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Abstract: Our manuscript puts forward two novel fuzzy proximal contractive conditions. First, we present two variants 
of fuzzy α-proximal quasi-H-contractions and establish optimal coincidence point outcomes for these contractions in 
fuzzy metric space. This manuscript’s second part proposes the fuzzy ψ-contraction for a multivalued mapping equipped 
with fuzzy weak P-property and achieves the best proximity point outcome in strong fuzzy metric space. The findings of 
this study broaden and generalize some existing research results.
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1. Introduction
Zadeh [1] made the pioneering contribution of introducing fuzzy sets in 1965. In 1975, the integration of metric 

space and fuzzy sets led Kramosil et al. [2] to put forward fuzzy metric space. A modified version of this concept is 
presented by George et al. [3] to attain Hausdorff topology in this space. The investigation of fixed point theory in the 
mathematical framework of fuzzy metric space began with Grabiec’s seminal research [4]. Consequently, researchers 
studied various contractions and obtained their fixed point results in these spaces (see [5-9]). Fixed point theory is a 
powerful tool that has various applications in different branches of mathematics, engineering, and economics. The 
central objective of this theory is to identify the presence and singularity of a solution ,z zϒ =  where : Z Zϒ →  is a 
mapping and Z is a designated abstract space. Assuming Ω and Θ are nonempty closed subsets of Z, if :ϒ Ω→Θ is non-
self mapping, it is possible to have no solution for z zϒ =  for any .z∈Ω  In such a scenario, one tries to locate an element   
that results in the smallest possible distance between  and .z zϒ  The term best proximity point of : Z Zϒ → is used to refer to this 
point.

Fan [10] introduced the best approximation theorem in 1969, which asserts that a nonempty compact convex 
subset Ω of Banach space Z  and a continuous mapping :P ZΩ→  implies the best proximity point of P is present in Ω. 
This classical result has become a fundamental result in best approximation theory. Since then, research on proximity 
point problems has been developed rapidly in metric spaces; for instance, see [11-13]. It can be seen that the best 
approximation theorem generalizes the fixed point theorem. Indeed, when Ω is equal to Θ, the best proximity point is 
identical to a fixed point. Recently, researchers have had a great interest in extending the best approximation results to 
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fuzzy metric spaces. In 2013, Vetro et al. [14] demonstrated that non-self mappings with diverse proximal contractions 
on fuzzy metric spaces have a unique best proximity point. In non-Archimedean fuzzy metric spaces, Saleem et al. [15] 
established some outcomes for optimal coincidence points; see also [16-18] for similar works. By using the concept of 
admissible mapping [19] on b-fuzzy metric spaces, Saleem et al. [20] established the presence of optimal coincidence 
points for fuzzy (α-η)-generalized and fuzzy (β-ψ)-generalized proximal contractions.

The focus of this research is to uncover some original best approximation outcomes under a fuzzy metric space 
framework. Firstly, we demonstrate the emergence and exclusivity of optimal coincidence points for two variants of 
fuzzy α-proximal quasi-H-contraction in the fuzzy metric space context. Our results expand and generalize the results 
in [14], [17], [20], and [21]. Secondly, we bring forth fuzzy ψ-proximal contraction and establish the manifestation of 
the best proximity point for multivalued mapping satisfying this contractive condition in a complete strong fuzzy metric 
space.

2. Preliminaries
This section revisits known definitions that will have significance in this manuscript.
Definition 1. [22] Binary operation ,:∗ ×Λ→Λ  in which Ʌ = [0, 1] is referred to as continuous t-norm when it 

satisfies the conditions below:
1.	 e*1 = e for each e , , , ;e l o w∈Λ Ʌ;
2.	 e*l = l*e, (e*l)*o = e*(l*o);
3.	 ande o l w≤ ≤  implies e l o w∗ ≤ ∗  across , , , ;e l o w∈Λ
4.	 * is continuous.

Examples for the definition above are e*min l = min{e, l} (minimum t-norm), e*pl = e .l(product t-norm), and e*Ll = 
max {e + l ₋1,0}(Lukasiewicz t-norm).

The notion of fuzzy metric space from [3] is adopted throughout this research.
Definition 2. [3] Suppose Z is an arbitrary nonempty set, * is a continuous t-norm and Γ is a fuzzy set defined on 

Z × Z × (0,∞) meets subsequent conditions:
FMS1.	 Γ(ω, θ,  ) > 0;
FMS2.	 Γ(ω, θ,  ) = 1 for all  > 0 if and only if ω = θ; 
FMS3.	 Γ(ω, θ,  ) = Γ(θ, ω,  );
FMS4.	 ( , , ) ( , , ) ( , , );ω θ ς ω θ ςϖθΓ + ≥ Γ ∗Γ 
FMS5.	 Γ(ω, θ, . ) : (0, ∞) → (0,1] is continuous,

for all , , and ,  0.Zω θ ςϖ ∈ >  Then, (Z, Γ, *) is referred to as fuzzy metric space.
Γ(ω, θ,  ) represents the extent to which ω and θ are close with respect to . In Definition 2, if we replace FMS4 

with the following condition:
FMS6.	 ( , , max{ , }) ( , , ) ( , , ),ω ς ω θ θϖ ςϖΓ ≥ Γ ∗Γ 

for all , ,  Zω θ ϖ ∈  and , , and ,  0.Zω θ ςϖ ∈ > , then we said that (Z, Γ, *) can be viewed as non-Archimedean fuzzy metric space. 
Additionally, set , , and ,  0.Zω θ ςϖ ∈ >  =  in FMS6, the inequality ( , , )  ( , , )   ( , , )ω ϖ ω θ θ ϖΓ ≥ Γ ∗ Γ    holds for every , ,  .Zω θ ϖ ∈  In this 
context, (Z, Γ, *) is referred to as strong fuzzy metric space. The next lemma is proven by Grabiec [4].

Lemma 1. [4] Assume that (Z, Γ, *) is a fuzzy metric space. Then, for any ω, θ in Z, Γ(ω, θ, . ) is nondecreasing.
Definition 3. [3] Let (Z, Γ, *) be a fuzzy metric space and {ωn} be a sequence in Z. It follows that

1.	 {ωn} is convergent provided there exists ω , ,  Zω θ ϖ ∈  satisfies lim ( , , ) 1n nω ω→∞Γ =  for all  > 0;
2.	 sequence {ωn} is Cauchy provided for each (0,1)ι ∈  and  > 0, we have 0n ∈ satisfies ( , , ) 1n mω ω ιΓ > −  for any 

0, ;n m n≥
3.	 (Z, Γ, *) is considered complete provided each Cauchy sequence in Z converges.

Wardowski [23] defined a class H as follows.
Definition 4. [23] Denote H as the collection of continuous functions : (0,1]  [0, )η → ∞  that fulfil the criteria below:

1.	 η is decreasing on (0,1]. 
2.	 ( ) 0 1;η = ⇔ = 
3.	 given a continuous t-norm *, we have ( ) ( ) ( )η η ς η ς+ ≥ ∗   for any , (0,1].ς ∈

Proposition 1. [23] Suppose (Z, Γ, *) is fuzzy metric space and  .Hη ∈  A sequence {ωn} in Z is Cauchy implies 
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and is implied by for any ( ( , , ))n mη ω ω ιΓ <  > 0 and   > 0, one may find 0  n N∈  satisfies ( ( , , ))n mη ω ω ιΓ <  for each 0, .m n n≥
Definition 5. [14] Suppose Ω and Θ are nonempty subsets of a fuzzy metric space (Z, Γ, *). For all   > 0, the sets 

Ω0( ) and Θ0( ) is define as:

0

0

: , , , , for some ,
}(: , , , ,{ for s m

( ) { ( ) ( )
) o

}
) ( e( )

ω ω θ θ
θ ω θ ω

Ω = ∈Ω Γ = Γ Ω Θ ∈Θ
Θ = ∈Θ Γ = Γ Ω Θ ∈Ω

  
  

where

	  ( ) sup{ ( , , ) for and }., , a b a bΓ Ω = ∈ΩΘ Γ ∈Θ 

Also, we have ( , , ) sup ( , , )a aω ω∈ΩΓ Ω = Γ   for all   > 0.
Definition 6. [21] Given a function : (0, ) [0, ).Z Zα × × ∞ → ∞   A mapping :g Z Z→  is said to be

1.	 α-admissible when

( , , ) 1 ( , , ) 1;g gα ω θ α ω θ≥ ⇒ ≥   

2.	 αR-admissible when

( , , ) 1 ( , , ) 1,g gα ω θ α ω θ≥ ⇒ ≥   

for any , and 0.Zω θ ∈ >
Definition 7. [24] A mapping :T Ω→Θ is considered as a α-proximal admissible provided that for all 

, , ,  and 0,µω θ ν ∈Ω > and   > 0,

( , , ) 1
( , , ) ( , , ) ( , , ) 1.
( , , ) ( , , )

T
T

α ω θ
µ ω α µ ν
ν θ

≥ 
Γ = Γ Ω Θ ⇒ ≥
Γ = Γ Ω Θ 


  
 

Definition 8. [15] Let Ω be a nonempty subset of a fuzzy metric space (Z, Γ, *). A mapping :g Ω→Ω is known as 
fuzzy isometry if for any ,ω θ ∈Ω and   > 0, we have

( , , ) ( , , ).g gω θ ω θΓ = Γ 

Definition 9. [15] Let Ω be a nonempty subset of a fuzzy metric space (Z, Γ, *). A mapping :g Ω→Ω is known as 
fuzzy expansive if for any ,ω θ ∈Ω and   > 0, we have

( , , ) ( , , ).g gω θ ω θΓ ≤ Γ 

Definition 10. [15] Let Ω and Θ be nonempty subsets of a fuzzy metric space (Z, Γ, *). The set Θ is referred 
to as fuzzy approximately compact with respect to Ω if for all sequence {θn} in Θ and some ω∈Ω in which 

( , , ) ( , , ),nω θ ωΓ → Γ Θ   one has 0 ( ).ω∈Ω 
A point ω∗∈Ω is termed best proximity point if ( , , ) ( , , )Tω ω∗ ∗Γ = Γ Ω Θ   hold for all   > 0.
Definition 11. [16] Let Ω and Θ be two nonempty subsets of a fuzzy metric space (Z, Γ, *). A point ω∗∈Ω is termed 

optimal coincidence point of mappings g and T, where :  and :T gΩ→Θ Ω→Ω if , , ( , , )( )g Tω ω∗ ∗Γ = Γ Ω Θ   hold 
for all   > 0.

 Amini-Harandi et al. [25] generalized fuzzy H-contraction under the setting of fuzzy metric space as follows.
Definition 12. [25] Let (Z, Γ, *) be a fuzzy metric space. A mapping T : Z → Z is known as fuzzy H-quasi-contraction 

with respect to Hη∈  provided that some (0,1)k∈  meeting the following criteria:
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( ) ( ) ( ) ( ){
( ) ( )}

( , , )  max ( , , ) , ( , , ) , ( , , )

( , , ) , ( , , )

,T T k T T

T T

η ω θ η ω θ η ω ω η θ θ

η ω θ η θ ω

Γ ≤ Γ Γ Γ

Γ Γ

   

 (1)

for all , Zω θ ∈  and any   > 0.

3. Coincidence point optimization in fuzzy metric spaces: Fuzzy α-proximal  
     quasi H-contraction

In the following, we define new proximal contractions within the context of fuzzy metric space.
Definition 13. Let :  and : (0, ) [0, )T Z ZαΩ→Θ × × ∞ → ∞  be mappings. T is known as a fuzzy α-proximal quasi-

H-contraction of type I if for any , , , and 0,µω θ ν ∈Ω >  it is possible to find a mapping Hη∈  and a constant (0,1)k∈  
such that

( )
( , , ) ( ,  , )

( , , ) ( , , ) ( , , , , ),
( , , ) ( ,  , )
µ T

µ k µ
T
ω

α ω θ η ν ν ω θ
ν θ

∗Γ = Γ Ω Θ 
⇒ Γ ≤ ΓΓ = Γ Ω Θ 

 
  

 
(2)

in which ( ) ( ) ( ) ( ){ }, , , , max , , , , , , , , , , , .( ) ( ) ( ) ( ) ( )µ µ µν ω θ η ω θ η ω η θ ν η θ∗Γ = Γ Γ Γ Γ    
Definition 14. Let : , :T gΩ→Θ Ω→Ω and : (0, ) [0, )Z Zα × × ∞ → ∞  be mappings. The pair (g, T) is known as a 

fuzzy α-proximal quasi-H-contraction of type II if for any , , , and 0,µω θ ν ∈Ω >  it is possible a mapping Hη∈  and a 
constant (0,1)k∈  such that

( )
( , , ) ( , , )

( , , ) ( , , ) ( , , , , ),
( , , ) ( , , )
gµ T

gµ g k µ
g T

ω
α ω θ η ν ν ω θ

ν θ
∗Γ = Γ Ω Θ

Γ ≤ Γ
Γ = Γ Ω Θ

⇒
 

  
 

(3)

in which ( ) ( ) ( ) ( ){ }( , , , , ) max ( , , ) , ( , , ) , ( , , ) , ( , , ) .µ µ µν ω θ η ω θ η ω η θ ν η θ∗Γ = Γ Γ Γ Γ    
Remark 1. If we let g = Iω, that is, g is an identity mapping on Ω, this results in the fuzzy α-proximal quasi-H-

contraction of type II becoming a fuzzy α-proximal quasi-H-contraction of type I.
We are now prepared to present and verify our outcomes for fuzzy α-proximal quasi-H-contraction in the domain 

of fuzzy metric space.
Theorem 1. Given that Ω, Θ are nonempty closed subsets of a complete fuzzy metric space (Z, Γ, *) in which 

0 ( )Ω ≠∅  and Θ is fuzzy approximately compact with respect to Ω. Assume :  and :g TΩ→Ω Ω→Θ satisfying 
conditions below:
1.	 g is continuous and fuzzy expansive;
2.	 both g and T are αR-admissible and α-proximal admissible mappings respectively;
3.	 (g, T) can be regarded as fuzzy α-proximal quasi-H-contraction of type II;
4.	 ( ) ( )0 0 0 0( ) ( ) and ( ) ( );g TΩ ⊆ Ω Ω ⊆Θ   
5.	 there exist elements ω0 and ω1 in Ω0( ) satisfying

1 0 0 1( , , ) ( , , ) and ( , , ) 1g Tω ω α ω ωΓ = Γ Ω Θ ≥  

for all   > 0 and ( ){ }0 10 and ( , , )iη ω ω> Γ   is bounded for any sequence (i) in (0, ∞) with 0 as ;i i→ →∞
6.	 if a sequence {ωn} in Ω satisfying 1( , , ) 1n nα ω ω + ≥  whenever , 0n∈ >   and as ,n nω ω∗→ →∞  then 

.( , , 1)nα ω ω ∗ ≥
It follows that g and T possess optimal coincidence point ω* in Ω0( ). Furthermore, if for every 0 ( ),ω θ∗ ∗∈Ω   such that

( , , ) ( , , )
( , , ) 1

( , , ) ( , , )
g T
g T
ω ω

α ω θ
θ θ

∗ ∗
∗ ∗

∗ ∗

Γ = Γ Ω Θ ⇒ ≥
Γ = Γ Ω Θ 

 


 
(4)
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for each   > 0, then the optimal coincidence point is uniquely determined.
Proof. Let 0 1 0 ), (ω ω ∈Ω   such that 1 0( ) ( ), , , ,g Tω ωΓ = Γ Ω Θ   and 0 1, , 1( )α ω ω ≥  for all   > 0. Since ( ) ( )1 0 0 0 0) and( ) ( ( ) ,T T gω ∈ Ω ⊆Θ Ω ⊆ Ω   

( ) ( )1 0 0 0 0) and( ) ( ( ) ,T T gω ∈ Ω ⊆Θ Ω ⊆ Ω    there exists 2 0 ( )ω ∈Ω   for which 2 1( ) ( ), , , ,g Tω ωΓ = Γ Ω Θ   for all   > 0. 
Seeing that T is α-proximal admissible, for all   > 0, it follows that

0 1

1 0 1 2

2 1

( , , ) 1
( , , ) ( , , ) ( , , ) 1. 
( , , ) ( , , )
g T g g
g T

α ω ω
ω ω α ω ω
ω ω

≥
Γ = Γ Ω Θ

=


⇒


≥
Γ Γ Ω Θ 


  
 

Since g is αR-admissible, ( )1 2, , 1g gα ω ω ≥  implies ( )1 2, , 1g gα ω ω ≥  for all   > 0. Again, since ( )2 0 0( ) ( )T Tω ∈ Ω ⊆Θ 
( )2 0 0( ) ( )T Tω ∈ Ω ⊆Θ   and ( )0 0 ,( )gΩ ⊆ Ω   there exists 3 0 ( )ω ∈Ω   for which 3 2 .( ) ,( ), , ,g Tω ωΓ = Γ Ω Θ   Seeing that T is 

α-proximal admissible, for all   > 0, it follows that

	  
1 2

2 1 2 3

3 2

( , , ) 1 
( , , ) ( , , ) ( , , ) 1.
( , , ) ( , , )
g T g g
g T

α ω ω
ω ω α ω ω
ω ω 

≥
Γ = Γ Ω

Ω





Θ ≥
Γ =

⇒
Γ Θ





  
 

Since g is αR-admissible, 2 3( , , ) 1g gα ω ω ≥  implies 2 3( , , ) 1α ω ω ≥  for all   > 0. Repeating this process, we obtain a 
sequence {ωn} in Ω0( ) satisfying

1 1 ( , , ) ( , , ) and ( , , ) 1n n n ng Tωω α ω ω+ +Γ = Γ Ω Θ ≥  

for each {0}n∈ ∪  and   > 0. Due to the fact that the pair (g, T) satisfy the conditions of fuzzy α-proximal quasi-H-
contraction of type II, using (3) with 1 1, ,  and n n n nµ ω ν ω ω ω θ ω+ −= = = =  we have

1 1 1 1( , , ) ( ( , , )) ( , , , , )n n n n n n n ng g kα ω ω η ω ω ω ω ω ω∗
− + + −Γ ≤ Γ   (5)

where

( ) ( ) ( ) ( ){ }
( ) ( ) ( ){ }
( ) ( ) ( ){ }
( )

1 1 1 1 1

1 1 1

1 1 1

1

( , , , , ) max ( , , ) , ( , , ) , ( , , ) , ( , , )

 max ( , , ) , ( , , ) , ( , , ) , (1)

 max ( , , ) , ( , , ) , ( , , ) , 0  

 max ( , , , (

n n n n n n n n n n n n

n n n n n n

n n n n n n

n n

ω ω ω ω η ω ω η ω ω η ω ω η ω ω

η ω ω η ω ω η ω ω η

η ω ω η ω ω η ω ω

η ω ω η ω

∗
+ − − − +

− − +

− − +

−

Γ = Γ Γ Γ Γ

= Γ Γ Γ

= Γ Γ Γ

≤ Γ Γ

    

  

  

 ( ){ }1, , )n nω + 

for all   > 0. By fuzzy expansive property of g and decreasing property of η, we have ( ) ( )1 1 1 1( , , ) ( , , ) and ( , , ) ( , , )n n n n n n n ng g g gω ω ω ω η ω ω η ω ω+ + + +Γ ≤ Γ Γ ≥ Γ    
and ( ) ( )1 1 1 1( , , ) ( , , ) and ( , , ) ( , , )n n n n n n n ng g g gω ω ω ω η ω ω η ω ω+ + + +Γ ≤ Γ Γ ≥ Γ     respectively. Therefore, using (5) and 1( , , ) 1n nα ω ω− ≥  we obtain

( ) ( ) ( )

( ) ( ){ }

1 1 1 1

1 1 1

1 1

( , , ) ( , , ) ( , , ) ( , , )  

( , , , , ) 

 max ( , , ) , ( , , )  

n n n n n n n n

n n n n

n n n n

g g g g

k

k

η ω ω η ω ω α ω ω η ω ω

ω ω ω ω

η ω ω η ω ω

+ + − +

∗
− + −

− +

Γ ≤ Γ ≤ Γ

≤ Γ

≤ Γ Γ

   



 

which implies

( ) ( ) ( ){ }1 1 1( , , )  max ( , , ) , ( , , )  n n n n n nkη ω ω η ω ω η ω ω+ − +Γ ≤ Γ Γ   (6)

for all   > 0. If ( ) ( ){ } ( )1 1 1max ( , , ) , ( , , ) ( , , )n n n n n nη ω ω η ω ω η ω ω− + +Γ Γ = Γ    for all   > 0, then by inequality (6) and    
(0,1)k∈  we have 
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( ) ( ) ( )1 1 1( , , ) ( , , ) ( , , )n n n n n nkη ω ω η ω ω η ω ω+ + +Γ ≤ Γ Γ<  

which conflict with our findings. As a result, we obtain ( ) ( ){ } ( )1 1 1max ( , , ) , ( , , ) ( , , )n n n n n nη ω ω η ω ω η ω ω− + −Γ Γ = Γ    
for all   > 0 and inequality (6) becomes

( ) ( )1 1( , , ) ( , , )n n n nkη ω ω η ω ω+ −Γ ≤ Γ 

for every {0}n∈ ∪  as well as   > 0. Employing the inequality above successively for any {0}n∈ ∪  and   > 0, we 
obtain

( ) ( )
( )

( )

1 1

2
2 1

0 1

( , , ) ( , , )  

( , , )  
· · · 

( , , )

n n n n

n n

n

k

k x

k

η ω ω η ω ω

η ω

η ω ω

+ −

− −

Γ ≤ Γ

≤ Γ

≤

≤ Γ

 





which implies that

( ) ( )1 0 1, .( , , ) ( , )n
n n kη ω ω η ω ω+Γ ≤ Γ 

After letting n approach infinity in (7), we yield

( )1lim ( , , ) 0. n nn
η ω ω +→∞
Γ =

Our task now is to demonstrate sequence {ωn} is Cauchy. Suppose that ,m n∈ where m > n. Construct a sequence
 of positive numbers {ai} that is strictly decreasing in which 

1
1.ii

a∞

=
=∑  Subsequently, for all   > 0, we yield

1 1

1 1

1

1 1 2 1 1 1

( , , ) , ,

, , , ,

1 , ,

( , , ) (  , )  · · · ( , , ).

m m

n m n m i i
i n i n

m m

n m i n m i
i n i n

m

n m i
i n

n n n n n n m m m

M a a

M a M a

M a

a a a

ω ω ω ω

ω ω ω ω

ω ω

ω ω ω ω ω ω

− −

= =

− −

= =

−

=

+ + + + − −

 Γ = − + 
 
   ≥ − ∗   
   
 = ∗  
 

≥ Γ ∗Γ ∗ ∗Γ

∑ ∑

∑ ∑

∑

   

  



  

By the inequality above, condition (3) from Definition 4 and Equation (7), we yield

( ) ( )
( ) ( ) ( )
( ) ( )

1 1 2 1 1 1

1 1 2 1 1 1

1 1
0 1 0 1 1 0 1

( , , )   ( , , ) (  , )  · · · ( , , )  

 ( , , ) (  , )  · · · ( , , )  

 ( , , ) ( , , )  · · · ( , ,

n m n n n n n n m m m

n n n n n n m m m

n n m
n n m

a a a

a a a

k a k a k a

η ω ω η ω ω ω ω ω ω

η ω ω η ω ω η ω ω

η ω ω η ω ω η ω ω

+ + + + − −

+ + + + − −

+ −
+ −

Γ ≤ Γ ∗Γ ∗ ∗Γ

≤ Γ + Γ + + Γ

≤ Γ + Γ + + Γ

   

  

  ( )

( )

1

1

0 1

)  

 ( , , ) .
m

i
i

i n
k aη ω ω

−

=

= Γ∑



 (8)

As the sequence of positive numbers {ai} is strictly decreasing, by Lemma 1 and the fact η is decreasing, we 
can verify that the sequence ( ){ }0 1( , , )iaη ω ωΓ   is nondecreasing. In addition to that, by condition (5) the sequence is 
bounded. As a result, the series ( )0 11

( , , )i
ii

k aη ω ω∞

=
Γ∑   is convergent. In light of this, for any 0ι >  one can find 0n ∈

satisfying
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( )
1

0 1 0( , , ) whenever , , .
m

i
i

i n
k a m n n m nη ω ω ι

−

=

≥<Γ >∑ 

Using the inequality above and (8), we have

( ) 0( , , ) whenever , , .n m m n n m nη ω ω ιΓ ≥ ><

Therefore, by Proposition 1, sequence {ωn} is Cauchy.
As Ω is closed and (Z, Γ, *) is complete, there are ω∗∈Ω such that

lim  ( , , ) 1nn
ω ω∗

→∞
Γ =

for each   > 0. Note that

1 1 1( , , ) ( , , ) ( , , ) ( , , ).n n n ng g T gω ω ω ω+ + +Γ Θ ≥ Γ = Γ Ω Θ ≥ Γ Θ   

Since g is continuous along with as ,n nω ω ∗→ →∞  this implies that as .ng g nω ω∗→ →∞  Taking the limit as n →∞ 
for inequality above, it leads to

( , , ) ( , , ).ng T gω ω ω∗ ∗Γ →Γ Θ 

Since Θ is fuzzy approximately compact with respect to Ω, 0 .( )gω∗∈Ω   As ( )0 0 ,( ) ( )gΩ ⊆ Ω   there exists 
0 ( )u∈Ω   such that gω* = gu. By fuzzy expansive property of g and decreasing property of η on (0,1], we deduce that 

for all   > 0,

( ) ( )0 ( , , ) ( , , ) (1) 0u g guη ω η ω η∗ ∗≤ Γ ≤ Γ = = 

which implies ( )( , , ) 0.uωη ∗Γ =  Furthermore, ( ) ( )0 ( , , ) ( , , ) (1) 0u g guη ω η ω η∗ ∗≤ Γ ≤ Γ = =  = 1 whenever   > 0, that is, 0 ( ).uω∗ = ∈Ω 
We now show that ω* represents optimal coincidence point of the g and T. Since ( )0 0 ( ),( )T Tω∗∈ Ω ⊆ Θ   there 

exists a point 0 ( )z∈Ω ù  satisfying ( , , ) ( , , ).gz Tω∗Γ = Γ Ω Θ   Given that the pair (g, T) satisfy (3), we have

( )1
1 1

( , , ) ( , , )
 ( , , ) ( , , ) ( , , , , )

 ( , , ) ( , , )
n n

n n n n

g T
g gz kM z

gz T

ω ω
α ω ω η ω ω ω ω

ω
+ ∗ ∗ ∗

+ +∗

Γ = Γ Ω Θ  ⇒ Γ ≤
Γ = Γ Ω Θ 

 
  

 
(9)

where

( ) ( ) ( ) ( ){ }1 1 1( , , , , ) max ( , , ) , ( , ., ) , ( , , ) , ( , , )n n n n n nM z zω ω ω η ω ω η ω ω η ω η ω ω∗ ∗ ∗ ∗ ∗
+ + += Γ Γ Γ Γ    

As 1( ), ,nα ω ω∗ ≥  by condition (6), fuzzy expansive property of g as well as decreasing property of η on (0,1], it 
follows that

( ) ( ) ( )1 1 1 1( , , ) ( , , ) ( , , ) ( , , ) ( , , , , ).n n n n n nz g gz g gz kM zη ω η ω α ω ω η ω ω ω ω∗ ∗ ∗
+ + + +Γ ≤ Γ ≤ Γ ≤    

Let n →∞ in the inequality above, these yields

( ) ( ) ( ){ }
( ) ( ){ }

( )

( , , )  max ( , , ) , 0, ( , , ) , (1)

 max ( , , ) , 0, ( , , ) , 0  

( , , ) .

z k z z

k z z

k z

η ω η ω η ω η

η ω η ω

η ω

∗ ∗ ∗

∗ ∗

∗

Γ ≤ Γ Γ

= Γ Γ

≤ Γ

  

 


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If ( )( , , ) 0,zη ω∗Γ >  then we have k = 0 which contradict with the fact that (0,1).k∈  Thus, η (Γ(ω*, z,  )) = 0 and we 
obtain Γ(ω*, z,  ) = 1 which implies ω* = z. Further,

( , , ) ( , , ) ( , , )g T gz Tω ω ω∗ ∗ ∗Γ = Γ = Γ Ω Θ  

which suggests ω* is an optimal coincidence point of g and T.
For the uniqueness part, consider 0 ( )θ ∗∈Ω   as optimal coincidence point of g and T such that .ω θ∗ ∗≠  Then, we 

have ( , , ) ( , , )g Tω ω∗ ∗Γ = Γ Ω Θ   and ( , , ) ( , , )g Tθ θ∗ ∗Γ = Γ Ω Θ   for all   > 0. By (4), we have ( , , ) 1α ω θ∗ ∗ ≥  for 
all   > 0. By (3), fuzzy expansive property of g and decreasing property of η, we have

( ) ( ) ( )( , , ) ( , , ) ( , , ) ( , , ) ( , , , , )g g g g kMη ω θ η ω θ α ω θ η ω θ ω θ ω θ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗Γ ≤ Γ ≤ Γ ≤     (10)

where

( ) ( ) ( ) ( ){ }
( ) ( ){ }
( ) ( ){ }

( )

( , , , , ) max ( , , ) , ( , , ) , ( , , ) , ( , , )

max ( , , ) , (1), (1), ( , , )

max ( , , ) , 0, 0, ( , , )

( , , ) .

M ω θ ω θ η ω θ η ω ω η θ θ η θ ω

η ω θ η η η θ ω

η ω θ η ω θ

η ω θ

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗

= Γ Γ Γ Γ

= Γ Γ

= Γ Γ

= Γ

    

 

 



From inequality (10) and (0,1),k∈  we obtain

( ) ( ) ( )( , , ) ( , , ) ( , , )kη ω θ η ω θ η ω θ∗ ∗ ∗ ∗ ∗ ∗<Γ ≤ Γ Γ    

which is a contradiction. For this reason, the optimal coincidence point is unique. 
We present an example below to illustrate the above theorem.
Example 1. Let [0,1] , 0, ) : 0,  and 1, ) : 0, .{( } {( }Z ω ω ω θ θ θ= × Ω = ≥ ∈ Θ = ≥ ∈    We define a metric : [0, )d Z Z× → ∞ 

: [0, )d Z Z× → ∞  by

( ) 2 2
1 1 2 2 1 2 1 2, ), ( , ) ( ) ( ) .(d ω θ ω θ ω ω θ θ= − + −

Then, (Z, Γ, *p ) is a complete fuzzy metric space with : 0, ) [0,1](Z ZΓ × × ∞ →  is defined as

( , , ) . 
( , )d

ω θ
ω θ

Γ =
+






We can check that

( , , )
1

Γ Ω Θ =
+






for all   > 0. In addition to that, we have 0 0( )  and ( ) . :TΩ =Ω Θ = Θ Ω→Θ   and :g Ω→Ω is defined by

( )0, 1, and (0, ) (0, 5 ).
5

T gωω ω ω = = 
 

One can observed that g can be identified as fuzzy expansive, ( ) ( )0 0 0 0( ) ( ) and ( ) ( )T gΩ ⊆Θ Ω ⊆ Ω     for all   > 0. 
For points 1 2(0, ), (0, ) ,µ ω ν ω= = ∈Ω  there exist 1 2,( ) (0, , 0 )ω θ θ θ= = ∈Ω such that
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( , , ) ( , , ) and ( , , ) ( , , )gµ T g Tω ν θΓ = Γ Ω Θ Γ = Γ Ω Θ   

for all   > 0 if  1 2
1 2 and .

25 25
θ θω ω= =  Consider 1( 1)η ς

ς
= −  for all ].(0,1ς ∈  Also, define : (0, ) [0, )Z Zα × × ∞ → ∞  as

( )
1, , [0,1] [0,  ),

, ,
0, otherwise.

ω θ
α ω θ

∈ × ∞
= 




for all   > 0. We can verify that (g, T) corresponds to fuzzy α-proximal quasi-H-contraction of type II. Consequently, 
every criteria of Theorem 1 is fulfilled. Furthermore, (0, 0) in Ω0( ) is the only coincidence point that is optimal for 
both g and T. 

Corollary 1. Given that Ω, Θ are nonempty closed subsets of a complete fuzzy metric space (Z, Γ, *) in which 
0 ( )  and Ω ∅≠ Θ  and Θ is fuzzy approximately compact with respect to Ω. Assume :T Ω→Θ satisfying conditions below:

1.	 T is α-proximal admissible as well as fuzzy α-proximal quasi-H-contraction of type I;
2.	 ( )0 0( ) ( );T Ω ⊆Θ 
3.	 here exist elements ω0 and ω1 in Ω0( ) satisfying

1 0 0 1( , , ) ( , , ) and ( , , ) 1g Tω ω α ω ωΓ = Γ Ω Θ ≥  

for all 0 10 and ( ( }, , ){ )iη ω ω> Γ   is bounded for any sequence {i} in (0, ∞) with i → 0 as i → ∞; 
4.	 if a sequence {ωn} in Ω satisfying 1( , , ) 1n nα ω ω + ≥  for every , 0n∈ >   and ωn → ω* as n → ∞, then 

( , , ) 1.nα ω ω∗ ≥
It follows that T possess best proximity point ω* in Ω0( ). Furthermore, if for all 0, ( )ω θ∗ ∗ ∈Ω   such that

( ,  , ) ( , , )
( , , ) 1

( ,  , ) ( , , )
T
T

ω ω
α ω θ

θ θ

∗ ∗
∗ ∗

∗ ∗

Γ = Γ Ω Θ ⇒ ≥
Γ = Γ Ω Θ 

 


 

for each   > 0, then the best proximity point is uniquely determined.
Proof. The deduction follows from Theorem 1 by letting g = Iω .
Corollary 2. Given that Ω, Θ are nonempty closed subsets of a complete fuzzy metric space (Z, Γ, *) such that 

0 ( )Ω ∅≠  and Θ is fuzzy approximately compact with respect to Ω. Assume that :  and :g TΩ→Ω Ω→Θ satisfying 
conditions below:
1.	 g is continuous and fuzzy isometry;
2.	 both g and T are αR-admissible mapping and α-proximal admissible mappings respectively;
3.	 (g, T) can be regarded as fuzzy α-proximal quasi-H-contraction of type II;
4.	 ( ) ( )0 0 0 0( ) ( ) and ( ) ( );g TΩ ⊆ Ω Ω ⊆Θ   
5.	 there exist elements ω0 and ω1 in Ω0( ) satisfying

1 0 0 1( , , ) ( , , ) and ( , , ) 1g Tω ω α ω ωΓ = Γ Ω Θ ≥  

for all   > 0 and 0 1{ }( ( , , ))iη ω ωΓ   is bounded for any sequence {i} in (0, ∞) with i → 0 as i → ∞;  
6.      if a sequence {ωn} in Ω satisfying 1( , , ) 1n nα ω ω + ≥  for every , 0n∈ >   and ωn → ω* as n → ∞ then ( , , ) 1.nα ω ω∗ ≥
 
It follows that g and T possess optimal coincidence point ω* in Ω0( ). Furthermore, if for all 0, ( )ω θ∗ ∗ ∈Ω   such that

( , , ) ( , , )
,  , ) 1

( , , ) ( , ,
(

)
g T
g T
ω ω

α ω θ
θ θ

∗ ∗
∗ ∗

∗ ∗

Γ = Γ Ω Θ ⇒ ≥
Γ = Γ Ω Θ 

 


 
(11)

for all   > 0, then the optimal coincidence point is uniquely determined.
Proof. Given that g is fuzzy isometry, for every ,  and 0ω θ ∈Ω >  we have ( , , ) ( , , )g gω θ ω θΓ = Γ   which 
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implies that g exhibit fuzzy expansive property. The conclusion can be derived from Theorem 1.
Corollary 3. Given that Ω, Θ are nonempty closed subsets of a complete fuzzy metric space (Z, Γ, *) in which 

0 ( )  and Ω ∅≠ Θ  and Θ is fuzzy approximately compact with respect to Ω. Assume that :g Ω→Ω and :T Ω→Θ satisfying 
conditions below:
1.	 g is continuous and fuzzy expansive; 
2.	

( )
, , ) ( , , )

( , , ) ( , , , , ),
(
( , , ) ( , , ) 
µ T

gµ g k µ
T
ω

η ν ν ω θ
ν θ

∗Γ = Γ Ω Θ 
⇒ Γ ≤ ΓΓ = Γ Ω Θ 

 
 

 
(12)

where ( ) ( ) ( ) ( ){ }( , , , , ) max ( , , ) , ( , , ) ,  ( , , ) ,  ( , , ) ,µ Hν ω θ η ω θ η ω µ η θ ν η θ µ η∗Γ = Γ Γ Γ Γ ∈      and (0,1);k∈
3.	 ( ) ( )0 0 0 0( ) ( ) and ( ) ( );g TΩ ⊆ Ω Ω ⊆Θ   
4.	 there exist ω0 and ω1 in Ω0( ) satisfying

1 0 0 1( , , ) ( , , ) and ( , , ) 1g Tω ω α ω ωΓ = Γ Ω Θ ≥  

for all   > 0 and ( ){ }0 1( , , )iη ω ωΓ   is bounded for any sequence {i} in (0, ∞) with i → 0 as i → ∞;  
It follows that the mappings g and T possess unique optimal coincidence point ω* in Ω0( ).

Proof. The deduction follows from Theorem 1 by letting ( , , ) 1α ω θ =  whenever 0, ( )ω θ ∈Ω   and   > 0.
Corollary 4. Given that Ω, Θ are nonempty closed subsets of a complete fuzzy metric space (Z, Γ, *) in which 

0 ( )  and Ω ∅≠ Θ  and Θ is fuzzy approximately compact with respect to Ω. Assume that :g Ω→Ω and :T Ω→Θ satisfying 
conditions below:
1.	 g is continuous and fuzzy expansive;
2.	 both g and T are αR-admissible mapping and α-proximal admissible mappings respectively;
3.	

( ) ( )
, , )  ( , , ) 

( , , ) ( , , ) ( , , ) ;
( , , )  ( , , )
( µ T

t gµ M
g T
g

g k
ω

α ω θ η ν η ω θ
ν θ

Γ = Γ Ω Θ 
⇒ Γ ≤Γ = Γ Ω Θ 

 
 

 

4.	 ( ) ( )0 0 0 0( ) ( ) and ( ) ( );g TΩ ⊆ Ω Ω ⊆Θ   
5.	 there exist elements ω0 and ω1 in Ω0( ) satisfying

1 0 0 1( , , ) ( , , ) and ( , , ) 1g Tω ω α ω ωΓ = Γ Ω Θ ≥  

for all   > 0 and ( ){ }0 1( , , )iη ω ωΓ   is bounded for any sequence {i} in (0, ∞) with i → 0 as i → ∞;  
6.	 if a sequence {ωn} in Ω satisfying 1( , , ) 1n nα ω ω + ≥  whenever , 0n∈ >   and ωn → ω* as n → ∞, then 

( , , ) 1.nα ω ω∗ ≥
It follows that g and T possess optimal coincidence point ω* in Ω0( ). Furthermore, if for all 0, ( )ω θ∗ ∗ ∈Ω   such that

( , , ) ( , , )
,  , ) 1

( , , ) ( , ,
(

)
g T
g T
ω ω

α ω θ
θ θ

∗ ∗
∗ ∗

∗ ∗

Γ = Γ Ω Θ ⇒ ≥
Γ = Γ Ω Θ 

 


 
(13)

for all   > 0, then the optimal coincidence point is uniquely determined.
Proof. The deduction follows from Theorem 1 by letting ( )( , , , , ) ( , , ) .µ ν ω θ η ω θ∗Γ = Γ 
Remark 2. The corollary above is Theorem 1 in Saleem et al [21]. This shows that our result generalizes the existed 

results in literature. Note that they didn’t mention anything about condition (6) and Equation (13). However, these 
conditions must be included in order to complete their proofs.

Remark 3. Replacing the space with fuzzy b-metric space, Theorem 1 could provide an extension of findings 
obtained by Abbas et al. [17] and Saleem et al. [20].
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Corollary 5. Given that Ω, Θ are nonempty closed subsets of a complete fuzzy metric space (Z, Γ, *) in which 
0 ( )Ω ∅≠  and Θ is fuzzy approximately compact with respect to Ω. Assume that :g Ω→Ω and :T Ω→Θ satisfying 

conditions below:
1.	 g is continuous and fuzzy expansive;
2.	
	  

( ) ( )
, , ) ( , , ) 

 ( , , ) ( , , ) ;  
( , , ) ( , , )
( µ T

gµ g k
g T
g ω

η ν η ω θ
ν θ

Γ = Γ Ω Θ 
⇒ Γ ≤ ΓΓ = Γ Ω Θ 

 
 

 

3.	 ( ) ( )0 0 0 0( ) ( ) and ( ) ( );g TΩ ⊆ Ω Ω ⊆Θ   
4.	 there exist elements ω0 and ω1 in Ω0( ) satisfying

1 0 0 1( , , ) ( , , ) and ( , , ) 1g Tω ω α ω ωΓ = Γ Ω Θ ≥  

for all   > 0 and ( ){ }0 1( , , )iη ω ωΓ   is bounded for any sequence {i} in (0, ∞) with  
i → 0 as i → ∞;  

It follows that g and T possess optimal coincidence point ω* in Ω0( ).  
Proof. The deduction follows from Theorem 1 by letting ( , , ) 1, , , , , )(µα ω θ ν ω θ∗= Γ =   η (Γ(ω,θ, )) whenever 

0, ( ) and 0.ω θ ∈Ω > 
Corollary 6. Given that Ω, Θ are nonempty closed subsets of a complete fuzzy metric space (Z, Γ, *) in which 

0 ( )  and Ω ∅≠ Θ  and Θ is fuzzy approximately compact with respect to Ω. Assume that T : Ω → Θ be mapping satisfying 
( )0 0( ) ( )T Ω ⊆Θ   and

( ) ( )
, , )  ( , , ) 

 ( , , )   ( , , )  
( , , )  ( , )
(

,
µ T

µ k
T
ω

η ν η ω θ
ν θ

Γ = Γ Ω Θ 
⇒ Γ ≤ ΓΓ = Γ Ω Θ 

 
 

 

where  and (0,1).H kη∈ ∈  It follows that T possess unique best proximity point ω* in Ω0( ). 
Proof. The deduction follows from Theorem 1 by letting α (ω, θ,  ) = 1, and ( ), , , , ) ( , , )(µ ν ω θ η ω θ∗Γ = Γ   and 

g = Iω whenever 0, ( ) and 0.ω θ ∈Ω >    
Remark 4. Note that non-Archimedean fuzzy metric spaces implied fuzzy metric space. Therefore, the corollary 

above is applicable to the results in Vetro et al. [14] and Saleem et al. [15].
We present an alternate condition for contractive mapping in the result below.
Theorem 2. Given that Ω, Θ are nonempty closed subsets of a complete fuzzy metric space (Z, Γ, *) in which 

0 ( )Ω ∅≠  and Θ is fuzzy approximately compact with respect to Ω. Let :  and :g TΩ→Ω Ω→Θ satisfies the 
following conditions:
1.	 g is continuous and fuzzy expansive;
2.	 both g and T are αR-admissible and α-proximal admissible mappings respectively;
3.	

( )
, , ) ( , , ) 

( , , ) ( , , )  ( , , , , ),
( , (
(

, ) , , ) 
µ T

gµ k
g T
g

g µ
ω

α ω θ η ν ν ω θ
ν θ

∗Γ = Γ Ω Θ 
⇒ Γ ≤ ΓΓ = Γ Ω Θ 

 
  

 
(14)

where , (0,1)H kη∈ ∈  and

( ) ( , , )[1  ( , , )] ( , , )[1  ( , , )]( , , , , ) max ( , , ) , , ,
1  ( , , ) 1  ( , , ) 

( , , )[1  ( , , )] ;
1  ( , , ) 

vµ
µ

ω µ θ θ ν ω µν ω θ η ω θ η η
ν ω θ

θ µ ω µη
ω θ

∗     Γ + Γ Γ + ΓΓ = Γ    + Γ + Γ    
 Γ + Γ 
 + Γ  

   
 

 

 


4.	 ( ) ( )0 0 0 0( )  ( ) and ( ) ( );g TΩ ⊆ Ω Ω ⊆Θ   
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5.	 there exist elements ω0 and ω1 in Ω0() such that

( )1 0 0 1( , , ) ( , , ) and , , 1g Tω ω α ω ωΓ = Γ Ω Θ ≥  

for all  > 0 and ( ){ }0 1( , , )iη ω ωΓ   is bounded for any sequence {i} in (0, ∞) with i → 0 as i → ∞;
6.	 if a sequence {ωn} in Ω satisfying 1( , , ) 1n nα ω ω + ≥  whenever , 0n∈ >   and ωn→ ω* as n → ∞, then ( , , ) 1.nα ω ω∗ ≥ 

( , , ) 1.nα ω ω∗ ≥
It follows that g and T possess optimal coincidence point ω* in Ω0(). Furthermore, if for all 0, ( )ω θ∗ ∗ ∈Ω   such that

( , , ) ( , , )
, , ) 1

( , , ) ( , ,
(

)
g T
g T
ω ω

α ω θ
θ θ

∗ ∗
∗ ∗

∗ ∗

Γ = Γ Ω Θ ⇒ ≥
Γ = Γ Ω Θ 

 


 

for each  > 0, then the optimal coincidence point is uniquely determined.
Proof. The present theorem is proven using methodology as Theorem 1 with the replacement of (3) with (14). 

Additionally, on (5), we have 1 1( , , , , )n n n nω ω ω ω∗
+ −Γ   changed as follows:

( ) ( ) 1 1
1 1 1

1

1 1 1

1 1

( , , )[1 ( , , )] , , , , max ( , , ) , ,
1 ( , , ) 

( , , )[1 ( , , )] ( , , )[1 ( , , )] ,
1 ( , , ) 1 ( , , ) 

n n n n
n n n n n n

n n

n n n n n n n n

n n n n

ω ω ω ωω ω ω ω η ω ω η
ω ω

ω ω ω ω ω ω ω ωη η
ω ω ω ω

∗ − +
+ − −

+

+ − −

− −

  Γ + ΓΓ = Γ  + Γ  
   Γ + Γ Γ + Γ 
   + Γ + Γ   

 
 



   
 

( ) ( ) ( ){ }
( ) ( ) ( ){ }
( ) ( ){ }

1 1 1

1 1 1

1 1

max ( , , ) , ( , , ) , ( , , ) , (1)

max ( , , ) , ( , , ) , ( , , ) , 0

max ( , , ) , ( , , )

n n n n n n

n n n n n n

n n n n

η ω ω η ω ω η ω ω η

η ω ω η ω ω η ω ω

η ω ω η ω ω

− − +

− − +

− +



= Γ Γ Γ

= Γ Γ Γ

≤ Γ Γ

  

  

 

for each  > 0.
For the next result, we relax the contractive condition further and establish the presence of unique optimal 

coincidence point for such contraction with continuous t-norm restricted to *min.
Theorem 3. Given that Ω, Θ are nonempty closed subsets of a complete fuzzy metric space (X, M, *min) in a way 

that 0 ( )Ω ∅≠  and Θ is fuzzy approximately compact with respect to Ω. Let :  and :g TΩ→Ω Ω→Θ meet conditions 
below:
1.	 g is continuous and fuzzy expansive; 
2.	 both g and T are αR-admissible and α-proximal admissible mappings respectively;
3.	

( )
, , ) ( , , )

( , , ) ( , , ) ( , , , , ),
( , , ) ( , ,  
(

)
µ T

g
g

µ g k µ
g T

ω
α ω θ η ν ν ω θ

ν θ
∗Γ = Γ Ω Θ 

⇒ Γ ≤ ΓΓ = Γ Ω Θ 

 
  

 
(15)

where ( ) ( ) ( ) ( ){ ( ) ( )}, , , , max ( , , ) , ( , , ) , ( , , ) , ( , , ) , ( , , 2 ) ,µ ν ω θ η ω θ η ω µ η θ ν η θ µ η ω ν∗Γ = Γ Γ Γ Γ Γ       and (0,1);H kη∈ ∈  
and and (0,1);H kη∈ ∈

4.	 ( ) ( )0 0 0 0( ) ( ) and ( ) ( );g TΩ ⊆ Ω Ω ⊆Θ   
5.	 there exist elements ω0 and ω1 in 0, ( )ω θ∗ ∗ ∈Ω   such that

1 0 0 1( , , ) ( , , ) and ( , , ) 1 g Tω ω α ω ωΓ = Γ Ω Θ ≥  

for all  > 0 and ( ){ }0 1( , , )iη ω ωΓ   is bounded for any sequence {i} in (0, ∞) with 0 as ;i i→ →∞
6.	 if a sequence {ωn} in Ω satisfying 1( , , ) 1n nα ω ω + ≥  whenever , 0n∈ >   and ωn → ω* as n → ∞ it follows that 

( , , ) 1.nα ω ω∗ ≥
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It follows that g and T possess optimal coincidence point ω* in Ω0(). Furthermore, if for all 0, ( )ω θ∗ ∗ ∈Ω   such 
that

( , , ) ( , , )
, , ) 1

( , , ) ( , ,
(

)
g T
g T
ω ω

α ω θ
θ θ

∗ ∗
∗ ∗

∗ ∗

Γ = Γ Ω Θ ⇒ ≥
Γ = Γ Ω Θ 

 


   

for all  > 0, then the optimal coincidence point is uniquely determined.
Proof. The present theorem is proven using methodology as Theorem 1 with the replacement of (3) with (15). 

Additionally, on (5), we have 1 1( , , , , )n n n nω ω ω ω∗
+ −Γ   changed as follows:

( ) ( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }
( )

1 1

1 1 1 1 1

1 1 1 1 1

1 1

( , , , , )

max ( , , ) , ( , , ) , ( , , ) , ( , , ) , ( , , 2 )

max ( , , ) , ( , , ) , ( , , ) , (1), ( , , ) ( , , )

max ( , , ) , ( ,

n n n n

n n n n n n n n n n

n n n n n n n n n n

n n n n

ω ω ω ω

η ω ω η ω ω η ω ω η ω ω η ω ω

η ω ω η ω ω η ω ω η η ω ω ω ω

η ω ω η ω ω

∗
+ −

− − + − +

− − + − +

− +

Γ

= Γ Γ Γ Γ Γ

≤ Γ Γ Γ Γ ∗Γ

≤ Γ Γ



    

    

 ( ) { }( ){ }
( ) ( ){ }

1 1

1 1

, ) , min ( , , ), ( , , )

max ( , , ) , ( , , )

n n n n

n n n n

η ω ω ω ω

η ω ω η ω ω

− +

− +

Γ Γ

≤ Γ Γ

  

 

Remark 5. The above theorem extends Amini-Harandi et al. work [25] from fixed point theory to best proximity 
point theory. Note that if fuzzy metric space imposes non-Archimedean property, then arbitrary t-norm can be applied 
for the result above.

4. Best proximity points of multivalued proximal contraction in strong fuzzy 
     metric spaces: Fuzzy ψ-proximal contraction

The current section deals with obtaining the best proximity point outcome for new multivalued proximal 
contraction within the parameters of strong fuzzy metric space. Our starting point is the definition of Hausdorff fuzzy 
metric, along with a lemma by Rodríguez-López et al. [26].

Definition 15. [26] Let K(Z) consist all non-null compact subsets of Z. For any and , ( ),Z K Zω∈ Ω Θ∈  we define 
the Hausdorff fuzzy metric derived from the fuzzy metric Γ in the following way:

{ }( , , ) min inf ( , , ), inf ( ,  ,  )
a b

H a b
∈Ω ∈Θ

Ω Θ = Γ Θ Γ Ω  

for each  > 0, where ( , , ) sup  ( , , ).a aω ω∈ΩΓ Ω = Γ   
Lemma 2. [26] Considering a fuzzy metric space, (Z, Γ,*). Assume that , ( )a Z K Z∈ Θ∈  as well as  > 0, one can 

find 0b ∈Θ satisfying 0( , , ) ( , , ).a a bΓ Θ = Γ 
Next, we have a class Ψ given by Miheţ [27].
Definition 16. [27] Denote Ψ as the collection of continuous function :[0,1] [0,1]ψ →  that meet requirements 

below:
1.	 ψ is nondecreasing function;
2.	 ( ) for all (0,1);ψ ς ς ς> ∈
3.	 ψ(0) = 0 and ψ(1) = 1;
4.	 lim ( ) 1 for all (0,1),n

n ψ ς ς→∞ = ∈  where ψn refers to the mapping obtained by composing ψ with itself n times.
Definition 17. [28] Nonempty subsets Ω, Θ of (Z, Γ,*) in which 0Ω ≠∅ are considered. The fuzzy weak P-property 

is attributed to the pair (Ω, Θ) if and only if

( ) ( )
( ) ( )

( ) ( )1 1
1 2 1 2

2 2

, , , ,
, , , ,

, , , ,

ω θ
ω ω θ θ

ω θ

Γ = Γ Ω Θ
Γ ≥ Γ

Γ = Ω

⇒
Γ Θ

 
 

 
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for all 1 2 0 1 2 0, , ,ω ω θ θ θ∈Ω ∈  and  > 0.
We define a new fuzzy proximal contraction for multivalued mapping as follow.
Definition 18. A multivalued mapping : ( )T KΩ→ Θ  is identified as fuzzy ψ-proximal contraction provided that at 

least one ψ ∈Ψ exists such that for all ,ω θ ∈Ω and  > 0, 

( )( , , ) ( , , ) .H T Tω θ ψ ω θ≥ Γ 

Our task now is to prove the appearance of optimal proximity point on multivalued mapping with such contractive 
condition within the context of strong fuzzy metric space. 

Theorem 4. Given that Ω, Θ are nonempty closed subsets of a complete strong fuzzy metric space (Z, Γ,*) in which    
0 ( ) .Ω ≠∅  Consider : ( )T KΩ → Θ  that meet the following conditions:

1.	 T is a continuous fuzzy ψ-proximal contraction,
2.	 0( ) ( )T ω ⊆ Θ   for each 0 ( )ω∈Ω   and  > 0, 
3.	 The fuzzy weak P-property is present in the pair (Ω, Θ).
Consequently, best proximity point of T can be found in Ω.

Proof. As 0 ( ) ,Ω ≠∅  select an arbitrary element 0 0 1 0( ) and choose .Tω θ ω∈Ω ∈  Since 1 0 0 ( )Tθ ω∈ ⊆ Θ   for each 
 > 0, one can find 1 0 ( )ω ∈Ω   such that 1 1( , , ) ( , , ).ω θΓ = Γ Ω Θ   If 1 1,Tθ ω∈   then

1 1 1 1( , , ) ( , , ) ( , , ) ( , , )Tω ω ω θΓ Ω Θ ≥ Γ ≥ Γ = Γ Ω Θ   

which implies 1 1( , , ) ( , , )Tω ωΓ = Γ Ω Θ   and T attains its best proximity point at ω1. Now consider the case where 
1 1.Tθ ω∉  Since T is fuzzy ψ-proximal contraction, it follows that

( )1 1 0 1 0 1( , , ) ( , , ) ( , , )T H T Tθ ω ω ω ψ ω ωΓ ≥ ≥ Γ   (16)

for all  > 0. Given that Tω1 is compact, by Lemma 2, one can find 2 1Tθ ω∈  in a way that

1 1 1 2( , , ) ( , , )Tθ ω θ θΓ = Γ  (17)

for all  > 0. From (16) and (17), we obtain

( )1 2 0 1( , , ) ( , , )θ θ ψ ω ωΓ ≥ Γ  (18)

for all  > 0.
Again, as 2 1 0( ),Tθ ω∈ ⊆ Θ   one can find 2 0 ( )ω ∈Ω   such that 2 2( , , ) ( , , )ω θΓ = Γ Ω Θ   for each  > 0. If ω1 = ω2, 

then

1 1 1 2 2 2( , , ) ( , , ) ( , , ) ( , , ) ( , , ).Tω ω ω θ ω θΓ Ω Θ ≥ Γ ≥ Γ = Γ = Γ Ω Θ    

Thus, we have 1 1( , , ) ( , , )Tω ωΓ = Γ Ω Θ   for all  > 0 and T attains its best proximity point at ω1. Suppose 
1 2,ω ω≠  the fuzzy weak P-property of (Ω, Θ) leads to

1 1
1 2 1 2

2 2

( , , ) ( , , )
( , , ) ( , , )

( , , ) ( , , )
ω θ

ω ω θ θ
ω θ

Γ = Γ Ω Θ 
⇒ Γ ≥ ΓΓ = Γ Ω Θ 

 
 

 
(19)

for all  > 0. From (18) and (19), it is evident that

( )1 2 0 1( , , ) ( , , )ω ω ψ ω ωΓ ≥ Γ 

for all  > 0. Assume that 2 2,Tθ ω∉  otherwise T attains its best proximity point at ω2. By the contractive contraction of T,
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				    ( )2 2 1 2 1 2( , , ) ( , , ) ( , , )T H T Tθ ω ω ω ψ ω ωΓ ≥ ≥ Γ   			                (20)

for all  > 0. Since Tω2 is compact, by Lemma (2), it is possible to find a point 3 2Tθ ω∈  satisfying 

2 2 2 3( , , ) ( , , )Tθ ω θ θΓ = Γ  (21)

for each  > 0. Using (20) and (21), it follows that

( )2 3 1 2( , , ) ( , , ) for all 0.θ θ ψ ω ωΓ ≥ Γ >   (22)

Since 3 2 0 ( ),Tθ ω∈ ⊆ Θ   one can find 3 0 ( )ω ∈ Ω   such that 3 3( , , ) ( , , )ω θΓ = Γ Ω Θ   for each  > 0. Suppose 2 3;ω ω≠  
otherwise, T attains its best proximity point at ω2. The fuzzy weak P-property of (Ω, Θ) give us

2 2
2 3 2 3

3 3

( , , ) ( , , ) 
( , , ) ( , , )

( , , ) ( , , )
ω θ

ω ω θ θ
ω θ

Γ = Γ Ω Θ 
⇒ Γ ≥ ΓΓ = Γ Ω Θ 

 
 

 
(23)

for all  > 0. From (22) and (23), we have

( )2 3 1 2( , , ) ( , , ) . xω ω ψ ωΓ ≥ Γ 

Continuing in this manner, we obtain two sequences, 0 0{ } ( ) and { } ( )n nω θ⊆ Ω ⊆Θ   for each  and 0n∈ >    
satisfying:
1. 1;  n nω ω +≠
2. 1 and ;  n n n nT Tθ ω θ ω−∈ ∉  
3. ( , , ) ( , , ).n nω θΓ = Γ Ω Θ 
Also, it can be observed that 

( )1 1( , , ) ( , , )n n n nω ω ψ ω ω+ −Γ ≥ Γ  (24)

for each  > 0 and .n∈  Successively apply (24) will leads to

( )

( )

( )

1 1

2
2 1

0 1

( , , ) ( , , )

( , , )

. . .

( , , )

n n n n

n n

n

x

ω ω ψ ω ω

ψ ω

ψ ω ω

+ −

− −

Γ ≥ Γ

≥ Γ

≥

≥ Γ

 





for each  > 0 and .n∈  Considering the above inequality as n → ∞, it becomes clear that 

1lim  ( , , ) 1 0.n nn
ω ω +→∞

Γ = ∀ > 

Now, we will show that {ωn} and {θn} are Cauchy sequences. Let (0,1)ι ∈  as well as ,m n∈ and m > n. 
Then 

( ) ( ) ( )
1 1 2 1

1 1
0 1 0 1 0 1

( , , ) ( , , ) ( , , ) · · · ( , , )

( , , ) ( , , ) · · · ( , , ) .
n m n n n n m m

n n m

ω ω ω ω ω ω ω ω

ψ ω ω ψ ω ω ψ ω ω
+ + + −

+ −

Γ ≥ Γ ∗ Γ ∗ ∗ Γ

≥ Γ ∗ Γ ∗ ∗ Γ

   

  

Taking limit as n, m → ∞ in inequality above, it is evident that
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( )
,

.l ,m , 1i n mn m
ω ω

→∞
Γ =

Therefore, given every (0,1) and 0ι ∈ >  one can find 0n ∈ satisfying ( , , ) 1n mω ω ιΓ > −  for each m > n > n0. It can 
be inferred that {ωn} is Cauchy. A similar approach is applied to show sequence {θn} is Cauchy.

Since Ω, Θ are closed and (Z, Γ,*) is complete, there exist andω θ∗ ∗∈Ω ∈Θ satisfying nω ω∗→  and *.nθ θ→  As 
( , , ) ( , , )n nω θΓ = Γ Ω Θ   for every ,n∈  we deduce that * *( , , ) ( , , ).ω θΓ = Γ Ω Θ   Owning to the continuity of T, it 

can be shown that nT Tω ω∗→  as n → ∞. We will show that .Tθ ω∗ ∗∈ . Note that

( )1 1( , , ) ( , , ) ( , , ) . n n n n n nM T H T Tθ ω ω ω ψ ω ω− −≥ ≥ Γ  

For inequality above, taking limit as n → ∞ and it leads to

( , , ) (1) 1Tθ ω ψ∗ ∗Γ = =

which implies .Tθ ω∗ ∗∈  Furthermore,

( , , ) ( , , ) ( , , ) ( , , )T A Bω ω ω θ∗ ∗ ∗ ∗Γ Ω Θ ≥ Γ ≥ Γ = Γ   

which implies that ( , , ) ( , , ).Tω ω∗ ∗Γ = Γ Ω Θ   Hence ω qualifies as best proximity point of T.
The practical application of Theorem 4 can be exemplified by example below.
Example 2. Consider Z = [0, ∞] and a fuzzy metric Γ defined as follow:

min{ , }( , , )
max{ , } 

ω θω θ
ω θ

=Γ 

for all ,  and 0.Zω θ ∈ >  Clearly, (Z, Γ,*p) forms a strong fuzzy metric space. Consider Ω = [0,10] and Θ = [0, 5]. It is 
obvious that ( ) 0, , 1, ( ) [0, 5]Γ Ω Θ = Ω =   and θ0 = [0, 5]. Let ψ ∈Ψ define by ( ) ,ψ =   where [0,1].∈  Moreover, 
let continuous multivalued mapping : ( )T KΩ→ Θ  define by

( ) [ , 2], .T ω ω ω ω= + ∈Ω

It is straightforward to see that (Ω, Θ) exhibits fuzzy weak P-property. Also, we have ( )0 0( ) ( )T ω ⊆ Θ   for all  > 0. 
Now, to verify T is the desired contraction, we shall consider the following cases for every ,ω θ ∈Ω and  > 0:

Case 1. 2 .ω θ+ <  We yield

	  ( , , ) sup ( , , )
b T

a T a b a
θ θ

θ
∈

Γ = Γ = 

for all .a Tω∈  From this, we can infer that inf ( , , ) .a T a Tω
ωθ
θ∈ Γ =  Likewise, we have 2inf ( , , ) .

2b T T bθ
ωω
θ∈
+

Γ =
+

  . 

As a result, we have

{ }

( )

( , , ) min inf ( , , ), inf ( , , )

2min ,
2

( , , ) .

a T b T
H T T a T T b

ω θ
ω θ θ ω

ω ω
θ θ

ω
θ

ψ ω θ

∈ ∈
= Γ Γ

 + =  
+  

=

≥ Γ

  


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Case 2. 2.ω θ ω< ≤ +  We yield inf ( , , ) .a T a Tω
ωθ
θ∈ Γ =  In addition, we observe that 2inf ( , , ) .

2b T T bθ
ωω
θ∈
+

Γ =
+



2inf ( , , ) .
2b T T bθ

ωω
θ∈
+

Γ =
+

  As a result, we have 

	

{ }

( )

( , , ) min inf ( , , ), inf ( , , )

2min ,
2

( , , ) .

a T b T
H T T a T T b

ω θ
ω θ θ ω

ω ω
θ θ

ω
θ

ψ ω θ

∈ ∈
= Γ Γ

 + =  
+  

=

≥ Γ

  



Case 3. 2.θ ω θ< < +  We yield 2inf ( , , ) .
2a T a Tω

θθ
ω∈
+

Γ =
+

  In addition, we observe that inf ( , , ) .b T T bθ
θω
ω∈ Γ =

inf ( , , ) .b T T bθ
θω
ω∈ Γ =  As a result, we have

{ }

( )

( , , ) min inf ( , , ), inf ( , , )

2min ,
2

( , , ) .

a T b T
H T T a T T b

ω θ
ω θ θ ω

θ θ
ω ω

θ
ω

ψ ω θ

∈ ∈
= Γ Γ

 + =  
+  

=

≥ Γ

  



Case 4. 2 .θ ω+ <  It can be seen that

( , , ) sup ( , , )
a T

T b a b b
ω ω

ω
∈

Γ = Γ = 

for all .b Tθ∈  This implies that inf ( , , ) .b T T bθ
θω
ω∈ Γ =  Likewise, we have 2inf ( , , ) .

2a T a Tω
θθ
ω∈
+

Γ =
+

  As a result, 

we have

{ }

( )

( , , ) min inf ( , , ), inf ( , , )

2min ,
2

( , , ) .

a T b T
H T T a T T b

ω θ
ω θ θ ω

θ θ
ω ω

θ
ω

ψ ω θ

∈ ∈
= Γ Γ

 + =  
+  

=

≥ Γ

  



Consequently, all conditions of Theorem 4 holds which implies that T admits optimal point of closest proximity in Ω. 
It is to be remarked that [1, 2] {0}∪  are the best proximity points of T.
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