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Abstract: The partitions with designated summands were introduced. In such partitions, among those parts of the same
magnitude, one is tagged or designated. This work presents some new results on partitions with designated summands.
The total number of partitions of » with designated summands is denoted by PD(n). PDO(n) indicates how many
partitions of n there are with designated summands where every component is odd. The number of tagged parts
across all partitions of »n with specified summands is known as PD(n), and the number of tagged parts across all
partitions of n with designated summands in which all parts are odd is known as PDO/(n). In this study, we
demonstrate a few new congruences modulo 2 and 4. We employed the dissection approach to access our recent
discoveries.
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1. Introduction

Andrews et al. [1] discovered and worked on a different group of partitions, partitions with designated summands.
Take regular partitions and tag precisely one of each component size to create the partitions with designated summands.
As an illustration, there are five partitions of 3 with designated summands, specifically,

3,27+ 1, 1'+1+1,1+1"+1,1+1+1".

PD(n) displays the number of partitions having designated summands. Hence, PD(3) = 5. Andrews et al. [1] further
researched PDO(n) the number of partitions of n with designated summands, in which all components are odd. From
the aforementioned illustration, PDO(3) = 4. Further research on PD(n) and PDO(n) were performed by Chen et al. [2],
Baruah and Ojah [3], and Xia [4]. Two new partition functions, PD(n) and PDO/(n) have been developed by Lin [5].
They count the number of tagged parts across all partitions of n with designated summands and, in turn, the number of
tagged parts across all partitions of » with designated summands, in which all parts are odd. As demonstrated by the
above partition of 3, PD(3) = 6 and PDO/(3) = 4.
Moreover, Lin [5] has provided proofs for the following generating functions:
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Here and in the succeeding sections, we use

(asq), =[T(1-ag"").Jg] <1

n=1

and f, =(q";¢"),, where a and ¢ are two complex numbers and & is a positive integer.

Baruah and Kaur [6] and Vandna and Kaur [7] proved some new results on PD(n) and PDO/(n). Baruah and Kaur [6]
discovered the exact generating functions of PDO(8n + 6) and PDO(8n + 7) Moreover, they discovered several infinite
families of congruences modulo 2 and 4 for PD,(n). In this paper, we use the various congruences found by Baruah and

Kaur [6] to find infinite families of congruences and various novel congruences modulo 2 and 4.

2. Preliminaries

We now list several significant 2- and 3-dissections.

2.1 Lemma 1

2-dissections of g-products:
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2.2 Lemma 2

3-dissections of g-products:
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Here, we also use some of the following useful results:
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In the sections that follow, we will regularly make use of the identities and congruences listed below, sometimes

without explicitly mentioning them.

a(q) = (mod2),

a’(g) =1(mod4),
/7 = f,(mod2),
£ = 7 (mod4),
fl8 = f24(m0d8).

3. Results

Theorem 1. For n > 0, we have
Y. PD,(432n+54)q" = f7 (mod2),
PD,(432n+198) = 0(mod 2),

PD, (432n+342) = 0(mod 2),
D PD,(216n+81)q" = £, (mod?2),

> PD,(216n+9)q" = f,(mod 2),

4
> PD,(36n+9)q" E%(mod4),
1

> PD,(12n+9)q" E%(md 4),

1J4

Zf:o PD,(72n+45)q" =2

2
1/8

ff;i (mod4)

> PD,(2592n+216)q" = fa(q’)(mod 4),

> PD,(2592n+1944)q" = f; (mod 4),
PD,(7776n +4536) = 0(mod 4),

PD,(7776n+7128) = 0(mod 4).

4. Proof of the theorem

Using an equality in the proof of the Theorem 1 [6], we have
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" PD,(48n+6)q" = 1) = fya(q* ) -3qf; (mod2).
From which we extract

> PD,(144n+54)q" =-3f; (mod2) = f; (mod 2).

n 3n+1 3n+2

From which when we extract the terms having ¢, ¢, ¢, we obtain (17), (18), and (19), respectively.

Now, from [6, equation (5.4)], we have

> PD,(121+9)q" = f;’ = fia(q") -3/, (mod 2).
Extracting the terms involving ¢ from both sides, we get
D" PD,(216n+81)q" = £, (mod?2),

which is (20).
From (29), extracting the terms involving ¢”" from both sides, we get

> PD,(216n+9)q" = f,a(q)(mod2),

which is (21).
Now, from an equality in the proof of the Theorem 1 [6], we have

4
> PD,(12n+9)q" = %(mod 4y,

3

from which we extract

4
> PD,(36n+9)q" E%(mod4),
1

which is (22).
Also, from (6), we further get

. N AR
PD,(36n+9)q" = fi| <L _12g 80 || s d4
2P, (361+9)q f(fzfm+ qufgj (fzfm+ i J(m" )

from which we extract

z:":o PD,(72n+9)q" = flj}; (mod 4),

which is (23).
Again, extracting the terms involving ¢*"*' from (31), we have
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A (mod4),

2 2
1J8

Z:ZOPDt(72n+45)q” =2

which is (24).

Now, from an equality in the proof of the Theorem 1 [6], we have

2

> (f,a(4°) =341 ) (mod 4)

6

~

D" PD,(864n+216)q" =

~

from which we extract the terms involving ¢ to get

“ PD,(2592n+216)q" = f’a(q” )(mod 4),
n=0

which is (25).

Again, on further extraction, we get

“ PD, (2592n+1944)¢" = f2(mod 4),
:E:nfo t( ) 6

which is (26).

3n+l

Also, extracting the terms ¢”""' and ¢*""* from (26), we arrive at (27) and (28), respectively.
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