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Abstract: The aim of this article is to investigate the existence, uniqueness and other qualitative properties of the solution
of first-order nonlocal impulsive nonlinear fuzzy integro-differential equations in Banach space by using the concept of
fuzzy numbers whose values are normal, upper semicontinuous, compact, and convex. The result is attained by utilizing
a modified version of the Banach contraction principle. We offer an example as an application of the results.
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1. Introduction

The theory and implementation of fuzzy systems have advanced significantly in many areas since Zadeh [1] first
introduced the idea of fuzzy sets in 1965, particularly in the theory of fuzzy control systems. Fuzzy differential equations
have been explored by many authors [2-5]. Fuzzy differential equations were studied for the first time by Kaleva [6]. In
addition to presenting the existence and uniqueness theorem for a fuzzy differential equation solution, he also addressed
the characteristics of differentiable fuzzy set value mappings. Zadeh’s extension of a function with regard to a parameter
and the independent variable is the fuzzy optimization problem, which is an objective function in [7].

Fuzzy integro-differential equations have earned notable in the theory of fuzzy analysis, which has made them
occupy a valuable place in theory, application, measurement theory and control theory. Impulsive functional differential
equations represent a significant area of study because these equations provide a suitable foundation for the mathematical
modeling of many phenomena and real processes explored in electronics, optimal control, economics and other fields
[8—11]. However, a nonlocal condition is better at describing natural events compared to a classical initial condition. In
recent years, the Cauchy problem with the nonlocal condition has also attracted a lot of interest [12—15].

In Ramesh et al. [16] studied the existence and uniqueness of a solution of the fuzzy impulsive differential equation
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p'(x) = Z(x, px)
p(Ko) = po € X",
Ap(Ky) = Iup(Kn), K #ta, n=1,2,3,... k,

by using the method of successive approximation. Then Benchohra et al. [17] studied existence of impulsive fuzzy
differential equations by using a fixed point theorem for absolute retract.

In Vengataasalam et al. [18] studied the existence and uniqueness of the nonlocal impulsive fuzzy differential
equation

p'(k) = p(K)+ 2(k, px), K €[0,d]
AP(KH):fﬂnp(Kn)? K#trh n:1a273a"'ak7

p(0) =b(x1, k2, ..., Ky, p(.)) + po,

by using the Banach fixed point theorem.
Motivated by the above work, in this article, we study the fuzzy nonlocal impulsive integro-differential equations as
form:

K
/(= p(k)+ P (k. pr, [ (k. 1, pu)dw). k€ (0,5]
Ap(Ky) = Ipp(Kn), K#ty, n=1,2,3 ..k

p(K)+h(p617p0'2’ "'7p0'q)(K):lI/(K)7 K€ [7t7 0]’ (1)

where o [0, #] — X" is the fuzzy coefficient, X" is the set of all normal, convex, and upper semicontinuous fuzzy
numbers with bounded a-levels, &7: [0, ] x €([—rt, 0], X") x X" —» X", 2 [0, #] x [0, #] x X" — X" and
h: (€'([—r, 0], X")9 — X" are regular fuzzy nonlinear functions, .#, € € (X", X"), and y: [—t, 0] — X" are bounded
functions. Ap(k,) = p(x;) —p(x;, ), p(Kk) = hlir(r)l+ plta+h), p(x,) = hlir(r)1+ p(tn — h) represents the left and right limits
of p(x) at k =t,, respectively, n = 1, 2, ... k. For any function p defined on [—t, #] and any k € [0, %], we denote p
the element of ¢'([—v, 0], X") defined by px(w) = p(k+w); w € [—t, 0]. Here, pi(.) represents the history of the state
from time k¥ — ¢, up to the present time K.

The objective of this article is to obtain the existence and uniqueness of a mild solution to equation (1). Note that
here we are generalizing and improving the results mentioned in [16—18]. Also we are achieving better results by using a
modified version of the Banach contraction theorem and impulsive inequality. Like in paper [17], hypothesis () is not
required if we use our method.
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The remainder of the article is structured as follows: In Section 2, we give the preliminaries and hypotheses. In
Sections 3 and 4, we prove the existence, uniqueness, nearness, and convergence of the solution of first-order nonlocal
impulsive nonlinear fuzzy integro-differential equations. In Section 5, we give an illustrative application of our results,
and we conclude the results in Section 6.

2. Preliminaries and hypotheses

Let P.(9R") be the family consisting of all nonempty, convex, and compact subsets of R”. Denote by X" = {8: R" —
[0, 1] such that ¢ satisfy (1)—(4) as bellow.

1) ¥ is normal, that is, there exists py € " such that ¥ (pg) = 1.

2) ¥ is fuzzy convex, that is, for p, ve R"and0 < A < 1, 3(Ap + (1 —A)v) > min{d(p), 3 (v)}.

3) ¥ is upper semicontinuous.

4) [9]° = {p € R ¥(p) > 0} is compact.

ForO0<a <1, [8]*={p € R": ¥(p) > a}. Then from (1)—(4), it follows that the c- level sets [¥]* € P.(R").

If h: R" x R" — K" is a function, then by using Zadeh’s extension principle, we can extend h to X" x X" — X" by
the equation [h(¥, o)(w)]= sup min{F(p), o(v)}.

W:b(pv V)
It is well knowledge that [H(, 0)]* = h([9]%, [0]%), VO, 0 € X", 0 < o < 1 and the function b is a continuous. In

addition, we have

=3
_|_
Q
8

Il
=
8
_|_
Q
=
a’
=
8

Il

a[8]%,
where
%,0eX" 0<a<l1, aefi.

Let &1, &, # ¢ be bounded subsets of R". The Hausdorff metric is defined as follows

HHEE) = max{ sup int 61~ Gal. sup int |I§1—5z|}

£1€8; 2€=2 &reEy 51851

where ||.|| denotes the usual Euclidean norm in SR”. Then (P.(93"), JZ)) is a separable and complete metric space [19].
We define the complete metric d., on X" by

d.(9,0) = sup AG([0]% [0]*)= sup [ -0/, ¥ — 0]

O<a<l O<a<l

forall ¥, o € X". (X", d%) is a complete metric space. Also V&, o, 4 € X" and A € R, we have d, (0 + U, o+ ) =
di(0, 0) and di (A, Ao) = |AldL(Y, O).

We define 0 € X" as O(p) = 1 if p =0 and 0(p) = 0 if p # 0. The supremum metric .7 on C([0, 1], X") is defined
by
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Hi(9,0) = 0<S:fydi(19('<),6(’<))

Hence (%([0, 1], X"), #]) is a complete metric space.

Definition 1 A family of functions (2(k)) >0 of continuous linear operators on X" is called fuzzy %p-semigroup if
1. For all p € X" the mapping Z(x)(p): R — X" is continuous with respect to k > 0,

2.9(k+1)=2(x)2(u) vk, € R,

3. 2(0) = I where [ is the identity operator on X".

Definition 2 A continuous function p(k): [0, Z] — X" is said to be a mild solution of equation (1) if

p(x) = 2(x)[y(0) = b(Ps,s Poys -5 Po, ) (0)] +/()K@(x—u)9(u, Pus /0'“ AU, 0, po)do)du

+ Y 9(k—0n)Ip(0n), KE(0,7]

0<op<k

p(K)+b(p017p027 "-7p0q)(K):W(K)7 LS [_ta O]'

Lemma 1 ([20], p.12) Let a nonnegative piece-wise continuous function p (k) satisfies k¥ > kj the inequality

vk < @+ [ pviwdn+ ¥ (o)

0<o,<K

where >0, B, >0, p(x) >0, o, are the first kind discontinuity points of the function p(x). Then the following
estimate holds for the function p(x),

pt) < & TI (1+Bexn( [ pluwidu)

Kp<op<kK

Lemma 2 ([21], p.196) Let & be a Banach space. Let Z: & — & be an operator which maps the elements of & into
itself for which &" is a contraction, where r is a positive integer. Then Z has a unique fixed point.

We introduce the following hypotheses:

(/) The linear and continuous operator </ generates a 6 semigroup (Z(K))«>o on X" such that || Z(k)||x» <
M,k >0 with #Z > 0.

(¢5) Let Z2: [0, | x € ([—v, 0], X") x X" — X" such that for every , { € ¢, x € [0, #], p, v € X" and there
exists Ly > 0 such that

deo( P (K, M, p), Z(K, €, V)) SLp[des(N, §) +des(p, V)]

() Let A: [0, ] x [0, ] x X" — X" such that for every p, v € X", k, u € [0, 7] and there exists L > 0
such that
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d°°<%<K? u, p)a %(Kv u, V)) SLJ?”dW(pa V)

() Let b: (€']—r, 0], X")9 — X" and there exists 2 such that

dw(h(pcﬂ Poyy -+ qu)(K)’ b(vﬁw Voys -es qu)(K)) Sde(/)? V), Vk € [_tv 0]

(o) Let I,: X" — X" such that for every p, v € X", x € [0, %], n=1, 2,3, ..., k and there exists L, such that

doo(Inp (Kn), IV (Kn)) SLndeo(p, V).

3. Main result

Theorem 1 Suppose that the hypotheses (7)) — (o) are satisfied. Then the equation (1) has a unique mild solution
pon[—t, %]

Proof. Consider p(x) be a mild solution of the equation (1) then it satisfies the equivalent integral equation

p(x) = Z(NW(O) = bPar: Poss -+ Pa) O+ [ Z0c= )P (atpys [ # (1 K. po)do)du

+ Y (k-0 p(cn), «e(0,.7]

0<op<K
p(K)+h(p017p627"'7p€7q)(K)]:W(K)7 K€ [7‘(’ O] (2)

Now we rewrite equation (1) as follows:
For y € € ([—t, 0], X"), define § € X" by

W(K)fh(powpcz’"'7p0'q)(K) if KG[*ta O]
V(x) =
2(€)[W(0) = b(ps,> Poy, -5 P, )(0)]  if K €0, 7]

IfweX"and p(x) = w(x)+ ¥(k), kK € [—t, ], so that it is clear that w satisfies

0 if xe[-r, 0
W(K') = foKQ(K—H)@(MaWu‘HIA’m fouﬁ%(“’a Ga WG"‘II/G)dG)d“ (3)

+ Y P(k—0y)Iulws+ V(o)) if xel0,.7]

0<o,<K
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if and only if p(x) satisfies the equation (1) We define the operator A: X" — X" by

0 if K€t 0]
(Aw) (k) = { Jo D(k =) P (1, wu + W, J§ (1, 0, wo + W5 )do)dp (4)

+ Y P(k—0,)I(ws+ (o)) if xe€l0, 7]

0<o,<K

From the definition of an operator A defined by the equation (4), It should be mentioned that the equation (3) can
be expressed as w = Aw.

We now demonstrate that A" is a contraction on X" for some positive integer n. Let w, v € X" and using hypotheses
(1) — (5) we get

K n
()06, (av(6)) <z [" D)2+ e [ 00w+ Vo)

+ Y k=0 Aot (), [ F0c—m) P vie+ W

0<o,<K

u
/Ojf(u,c,vg+li/g)dc)du+ y @(K—Gn)ﬂn(va+li/(c,,))>

0<o,<K

K n
< d:z,( [ ot wiz @ was i, [ W 0w+ 0)io),
A # A
P (W, Vu+ WY, /O H (U, o, va+wc)d0]du)
+d;( y @(x—omfn(wawwm,fn<vc+¢f<cn>>])
0<o,<K
<

K u
[ 120wl ka2 (2w s [ 0 0,0+ )00,
A IL A
P (s Ve + WY, /0 H(u, o, vo+%)d6]du)

> |@<K—cn>||d:(fn<wa+won>>,fn(vawwn)))

0<op<x
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K u
< /O///L,W[d:o(wwvu)‘i‘/o Lyd.(we, Vo)doldu
+ Y ALdL(w V)
0<o,<K
K K L
< [ tsditon viddut [ MLy [ Lpdi(wo, vo)dody
0 0 0
+ Y AnLdi(wv)
0<op<k
K.2
< MLpdl(w, V)K+ MLpLypdl(w, vV)— + Z M Lyd(w, V)
2 0<o,<K
< MLypdi(w,V)K+ MLpLyds(w,v)KHX + Y ALydi(w, V)
0<op<K
< | MLp(W+Lyp )+ Y, ML, |do(w, V)
L 0<o,<K B
< | MLp(\+Lp X )k+ Y, MLy | (W, V)
L O<op<x J
dL(N°w)(K), (A°V(K))) = di(A(Aw)(K), A(AV(K)))
<

K "l

[ 1906 e (200, v+ 0 [0, 0, v+ o))
u

gz(u,Av#—Hify,/o (U, o, Av6+lifg)do))du

Ly |@<xon>d:o(fnmwﬁwon»,fn<Ava+w<on>>)

0<o,<K
K 1

< / ML [d%(Awg, Avy) + / Lyd(Awo, Ave)doldp
0 0

+ Y AdL(Aw, AV)

0<o,<K
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K K 1
< / M Lpd’(Aw, AV)dLL + / MLy / Loyd’(Aw, Av)dody
0 0 0
+ Y ALdL(Aw, AV)
0<o,<K
K K u
< ML MLAN + L HNH (0 V) [ it [ Lo [ odoau)
Y LA, v)
0<o,<K
K2 K>
< ML+ Lp AW, V) +Lp—]+ [ Y, LJ*A(w, V)
2 3 0<o,<K
K2 K2
< ML+ Ly KW, V) [o- + Ll =+ [ MY, LA (w,v)
2! 2!
: : 0<op<k
K.2
< ML+ Ly ) (W, VI Lp K| o5 + [ Y, LA (w, V)
2! 0<op<K
2
< ML+ Ly HPAw V) S+ A Y LA v)
2! 0<op<k
ML + Ly H)k]?
< { ,][ z'f ]K} —|—[j/ Z Ln}z}%(W,V).

0<o,<K

Continuing in this way, we get

doo((N'w)(x), (A" (K)))

IN

n!

{[%L9[1+Lf%]K]"+[M y L,,]”}J“fi(wa v)

0<o,<K

IN

{ (MLl + Ly H) K]

n!

+l Y Ln]"}%ﬁ(w, v).

0<op<kx

For n large enough, [‘%L'@[HZ‘,” AT 4 [# Y L,)" < 1. Thus there exists a positive integer n such that A" is a
’ 0<o,<K

contraction in X". By virtue of lemma (2) the operator A has a unique fixed point w in X”. Then p =W + ¥ is a solution
of the equation (1). O
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4. Nearness and convergence of solutions

Consider the fuzzy impulsive nonlocal equation (1), along with the fuzzy impulsive nonlocal equation

() =/ p(K) + P (k. pus [ (k. . p)d), k€ (0.7]

Ap(Kn):jnp(Kn)7K7étna n=12,3,...k,

p(K)+b(p617p6p "'7p6q)(K):ll~/(K)7 K€ [_t7 O]v (5)

where ./ is as given in (1), 2: [0, #| x €([—t, 0], X") x X" = X", b: (€([—t, 0], X"))? — X", .7, € €(X", X"), and
¥ €€ (v, 0], X").

Theorem 2 Assume that the function &2, 7, b, .7, in equation (1) satisfy hypotheses (%) — (2#) and there exists
nonnegative constants €|, &, €3, & such that

dz, (97’(& n,p), Z(x,m, p)> <g
dz (h(pal, Poys s Po,)(K); B((Poys Poyys s pcq)(K)> <e
(. 90) ) < e

d:o (jnp(Kn); jnp(’%)) <é& (6)

Let p(x) and v(k) be respectively solutions of (1) and (5) on [—t, #]. Then the following inequality holds:

M T (I+ALy)exp(MLyp X))

0<o<k
<
AP VIS T [ (s dLyexp(diLy ) 0 TaTatel

O<o<k

Proof. Using the facts that p (k) and v(x) be respectively solutions of (1) and (5) and hypotheses (o)) — (273) we
obtain, for k € [t, 0]
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C

d*

2(p0v00)) =

IN

IN

IN

For x € [0, 7]

d*

iporary Math

=

(o) v()

(W00 = 0Py P - i) (61, () Ve Ve ey )
2 (2060, 900 ) (0 -9 )60 e Ve e )
2 (4060, 900 )+ (0 P )61 e Ve e )

+dz <b(v61, Voys -5 Vo, ) (K), B(Vo,, Vo, - vgq)(ic))

&+ 24 (p,v)+& (7

< 1200 | a2 (w0 900) )+ (0(Poy P - e )6
(Vor Vo s ¥ (6)) | + [0 oz (200

n _ u
[ # 0. pa)do). P v [0, 0, ve)do) )

Ly ||@(1<on>||xnd:<ﬂnp<xn>,Jnvwn))

0<op<K

IN

K
Mes+ 2d5(p, V) + & +. MLy /0 (P, Vi)

u
+Lff/o d:(ps, Vo)doldu + .4 e

+ Y ALdL(p(0n), V(0n)) + .2 &

0<o,<K
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sup (d2(p(K), V(<) < sup {//z[sl+gd;<p,v>+sz]+//w [t eu v

0<k<x 0<k<x

u
+L.%”/0 d:(pg, Vo)doldu+ # e

+ Y J//L,,d;(p(c,,),v(cn))+.//ls4}

0<o,<K

K2 K
Hip,v) < Alaxteteteat(2+Loly=]7(p, V)+/O MLy FA(p, V)du

+ Y ALAp, V). ®)

0<o,<K

LetI'= ,@—FL,@L;;%TZ, define the function w: [—t, J#] — X" by w(k) = sup{d=(p(tt), v(1)): —t < u < x},
K € [0, 7). Let k* € [—r, k] be such that w(k) = d(p(K*), V(k*)). If k* € [0, k] then from inequality (8) we have

K*
w(K) = A(p(K') v(K') < MoK +erteatetTHp I+ [ ALIH(p,v)dp

+ Y aL.Ap,v). )

0<op<x

Now applying lemma (1) to the inequality (9) we get

Hp,v) < (///[81%+82+83+84+F%(P7V)]) [1 O+.#zL,)exp(ALp%).

O0<o<k

Hence we get

M T (I+ALy)exp(MLyp X))

0<o<K
4 < .
APV S T (A e( At O TRt et
0<o<k

Remark 1 The result given in the above theorem, relates the solutions of equations (1) and (5) in the sense that if
2 and 2, y(x) is close to (k) and b is close to §. Then not only the solutions of equations (1) and (5) are close to
each other, but also depend continuously on the functions involved therein.

Consider
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V() = dV(K)+ Pu(K, Vi, /OK%(K, W, vi)du), k€ (0,.%]

AV(Km):ij(Km),K#[m7 m:172737"'7k7
V(K)+bm(v0'17 va sty vO'q)(K) = ‘I/m(K)a K€ [7t7 O]a (10)

where . is given in equation (1), &,: [0, # ] x € ([—t, 0], X") x X" = X", s €([—7, 0], X")? — X" and y, (k) is a
sequence in X",

We have the following corollary as an immediate consequence of the aforementioned theorem:

Corollary 1 Suppose that the following &2, 7, b, ., in | satisfy the hypotheses (%) — (%) and there exists
nonnegative constants &, €,, 6, 0,, such that

tﬁ<9“%mP%9%WJLM)S&n
d:o (b(pﬁl ’ p0'27 sy qu)(K>7 hm((pcﬁ ’ sz’ oy pﬁq)(K)) S Srln
dii(w(KL wmoo) <5,

0 (fnpocn), fmpo«n)) <3, (an

where g, — 0, €/, — 0, 8, — 0, 5, — 0as m — oo. If p(k) and v,,,(k), m =1, 2, ... be respectively solutions of equations
(1) and (10) on [—t, JZ]. Then as m — oo, v;,,(x) — p(x) on [—t, H].

Remark 2 The result obtained in this corollary provides sufficient conditions that ensure solutions of equations (10)
will converge to solutions of equation (1).

5. Application

Consider the following nonlinear fuzzy partial functional differential equation, to clarify the result mentioned in
Section 3 of the type

d 92 K
ﬁv("’ K) = WV(V’ K)—i—,@(rg v(v, K—r), /0 W (k, 1, v(u —r))du),
ve o, ], k€0, 7] (12)
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v(0,x)=v(m,x)=0, 0<x<% (13)

v, K)+ Y v K+ K) =y k), 0<v<m, —t<k<0 (14)
n=1
Av(v, ty) = Z(v(iv, 1)), n=1,2,3,... k, (15)

where 2: [0, Z|xX"x X" = X" #: [0, #| x X" = X", #,: X" — X" are continuous. We assume that the functions
2, W and .9, satisfy the following conditions:
i.Vkel0, . #]and p,v € X", 3 Ly > 0 such that:

dz, (Q(K, v, p), 2(k, w, v)> < Lg (djo(w, v)+di(p, v))

ii. Vxe[0,.7]and p, v € X", there exists Ly > 0 such that:

2 (W(K, , p) W (i, 1, v)) < Lydip, V)
iii. 3 ¢, d > 0 such that:

do*o(j"(p)7 <%ﬂ(v)) S Cﬂd:o(pa V), n= 1; 27 3’ AR k7
q

Y di(v(y, K+ K), v(w, K+ k) <d

n=1

We define the operator «7: X" — X" by &/w = w” with domain D(«7) = {w € X": w and w’ are absolutely continuous,
w” € X" and w(0) = w(m) = 0}. Then the operator <7 can be written as

dw = —m? (W, W)W, wED(),

m=1

where wy,(v) = (\/%) sin(mv), m =1, 2, 3, ... is the orthogonal set of eigenvectors of & and . is the infinitesimal
generator of an analytic semigroup Z(x), k¥ > 0 and is given by

2(k)w = Z exp(—m?K) (W, W)W, w e X",
m=1
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Now, the analytic semigroup .# (k) being compact, there exists .# such that |7 (k)| < .# V k € [0, J¢]. Define
the functions &2: [0, ] x € ([—¢, 0], X") x X" = X", 5: [0, | x [0, X x € (], 0], X") - X", F,;: X" - X" as
follows

2k, 1, p)(v) 2(x, n(=v)v, p(v)),

K, u, C) W(Kv u, g(_t)v)v

where x € [0, ], 1, § € €([—r, 0], X"), p € X" and 0 < v < 7. With these choices of the functions the equations
(12) — (15) can be formulated as an fuzzy integro-differential equations in X"

K
pI(k) = Ap(x)+ 2(v. pe. [ (. . pu)di), K€ (0, 4]
Ap(KH):jnp(Kn)?K#tlﬂ n:172737"'5k7

p(K) +6(Poys Poys ---s Po,) (k) = W(k), K€ [t 0]

Since all the hypotheses of the theorem (1) are satisfied, the theorem (1), can be used to warranty that a mild solution
exists v(v, k) = p(x)v, kK €[0,. 7], v € [0, ], of the nonlinear fuzzy partial integro-differential equations (12) — (15).

6. Conclusions

In this article, the modified version of the Banach contraction principle was employed to get the existence and other
qualitative properties of nonlocal impulsive fuzzy solutions for nonlinear integro-differential equations. An application
example was given to prove the validity of our result.
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