Contemporary Mathematics

http://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

Global Stability of Non-critical Traveling Fronts for a Belousov-Zhaboti
nskii Model with Time Delay

Guang-Sheng Chen” ", Jie-Kun Li, Hai-Miao Meng, Chun-Hong Li, Meng Lv

College of Mathematics and Computer Science, Guangxi Science and Technology Normal University, Laibin, Guangxi, 546199, China
E-mail: chenguangsheng@gxstnu.edu.cn

Received: 29 March 2023; Revised: 31 May 2023; Accepted: 26 June 2023

Abstract: This paper is concerned with the traveling fronts of a Belousov-Zhabotinskii system with a time delay. The
stability of the traveling fronts with large speeds is proved by Meng et al. [ 1]. However, the stability of all waves, including
the slower waves (i.e., the wave speed near the critical wave speed), for such a system is unsolved. In this paper, we show
that all traveling fronts with non-critical wave speeds are exponentially asymptotically stable. The exponential convergent
rate is also obtained.

Keywords: Belousov-Zhabotinskii model, traveling fronts, exponential stability

MSC: 35C07, 92D25, 35B35

1. Introduction

It is well known that there is a phenomenon of delayed effects in the generation process of bromic acid. To model
the chemical phenomenon, Wu and Zou [2] proposed and studied the Belousov-Zhabotinskii system as follows:

up = ttyy +u(y, [L—uly, 1) —rw(y, 1 =)},
(M

Wi = Wyy _bu(ya I)W(y, t)v

where (y, 1) € Rx Ry, u(y, t) denotes the concentration of bromic acid and w(y, #) denotes the concentration of bromide
ion. The constants b and r are positive, and 1 > 0 corresponds to the time delay. In this paper, we are interested in the
study of the traveling fronts of (1). From a chemical reaction point of view, the traveling wave solutions can describe the
movement of the bromic acid concentration from a higher region to a lower region (see [2]). In recent years, the existence
of the traveling wavefronts for system (1) with or without time delay has been extensively studied; see, e.g., [3] for the
case without time delay and [1, 4-7] for the case with delay.

It is well known that the stability of traveling wave solutions is an important topic in the theory of traveling wave
solutions; see [8—14]. Recently, by using the weighted energy method, the authors in [1] derived the stability of traveling
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fronts with largespeeds for model (1). However, the stability of all waves, including the slower waves (i.e., the wave speed
near the critical wave speed), for system (1) is unsolved. As pointed out by Mei et al. [12], the stability of slower wavefronts
is much more interesting and difficult. The main purpose of this paper is to derive the stability of all traveling fronts with
speeds ¢ > ¢, (non-critical traveling fronts for short) for model (1), where c, is the critical speed (see Proposition 2.1
below).

We would like to mention that the approach with a piecewise weight function used in [ 1] cannot be applied to show the
stability of the traveling waves with speeds near the critical wave speed. This is because a large upper bound appears due
to the use of the piecewise weight function. To eliminate this large upper bound, one needs to assume that the wave speed
is sufficiently large. To overcome this shortcoming, in this paper, we shall select an appropriate non-piecewise weight
function. The approach is inspired by the work of [12]. With this choice of the weight function and some technical
analysis, we shall show that all non-critical traveling fronts of system (1) are exponentially asymptotically stable. The
exponential convergent rate is also obtained.

2. Preliminaries and main result

In this section, we give some preliminaries and state our main result. We first introduce the following definitions:
(a) Assume that H*(E)(k > 0) corresponds to the Sobolev space of the L?>-functions ¥(y) defined on E, the ith-
derivative ¥/(y) € L*(E) fori= 1, ..., k. Let H5(E) denote the weighted Sobolev space, which endows with the norm

& d'y(y)
YOt ) = <IZO/EG7()’)‘ dy'

where @ (y) denotes the weight function.

(b) Assume that the constant @ > 0, and B is a Banach space. C([0, a]; B) corresponds to the space of the B-valued
continuous functions defined on [0, «].

In order to apply the comparison theorem to system (1), model (1) needs to be transformed into the following system
(2) by taking vi = u, vo =1 —w.

(1), = )y Vi O [L=r=vi(y, 1) +ma(y, 1= 1)],
(2
(v2); = (v2)yy +bvi(y, 1) [L =2y, 1)],

which is a cooperative system. It is obvious that the equilibria (0, 1) and (1, 0) of system (1) become (0, 0) and (1, 1),
respectively.

As usual, a traveling wave solution of (2) refers to a solution v(y, 1) = (vi(y, t), va(y, t)) with the form: v(y, 7) =
®(n) :=(¢1(n), $2(n)), N = y+ ct where ¢ corresponds to the wave speed. It is clear that the function ®(n) =
(¢1(1), 92(n)) satisfies satisfies

cdi(n) =7 (M) + o1 () [1—r—¢1(n) +r¢a(n —cl)],
3
c¢5(n) = ¢ (M) +bo1 () [1 - 92(n)].
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From the first equation corresponding to (3), we can obtain the characteristic equation about the equilibrium (0, 0)
as follows:

A, ¢)i=p> —cp+1—r. )

It is not difficult to verify that there exists w, > 0 satisfying the equations A (., ¢.) =0 and %A (U, cx) =0,

where ¢, =2/1—r. o
Based on the results of [2, 6, 7], we have the following result on the existence of the traveling fronts of (2).
Proposition 2.1 Suppose that the parameters r and b satisfy 0 < r < 1, b € (0, 1 —r) respectively. Then, for any

¢ > ¢, and [ > 0, system (2) has an increasing traveling wave ®(1n) = (¢1(n), ¢2(n)) with speed ¢ (traveling front for

short) connecting (0, 0) and (1, 1).

To obtain the stability result of the non-critical traveling fronts ®(1) = (¢1(n), ¢2(n)) of system (2) constrained by
the initial value:

VIO(y) = Vl(y; 0)7 VZO(ya S) = VZ(y7 S)7 ye Rv s € [717 0}7 (5)
let r and b satisfy the technical assumption as follows.

2
(A)0<r<§, O0<b<1l-—r.
Now, the expression of the function F (1) is given by

F(n)=@4—-r+2b)¢1(n)—5r—2b. 6)

From the assumption (A), it follows that ggn F(n)=4—r+2b—5r—2b=4—6r>0.
Then, we can check easily that there is a large enough parameter 19 such that F (19) = (4 —r+2b)¢; (no) —5r—2b >

According to the above constants (1, and 1, a weight function @, (1) is expressed as follows:

o.(n) = e Hx(1=10) (7)

Now, the main conclusion of our study can be stated by the following Theorem 2.1.
Theorem 2.1 Suppose that the condition (A) is satisfied and ®(y+ct) = (¢ (y+ct), ¢2(y+cr)) is a given trav with
speed ¢ > ¢, if the condition (5) satisfies (0, 0) < (vio(y), vao(y, s)) < (1, 1), ye R,s € [-/, 0] and

vio(y) = 91(y) € Hg, (R) C C(R) and vao(y, 5) —92(y+cs) € C([~1,0]; Hg, (R)).

Then, the problem (2) subjected to (5) has a unique solution v(y, #) = (vi(y, t), va(y, t)) satisfying (0, 0) <
Wiy, 1), va(y, 1)) < (1, 1), 2> 0, y e Rand

vi(y, 1) — ¢i(y+ct) € C ([0, +oo); Hy, (R)) NL?* ([0, +o0); Hy (R)), i=1, 2.
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In addition, there exist two parameters C > 0 and A > 0, such that the following inequality holds.

sup ||[v(y, 1) — ®(y+ct)|| < Ce ™, Vi > 0.
yeR

3. Proof of Theorem 2.1

The global existence and uniqueness of the solution and comparison principle for the problem (2), subjected to initial
value (5), can be proved by using the theory associated with abstract functional differential equations (c.f. [5]); see, e.g.,
Meng et al. ([1], Proposition 2.1). Throughout this section, we always assume that (A) holds.

From the result of [1], one has

(O’ O) < (Vlo(y)7 V20<y> S)) < (17 1)7 YER, s€ [_T’ O]’ Vlo(y) _(Pl(y) € HOIU*(R) C C(R)a
v20(y, 5) — 92y +cs) € C([—1, 0]; Hg (R)).
Now, we define

Vigy) =min{vio(y), 91 (0}, vip(y) = max{vio(y), $1(»)}, y € R,

Vgo(y’ S) :min{VZO(y’ S), ¢2<y+cs)}’ YER, s€ [_l> 0}7

vio(, 8) = max {vao(y, 5), 2(y+es)}, yER, s€[~1, 0,
which can lead to
0 <vip(y) <vio(y), 91(») <vip(y) <1, yER,
0 <vy(y, 5) <vao(y, 8), 2y +cs) <vig(y, s) <1, y€R, s€[—1, 0].

Assume that (v (y, 1), v5 (y, 7)) and (v{ (y, 1), v (y, 1)) are the positive solutions of system (2) constrained by

the conditions (v, (y), v(y, s)) and (v{y(y), v3o(», 5)), respectively. Then, by employing the comparison theorem

established in [1], one has

0<v; (y, 1) <vi(y, 1), oi(y+ct) <vi(y, 1) <1, (y,1) ERXRT, i=1, 2. (®)

Take
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Ur(m, )=+ (i 0, 1) =gy +er)), i=1, 2,

Uio(n, 0) =+ (vig0) = $100)), Usg(, 8) = £ (v (3, 8) = pa (v + ) ,
Ui(n, 1) =vi(y, 1) = §iy+cr), i =1, 2, Uso(1, 0) = vio(y) — 1 (v),
Uxo(1, 0) = v20(y, 5) = 92(y +cs),

where N =y+ct and s € [—1, 0]. Then, in term of comparison theorem and (8), we have

(Oa 0) S (Ul_O(nv O)a U2_0(n7 S)) S (UIO(na 0)7 UZO(na S)) S (Uﬁ(_)(nv O)» U;(_)(nv S)) S (17 1)a
(Oa 0) < (Ui)(nv t)v U{O(ﬂ? t)) < (UIO(n7 t)v U2O(n7 t)) < (UlJ(r)(nﬂ t)? U2+o(777 t)) < (17 1)

Now, we show the assertions of Theorem 2.1 in three steps.
Step 1 We first claim that the inequality sup HUﬁ(n, 1) H < Ce™ holds fori =1, 2.
ner

For simplicity, let us denote U;" (1, ) by Ui(n, t), i = 1, 2. Itis easily verified that (U, (1, t), U2(n, t))satisfies
Un(n, t)+clUin(n, t) = Uinn(n, 1)
+UI(, )201(n) = (1 =r) =rla(n —ct, 1 —1) = r¢a(N — c1)]

=—UtM. ) +rgi(mUa(n —ct, 1 1) ©)

Uxn(n, t)+cUm(n, t) = Uzqn(n, 1) +bUa(n, 1) [91(n) + Ui (7, 1)]

=—bUr(n, 1)ga(n) +bUi (0, 1),
which is subject to the following initial condition
Ui(n) =Uw(n), Ua(n, 5) =Uxn(n, s), n €R, s €[-1, 0]. (10)

Notice that Uy (1, t), Ua(1, t) € C ([0, +e0), Hy (R)), since Ujo(1, 0), Uno(n, ) € Hy (R). To obtain the energy
estimates, the solutions to (9) and (10) need to have sufficient regularity. Thus, the initial conditions can be mollified as
follows:
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Ur0e(1, 0) = (Le * U10) (1, / Le(n — 0)Uip(w, 0)dw € H (R),

Une(n. 5) = (Le*Un) (. 5) = [ Le(n—@)Un(@, $)dw € H, (R),

where L¢ (1) is the mollifier. Suppose that (Ui (1, 1), Uze (7, 1)) satisfies (9) with this mollified initial conditions. Then,
it can be concluded that Ue (1, 1) € C ([0, +<0), H5 (R)), i=1, 2.

Let € — 0. Then, the energy estimate of the original solution U;(z, 1) can be established by Lemma 1, which will
be given in the following.

Lemma 1 If any ¢ > ¢,, then

(a) there exists some constant Cy > 0, such that the following assertion is true.

2 t 2 t 2
MY i ol + [ Y (U, o)y ds+ [ [ @Y 0k, UFn, sjdnds
i=1 * i=1 . i=1

2
<YL IO, +Go [ i), as.

(b) there exists some constant Cy > 0, such that the following assertion holds.

2 f 2 t 2
M Y Wi DI, + [ Y [Unn(n. o)y ds+ [ [ @Y 0k, 5)UF (. s)ands
i=1 i=1 * i=1

R 2 0 2 0
=Co (ZHUWO(O)HE% +/l ||U2n0(S)HigU ds+2||Ui0(0)||ilzﬁ +/1 ||U20(S)||igij ds)v
i=1 * - * i=1 * - *
where

0F (. 1) = Ri(1, 1)~ 20, QE(n. 1) 1= Ro(n. 1) 24— rgn( +-e) TN LD, (pras )

@.(n)
/ /N 2
R 1i= e~ () #2200~ 1 roa(n v - ron(m) -
/ I\ 2 c
Ro(n, 1) = —cgj:—(gi) +2b [dn(n)—;] —r¢1(n+cl)w.

Proof. (a) Multiplying both sides of differential equations for (9) by e**' @, (n)U;(n, t) and ' @, (n)Ux(n, 1),
respectively, where A > 0 will be given later and @, (1) is expressed by (7), one can derive
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M@, (n)U1Uy, + ce? @, (n)UiUry — M @.(0)U Uiy
+ M@ (NUF 201 — (1= 1) = rUs(n — T, t —1) = ra(n — c1)]
=— Mo, (U + rM @, (M UUy(n —ct, 1 — 1)1,
M@, () UrUy + ce®M @,(0)UaUsy — M @, (1) UrUsiy (11)

+bM®,()U3 (91 +U1] = —be®™ ©,(0)U Us ¢y + be*™ @, (0) UL Us. (12)

1
A direct computation shows that e2* @, (1)U Uy, = (2627“66*(11)%2) ~ 1M @, (n)UE and
t

C C
@, ()0 Uiy — M@ (MU Uiy = (54 00U~ M @. (Ui )~ 5 0LV

+eM @l (n)U1Ury + e @, (n)UF,.

Thanks to (11), one has

1 c
<2e2“w*(n)U12> + (Ee”’w*(n)Uf - e”‘w*(n)UlUm)n +eM @l (n)U1Uny + e @, (n)UF,

t

+{‘§ff —A+[201—(1=r) = rUa(n —ct, t—1) —rga(n —a)l}e”’@(mu% (13)

=—Mo,(UR + rM @, () U U () —c1, 1 —1) .

Applying classical inequality

2ab < a* +b?, (14)

which is called Cauchy-Schwarz inequality, one has the following conclusion

At ot 1 o R ENAUNS 2
e w*(n)U]U]n Sie w*(n)Uerie m w*(n)Ul (15)

Deleting the negative term —e?*' @, (n)U; (7, t) of (13)and combing the inequality (15) we can verify
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l 2A1 2 C oAt 2 2t 1 20t 2 _fﬂi_
<2e o, (n)U; [+(2e o.(N)U; —e w*(n)UlUln)n+26 o.(MUiy, + 2o,
I\ 2
S (5) ~aspo-(-n-rtan-a r—t>—r¢z<n—cw]}eww*(n)zf% (1o

<re@, (M UUy(n —c1, 1 —1)9y.

Similarly, by using the inequality (14), it is can be derived that

201 <l 201 2 Lo (1) ? 2 1
Mo (N)UaUsy | < 5¢ w*(n)U2n+2e A o.(n)Us, (17)
2t b 2t 2 b 2t 2
’be w*(n)ule‘ < SeMe. (U + 5w, (n)UF. (18)

Deleting the term —be** @, (n)U;(n, t)U2(7, 1)@y, originating from (12), and combing the inequalities (17) and
(18), it can be transformed to

1
(38¥0.002) + (5.0} - @ (mvave)
t n
1 5, ’ co, 1 (o 2 1 22 2

b
Sirem'w* (n)U?.
The fact can be noticed that the vanishing terms

(%em’w*(n)Ulz—em’w*(n)UlUm) and (%em’w*(n)Uzz—eutw*(n)UgUgn)
n n

will appear when integrating (16) and (19) over R x [0, #] with respect to n and ¢, since U;, U € Haz,* (R). In addition,
one has

t
L[ (o muin. 5)) dsn = |03, =017, - 20)

t t
s N 2
/R /0 M @.(n)UF (0, s)dsdn = /O Ui (5)][ 5, ds. @1)
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!
L[ (o muim. ) dsn = a3, = V(07 - 22)

t t
/R /0 @, (n)U2, (1, s)dsdn = /0 Uz (5)|I7, ds- (23)

In view of the inequality (14) again, we can derive the following estimates:
t
2 [ [ S @.mUi(n. )Uan —et, s~ 1)gidnds
0 JR
t t
gr/ /eusw*(n)Ulz(n, s)d)ldnderr/ /eusaf*(n)U%(n —ct, s—1)¢1dnds
0 JR 0 JR
t t—1 p
= [ [ E@muitm, sgnds+r [ [ omm+ea)vin, sonrenands @4
—1
t t
Sr/o /Remsw*(n)Ulz(n, s)d)ldnderreM’/O /Remw*(n +c)U3 (M, $)o1(n +c1)dnds

0
+reZM/ /Reusw'*(n +c)Uz (1, $)¢1 (1 +ct)dnds.
—1

By integration of (16) and (19) over R x [0, ¢] with respect to 1 and ¢, and the combination of (16), (20), (21), and
(24) can yield

A 2 " ods 2 ! @ (o’
62t||U1(t)||Lé;*+/0g2 HUln(s)HL%*ds—i-/O/R (o) -~
+2[201 — (1= r) = rUs(n —c1, t —1) — rgo(n — cv)]} X @, (n)UE (M, s)dnds
1
< U3y, +r [ [ @ muUE, odnds 25)
!
—&—re””/o /}Rez“m’*(n +c)U3 (7, s)o1(n +c1)dnds

0 r2As
#re [ [ @+ e)UR (. 01 (n+ cvydnds
—1

and substitution of (22) and (23) into (19) results in
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wl o' 2
oy ol o [ [ {3 -(3)
—2A+2b ((1)1 - % —|—U1> }em“'w*(n)Uzz(n, s)dnds (26)

<Oy, +5 [ [ o muim, sdnds.

Based on (25) and (26), one has
T s 2 2
& (1)1, + 102001, )+ [ ([0 ), + V)35, ) s
+ [ [ @Fa.m) (e, i, )+ 0k, UR, ) dnds

0
2 2 2
< V0O, + 103, +Co [ 1U(s)I,, ds

where Cy > 0 is a constant.
(b) Similar to the statement (1), we can prove that the statement (2) is true. The proof of Lemma 1 is completed.
Lemma 2 There exists a positive constant C,, such that

(g

R(n,t)>C,>0,VneR, I=1,2.

N
I
=

Proof. By (7),0 < ¢;(n) < land 0 < U;(n, t) < 1, i=1, 2, one has

Ri(m, 1) =ctte—p; —(1=r)+(1=r)+2[201(n) = 1 —r¢s(n —c1)] —ré1(n) —b > (4—r)¢1(n) —3r—1—b

o.(n+ct)

2.0 >2b¢1(n) —b—2r+1.

Ra(n, ) =ept 2= (1) (1) 26 [os(n) = 3| = ron(n 4.9

Based on the above analysis and the function (1) defined by (6), one has

g[S

Ri(n,t)>F(n)>F(Mo)=(4—r+2b)¢1 (no) —Sr—2b=: C;

N
Il
iR

and the assertion follows.
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C
Lemma 3 If the equation72 —4A—r (ezm — 1) = 0 has only a positive root A, then for any 0 < A < A, there exists
some constant C; > 0, such that

Qll(rh t) ZCla Vn eR.

nglS

~
Il

1

@, (N +c7)

Proof. We know that 0 < ¢;(n) < 1 and
m @.(n)

<1 for n € R. Hence, one has

_ 2 G)'*(T] +Cl) L
le(TIa 1) —;(Rz(n, 1)—2A) —r¢i(n +01)W (e”L — 1)

e

—
Il

2C2—47L—r(e2m—1) >%—4l—r(€2m_1) =C >0

for any 0 < A < A;. This finishes the proof.
By applying Lemma 1 (b), one easily obtains the estimates as follows:
Lemma 4 There exists C3 > 0, such that

2 0
2
M| Uim(n, D, <G (): U0y, + [ U201, ds) =12,
: I=1 e :

Thus, Lemma 1 (a) and Lemma 4 imply the following conclusion:
Lemma 5 Assume that @, (1) is the weight function expressed by (7). Then, there exists some constant C4 > 0, such
that

2

0
10, 1), < Coe™ (Z 1U0(0)Iz, + / U205l ds) V>0, 1=1,2.
=1 -

Notice when @.(1) — 0 as 1 — oo, Hg (R) — C(IR)cannot be assured. However, ision Hy, (1) — C(I)for any
interval I = (—oo, 7], where 1 > 1o + 1is some large constant. Hence, according to Lemma 5, one has the following
inequality:

Lemma 6 If ¢ > 0, then there exists some constant Cs > 0, such that

1

2 0 2
sup|Uy(n, )] < Cse ™ | Y | Uio(0) 171 +/ [U(s)l31 ds)| 1=1,2,
nel = @ —1 @

for any I = (—eo, 1] with some large constant 17y >> 19 + 1.
Lemma 7 If A, = b, then there is some constant C > 0, such that
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: — Mt
< 2 = .
Jim [Ui(n, )| <Ce™, 1=1,2

Proof. It is easily verified that Ujy (eo, t) = Ujpy (o0, 1) =0, I = 1, 2. In view of (9) and the boundedness of U; (e, 1)
for all n € R, taking 7 — oo, one has

Uy (o0, 1) + Uy (oo, £)(1 —r) < rUs (oo, t —1), 27)
Uy (o0, 1) < —bUy (o0, t). (28)

By integrating (28) over [0, 7], one obtains
Us (oo, 1) < Up(oo, 0)e """ (29)

Thus, substituting (29) into the equation (27) gives

e—m

Ur(e0, 1) < Ur(oo, 0)el"™ "4 rUn(oe, 0)e* 5 —
-

esz

:C—bt
1—r—> ¢

< Uy (o0, 0)e™ +rUs (oo, 0)e’®

B U» (oo, 0 bl
where C := Uj (e, 0) + %.

Hence, we have T}gn Ui(n, t)| < Ce™', 1 =1, 2, where C:=max {C, Us(s, 0)}, A := b. This finishes the proof.

Taking 0 < A <dand0 <A <Ay, by using Lemmas 6 and 7, we finally obtain the L”convergence for 1 € R as
follows:
Lemma 8 If ¢ > 0, then there exists some Cg > 0, such that

sup [v" (v, 1) — ¢y (y+ct)| = sup [Ui(n, 1)| < Coe ™™, 1=1, 2.
yeR ner
Step 2 Similar to Step 1, we know that there are constants C7 > 0 and Z, such that
sup|vl_(y, 1) f¢l(y+c't)| < C7e_1t, t>0,1=1, 2.
yeR

Step 3 According to (8), one has
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iy, t) — dr(y+ct)| < max{‘vf(y7 1) —=@(y+et)], v (o, t)—(i)l(y—&-ct)‘}7 I=1,2.

)

Then, based on the results obtained in Step 2 and Step 3, and the above observation, this finishes the proof of Theorem
2.1.

4. Numerical examples

In this section, we give an example of the numerical application of the main results.
Example 1 Consider the following Belousov-Zhabotinskii system with a time delay:

(V1) = 1)y 010, )[04 =v1(y, 1) +0.6v2(y, t —0.5)],

(30)
(v2), = (v2),, +0.2v1(y, 1) [T = w2y, 1)],
which is subjected to the initial value
VIO(y) = V](y, 0)3 VZO(y7 S) = v2(y7 S)a ye Ra RS [70'57 O]a (31)

where 7 = 0.6, b= 0.2, and = 0.5. By computation, we obtain ¢, = 2v/1 —r = 21/10/5.

Sincer € (0, 1) and 0 < b < 1 —r, it follows from Proposition 2.1 that for any ¢ > ¢, system (30) has an increasing
traveling wave ®(1) = (¢1(n), ¢2(n)) with speed ¢ connecting (0, 0) and (1, 1).

It is seen easily that the condition (A) holds and (0, 0) < (vio(y), vao(y, 5)) < (1, 1), yeR, s € [-0.5, 0],vio(y) —
¢1(y) € Hy (R) C C(R), vao(y, s) — ¢2(y+cs) € C([0.5, 0]; Hb (R)). So, Theorem 2.1 ensures that for any ¢ > c,,
the traveling ¢ > ¢, wave solution ®(1) = (¢1(n), ¢2(n)) of system (30) is exponentially asymptotically stable.

5. Conclusions

This paper has successfully established the stability of traveling wave solutions for system (2) with condition (5) by
a technical assumption. The weighted energy method and comparison theorem have been used for obtaining the stability
of all waves, including the slower ones (i.e., the wave speed near the critical wave speed). It needs to be mentioned that
we discuss only the stability of the traveling wave solution of system (2) for ¢ > c,; the stability of the traveling wave
solution for the case ¢ = ¢, is unsolved and left to the future for further consideration.
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