above equation is always a non-linear DEs and the condition
iS wsH(Z) =a, ws(Z) :ﬂ
Now, consider the non-linear second order differential equation of the form
w'"(2) = k(0'(z), &(2),2).

Here, the first derivative w'(w) can be considered as another function.

61.1(2) = K(@/(2), 0(2),2)+ (0, (2) - @ (2D)k (@) (2),0,(2),2)
Ho,,(2)-0,(2) k (0,(),0,(2).2)

with boundary condition w,,,(z) = a, w(z) = f.
Follow the same technique to establish the recurrence relation for higher-order non-linear DEs.

n-1

Lo, (2) = K(@,(2),0,(2)..... 0] (2),2) + D (@ (2) = @ (2)k , (0,(2), 0, (2), ... 0] (2), 2).

The order of the DEs is j; the above equation is linear, and it can be solved recursively for w,(z) if it has a known value
and can be used to get the value of w,.,(z2).
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5. Approximation of fractional Kawahara equation by scale-3 Haar wavelet

Dly¢(z’t) + m¢2 + ¢ZZZ - ¢ZZZZZ = F(Z7t)
9(2,0) = ¢, (2)-

Approximate the higher order derivative:

3p 3p

(ptzzzzz (Z’ t) = zzaizHi (Z)HI (t)

i=1 [=1

Integrating the equation with respect to (w.r.t) # between 0 to ¢,

(L (z,0)— (L (z,0)= ZzaizH[ (Z)Pl,/ (t)

i=1 I=1
3p 3p
¢zzzzz (Z’ t) = zzaizHi (Z)Pl,l (t) + ¢zzzzz (25 0)'

i=1 [=1

Integrating w.r.t z between 0 to z,

3p 3p
wzzzz (Z’ t) - ¢zzzz (0’ t) = Zzaiz})l,i (Z)})l,l (t) + [q)zzzz (Z’ 0) - (pzzzz (O’ O)]
i=1 [=]
3p 3p

wzzzz (Z’ t) = Zzaizpl,i (Z)I)l,l (t) + [wzzzz (Z’ O) _¢zzzz (0’ 0)] + (ozzzz (05 t)

i=1 1=1
Again, integrating w.r.t z,
3p 3p
9...(2,0)= .. (0,6) =YY 'a.P, (2)P, (1) +[9...(2,0) ~9...(0,0)] + z[¢....(0,)) = 9....(0,0) ]
i=1 =1
3p 3p
9...(2,0) =Y > a.P, (2)R, (1) +[9...(2,0)~9...(0,0) | + z[¢....(0,)) — ¢....(0,0) | + ... (0,2).

i=1 I=1

Again, integrating w.r.t z,

3p 3p

0. (2.0)-0.(0.0)=3 "> a.P,,(2)R,(1) +[p.(2,0)~¢_(0,0)]

+%[¢m 0,0~ ... (0,0)]+2lp..(0,))~¢..(0,0)]
3p 3p
0.(20=> > a. P ()R, () +[0..(2,0)~0..(0,0)]

i=l I=1

2
z
+7[¢zzzz (09 t) = Pzzz (07 0)] + Z[q)zzz (0’ t) Pz (03 0)] +o., (0’ t)

Again, integrating w.r.t z,
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3p 3p

9.(z.)=0.(0,0) = > > a.P, (2)R, (1) +[¢.(2,0)—¢.(0,0)]

i=1 [=1

+%[¢m 0.0)-¢...(0,0)]+ %[cﬂm (0,0)~¢...(0,0) ] +2[¢..(0,))~¢_.(0,0)]

3p 3p

0.(2.0=2.> a.P, (2R, () +[0.(2.0)-¢.(0,0)]

i=1 [=1

+%[¢zzzz (0’ t) - (pzzzz (0’ 0)] + Z?[(ozzz (0’ t) - (pzzz (07 O) ]+Z[¢):z (0’ t) - q)zz (0’ 0)] + q’z (Oa t)

0§ =000 = XY 0.2, (IR, 0)+ 020 ~00.0]+ 2 0 0.0 0. 00)]

7[% 0,0)-¢...(0, 0)]+%[<ozz (0,1)~¢..(0,0)[+z[¢. (0,6)— 0. (0,0)]

o(z1) = zpzpaP (2)B, (1) +[0(z.0) ~ (0, 0>]+—[<o (0.0)-0_(0.0)]

+%[¢)m. 0,0) .. (0,0)]%[% (0,0)~9..(0,0) J+2[¢. (0,1) — ¢.(0,0)] + p(0,1)

0,50 = 23 4B (0 +[0(.0)-p(0,0)], +_[¢ (0.0)-¢..(0,0)],

+—[¢ L(0.0)-...(0,0)], += 5 10=(0.0=9(0,0)], +2¢.(0.)~.(0,0)], +[(0,0)],

0,z +mp, +¢,.. —@,.... =F(z1)

33 P H, 0400~ p(0.0)] +Z 0. 000 0.0] +E o 0 -0..00)]

+7[¢Z (0,0)~9..(0,0)]. +z[¢.(0,0)~.(0,0)], +[0(0,0)]. +m{zza,-za,,- (2)P,,(0)
+[0.(2,0)- 0. (0,0>]+%[(pm (o,o—<pzzzz<0,0>]+%[¢m<o,r)—(pm (0,0)]+z[¢zz<o,t>—¢Zz<o,0)]+¢<o,r>}
#3340+ 0n (200 0.0] [0 0.0 0. 0.0+ .. (01

—ZZaH(Z)R,(t)w (2,0)= F(z.1)

3p 3p 3p 3p 3p

>3 . (2, <r>+mzza P, (z)f:,(r>+2_2a B @B0-2 3 0 H (2R, 0

4

= F(Z’t) - [(0(2, 0) - (0(07 0)], _5_4[¢zzzz (0’ t) —P.... (O’ 0)], _Z[wzzz (0’ t) Q... (0> 0)], - ﬁ[gﬂzz (0> t) Q.. (0> 0)],

—z[@.(0,6) = .(0,0)], =[0(0,1)], - m[ . (2,0) - ¢, (0, 0)]—m%[<om 0,0)-¢_.(0, 0)]—m%[¢m (0,0)-9_.(0,0)]

—mz[@_(0,0)—¢_.(0,0)]-mp,(0,)—[0..(z,0)-¢_.(0,0)] - z[@....(0,0) = ¢...(0,0) |- 0. (0,)) — ¢_....(2,0).
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2r-1 and ¢, = 251 , rand s varies from 1, 2, ....,
6p 6p
3p in the equation given above. We get the systems of equation in algebraic form as

Now, discretizing the variable as z — z_, t > ¢z, wherez, =

3p 3p

ZzaizRi,r,z,: = F(l", S)

i=1 z=1

3p 3p

R, ., =22 a.lP (z)H,(t)+mP, (z)R,(t)+ B, (z,)R, (1)~ H(z,)R ()]

i=1 =1

4
Zr

24

F(r,9) = (z,,)~[0(z,,0) = 9(0,0)], == . ... (0.t)=¢. . .. (0,0)]

2
ZV

ts
3

... 00 00] -0 01)-0.. 00]

[0, (0.)=0. (0,0)] ~[0(0.1)] =m[p. (z.0-0, (0,0)]

[‘

tS tS

3 2

e 00 0.0 ]-mT e, (00) .. (0.0)]

-mz, .. (0.1)-0, . (0,0)]-mp, (0.0)~[¢. . . (z.00-0. .. (0,0)]
~2[0.... 08)=-p....0.0]-¢..0L-0,.... (0.

The above system is reduced to a system of algebraic equations, which is then reduced to the system of arrays in 4D
mentioned below.

A

3p><3pR3p><3p><3p><3p = F‘3p><3p

By using transformations, the above array is reduced to a matrix of a, =b, andF(r,s) = f,. Here,
A=3p(-1)+Iand g =3p(r—1)+s. Value of b, can be calculated for the distinct values of n which varies from
1,2,3......... by solving the equations of system using MATLAB programmes.

6. Numerical observations
6.1 Numerical experiment 1

D/H(D(Zﬂ t) + ¢¢Z + ¢ZZZ - ¢ZZZZZ = F(29 t)
@(z,0)=0.

With a forcing term,

2-u l
F(z,t)=———sinz+—t*sin2z-2t*cosz
FG-p)

the exact solution: ¢(z,t) = ¢° sin z; the solution computed by the proposed method for z,7 €[0,27]x[0,1].
Foru=1,

P20+ 9P, +¢... = @.... = F(2,0)
. |
F(z,t)=2tsinz +5t4 sin2z—2t* cosz
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w[ (Z’ Z) + ¢¢Z + ¢ZZZ - ¢ZZZZZ

by using quasilinearisation technique for non-linear term

(2 (Z N ) TOP, F Py ~ Do

. 1 .
=2tsinz +Et4 sin2z —2¢* cosz

. 1 .
= 2tsmz+5t4 sin2z—2¢% cos z

. I 4 .
2 (Z, Z)+¢r+l¢z ~ 0P +(¢7z )r+1¢+ Przz = Przzzr = 2tsinz +Et4 sm 22_2t2 cosz.

Table 1 shows the comparison of approximate and exact solutions with the value of absolute error for different
values of z and ¢. Table 2 shows L, and L, errors for different values of u.

Table 1. Comparison of approximate and exact solutions for numerical experiment 1

4

t

Approximate solution

Exact solution

Value of absolute error

0.055555555555556 0.055555555555556 0.000057152654610 0.000057152654610 9.15¢-18
0.166666666666667 0.166666666666667 0.000006350294957 0.000006350294957 1.06e-18
0.277777777777778 0.277777777777778 0.001428816365253 0.001428816365253 2.28e-16
0.388888888888889 0.388888888888889 0.002800480075895 0.002800480075896 4.48¢-16
0.500000000000000 0.500000000000000 0.004629365023419 0.004629365023420 7.40e-16
0.611111111111111 0.611111111111111 0.006915471207824 0.006915471207825 1.10e-15
0.722222222222222 0.722222222222222 0.009658798629109 0.009658798629110 1.54e-15
0.833333333333333 0.833333333333333 0.012859347287275 0.012859347287277 9.76e-15
0.944444444444444 0.944444444444444 0.016517117182322 0.016517117182325 2.64e-15
Table 2. L, and L, errors for numerical experiment 1
" 0.25 0.50 0.75 1
L, error 2.32749967¢-03 1.4542317¢-03 6.74070884¢-04 2.49115757e-06
L, error 2.98853880e-03 1.8672269¢-03 9.41931276¢-04 2.97079307¢-06

By discontinuous Galerkin method, for the different value of x, norm representation attains third order level of
accuracy [8]. But, the proposed method at similar values of x, 3D graphical representation attains third as well as fourth

level of accuracy.

Figure 1 shows the graphical representation of approximate, exact value and absolute error with contour view
of the exact solution while Figure 2 depicts the graphical representation for 4 = 0.25, x4 = 0.50 and x = 0.75 with the
approximated solution at u =1.
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Absolute error in u(x, 7) at j =3 Forj=3 and p=27
0.8
%10 0.9 0.7
_ 6 0.8
g5 07 0.6
E 4 0.6 0.5
5 3 =
o N 0.5 0.4
; 2 3
B 2 0.4
21 = 03
= 0.3
=0
1 0.2 02
0.5 0 8 0.1 0.1
t 0.4
0.2 x
0 0 01 02 03 04 05 06 07 08 09
¥4
Figure 1. The graphical representation of approximate, exact value and absolute error with contour view of exact solution
Wypproximated (5 7) Wypproximated (25 7)
1 1
0.8 0.8
= 0.6 ~ 0.6
5 S
504 =04
0.2 0.2
0 0
1 1
1
0.8
0.5 0.6 0.5 0.6 0.8
t 0.4 t 0.4 :
0 0 02 z 0 0 0.2 5
w=1 =025
Wypproximated (€4)) Wapproximated 0
1 1
0.8 0.8
~ 0.6 ~ 0.6
= 0.4 =04
0.2 0.2
0 0
1 1
1
05 o 8 05 0.8
4 0.4 t 0.4 0.6
0 0.2 z 0 02 =
0 0
©=0.50 u=0.75

Figure 2. The graphical representation for x4 = 0.25, = 0.50 and i = 0.75 with approximated solution at u =1
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6.2 Numerical experiment 2

2 3
DFop(z,0)+ “’7#"7 tho —o. =F(z0)
9(2,0) =0

With a source term,

2-p

FeD=ra=,

cos(2zz) —t*sin(4rz) —t° rcos(2mz)sin(4rz) + 87’ sin(27z) + 327> sin(2 7 2)

the exact solution: @(z, ) = t*cos(27z), the calculation of accuracy of the proposed technique for z,z € [0,1]x[0,1].
Foru=1,

2 3
0, (z.1) + (%—i—%jz to_ —o__ =F(z1).

After solving the above equation, it becomes

PtOP. PP P P
=2tcos(27z)—t'7sin (47z) -t mcos (2xz) sin (47 z) + 87°t*sin(27z) + 327°t*sin(2 7 2).

After applying quasilinearisation technique on non-linear terms,

DA+~ 0.0+ (@), 0+ 2P.), 0 00. —20°0. + 0 (9.)  + 0. —O....

=2tcos(27z) —t* msin (47z) —t*mecos 2z z)sin (47 z) + 87°t*sin(27rz) + 327°tsin(2 7 2)

Table 3 shows the comparison of approximate and exact solutions with the value of absolute error at u = 1 for
different values of z and ¢, while Table 4 shows L, and L, errors for numerical experiment 2 at x = 0.2, 0.4 and 0.6.
Figure 3 is the graphical representation of approximated and exact value at x4 = 1 and Figure 4 shows the graphical
representation for x = 0.20, 0.40 and 0.60 with the graph of collocation points.

Table 3. Comparison of approximate and exact solutions for numerical experiment 2

z t Approximate solution Exact solution Value of absolute error
0.055555555555556 0.055555555555556 0.004607110282356 0.004607110282465 1.09e-13
0.166666666666667 0.166666666666667 0.032021320226954 0.032021320227711 7.57e-13
0.277777777777778 0.277777777777778 0.084108319121690 0.084108319123679 2.61e-12
0.388888888888889 0.388888888888889 0.160868106966565 0.160868106970369 3.08e-12
0.500000000000000 0.500000000000000 0.262300683761578 0.262300683767781 6.20e-12
0.611111111111111 0.611111111111111 0.388406049506729 0.388406049515914 9.81e-11
0.722222222222222 0.722222222222222 0.539184204202020 0.539184204214769 1.27e-11
0.833333333333333 0.833333333333333 0.714635147847451 0.714635147864346 1.68e-11
0.944444444444444 0.944444444444444 0.914758880443024 0.914758880464644 2.16e-11
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Table 4. L, and L, errors for numerical experiment 2

u L, error (HSW3) L, error [8] L, errors (HSW3) L, errors [8]
0.2 7.7e-003 1.013271e-002 9.9e-003 4.082594¢-002
0.4 7.5e-003 1.013270e-002 9.7e-003 4.082593¢-002
0.6 7.4e-003 1.013270e-002 9.3e-003 4.082592¢-002

* Note: HSW3 = Haar scale-3 wavelet
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Figure 3. The graphical representation of approximated and exact value at xz = 1
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Figure 4. The graphical representation for 12 = 0.20, 0.40 and 0.60 with the graph of collocation points

7. Conclusions

In this article, the time-fractional Kawahara equation is solved using the Haar scale wavelet method; the stability
and error analysis for the fractional case are carried out. The numerical experiments are provided to show the method’s
accuracy and capacity. Higher-dimensional issues and other types of time-fractional equations can be ecasily solved
using the same approach and analytical technique. With the support of graphics, the results are examined and discussed
while taking various parameter values into account. Results show that the approximate solution converges to the exact
solution as the value of the fractional-order derivative. Researchers may find our method attractive for solving higher-
order time fractional problems that are emerging in the science of technology because it can be made more precise by
assuming high approximations.

Volume 5 Issue 1/2024| 489 Contemporary Math tics




Acknowledgments

The authors of this manuscript greatly appreciate the support provided by Department of Mathematics, School of
Chemical Engineering and Physical Sciences, Lovely Professional University while writing this paper.

Conflict of interest

The authors do not have any competing interests to declare that are relevant to the content of this article.

References

[1] Odibat Z, Erturk VS, Kumar P, Ben Makhlouf A, Govindaraj V. An implementation of the generalized differential
transform scheme for simulating impulsive fractional differential equations. Mathematical Problems in
Engineering. 2022; 2022: 8280203. Available from: https://doi.org/10.1155/2022/8280203.

[2] Kumar P, Erturk VS, Murillo-Arcila M, Harley C. Generalized forms of fractional Euler and Runge-Kutta methods
using non-uniform grid. International Journal of Nonlinear Sciences and Numerical Simulation. 2022; 24(6):
2089-2111. Available from: https://doi.org/10.1515/ijnsns-2021-0278.

[3] Mahatekar Y, Scindia PS, Kumar P. A new numerical method to solve fractional differential equations in terms of
Caputo-Fabrizio derivatives. Physica Scripta. 2023; 98(2): 024001. Available from: https://doi.org/10.1088/1402-
4896/acafla.

[4] Marasi HR, Derakhshan MH, Joujehi AS, Kumar P. Higher-order fractional linear multi-step methods. Physica
Scripta. 2023; 98(2): 024004. Available from: https://doi.org/10.1088/1402-4896/acad42.

[S] Kumar P, Erturk VS, Murillo-Arcila M, Govindaraj V. A new form of L1-predictor-corrector scheme to solve
multiple delay-type fractional order systems with the example of a neural network model. Fractals. 2023; 31(4):
2340043. Available from: https://doi.org/10.1142/s0218348x23400431.

[6] Bhatter S, Mathur A, Kumar D, Nisar KS, Singh J. Fractional modified Kawahara equation with Mittag-Leffler law.
Chaos, Solitons & Fractals. 2020; 131: 109508. Available from: https://doi.org/10.1016/j.chaos.2019.109508.

[7] Saldir O, Sakar MG, Erdogan F. Numerical solution of time-fractional Kawahara equation using reproducing kernel
method with error estimate. Computational and Applied Mathematics. 2019; 38: 198. Available from: https://doi.
org/10.1007/s40314-019-0979-1.

[8] Wei L, He Y, Tang B. Analysis of the fractional Kawahara equation using an implicit fully discrete local
discontinuous Galerkin method. Numerical Methods for Partial Differential Equations. 2013; 29(5): 1441-1458.
Available from: https://doi.org/10.1002/num.21756.

[9] Benbachir M, Saadi A. The Kawahara equation with time and space-fractional derivatives solved by the Adomian
method. Journal of Interdisciplinary Mathematics. 2014; 17(3): 243-253. Available from: https://doi.org/10.1080/0
9720502.2013.801657.

[10] Safavi M, Khajehnasiri AA. Solutions of the modified Kawahara equation with time-and space-fractional
derivatives. Journal of Modern Methods in Numerical Mathematics. 2016; 7(1): 10-18.

[11] Koppala P, Kondooru R. An efficient technique to solve time-fractional Kawahara and modified Kawahara
equations. Symmetry. 2022; 14(9): 1777. Available from: https://doi.org/10.3390/sym14091777.

[12] Sprenger P, Bridges TJ, Shearer M. The Kawahara equation: Traveling wave solutions joining periodic waves.
ArXiv [Preprint] 2022. Version 1. Available from: https://doi.org/10.48550/arXiv.2203.01906.

[13] Alhejaili W, Alhazmi SE, Nawaz R, Ali A, Asamoah JK, Zada L. Numerical investigation of fractional-order
Kawahara and modified Kawahara equations by a semi-analytical method. Journal of Nanomaterials. 2022; 2022:
1985572. Available from: https://doi.org/10.1155/2022/1985572.

[14] Karakog¢ SB, Ak T, Zeybek H. Numerical solutions of the Kawahara equation by the septic B-spline collocation
methods. Statistics, Optimization and Information Computing. 2014; 2(3): 211-221. Available from: https://doi.
org/10.19139/SOIC.V213.74.

[15] Zafar H, Ali A, Khan K, Sadiq MN. Analytical solution of time fractional Kawahara and modified Kawahara
equations by homotopy analysis method. International Journal of Applied and Computational Mathematics. 2022;

Co iporary Math tics 490 | Jaya Gupta, et al.



https://doi.org/10.1155/2022/8280203
https://doi.org/10.1515/ijnsns-2021-0278
https://doi.org/10.1088/1402-4896/acaf1a
https://doi.org/10.1088/1402-4896/acaf1a
https://doi.org/10.1088/1402-4896/acad42
https://doi.org/10.1142/s0218348x23400431
https://doi.org/10.1016/j.chaos.2019.109508
https://doi.org/10.1007/s40314-019-0979-1
https://doi.org/10.1007/s40314-019-0979-1
https://doi.org/10.1002/num.21756
https://doi.org/10.1080/09720502.2013.801657
https://doi.org/10.1080/09720502.2013.801657
https://doi.org/10.3390/sym14091777
https://doi.org/10.48550/arXiv.2203.01906
https://doi.org/10.19139/SOIC.V2I3.74
https://doi.org/10.19139/SOIC.V2I3.74
https://doi.org/10.1016/j.chaos.2019.109508
https://doi.org/10.1155/2022/1985572

8(3): 94. Available from: https://doi.org/10.1007/s40819-022-01296-3.

[16] Bashan A. An efficient approximation to numerical solutions for the Kawahara equation via modified cubic B-spline
differential quadrature method. Mediterranean Journal of Mathematics. 2019; 16(1): 14. Available from: https://
doi.org/10.1007/s00009-018-1291-9.

[17] Shah K, Khan ZA, Ali A, Amin R, Khan H, Khan A. Haar wavelet collocation approach for the solution of
fractional order COVID-19 model using Caputo derivative. Alexandria Engineering Journal. 2020; 59(5): 3221-
3231. Available from: https://doi.org/10.1016/j.a¢j.2020.08.028.

[18] Kumar R, Gupta J. Numerical analysis of linear and non-linear dispersive equation using Haar scale-3 wavelet.
Mathematics in Engineering, Science & Aerospace (MESA). 2022; 13(4): 993-1006. Available from: http://
nonlinearstudies.com/index.php/mesa/article/view/3095.

[19] Kumar R, Chauhan H, Gupta J. A non-dyadic Haar wavelet approach to numerical solution of non-linear Klein-
Gordon equation. European Chemical Bulletin. 2023; 12(5): 705-715. Available from: https://www.eurchembull.
com/uploads/paper/17a758bad90da3a24¢e1c12f002¢2c3eb.pdf.

[20] Pandit S, Mittal RC. A numerical algorithm based on scale-3 Haar wavelets for fractional advection dispersion
equation. Engineering Computations. 2021; 38(4): 1706-1724. Available from: https://doi.org/10.1108/EC-01-
2020-0013.

[21] Shah K, Amin R, Ali G, Mlaiki N, Abdeljawad T. Algorithm for the solution of nonlinear variable-order pantograph
fractional integro-differential equations using Haar method. Fractals. 2022; 30(08): 2240225. Available from:
https://doi.org/10.1142/S0218348X22402253.

[22] Siraj-ul-Islam, Aziz I, Fayyaz M. A new approach for numerical solution of integro-differential equations via
Haarwavelets. International Journal of Computer Mathematics. 2013; 90(9): 1971-1989. Available from: https://
doi.org/10.1080/00207160.2013.770481.

[23] Kumar R, Bakhtawar S. An improved algorithm based on Haar scale 3 wavelets for the numerical solution of
integro-differential equations. Mathematics in Engineering, Science & Aerospace (MESA). 2022; 13(3): 617-633.
Available from: http://nonlinearstudies.com/index.php/mesa/article/view/2978.

[24] Mohammadi A, Aghazadeh N, Rezapour S. Haar wavelet collocation method for solving singular and nonlinear
fractional time-dependent Emden-Fowler equations with initial and boundary conditions. Mathematical Sciences.
2019; 13(3): 255-265. Available from: https://doi.org/10.1007/s40096-019-00295-8.

[25] Amin R, Shah K, Asif M, Khan I. A computational algorithm for the numerical solution of fractional order delay
differential equations. Applied Mathematics and Computation. 2021; 402: 125863. Available from: https://doi.
org/10.1016/j.amc.2020.125863.

[26] Saeed U, Ur Rehman M. Assessment of Haar wavelet-quasilinearization technique in heat convection-radiation
equations. Applied Computational Intelligence and Soft Computing. 2014; 2014: 454231. Available from: https://
doi.org/10.1155/2014/454231.

[27] Das S. Introduction to fractional calculus. In: Functional fractional calculus. 2nd ed. Berlin: Springer; 2011. p.1-50.
Available from: https://doi.org/10.1007/978-3-642-20545-3 1.

Volume 5 Issue 1]2024| 491 Contemporary Mathematics


https://doi.org/10.1007/s40819-022-01296-3
http://doi.org/10.1007/s00009-018-1291-9
https://doi.org/10.1016/j.aej.2020.08.028.
http://nonlinearstudies.com/index.php/mesa/article/view/3095
http://nonlinearstudies.com/index.php/mesa/article/view/3095
https://www.eurchembull.com/uploads/paper/17a758bad90da3a24e1c12f002c2c3eb.pdf
https://www.eurchembull.com/uploads/paper/17a758bad90da3a24e1c12f002c2c3eb.pdf
https://doi.org/10.1108/EC-01-2020-0013
https://doi.org/10.1108/EC-01-2020-0013
https://doi.org/10.1142/S0218348X22402253
https://doi.org/10.1080/00207160.2013.770481
https://doi.org/10.1080/00207160.2013.770481
http://nonlinearstudies.com/index.php/mesa/article/view/2978
https://doi.org/10.1007/s40096-019-00295-8
https://doi.org/10.1016/j.amc.2020.125863
https://doi.org/10.1016/j.amc.2020.125863
https://doi.org/10.1155/2014/454231
https://doi.org/10.1155/2014/454231
https://doi.org/10.1007/s00009-018-1291-9
https://doi.org/10.1007/s00009-018-1291-9
https://doi.org/10.1007/978-3-642-20545-3_1

