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Abstract: Da-Wei Chang, obtained the matrix trace inequality for Hermitian matrices tr((AB)zk) < tr(Aszzk) for any
integer k. In this paper, we give an equality condition for this inequality by using the weak majorization of eigenvalue.

Keywords: trace function, trace inequality, the weak majorization

MSC: 14A18

1. Introduction

Let M,(C) be the set of all n x n matrices over the complex number field C. The eigenvalues of A € M,,(C)
are 11(A), 12(A), ..., L(A), with |21 (A)| > |A2(A)| > -+ > |A4,(A)|. The singular values of A € M,,(C), denoted by
61(A), 02(A), ..., 0,(A), are the eigenvalues of the matrix |A| = (AA*)'/2 arranged in such a way that 61 (A) > 62(A) >
.-+ > 0,(A). Note that 67 (A) = L;(AA*) = 4;(A*A), so for a positive semidefinite matrix A, we have 6;(A) = 4;(A) for
alli=1,2, ..., n

Given two real vectors x = (x1, X2, ..., X,) and y = (y1, 2, ..., yn) in decreasing order we say that x is weakly log
majorized by y and we write logx <,, logy if ]'[{-;1 x;i < Hé‘:l yi, forevery k =1, 2, ..., nbut if equality occurs at k = n
we write it as logx < logy. We say that x is weakly majorized by y and we write x <,, y if Zf: 1 xi < Zf»‘zl y; for every
k=1, 2, ..., n. We say that x is majorized by y and we write x < y if

n n
x=<yyand Y xi=) yi.
' =1

i=1

A normal matrix A can be decomposed as A = UDU* using the spectral decomposition, where D = diag{A,; (A),
A2 (A), ..., A (A)} and U is a unitary matrix.
It is well know that for all positive semidefinite matrices A and B,

0 <tr(AB) < tr(A)tr(B).
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Lieb and Thirring [1] showed that

tr((AB)%) < tr(A*B) (1)

for all positive operators A, B on a separable Hilbert space and any real number o > 1. In the case where & = m is a
positive integer, some upper and lower bounds for the inequality (1) were obtained by Marcus [2], Le Couteur [3] and
proved again by Bushell and Trustrum [4] as

=

Y AMAA 4 (B) < tr((AB)™) < tr(A™B™) < ) A"(A)A" (B). @

1

Da-Wei Chang [5] obtained the inequality
2k 2k pok
tr((AB)” ) <tr(A” B”), 3)

where k is a positive integer, A and B are hermitian. Wang and Gong [6] generalized the inequality (2) in terms of
majorization and proved

log A"/ (A*B%) < logA'/B (AP BP), 0<a<pB, (4)
AV E(AYBY) <, AP (AP BB, 0<a<p, (5)
AVB(APBPY <, AV % (A%BY), a<p<o, (6)
A%(AB) < A(A*B%), la| > 1, (7
A(A“B*) <y A%(AB), lo] < 1. (8)

In 1999 Chang [5] proved tr((AB)?) < tr(A%B*") for Hermitian matrices A, B. In this paper we show that equality
holds if and only if A, B commute by using the weak majorization of eigenvalue.

2. Main results

Throughout this section, we work with square matrices. First of all we have to show that for any Hermitian matrices
Aand B, tr((AB)?) = tr(A’B?) if and only if AB = BA.

Lemma 1 Let A € M,(R) be a diagonal matrix and B € M,,(C) a Hermitian matrix. If tr((AB)?) = tr(A’B?), then
AB = BA.

Proof. Suppose that tr((AB)?) = tr(A%>B?), while
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a 0 - 0 biy by -+ b
0 a --- 0 biy by - by

in which ay, ay, ..., a, € Rand byy, by, ..., by, € R. Then we have

and

Thus

Now
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tr((AB)?) = (arbrjaib1y +aibipazbip + - -+ a1bi,a,b1,)
+ (a2b12a1b1z + @b azsby + -+ - + azsbonanboy)

+- (anglnalbln + anEZnCleZn +---+ anbnnanbnn)

aiaj|b;;|*

I
—_

I
M:
-

tr(A’B?) = (ajaiby1b1y +ajaibipbiy + - - +aya1bi,byy,)
+ (a2azb12b12 + axazbrob + -+ + azasbanboy)

4 (ananglnbln + ananEanZH +- ananbnnbnn)

a;|bijl*.

- L.

n
i=1j=

—_

n

n n
Y aiajlbi =Y Y aflbi .

i=1j=1 i=1j=1

(ngE

0  (a—a)ba - (a1—an)bin
(ar —ar)bi2 0 o (aa—an)bay
AB — BA =
(an - al)Eln (an - aZ)BZn T 0
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But since |b;j| = |bjil,

n n n n o n
Z Z ai—aj) |bu|2 Z Zaz‘bl/‘z + ZZa2|b,j|2 - ZZ Za,aj|b,j|
i=1j=1 i=1j= i=1j= i=1j=1
n o n
:2{Zzag|bij|2 ZZaa,|bU| }
i=1j=1 i=1j=
Thus AB—BA = 0. O

Theorem 2 Let A and B be Hermitian matrices. Then AB = BA if and only if tr((AB)?) = tr(A2B?).

Proof. If AB = BA, then it is easy to see that tr((AB)?) = tr(A2B?). Next suppose that tr((AB)?) = tr(A2B?). Since
A is Hermitian, A = UDU* where U is a unitary matrix and D is a diagonal matrix whose diagonal entries are eignevalues
of A. Thus

tr((AB)?) = tr[(UDU*)B(UDU*)B] = tt[D(U*BU)D(U*BU )]

—tr ([D(U*BU)}Z) ©)

and

tr(A’B*) = tr[(UDU*)(UDU*)B*| =tr[(UD*U*)B?]
=u[D*(U*B*U)). (10)

From equality of (9) and (10), Lemma 1 implies that AB = BA. O

Next we will give an equality condition for the inequality (3) in case k > 1.

Theorem 3 Let A and B be Hermitian matrices. Then for any natural number k£ > 1, AB = BA if and only if
tr((AB)%) = r(A%B*).

Proof. If A and B commute the results is trivial. To prove sufficiency, we will show that if tr((AB)%) = tr(A2 BY"),
k> 1then tr((AB)?) = tr(A%B*) which implies AB = BA. Suppose that tr((AB)?) # tr(A%B?), so from the inequalily (3)
we have that

ix,?(AB) < i)t,-(Asz). (11)
i=1 i=1
Thus
tr((AB)?) = Z A2712 ((AB)) < Z A2 (AZBZ) . (12)

i=1 i=1

Since A and B are Hermitioan, A> and B? are positive semidefinite. Therefore by (7) we have that
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2:(A%BY). (13)

-

Il
-

y a2 (4%8) <

i=1

We can therefore conclude that if tr((AB)?) < tr(A%B?) then tr((AB)zk) < tr(Aszzk). Hence by the inequality (3)
we have, if tr((AB)?") = tr(A2B*) then tr((AB)?) = tr(A%B?) which implies AB = BA. O

Next we will give an equality condition for the inequality (3) in case k < 0. First we will consider k = —1, after which
any k < 1 can be considered. To be able to find the square root of any matrix, we need to consider positive semidefinite
Hermitian matrices.

Lemma 4 Let A be a positive semidefinite diagonal matrix and B € M,(C) a positive semidefinite matrix. If
tr((AB)'/2) = tr(A'/2B'/2), then AB = BA.

Proof. Since B is positive semidefinite, B = UDU* where U is a unitary matrix and D is a diagonal matrix whose
diagonal entries are non-negative eignevalues of B. Then

tr((AB)'/?) = w(A'?B'/?) = r(A'B)), (14)

where A’ = U*AY2U and B’ = D'/2. We also have that

((A’ZB/Z 1/2 Zl1/2 A/ZBIZ)
i=1

=Y (U auD)

i=1

A2 (aupu*)

1

|
™=

i=1

=tr((AB)'/?). (15)

From equation (14) and (15) we have that tr(A’B') = tr((A”>B’?)'/?). But
2572)1/2) — Z 12 4 n2pn Z 1/2< ) i
wr((A2B?) A2y = Y AV (4B (A'B) A'B)).

Thus Y'_, 4,(A'B’) = tr(A’'B) = tr((A*B”?)'/2) =¥, 0,(A'B').
We know that

< ¥ |m@B)| < Y 2B = ¥ oia'B)

i=1 i=1

™=

‘ Z A (A'B))

i=1

1
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S0 X1y M(A'B) = Xy |M(A'B)| = Xy Gi(A'B).

Therefore, we can conclude that A;(A’B’) is non-negative foralli=1, 2, ..., n. Since the arrangement of eigenvalues
and singular values, A;(A’B") = 6;(A'B’) foralli=1, 2, ..., n which implies A’B’ is a positive semidefinite matrix. Then
we have,

A((A'B')?) =

-
-

i
L
[

lxi ((A’B’)(A’B’)*)

A(A'B'B'A)

|
™=

I
-

Ai (AIZBIZ) )

=

1

Thus by Lemma 1, A’B’ = B’A’. Hence A’ and B’ are simultaneously unitarily diagonalizable and commute. Therefore
we can conclude that AB = BA. O

Theorem 1 Let A and B be positive semidefinite matrices. Then AB = BA if and only if tr((AB)'/?) =tr(A'/2B'/?).

Proof. Since A and B are positive semidefinite matrices, A and B are simultaneously unitary diagonalizable. If
AB = BA, then (AB)'/?2 = A'/2B'/2. Thus tr((AB)'/?) = tr(A'/2B'/?). Next assume that tr((AB)'/?) = tr(A'/2B/?).
Assume that A = UDU* is the spectral decomposition of A. Thus

tr(A'?B'/?) = w(UD'*U*B"?) = u(D'*U*B'/U). (16)
By the unitary invariance of eigenvalues we have that
tr((AB)'/?) = u((UDU*B)'/?) = u((DU*BU)"/?). (17)

By Lemma 2 and the equations (16) and (17), we have that DU*BU = U*BU D, which implies that AB=BA. [

Theorem 6 Let A and B be positive semidefinite matrices and k a positive integer. Then AB = BA if and only if
tr((AB)V/2") = r(AV/2B1/2"),

Proof. Necessity is obvious because A and B are normal and commute, so they are simultaneously unitary
diagonalizable. Next we will prove the sufficiency case. In [6] Wang and Gong proved the weak majorization
A(A*B%) <,, A*(AB) for |ot| < 1, so we have that

tw(A? BV < w(aB)/?.

We will show that tr(Al/szl/zk) = tr(AB)l/zk implies tr(A'/2B'/?) = tr(AB)'/2. If tr(A'/2B'/?) # tr(AB)'/?, then
YU A(AV2BY?) <y lil/z (AB). We apply (8) and get
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A1/2"Bl/2k i (. Al/szl/zk

—_

1/2k
/I.W (A1/231/2)

M:

=,

Il
=

<Y 2% (aB)
i=1

= tr(AB)"/*

a contradiction. Thus A(A'/2B'/2) = 1'/2(AB), by Theorem 3 we have that AB = BA. O
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