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Abstract: An r-dynamic coloring is a proper k-coloring of a graph G = {V, E} such that the neighbors of every vertex v
€ V(G) are colored using ¢: V(G) — S(c) where S(c) is a set of colors. The coloring is made in such a way that it satisfies
the conditions: (i) For any edge uv € E(G) the color of u and color of v are distinct and (ii) the cardinality of coloring
the neighbors of any vertex v should be greater than or equal to min{r, d(v;)}, where d(v;) is the degree of the vertex
v. In this paper, the lower bounds for the r-dynamic coloring of the m-shadow graph of the ladder graph D,,(L,) and the
tadpole graph D, (T, ,) are attained. Using the lower bounds, the exact solution of the »-dynamic chromatic number of
the ladder graph L, and tadpole graph T, , by the m-shadow operation is obtained.
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1. Introduction

The graphs used in this paper are simple and finite. Let G be a simple graph that is connected and undirected. The
other typical notations used here are V(G) and (G), which are the vertices and edges of G, respectively. The minimum
degree of G is 6(G), and the maximum degree is A(G). For any v € V, N(v) denotes the neighborhood vertex of v that
is adjacent to v. The concept of dynamic chromatic number was first introduced by Montgomery [1], and the study
of r-dynamic coloring is an extension of dynamic coloring, so one of the obvious results that holds is y(G) < x(G)
< %,+1(G). An r-dynamic coloring of G is a mapping of ¢ from V(G) to the set of colors S(c) such that the following
conditions hold:

1. Forany uve E(G),c(u) # ¢(v).

2. |g(N(v))| = min{r,d(v4)}, where d(v,) is the degree of v and  is a positive integer.

When r = 1, the 1-dynamic chromatic number of G is equal to its chromatic number. When r = 2, the 2-dynamic
chromatic number of G is the result of the dynamic chromatic number. The  values are extended up to the maximum
degree A(G). The r-dynamic chromatic number remains the same even after » values exceed A(G). Some of the
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following observations were proposed by Montgomery [1] on r-dynamic chromatic number, and some of the bounds are
studied from [2-8]. Nandini et al. [9] have studied the r-dynamic coloring of para-line graph of some standard graphs. In
[10], there are five theorems studied, including the graph of a flower graph C(F,), the line graph of a flower graph L(F,),
the subdivision graph of a flower graph S(F,), the para-line graph of a flower graph L[S(F,)], and the splitting graph of a
flower graph S[F,]. In [11], there are six theorems studied, including the central vertex join of path graph P,, with cycle
graph C,, the central vertex join of cycle graph C,, with path graph P,, the central vertex join of cycle graph C; with path
graph in P,, the central vertex join of cycle graph C, with complete graph K, the central vertex join of cycle graph C,

with complete graph K, and the central vertex join of cycle graph C,, with cycle graph C,. In this paper, we determined
the »-dynamic chromatic number of the ladder graph and the tadpole graph using the m-shadow operation.

2. Preliminaries

In this section, the basic definitions and preliminary lemmas that are used in the next sections are given. A graph G
is a pair (V(G), E(G)), where V(G) denotes the vertex set and £(G) denotes the edge set. If G has the same end vertices,
it is called a loop, and an undirected, loopless graph is said to be a simple graph. A graph G is finite if its order and size
are finite. In a graph G, the minimum degree J(G) is the minimum number of edges that are incident from any vertex v €
¥V, and the maximum degree A(G) is the maximum number of edges that are incident from any vertex v € V.

Definition 2.1. The shadow graph D,(G) of a simple connected graph G is obtained by taking two copies of G, i.e., G'
and G", and joining each vertex u'in G'to the neighbors of the corresponding vertex u" in G".

Definition 2.2. [12, 13] A m-shadow graph of G denoted by D,,(G) is a graph obtained by taking m-copies of G, i.e.,
G, G", G", ..., G and then joining each vertex weG,ie[l,m— 1] toall the neighbors of the corresponding vertex Vv
eG",G", .,G"i<j<m.

Definition 2.3. The ladder graph is a planar undirected graph that is the Cartesian product of two path graphs and
is denoted by L, = P, X P,. In other words, a ladder graph is obtained by taking two copies of a path graph of the same
order whose corresponding vertices are connected by an edge.

Definition 2.4. The tadpole graph is a special type of graph consisting of a cycle C, of at least n > 3 vertices and a
path P, with p vertices connected by a bridge. It is denoted by T, .

Lemma 2.1. Let G be a finite, connected graph, then the following condition holds:

L. 7,(G)< 7,,(G)

2. x.(G)z2min{r,A(G)} +1

3 2,6 =162 1,(6)<...2 2,4, (G)

4. At r 2 A(G), then 2,(G) = 14 (G)

3. Results

Lemma 3.1. For a ladder graph Z,, the lower bound for the »-dynamic chromatic number of the m-shadow graph of
the ladder graph D, (L,) is

x.(D, (L)) =2r, for 1<r<AD,(L,)),Vm,n.

Proof. LetV(D,(L,)) = {V;,V},...,v] :1< j <2n} be the vertex set and E(D,,(L,)) = {{v;, V3,.1,Vs, V2., :1Sa<m;a
<x<my 1< < n—l}u{v_;’v;.+l 1<a<mija<x<m;j=13,5,...,2n—1}} be the edge set whose corresponding
cardinalities are |V (D, (L,))|=2mn and | E(D,(L,))|=m’(3n-2), respectively. The vertex v; is adjacent to

(m) m J

Vi,V v" only where v;.',v_;",...,vj is adjacent.

mn forn=1_2

The minimum degree is 6(D (L )) =
v degree is (D, (1) {2m forn >3
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and

. . {mn forn=12
the maximum degree is A(D, (L,)) =
3m forn>3.
For n =1, 2, the value of r varies from 1 < r» < mn, and for n > 3, the value of » varies from 1 < r < 3m, and hence the
result remains same. Let L be a simple, connected graph. By the definition of a m-shadow graph, every vj. (1£/j<2n)
vertex in the ith copy of L is adjacent to v/, vj*?,---,v/" of alli+ 1, i+ 2, -, mth copies of L, wherever 1/, are adjacent.
In order to prove the lemma, we consider two cases.

Casel. 1<r<mn,Vn=1,2.

First, consider » = 1. Assign the colors 1, 2 to all the vertices of m-copies of L,. For instance, assign the color class
1to V;,v;f,---,v(/.'") and color class 2 to v},v}',---,vﬁ.’”) for j = even. The 1-dynamic coloring of D, (L,) results as the same
as the chromatic number of L,.

Next, consider 7 = 2. For a vertex v/, where 1 <j < 2n, the maximum degree is four. Assign a color (say, ¢) to
v;., so that two adjacent vertices of v;., are colored with ¢,, and the other two adjacent vertices are colored with ¢;. For
instance, if v;, , where 1 < k <n are colored with ¢;, whose two adjacent vertices v;, and v;, are colored with ¢, and
¢;- Now, to satisfy r-adjacency vJ, ,, it requires a new color, ¢,. Similarly, when 3 <7 < mn — 1, each odd copy of D,(L,)
receives r — 1 colors, and each even copy of D,,(L,) receives r + 1 new colors. Therefore, it shows a total of 2r colors are
required.

Finally, when » = mn, we assign a new color to each vertex in order to achieve r-adjacency. Since there are 2mn
vertices in D,,(L,) and » = mn, it is clearly seen that 2r colors are required to satisfy the »-dynamic coloring.

o,

’ 7
V- (m)
v7' Vs Y7 Vg e o0 0o 0 Vg
"
’
Vsy Ve o o0 o 0 Y ng)
"
7
v; V4 vi' e o0 o o V3 v&"”
"
7 7" 2
! V2 e oo o Vi ng)

Figure 1. (D,,(L,))-m-shadow graph of ladder graph L,

Case2. 1<r<3m,Vn2>3.

In the case of » = 1, the 1-dynamic coloring of D,,(L,) is the same as the chromatic number of L,, and thus the proof
holds. When r = 2, odd and even copies of D,,(L,) each receive r new colors, and for 3 <r < 3m — 1, each odd copy of
D, (L,) receives r — 1 colors, and each even copy of D,(L,) receives » + 1 new colors. Therefore, it shows a total of 2r
colors are required.

Further, consider the maximum degree, » = 3m, for which we assign the colors 1, 2, ---, 3m to the (2j — 1)th copies

of D (L),1<j< ’V%_l and the colors 3m + 1, 3m + 2,---, 6m to the (2j)th copies of D, (L,),1<j< [%—‘, showing that
2r colors are required to satisfy r-adjacency.

Theorem 3.1. Let 7, n > 1 and m > 2 be any positive integers, then the -dynamic chromatic number of m-shadow
graph of ladder graph D, (L,) is
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2. (D, (L)) =2rfor1<r<A(D,(L)).

Proof. To ascertain the r-dynamic chromatic number of D, (L,), we have to prove that, y(D,(L,)) > 2r and
x(D,(L,) < 2r. In accordance with Lemma 3.1, we have y,(D,(L,)) > 2r. So, it completes the proof of lower bound.
Then, we have to prove the upper bound. To prove yr(D,,(L,)) < 2r, we divide into some cases and consider a function ¢
: V' (D,(L,)) — S(c), where S(¢) = {1, 2,3, ...,2r}.

1. Consider m = 2.

When r =1 and Vn, the r-dynamic chromatic number is given by,

s()=c(v)=1{1,2}:V1<j<2n

Therefore, the minimum number of colors required is 2. When r = A(D,(L,)), the r-dynamic chromatic number is
given by, forn =1, r =A(D,(L,)) =2

{1,2} forv, V1< ;j<2n
S V(Dy(Ly)) = '
{3,4} forvi,v1<j<2n

Therefore, the minimum number of colors required is 4. For n =2, r = A(D,(L,)) =4

1,2,3,4) forv,V1<j<2n
{1,2,3,4} ! J

V(D,(L,))=
¢ V(DL) {{5,6,7,8} for v/, V1< j<2n

Therefore, the minimum number of colors required is 8. For n >3, r=A(D,(L,)) =6

{1,2,3,4,5,6} for v}, V1< j<2n

V(Dy(L,)) =
s VDL {{7,8,9,10,11,12} for v/, V1< j <2n

Therefore, the minimum number of colors required is 12.
2. Consider m = 3.
When r =1 and Vn, the r-dynamic chromatic number is given by,

c() = () =¢(V) = {L2}:V 1< j <2n

Therefore, the minimum number of colors required is 2.
When r = A(D,(L,)), the r-dynamic chromatic number is given by, for n =1, r = A(D5(L,)) = 3

{1,2} forv}, V1< ;j<2n
¢ V(Ds(Ly))=413,4} forvj, Vi< ;j<2n
{5,6} forv}, V1< ;<2n

Therefore, the minimum number of colors required is 6. For n =2, r = A(D,(L,)) = 6
{1,2,3,4)  forv, V1< j<2n

G:V(D5(Ly))=115,6,7,8;  forv, V1< j<2n
{9,10,11,12} for v}, V1< j<2n

Therefore, the minimum number of colors required is 12. Forn >3, r=A(D5(L,)) =9
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{1,2,3,4,5,6} for v, V1< j<2n
g:V(D3(Ln))= {798a9,10,11,12} f0r v;,VlSJSZn

113,14,15,16,17,18} for v/, V1< j<2n

Therefore, the minimum number of colors required is 18.
3. For m-shadow graph, when » = 1 and Vn, the r-dynamic chromatic number is given by,

c0)=c() = =g\ = (1,2} :VI< j< 2.

Therefore, the minimum number of colors required is 2.
When r=A(D,,(L,)), the r-dynamic chromatic number is given by, forn =1, r =A(D,(L,)) =m

1,2 for (v/}),V1< j<2n
j
3,4 for (V/),V1< j <2n
{ } J
¢V (D, (L)) =1.

{2m~1,2m} for "™ Vi< j<2n
Since » = m, the minimum number of colors required is 2r. For n =2, r = A(D,(L,)) = 2m

1,2,3,4} for (v)), V1< /< 2n

5,6,7,8 for V), V1< j <2n

{5.6,7.8} ; J
g:V(Dm(LZ)): :

{4m—3,4m—2,4m~1,4m} for "), V1< j<2n

Since » = 2m, the minimum number of colors required is 2r. For n >3, r = A(D,,(L,)) = 3m

{1,2,3,4,5,6} for (v}), V1< j<2n

{7,8,9,10,11,12} for (v}), V1< j<2n
sV (D, (L,))=y.

{6m—5,6m—4,6m~3,6m—2,6m—1,6m} for /" V1< j<2n

Since r = 3m, the minimum number of colors required is 2r.
Thus, x(D,(L,)) < 2r. In accordance with Lemma 3.1, we have y,(D,
Hence, y(D,(L,)) =2r for 1 <r<A(D,(L,)).
Lemma 3.2. For a tadpole graph 7,
of the tadpole graph D,(T,,) is

(L,)) = 2r.

m

,» the lower bound for the 7-dynamic chromatic number of the m-shadow graph

P

2. (D, (T” ) 2 min{r +2,r +m}

Proof. Let V(D,(T, ) = {V,,, vy, W\ v vh - v 11< j<n and 1 <k <p} be the vertex set and E(D,, (T, ,))
:{{vn/v;lm,vmv},M :ISaSm;anSm;lSan—l;lSksp—l}u{vnlv;zj,vﬂ]vm 1<a<mya<x<m;j=nk=p}} be

the edge set whose corresponding cardinalities are [V(D, (T, ) [=m(n+ p) and | E(D, (T, )= m*(n+ p),

m (m)

1 ! M ” " " m T b b
respectively. The vertex v'; are adjacent to v/, v/,...,»;"" only where v,v7 . v} are adjacent. The minimum degree is

6(D,, (T, ,)) = m and the maximum degree is A(D, (7, ,)) =3m.
Let T be an undirected simple connected graph. By the definition of m-shadow graph, every v/ ,v;A (for1<j<n

i+l i+2 i+l i+2
i i . (m) _.i vz .

v
w2t 2 2y 2 Tp, 0 Tpy

and 1 < k < p) vertex in the ith copy of 7 is adjacent to v ~~,v(p”’) ofall i+1,i+2,---,mth copies
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of T, wherever v, ,vfnA are adjacent.
J

For all m-copies of T, ,, when r lies in the range, 1 < < m — 1, the minimum number of colors required to satisfy

r-adjacency are r + 2, whereas for m <r <A((D,,(7, ,))), minimum of r + m colors are required. Considering the
r-dynamic coloring condition, we take min{r+2,r+m} to be the lower bound for D, (T, ).

Figure 2. (Dy(T;,))-m-shadow graph of tadpole graph T},

For example, when m > 2 and r = 2, we have min{4,2 + m} to be 4.
(i) When n is odd and for all p, assign the colors (say) ¢;, ;, ¢ to the vertices v, vy, v)"" and v, ,v7 -

nj® njo

. (m-1)
> by
To achieve 2-dynamic coloring, a new color, ¢,, is required along with the colors ¢, and ¢;, which are assigned

to the vertices v/ ,v",---, v v v . y" D (1 <j<n)and (1 <k<p).

nj’ n/’ > n; > i Y7 > i
(il)) When n is even and for all p, to achieve proper coloring and satisfy 2-dynamic coloring, assign the colors
¢ and ¢, to the vertices v/ v -+ " vy ,"~,vi,','“'), and colors ¢; and g, to the vertices v/ ,v" -+ v\
J J J J J J J
n” iv (m) .
v[’/f 5vpk "“’VP/{ > (l S] S n)’ and (1 S kSp)'
Theorem 3.2. Let r, m>2, n> 3, and p > 1 be any positive integers. Then, the r-dynamic chromatic number of the

m-shadow graph of the tadpole graph D, (7, ) is
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r=1,n=1(mod2),Vp,m

7 r=4,n=1(mod3),Vp,m
r=5n=1(mod3),Vn>7,p andm=2

8 r=AD,(T,,)),n=1(mod3),vn =8, p and m =2
r=AD,(T,,)),n=2(mod3),Vn=8,p and m =2

10 r=AD,(T,,)),n=5p,m=2

2r r=1,n=0(mod2),Vp,m

r=2,Vn,p and m
r=4,n=4 and n =2(mod3),Vp,m

r+m r=3,n=1(mod3),Vm,n>7 and p =1,2 and p = 1,2(mod3)
X.(D,(T,,))= r =3,n=2(mod3),Vp,m

3<r<A(D,(T,,)),n=0(mod3),vp,m=2
3<r<AD,(T,,))—4,n=0(mod3),Vp,m=3
AD, (T, ) -3<r<AD,(T,,),n=3,Vp,m=3

r+m+1l r=3,n=4,Vp,m
r=3,n=1(mod3),Vn>7, p =0(mod3),m

r+m+2 r=5n=5Vp,m

4m A, (T, ) -3<r<AD, (T, ),Vn>3,p,m=3

n,p
2(m+1) r=>5,n=1(mod3),Vrn=>7,p,m=>3
{8(m+3)—‘

5

Proof. To ascertain the r-dynamic chromatic number of D, (T, ), we have to prove the theorem and divide it into

r=5n=4,Yp,m

some cases.
Case 1. r =1,n=1(mod2),Vp,m.
To ascertain the 7-dynamic chromatic number of D, (T, ,), we have to prove that y.(D,(T,,)) = 3 and y(D,(T,,)) <
3. In accordance with Lemma 3.2, we have x(D,(7,,)) = 3. So, it completes the proof of lower bound. Then, we have to
prove the upper bound. To prove y,(D,(7,,)) < 3, let us define a function ¢ : V' (D,(7,,)) — S(5), where S(¢) = {1, 2, 3}.
For this case, we divide into two subcases, namely Subcase 1 and Subcase 2.

Subcase 1. ¥ =1, n = 1(mod2), p = 1(mod2)

! " (m)
St Vo Vs
=2 (mod 3) =2 (mod 3)

Vi< j<n

> Ny (moas) ®

VikcodasVk-odd > "> vfy,zladd ,Vk is odd
SV, (T, N=36 Vi sVa o "’VEZ.)WM V1< j<n
Vicerens Vpesen>™ sV erens VK 18 €Ven
53 ',’/zu(mmm ’ ”',ffrunmdz) >t ’Egumw V1< jsn
Subcase 2. r =1, n = 1(mod2), p = 0(mod2)
51 ”‘/zumm/x) ’V’Z/‘zl(nm«lzi 2T 'Eil)wmm Vi< jsn
V;)k:odd > V;k:odd 5T v;r:lodd ,Vk is odd
S V(D (T, N)=36 VosVa o W VIS j<n
V;)k:even > VZk:even 57 v;’l’:leven ,Vk is even
S ”’/EU(rtwd}) ° :/EO(WU(IS) ’ ’VLZZ(W/.%) ? Vi< j <n
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Based on the lower bound and the upper bound, we have 3 < (D,(T,,)) < 3. Now, it is easy to establish the
r-adjacency, hence y,(D,(T,,)) for r = 1, n = 1(mod2), Vp, m.

Case 2. For4 <r <5, n = 1(mod3), Vp, m.

To ascertain the r-dynamic chromatic number of (D,(T,,)), we have to prove that x,(D,(7,,)) = 7 and x(D,(7,,)) <
7. In accordance with Lemma 3.2, we have x/(D,(7,,)) = 7. So, it completes the proof of lower bound. Then, we have to
prove the upper bound. To prove y(D,(7,,)) <7, let us define a function ¢: V' (D,(7,,)) — S(¢), where S(¢) = {1, 2,3, ...,
7}. For this case, we divide into two subcases, namely Subcase 3 and Subcase 4.

Subcase 3. =4, n = 1(mod3), Vn>7, p, m.

Consider m =2 whenr=4,n="7,10, 13, ... and Vp

{1,2,3} forv, ,v, V1< j<nand 1<k<p
{4,5,6,7} forv,) v} V1< j<nand 1<k<p.

>
n;

giV(Dz(Tn,,,))={

Consider m-shadow graph when r=4,n=7, 10, 13, ... and Vp
1,2,3,4  for (v, v, ), (vivi ), (VMY ) V< <
(12,3.4) for (5 (05 (1) <

and 1<k <p
(4,5,6,7) for (v,’jj,v:A ),(V:::V;i ),---,(VL'”),V;’:’)>,VSJ'S”

J

§:V(D,(T,,) =
and 1<k < p.

Subcase 4. r =5, n = 1(mod3), Vn > 7, p,m.
Consider m =2 whenr=5,n=7,10, 13, ... and Vp

gV(D (T ))_ {132,334} for (V;/,V;k),VISjSI’l andlgkgp
- 4,5,6,7} for (v, ., ),VI<j<nand 1<k<p
j7 P

Consider m-shadow graph when r=4,n=7, 10, 13, ... and Vp

{1,2,3,4} for (V,;j,v;,k ),(V,',':,V;Z ),---,(vf,""”),v <j<n

j

and 1<k<p
(4,5,6,7) for (v:/,v;k),(vfl‘;,v"" ),...,(vfz’") v(’”)),VSjﬁn

Pk i Pk

c:V(D,(T,,) =
and 1<k < p.

Based on Subcases 3 and 4, a minimum of seven colors is required to satisfy r-adjacency, x.(D,(7,,)) < 7. In
accordance with the lower bound and the upper bound, we have 7 < x.(D,(T,,)) < 7. Now, it is easy to establish the
r-adjacency, hence y(D,(T,,)) =7 for 4 <r <5, n = 1(mod3), Vp, m.

.D-
Case 3.r=A(D,(T,,)), n = 1(mod3), Vp,m =2 and r = A(D,(T,,)), n = 2(mod3), Vn > 8, Vp, m = 2.
In accordance with Lemma 3.2, we have x,(D,(T,,)) = 8. So, it completes the proof of lower bound. Then, we have
to prove the upper bound. To prove y,(D,(T,,)) < 8, let us define a function ¢: V' (D,(7,,)) — S(c), where S(¢) = {1, 2, 3,

n,p. n,p.
..., 8}. For this case, we divide into two subcases, namely Subcase 5 and Subcase 6.
Subease 5. m =2, r =A(D,(T,,)), n = 1(mod3), Vp.
Whenm=2,r=6,n=4,7, 10, ..., and Vp.

{1,2,3,4} for (v, ., ).VI< j<nand 1<k<p
s V(D,(T, )= ,

{5,6,7,8} for (v} .v, ).VI< j<nand 1<k<p
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Subcase 6. m =2, r = A(DAT,,)), n = 2(mod3), Vn > 8, p.

Whenm=2,r=6,n=28, 11, 14, ... and Vp.

AT )~ {1,2,3,4} for (v, .V}, ).VI<j<nand I<k<p
ST (5,6,7,8) for (Vi v ). VIS j<nand 1<k<p

Based on Subcases 5 and 6, a minimum of eight colors is required to satisfy r-adjacency, x.(D,(T,,)) < 8. In
accordance with the lower bound and the upper bound, we have 8 < x,(D,(T,,)) < 8. Now, it is easy to establish the
r-adjacency, hence y,(D,(T,,)) = 8 for r = A(D,(T,,)), n = 1(mod3), Vp, m = 2 and r = A(D,(7,,)), n = 2(mod3), Vrn > 8
Vp, m=2.

Cased.m=2,r=ADyTs,)),n=5,Vp.

In accordance with Lemma 3.2, we have x,(D,(T,,)) = 10. So, it completes the proof of lower bound. Then, we
have to prove the upper bound. To prove y.(D,(7,,)) < 10, let us define a function ¢: V' (D,(7,,)) — S(¢) where (¢) = {1, 2,
3,...,10}.

¢V (Dy(T,,) = {12345 for (v,.v, ).VI<j<nand 1<k<p
: pAC I {5,6,7,8,9,10} for (v,’l'/,v;k),VISanandISkSp

Thus, a minimum of 10 colors is required to satisfy r-adjacency, x.(D,(T,,)) < 10. Based on the lower bound and
the upper bound, we have 10 < y(D,(7,,)) < 10. So, we can conclude that y,(D,(7,,)) = 10 for m =2, r = A(D«(Ts,)), n =5,
Vp.

Case 5. r =1, n = 0(mod2), Vp, m.

To ascertain the 7-dynamic chromatic number of D, (T, ), we have to prove that x.(D,(7,,)) < 2r and x(D,(T,,))
> 2r. In accordance with Lemma 3.2, we have x,(D,(7,,)) > 2r. To prove x(D,(7,,)) < 2r, let us define a function ¢: V'
(D,(T,,)) — S(¢) where (¢) = {1,2,3, ..., 2r}.

Subcase 7. ¥ =1, n = 0(mod2), p = 1(mod2).

’ "
<
Si for Vm:mm ’ VPA:()/M ’ -
forv, v VI<j<
s jmeven
¢V, (T,,)= : "
S for Y btcenen*V Picen? Vi<ks< P
’ " .
forv, Vi 1<j<n

Subcase 8. r =1, n = 1(mod2), p = 0(mod2).

! "
<k<
S for Vm:m ’ Vm:m ’ Vi<k< p

V(D,(T,,) =
s:V(D,( n,p)) g, forv —even

Subcase 9. =2, Vn, p, m.
1. Consider m = 2.
When r =2, n = 0(mod2), Vp.

{12} for (v; v, ).VI< j<nand 1<k<p
V(DT )= - .
{3,4} for (V,, ,Vpk),‘v’léj <nand 1<k<p

J
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When r =2, n = 1(mod2), Vp

1,2,3} for (v, .V, ),VI<j<nand 1<k<p
j DPi

g : V(DZ (Tn,p )) = " " .
{2,3,4} for (V,,/,Vpk ),VISJ <mand 1<k<p

2. Consider m-shadow graph.
When r =2, n = 0(mod2), Vp

{1,2} forv, ,vi =v,v) =---=vff””,v;':””,VSj£n and 1<k<p
¢:V,(T,,)= , o '
. {3,4} forv) v v’ v :---:vi”’),v;’:”,‘v’lﬁjﬁn and1<k<p
When r =2, n = 1(mod2), Vp
{1L,2,3} forv, v =y’ v ==V WY < j<pand 1<k < p
G: V(Dm (T;,,p)) = n " v (m) | (m) ;
{2,3,4) forv) v v vy ==y v VIS j<nand 1<k<p

Subcase 10. » =4, n =4 and n =2(mod3), Vp,m.
Consider m =2, whenr=4,n=4, Vp

{1,2,3,4} forv,,v VI<j<nand1<k<p

P’

V(D,(T, )=
s V(Dy(T,,)) {{5,6,7,8} forv) vy ,VI<j<nand 1<k<p

Consider m-shadow graph, whenr=4,n =4, Vp

{1,2,3,4} forv, ,v, =v) v =---=vf1’f1’1),v;:”’l)VSj§n and I<k<p
c:V(D,(T,,)= ' o /
! {5,6,7,8} forv, v vy v :---:vflf”),vi,f),‘v1£j£n and1<k<p

Consider m =2, whenr=4,n=>5,8, 11, ..., Vp

{1,2,3,4} forv, v, V1< j<nand 1<k<p

V(DT )=
¢ V(DT {{5,6,7,8} forv) v, V1< j<nand ISk<p

Consider m-shadow graph, when r=4,n=5,8, 11, ..., Vp
{1,2,3} for (v, v}, ).VI< j<nand 1<k<p

n "

¢ V(Dy(T, ) =1{3,4,5} for (v).v, ).VI< j<nand 1<k<p

m "

4,56} for(v,,v, ),VI<j<mand I<k<p
j Pk

Thus, a minimum of 2r colors is required to satisfy r-adjacency, y,(D,(7,,)) < 2. In accordance with the lower
bound and the upper bound, we have 2 < (D, (T,,)) < 2, hence x(D,(T,,)) = 2 for r =4, n =4 and n = 2(mod3), Vp, m.

Case 6.r=3,n=1(mod3),Vm,n>7and p=1,2 and p = 1, 2(mod3); r =3, n =2(mod3) V p, m; 3 <r <
A(D,(T,,)), n=0(mod3), ¥V p,m =2;3 <r<A((D,(T,,) —4,n=0(mod3),V p,m>3;AD,(T,,) —3<r<AD,T,,),
n=3,Vp,m=>3.

To ascertain the 7-dynamic chromatic number of D, (7, ), we have to prove that, y,(D,(7,,)) <»+mand x(D,(T,,))

> 7+ m. In accordance with Lemma 3.2, we have, y(D,(7,,)) = r + m. It completes the proof of lower bound. Then, we
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have to prove the upper bound. To prove, (D, (T,,)) < r + m, let us define a function, ¢ : "(D,(T,,)) — S(¢), where S(c)

=1{1,2,3,...,r+m}. For this case, we divide into five subcases.
Subcase 11. » =3, n = 1(mod3), Vm,n>7,p=1,2 and p = 1, 2(mod3).
Consider m =2, whenr=3,n=7,10,13, ... andp=1,2,4,5,7,8, ...

{1,2,3} for (v, v, ).VI< j<nand I<k<p
g : V(DZ (Tn,p )) = " " .
{3.4,5} for (v,.v; ),Vi<j<nand I1<k<p

Consider m =3, whenr=3,n=7,10,13, ... andp=1,2,4,5,7,8, ...
{1,2,3} for (v, v, ).VI< j<nand 1<k<p

"

¢ V(Dy(T, ) =1{3,4,5} for (v).v, ).VI< j<nand 1<k<p

4 "

{4,5,6} for (v). vy ).VI< j<nand 1<k<p
Consider m-shadow graph, when r=3,n=7,10,13, ...andp=1,2,4,5,7,8, ...

{1,2,3} for (v;.v), ).V1<j<nand 1<k<p

VDT )= {3,4,5} for (v;.v),).V1<j<nand 1<k<p

m\"n,p

{r+m-2,r+m-1,r+m} for (vflt"),v;:)),VlSan and 1<k<p

Subcase 12. r = 3, n = 2(mod3), Vp, m.
Consider m =2, whenr=3,n=>5,8, 11, ... and Vp

{1L2,3} for (v, .V, ).VI<j<nand1<k<p

Pk

g : V(DZ (]:zp)) = " ” .
{3,4,5} for (vi.v, ).Vi<j<nand1<k<p

Consider m-shadow graph, when r=3,n=5,8, 11, ... and Vp

1,2,3 for (v, .V, ),VI< j<mand 1<k<p
j Pk

VDT )= (3,4,5) for (v, vy, ), V1< j<nand 1<k<p
. m\"n,p - .

{r+m-2,r+m-1,r+m} for (v('") v(m)),Vlﬁan and 1<k<p

n; 2" py

Subcase 13.m =2, 3 <r <A(D,(T,,)), n = 0(mod3), Vp.
Whenr=3,n=3,6,9,...and Vp

{1,2,3} for (v, .V, ),VI<j<nand 1<k<p

g:V(DZ(Tn,p)): " " .
{3,4,5} for (v;.v, ).Vi<j<nand 1<k<p

When r=A(Dy(T,,))=6,n=3,6,9, ... and Vp
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! ’

T ) {1,2,3,4} for (v, .v, ).VI<j<nand1<k<p
g: 2\ n,p =

" "

{5.6,7,8} for (v, .v, ).Vi<j<nandI<k<p

Subcase 14.m >3, 3 <r <A(D,(T,,)) — 4, n = 0(mod3), Vp.
Consider m =3, whenr=3,n=3,6,9, ... and Vp

{1L2,3} for (v, .V, ).VI<j<nand 1<k<p

J

¢ V(Dy(T, ) =1{2,3,4} for (v) .V} ).VI<j<nand 1<k<p

J

" m

{4,5,6} for (v).,v) ). VI<j<nand 1<k<p

Consider m =3, when r = A(Dy(T,,)) —4=5,n=3,6,9, ... and Vp

’

{1,2,3,4} for (v, v, ).VI<j<nand1<k<p
¢ V(Dy(T, ) =1{3,4,5,6} for (v, .V, ), V1< j<nand 1<k<p

m

{5,6,7,8} for (v/.v).).VI<j<nand1<k<p
Consider m-shadow graph, when r=3,n=3,6,9, ... and Vp

1,2,3 for (v, ,V. ,Vi<j<nand 1<k<p
j Pk

(2,3,4) for (vy v, ).VI<j<nand 1<k<p
$:V(D,(T,,))=.

{r+m-2,r+m-1,r+m} for (vf:’),v;:')),VISan and 1<k<p

Consider m-shadow graph, when r =A(D,(T,,)) —4,n=3,6,9, ... and Vp

{1,2,3,4} for (v, ,v),).V1<j<nand 1<k<p
{3,4,5,6} for (v, ,v),),V1<j<nand 1<k<p
5V (D,(T,,) =1,

{re+m-3,r+m-2,r+m-1r+m} for (v(m) V(m)),‘v’lﬁjﬁn and 1<k <p

n; 2 pg

Subcase 15.m >3, A(D,(T,,) —3 <r<AD,T,,), n=3,Vp.
Consider m = 3, when r = A(Dy(7,,,)) =3 =6,n=3 and Vp

’

{1,2,3,4} for (v, v, ).VI<j<nand 1<Sk<p
¢ V(Dy(T, ) =1{4,5,6,7} for (v, .V} ).VI<j<nand1<k<p

m "

{789}  for (vi.vy ), Vi< j<nand 1<k<p

Consider m = 3, when r = A(D4(7,,,)) =9, n=3 and Vp
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’

{1,2,3,4} for (v, ,v),),V1<j<nand 1<k<p
c:V(Dy(T, ) =1{5,6,7,8  for (v} .V, ),VI< j<nand 1<k<p

m

{9,10,11,12} for (V]

"

’ VPA

),‘v’léanandlSkSp

"
J

Consider m-shadow graph, when r =A(D,(T,,)) —3,n =3 and Vp

(1,2,3,4) for (v, ,v), ),VI<j<nand 1<k<p
(4,5,6,7} for (v, v, ),V1<j<nand 1<k<p
¢:V(D,(T,,))=1{7,8,9,10} for (v/',v) ),V1<j<nand 1<k<p

Pk

{r+m-2,r+m-1,r+m} for (vf:” v('")),VI <j<nand1<k<p
Consider m-shadow graph, when r = A(D,(T,,)), n =3 and Vp

{1,2,3,4} for (v;.v),).V1<j<nand 1<k <p

"

VDT )= {5,6,7,8} for (vy v, ).VI<j<nand 1<k<p
. m\"n,p - :

{r+m-3,r+m-2,r+m—-1,r+m} for (V,(,T),VLT)),VISan and I<k<p

Based on Subcase 11 until Subcase 15, a minimum of » + m colors is required to satisfy r-adjacency, x(D,(T,,)) <
7+ m. In accordance with the lower bound and the upper bound, we have » + m x(D,(T,,)) < r + m, hence x(D,(T,,)) =
r+mform>3AD,T,,)-3<r<AD,T,,),n=3and Vp.

Case7.Forr=3,n=4,Vpand forr=3,n = 1(mod3), V n>7, p = 0(mod3).

To ascertain the r-dynamic chromatic number of D,(7,,), we have to prove that x.(D,(T,,)) = r + m + 1 and
x(D,(T,,)) <r+m+ 1. Inaccordance with Lemma 3.2, we have y,(D,(T,,)) > r+m + 1. It completes the proof of lower
bound. Then, we have to prove the upper bound. To prove x,(D,(T,,)) <7+ m + 1, let us define a function ¢ : "(D,(T,,))
— S(¢), where S(¢) = {1,2,3, ... ,r+m+1}.

Subcase 16. » =3 ,n=4, Vp.

Consider m =2, whenr =3, n=4 and Vp, m

{1,2,3} for (V;,,,V,',‘ ),Vl <j<nand1<k<p

$V(D,(T,,)) = o :
{4,5,6} for (v/.v, ).Vi<j<nand1<k<p

Consider m-shadow graph, when » =3, n =4 and Vp

{1,2,3,) for (v, ,v),),V1<j<nand 1<k<p

J

4,56 for (v ,v! ), WV1<j<nmand 1<k <
J p

J Pr

¢:V(,(T,,)=

{r+m—-1Lr+myr+m+1} for (V:,:"),V;':)),Vlﬁjﬁn and 1<k<p

Subcase 17. » =3, n = 1(mod3), V n > 7, p = 0(mod3).
Consider m =2, whenr=3,n=7,10,13, ... and p=3,6,9, ...
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1,2,3} for (v, .V, ),VI< j<mand 1<k<p
j Pr

g : V(DZ (TnsP )) = " "
{4,5,6} for (Vn/ 2V, ),VIS j<nand1<k<p

Consider m-shadow graph, when r=3,n=7,10,13, ... andp=3,6,9, ...

n;2 " py

{1,2,3} for (v, .V, ).V1<j<nand 1<k<p

R {4,5,6} for (v;.v), ).V1<j<nand 1<k<p
. m\tn,pl)

{r+m-Lr+mr+m+1} for (v,(,’/"),v;,;”)),‘v’lﬁan and 1<k<p

Based on Subcases 16 and 17, a minimum of » + m + 1 colors is required to satisfy r-adjacency, x(D,(T,,) <r +
m + 1. In accordance with the upper bound and the lower bound, we have » + m + 1 < x(D,(T,,)) < r + m + 1, hence
1D, (T, ) =r+m+1forr=3,n=1(mod3),Vn>7,p=0(mod3).

Case8.r=5n=5,vp, m.

To ascertain the »-dynamic chromatic number of D, (7, ), we have to prove that y(D,(T,,)) =+ m + 2 and
x(D,(T,,)) <r+m+2. Inaccordance with Lemma 3.2, we have x(D,(7,,)) = r + m + 2. It completes the proof of lower
bound. Then, we have to prove the upper bound. To prove x(D,(7,,)) <r+ m+ 2, let us define a function ¢ : (D, (T,,))
— S(¢), where S(¢) = {1, 2,3, ... ,r t m+2}.

Consider m =2, whenr=5,n=5 and Vp

1,2,3,4,5) for (v, ,V, ),VI<j<nand 1<k<p
j Pk

§: V(D2 (T”sl’)) = " " .
{6,7,8,9}  for (v .v),).VI<j<nand 1<k<p

Consider m-shadow graph, when r =5, n =15 and Vp

{1,2,3,4,5) for (v, ,v),).V1<j<nand 1<k<p
{2,3,4,5,6} for (v, v}, ).V1<j<nand 1<k<p
¢:V(D,(T,,) =113,4,5,6,7} for (v, vy ), V1< j<nand 1<k<p

{rem-Lr+mr+m+1,r+m+2} for <V£;"),V;:1)),V1£jﬁn and 1<k<p

Thus, a minimum of » + m + 2 colors is required to satisfy r-adjacency, (D, (T,,)) <r+ m + 2. In accordance with
the upper bound and the lower bound, we have r + m + 2 < y(D,(T,,)) <r+m + 2, hence y(D,(T,,) =r+m+ 2 forr=
5,n=35,Vp, m.

Case9.m>3,A(D,(T,,)) —3<r<AD,T,,),Vn>3,p.

To ascertain the r-dynamic chromatic number of D, (7, ,), we have to prove that x,(D,(7,,)) = 4m and x(D,(7,,)) <
4m. In accordance with Lemma 3.2, we have y,(D,(T,,)) = 4m. It completes the proof of lower bound. Then, we have to
prove the upper bound. To prove y(D,(7,,)) < 4m, let us define a function ¢ : V(D,(T,,)) — S(¢), where S(¢) = {1, 2, 3,

., 4m}.
Consider m =3, when r =A(D,(T,,)) —3=6,n=4,5,6, ... and Vp
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{1,2,3,4,5} for (v, .V, ).VI< j<nand 1<k<p

¢ V(Dy(T, ) =1{5,6,7,8,9} for (v, .V, ),VI< j<nand 1<k<p

np

{9,10,11,12} for (v)/,V) ),VI< j<nand 1<k<p
Consider m =3, when r =A(D,(T,,)) =9,n=4,5,6, - and Vp

{1L,2,3,4}  for (v, .V, ).VI<j<nandI<k<p

n

¢ V(Dy(T, ) =14{5,6,7.8}  for (v, .V, ),VI< j<nand 1<k<p

m m

{9,10,11,12} for (v)/.V) ).VI< j<nand 1<k<p

Consider m-shadow graph, when r = A(D, (T,

,D.

)—3,n=4,5,06,...and Vp

{1,2,3,4,5} for (v;,v),).V1<j<nand 1<k<p
{5,6,7,8,9} for (v;,v),).V1<j<nand 1<k<p
¢ V(D,(T,,)) =1{9,10,11,12,13} for (v vy ),VI<j<nand 1Sk<p

k

Consider m-shadow graph, when r =A(D,(T,,)),n=4,5,6, ... and Vp

{1,2,3,4) for (v, ,v),),VI<j<nand 1<k<p
{5,6,7,8} for (v, .,v), ),V1<j<nand 1<k<p
¢ V(D,(T,,))=1{9,10,11,12} for (v, ), V1< j<nand 1<k<p

n; 2 pg

{4m=3,4m~2,4m~1,4m} for (v{", V"), Vi< j<nand 1<k<p

{4m=3,4m~2,4m~1,4m} for (v, W), V1< j<nand 1<k<p

Thus, a minimum of 4m colors is required to satisfy r-adjacency, x(D,(7,,)) < 4m. In accordance with Lemma 3.2,

we have x.(D,(T,,)) > 4m, hence x.(D,(T,,)) = 4m for m >3, A(D,(T,,) =3 <r<AD,(T,,), Vn>3,p.

np.

Case 10.m>3,r=5,n=1(mod3), Vn>7, p.

To ascertain the r-dynamic chromatic number of D, (T,,), we have to prove that x(D,(7,,)) > 2m + 2 and

2(D,(T,,)) < 2m+2. To prove x,(D,(T,,
e+ 2m 2},
1. Consider m =3, whenr=5,n=17,10, 13, ... and Vp

r ’

1,2,3,4} for (v, .V, ),Vl<j<nand 1<k<p
J Pk

”

c:V(Dy(T, ) =1{{3,4,5,6} for (v).v, ),VI< j<nand 1<k<p
{5,6,7,8} for (V//,v) ).VI<j<nand1<k<p

2. Consider m-shadow graph, when r=5,n=7, 10, 13, ... and Vp
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1,2,3,4 for (v, ,v) ),VI<j<nmand 1<k<p
Jj Pk

VD)= (3,4,5,6) for (v;.v), ).VI<j<nand 1<k<p
. m\"n,p - .

(2m—1,2m,2m+1,2m+2} for (v;j’>,v<'">),v1 <j<nand1<k<p

Pr

Thus, a minimum of 2m + 2 colors is required to satisfy r-adjacency, y.(D,(T,,)) < 2m + 2. In accordance with
Lemma 3.2, we have x(D,(7,,)) > 2m + 2, hence x(D,(7,,)) =2m + 2 form>3,r=5,n = 1(mod3), Vn > 7, p.

Case11.r=4,n=5,Vp,m. l'8(m+3)-‘
5 and

To ascertain the r-dynamic chromatic number of D,(7,,), we have to prove that y,.(D, (7, ,)) =

XD, (T, ) < (@—l To prove y,(D, (T, )< [@—l, let us define a function ¢ :V (D, (T, ,)) — S(5), where

S(o) = {123{@1}

1. Consider m =2, whenr=4,n=15,Vp
{1,2,3,4} for (v, v, ),VI<j<nand 1<k<p

g:V(DZ(T;:,p)): n ” .
{5,6,7,8} for (Vi .v, ).VI<j<nand1<k<p

2. Consider m-shadow graph, when r=4,n=15, Vp

r

{1,2,3,4) for (v;.v),).VI<j<nand 1<k<p

{5,6,7,8 for (v;.v), ).V1<j<nand 1<k<p
5V (D, (T, ,) =1

{8m+9 8m+14 8m+19 8m+24} (m)
for (v

> > >

5 5 5 5

2

v(m)),VISanandlskSp

Thus, on generalizing, a minimum of [ colors is required to satisfy r-adjacency, y,(D,, (T, ,)) < {8(m5+ 3) —‘

&m+$1
5

In accordance with Lemma 3.2, we have y,(D,, (7, ,)) = {@—‘, hence y,(D, (T, ) = {@—‘ forr=4,n=>5,

Vp, m.

4. Concluding remarks

We have studied the r-dynamic chromatic number of the ladder graph and the tadpole graph using the m-shadow
operation of graphs. Further, we are working on the r-dynamic coloring of various graphs in the ladder graph family
using the block circulant matrix approach. Since obtaining the exact value of the r-dynamic chromatic number is
considered a nondeterministic polynomial time-complete problem, solving this problem is still widely open. Therefore,
we propose the following open problem:

*  Determine the r-dynamic chromatic number of other special graph operations.

*  Characterize the existence of 7-dynamic coloring of any graph.
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