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1. Introduction and preliminaries

Weakly C-contractive maps have been introduced by Choudhury [1] as a modified version of the contractive
conditions proposed by Chatterjee [2] and Kannan [3-4]. All these different types of contractive conditions have been
shown to be independent of one another (see [5]) and most of these results have been discussed in considering a single
self-map on a metric space. We intend, in the present paper, to extend the result of Choudhury [1] by considering a
family of self-maps on a metric-type space. The paper by Jovanovi¢ et al. [6] is an interesting reference regarding the
common fixed point in metric-type spaces.

The following is the definition in a metric space of a weakly C-contractive map as it appears in Choudhury [1,
Definition 1.3].

Definition 1.1. A mapping 7T : (X, m) — (X, m), where (X, m) is a metric space is said to be weakly C-contractive or
is a weak C-contraction if for all x, y € X, the following inequality holds.

m(Tx,Ty) < %[m(xy Ty) +m(y, Tx)] =y (m(x, Tx), m(y, Ty)),

where  : [0, +00)* — [0, +o0) is a continuous mapping such that y(x, y) = 0 if and only if x =y =0.

It is important to point out that weak C-contractions constitute a very large class of mappings that contains the
above-mentioned ones.

Next, we recall the definition of a metric-type space.
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Definition 1.2. (See [7, Definition 1.1]) Let X be a nonempty set, and let the function D : X x X — [0, +o0) satisfy
the following properties.

(D1) D(x, x) =0 for any x € X;

(D2) D(x, y) = D(y, x) for any x, y € X;

(D3) D(x, y) <K(D(x, z,) + D(z,, z,) + ... + D(z,, y)) for any points x, y, z;, € X, i =1, 2, ..., n where n > 1 is a fixed
natural number and some constant K > 1.

The triplet (X, D, K) is called a metric-type space.

The class of metric-type spaces is strictly larger than that of metric spaces (see [8]). The concepts of Cauchy
sequence, convergence for a sequence, and completeness in a metric-type space are defined in the same way as defined
for a metric space. We also recall the definition of a A-sequence.

Definition 1.3. (See [7, Definition 2.1]) A sequence (x, ),-; in a metric-type space (X, D, K) is a A-sequence if there
exist 0 <A1 <1 and n(4) € N such that

L
> D(x,,x,.,,) < AL for each L > n(2).
i=1

Finally, we denote by ® be the class of continuous, non-decreasing, sub-additive, and homogeneous functions F': [0,
+00) — [0, +o0) such that F'(0) = {0}. We can now state our fixed point results.

2. Main results
2.1. Common fixed point theorems (Kannan-Choudhury case)

In this section, we prove the existence of a unique common fixed point for a family of contractive-type self-maps
on a complete metric-type space by using the Kannan contractive condition as a base.

Theorem 2.1. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self-mappings on X.
Assume that there exist two sequences (a,) and (b,) of elements of X such that

F(D(T,(x), T;(»))) < F(6,,[Dx,T(x))+ Dy, T,(y)D = F (7, jw[D(x, T,(x)), D(y, T, (y)]) ()

forx,y € Xwithx #y,0<46,,,7,;,<1,i,j=1,2, ..., and for some F' € ® homogeneous with degree s, where J, ; = D(a,,
a),y.;=D(b, b)), and y : [0, +00)” — [0, +o0) is a continuous mapping such that w(x, y) = 0 if and only if x = y = 0. If

S
i,i+1

the sequence (s,) where s, = is a non-increasing A-sequence of elements of R™ = [0, +o0) endowed with the max

s
i+l

metric, then{7,} has a unique common fixed point in X. The max metric m refers to m(x, x) = 0 and m(x, y) = max{x, y}
if x #y for any x, y € [0, +o0).

Proof. For any xy € X, we construct the Picard type sequence (x,) by setting x, = T,(x,_,), n = 1, 2, .... Using
equation (1) and the homogeneity of F, we obtain

F(D(x,x,)) = F(D(T(x,), T, (x,)))
S L F([D(xy, Ty () + D(xp, T, (x))]) = 71, F (WD (xg, T (%)), D, T, (x,)])
=0, F([D(xy, ) + D(x;, x,)]) = 71, F (WD (xp, ), D(x;,x,)])
<L, F([D(xy,x,)+ D(x,,x,)]).

Therefore, using the sub-additivity of F, we deduce that

(1- 51‘2 )F(D(x1 s Xy )< (51‘2 )F(D(xo, X ),

Volume 4 Issue 4/2023| 711 Contemporary Mathematics



51Y2
F(D(xloxz)) < [1—

s ]F(D(xo,xl ).

Also, we get

F(D(x29x3)) = F(D(Tz(x1)sTs(x2)))

< %2, F(D
- 523 (D(x,x,))

o[ 2 % |p
- 1_5;,3 1- é‘lvz ( (xo’x ))

By repeating the above process, we have

F(D(x,,x,,,)) < H[l Iél.tl }F(D(xo’xl))- 2)

i,i+1
Hence, we derive, by making use of the triangle inequality and the properties of F, that for p > 0

F(D(x,,x,,,)) < K'[F(D(x,,x,,) + F(D(x,,,,%,,) +...+ F(D(x,,, ,X,.,))]

Yl+]7

n

5Y 1 AR lSl+l ey é‘ISHI
<K H[l T ]F<D<xosxl>)+l'[[ s jF(D(xo,xl)H +H[1 = ]F(D(xo,xm}

i,i+1 i+l ii+1

_p—l n+k é‘zswl
=K' | D[] —%— F(D(x, )
| k=0 i=1 1_51',141
s I k é:sl+l
=K' 2 [| —5— F(D(xx)) |
& a-s;

Now, let 4 and n(4) as in Definition 1.3, then for n > n(1) and using the fact that the geometric mean of non-negative
real numbers is at most their arithmetic mean, it follows that

li= i+l

<K* H”ilﬂ"]F(D(xo,xl ))}

n

3 F(D(x,,x,)). (3)

n+p-1 k o . ,
F(D(xwx+ ))SKS Z {%Z(#]:l F(D(xosxl))

<K* 4
1—

Letting n — +o0 and since F'(0) = {0} and F is continuous, we deduce that D(x,, x,+,) — 0. Thus (x,) is a Cauchy
sequence and, by completeness of X, converges to say x*€ X. Moreover, for any natural number m # 0, we have

F(D(x,,T,(x" ) = F(D(T,(x,,),T,(x")))
<68, [F(D(x,,x,)+ F(D(x", T, (x" W] = 7,,,FWID(x, ,,x,), D(x", T, (x")]).

Again, letting n — +oo, we get

Co iporary Math tics 712 | CollinsAmburoAgyingi, et al.



F(D(x",T,(x" ) <6, [F(D(x",x" )+ F(D(x", T, (x W] -7, Fwl0,D(x",T,(x)])
<8 F(D(x',T,(x),

and since 0 < d..» < 1, it follows that F(D(x*, T,,(x*))) =0, i.e., T,,(x*) = x*.

Then, x* is a common-fixed point of {7} ;.

To prove the uniqueness of x*, let us suppose that y* is a common-fixed point of {7,,},,, that is 7,,(y*) = y* for any
m > 1. Then, by equation (1), we have

F(D(x',y" ) < F(D(T,,(x),T,,(»))
<6, [F(D(, T, (x) + F(D(W', T,y D=7, F WD, T, (x), D(y", T, (» D)
=06, ,[F(0)+F(0)]-7,,Fw0,0])

=0.

So, x* is the unique common-fixed point of {7,,}.

As particular cases of Theorem 2.1, we have the following two corollaries.

Corollary 2.2. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self-mappings on X. Assume
that there exist two sequences (a,) and (b,) of elements of X such

D(T(x), T;(»)) < 6, ,[D(x, T,(x) + D(y, T, (Y] = 7, ,w[D(x, T,(x)), D(y, T; ()] “)

forx,y € Xwithx #y,0<6,,,7,,<1,i,j=1,2, ..., where 6,, =D(a;,a;), 7,; =D(b,,b;),and y : [0, +e0)* — [0,
fs,i+1

1- 5;141
non-increasing A-sequence of elements of R = [0, +o0) endowed with the max metric, then {7,} has a unique common
fixed point in X.

Proof. Apply Theorem 2.1 by putting F' = [}, +), the identity map.

Corollary 2.3. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self mappings on X.
Assume that there exists a sequence (a,) of elements of X such

isa

+00) is a continuous mapping such that y(x, y) = 0 if and only if x = y = 0. If the sequence (s,) where s, =

F(D(T;(x), T,(y) < F(6, ,[D(x, T,(x) + D(y, T, (y)]) ®)

forx,y € Xwithx #y,0<4,;,7,<1,i,j=1,2, ..., and for some FF € ® homogeneous with degree s, where

S
i,i+l1

6, ;= D(a;, a)). If the sequence (s,) where s; = is a non-increasing A-sequence of elements of [0, +o0)

is,.i+1
endowed with the max metric, then {7,} has a unique common fixed point in X.
Proof. Apply Theorem 2.1 by putting y,, = 0. In this case, we can choose (b,) to be any constant sequence of

elements of X.

A more general (natural in some sense) weak contraction could also be considered as we write our next result.
Theorem 2.4. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self mappings on X.
Assume that there exist two sequences (a,) and (b,) of elements of X such

F(D(T;(x), T,(y) < F(6, ,[D(x, T,(x) + D(y, T;(y)) + D(x, y)])
—F (7, wID(x,T,(x)), D(y, T;(»)), D(x, ¥)]) (6)

forx,y € Xwithx #y,0<6,,,7,,<1,i,j=1,2, ..., and for some I € ® homogeneous with degree s, where
6,;,=D(a;,a,), 7,; =D(b,b;), and y : [0, +00)’ — [0, +00) is a continuous mapping such that y(x, y, z) = 0 if and only if
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s s
i,i+1

x =y =z=0. If the sequence (s,) where s, = where is a non-increasing A-sequence of elements of R = [0, +o0)

S
i,i+1

endowed with the max metric, then {7,} has a unique common fixed point in X.

We shall omit the proof, as it is merely a copy of that of Theorem 2.1. Then, we also give, without proof, the
following corollary.

Corollary 2.5. Let (X, D, K) be a complete metric-type space and {7} be a sequence of self mappings on X.
Assume that there exists a sequence (a,) of elements of X such

F(D(T,(x), T,(»)) < F(6, ,[D(x, T,(x)) + D(y, T,(y)) + D(x, »)]), (7

forx,y € Xwithx #y,0< 51.’1., Vi< 1,i,j=1,2, ..., where J,; = D(a;,a,), and y : [0, +o0)’ — [0, +00) is a continuous
’ iii+1

mapping such that w(x, y, z) = 0 if and only if x = y = z = 0. If the sequence (s,) where s, = .
TGl

A-sequence of elements of R* = [0, +o0) endowed with the max metric, then {7,} has a unique common fixed point in X.
Example 2.6. Let X = [0, 1] and D be the metric defined by D(x, x) = 0 and D(x, y) = max{x, y} if x # y. Clearly, (X,

D) is a complete metric space. Just observe that any Cauchy sequence in (X, D) converges to 0. Following the notation

is a non-increasing

2 2
in Theorem 2.1, we set g, = ; sothats, = b where # = min{i, j}. We also define T, (x) = X forallx e X
1+2 Lo 1+2" ' 16'

andi=1,2,...and F: [0, +o0) — [0, +o0), x > \/; . Then, F'is continuous, non-decreasing, sub-additive and homogeneous
. 1
with degree s = 5 and F1(0) = {0}.

Assume i < and x > y. Hence, we have

F(D(T,(x),T;(»)) = \/%

and

F(8,,[DOT)()+ D3 T, (1) + D(x, )] = [ﬁj (2x+y).

1
Therefore, condition (7) is satisfied for all x, y € X with x # y. Moreover, since F is homogeneous with degree s = 5 the
sequence

L)
S 2

i+l

. . 2 . S
is a A-sequence with A = - Then, by Corollary 2.5, {T,} has a common fixed point, which is this case x* = 0.

The contractive condition in Theorem 2.1 can be relaxed, and we obtain the next result:
Theorem 2.7. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self mappings on X such
that

EDT(x),T,(y)) < F(&, ,[Dx,T,(x)+ Dy, T,(y)D = F (7, wID(x,T,(x)), D(y, T, (»)]) ®)

forx,y € Xwithx £y, 0<9,;,y,,<1,i,j=1,2, .., for some F' € ® homogenecous with degree s and
w :[0,+0)> —[0,+00) is a continuous mapping such that y(x, y) = 0 if and only if x =y = 0. If
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(i) for each j, limsup &;; <1,

U n 5%
(i) 3'C <+o, where C, =] [—=—
Z; S ! H 1-5,
then {7,} has a unique common fixed point in X.
Proof. Just observe that the Picard type sequence (x,) = (7,(x,—1)) for any initial x, € X is such that

n o’
F(D(xn s Xt ) < H (ﬁ}:(D(xo > X ) = CnF(D(xo > X ), ©)

i,i+1
and so forp > 1,

n+p-1

F(D(x,,x,,,) <K’ { > Ck}F(D(xO,xl)).

Letting n — +oo, we deduce that D(x,, x,:,) — 0. Thus (x,) is a Cauchy sequence and, by completeness of X,
converges to say x* € X. It is easy to see that x* is the unique common fixed point of {7,}.

Corollary 2.8. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self mappings on X such
that

E(D(T(x), T,(»)) < F(6, ,[Dx,T,(x) + D(y, T,(y)] (10)

for x, y € X with x#y, 0< 5,.,/. <1,i,j=1,2, ..., for some F € ® homogeneous with degree s and y : [0, +oo)2 —
[0, +o0) is a continuous mapping such that w(x, y) = 0 if and only if x =y = 0. If

(i) for eachJ, hfil?w o, <1,

n S

+00 é‘ )

(ii) X C, <+, where C, =] [—5—,
n=1 i=1 1- 5i,i+1
then {7,} has a unique common fixed point in X.

Proof. Apply Theorem 2.7 by putting y,,= 0.

Example 2.9. Let X=[0,1] and D(x, y) = |x — y| whenever x, y € [0, 1]. Clearly, (X, G) is a complete metric space.

2
Following the notation in Theorem 2.7, we set J, ; = (ﬁj . We also define 7;(x) = % forallx € Xandi=1, 2,
’ +

...and F': [0, +o0) — [0, +0), x > Jx.Then F is continuous, non-decreasing, sub-additive and homogeneous of degree

1
s = ) and F'(0) = {0}. Assume i < and x > y > z. Hence, we have

FIO@.T,00 =, 5757
and
F(5, DT () + DT, (7)) = J(H#zj [ X ‘y—% j

Therefore, condition (10) is satisfied for x, y € X with x = y. Moreover, since F is homogeneous of degree s = > we
have
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Q) hfi’ffp o, <1,
"0 1 1 1

.. C — I | i,i+1 — — = < .

(11) n 1_55 ] 21 n(n+l) 271

i=1 i,i+1 i= 2 2

The conditions of Corollary 2.8 are satisfied, {7,,} has a common fixed point, which is in this case x* = 0.

An interesting direction to look into is that of the quasi-pseudometric type spaces which were investigated by
Kazeem et al. [9]. In [9], we can read the following definition for a quasi-pseudometric type space:

Definition 2.10. (Compare [9, Definition 29]) Let X be a nonempty set, and let the function D : X X X — [0, +o0)
satisfy the following properties:

(ql) D(x, x) = 0 for any x € .X;

(92) D(x,y) < K(D(x,z)+D(z,,z,)+...+ D(z,,y)) for any points x, y, z, € X, i = 1, 2, ..., n where n > 1 is a fixed
natural number and some constant K > 0. The triplet (X, D, K) is called a quasi-pseudometric type space.

Moreover, if

D(x,y)=0=D(y,x)=> x=y,

then D is said to be a Ty-quasi-metric type.

Remark 2.11. For a given T -quasi-metric type D, it is easy to verify that the function D*(x, y) = max{D(x, y), D(y,
x)} is metric type. Moreover, a 7 -quasi-metric type space (X, D) will be called bicomplete if the metric-type space (X,
D’) is complete.

Theorem 2.1 and Theorem 2.4 can be reformulated in the asymmetric setting respectively as:

Theorem 2.12. (Compare Theorem 2.1) Let (X, D, K) be a bicomplete quasi-metric type space and {7,} be a
sequence of self-mappings on X. Assume that there exist two sequences (a,) and (b,) of elements of X such

F(D(T;(x), T,(y)) < F(6, ,[D(x,T,(x) + D(T,(y), »)D = F (7, WD (x, T,(x)), D" (., T;(»))]) (11)

;<Li,j=1,2, .., and for some F € ® homogeneous with degree £, where J;; =

D(a;, ), yi; = D’(bs, by), and y : [0, +o0)* — [0, +o0) is a symmetric continuous mapping such that w(x, y) = 0 if and
t
;tl is a non-increasing A-sequence of elements of R* = [0, +o0)
i,i+1

i

forx,y € Xwith x2y, 0<9, ,,7,

only if x = y = 0. If the sequence (s,) where s, =

endowed with the max metric, then {7,} has a unique common fixed point in X.
Proof. Just observe that for x, y € X with x # y condition (11) gives

F(D™(T,(x),T,(»)) = F(D(T,(»)). T,(x))
SF(6,,[D(y,T;(») + D(T;(x), )]) = F (7, D" (v, T,(y)), D" (x, T,(x))])
= F(5,,[D7 (. T,(x) + D™ (T,(0), ) = F (7, D" (x, T,(x)), D (. T, ()],

which implies that
F(D*(T,(x),T,(0) < F(Y,[D* (T,(x).0 + DA T, (0D = F(, [D* (T () D* (0,7, (D)),

i.e., the conditions of Theorem 2.1 are fulfilled. This completes the proof.

Similarly, we have

Theorem 2.13. (Compare Theorem 2.4) Let (X, D, K) be a bicomplete quasi-metric type space and {7,}
be a sequence of self-mappings on X. Assume that there exist two sequences (a,) and (b,) of elements of X such

F(DT(x), T,(»)) < FC ;[P T(x)) + DT (y), v) + D(x, »)])
—F(y, wD (x5 T.()0), D" (v, T,(y), D" (x, )]) (12)
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forx,y € Xwith x# y, 0<9, ,,7,, <1l,i,j=1,2, ..., and for some F' € ® homogeneous with degree 7, where J,; = D'(a;,
a), Vo= Di(b;, b)), and y : [0, +o0)* — [0, +o0) is a symmetric continuous mapping such that y(x, y, z) = 0 if and only if

gt
x =y =z = 0. If the sequence (s,) where s, = L+l js a non-increasing A-sequence of elements of R* = [0, +o0)

i,i+1

endowed with the max metric, then {7,} has a unique common fixed point in X.

2.2 Common fixed point theorems (Chatterjea-Choudhury case)

In this section, we prove the existence of a unique common fixed point for a family of contractive-type self-maps on
a complete metric-type space by using the Chatterjea contractive condition as a base.

Theorem 2.14. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self-mappings on X. Assume
that there exist two sequences (a,) and (b,) of elements of X such that

E(D(T,(x), T,(»)) < F(6, ,[Dx,T;(»)) + Dy, L)) = F (7, ,wID(x,T; (), D(y, T, (x))]) (13)

for x,y € Xwith x#y, 0<5,,,7,,<Li,j=1,2, ..., and for some F € ® homogeneous with degree s, where 5[/. =

D(a;, a), y,; = D(b,, b), and y : [0, +00)* — [0, +o0) is a continuous mapping such that y(x, y) = 0 if and only if x =y =

1
S
i,i+1

0. If the sequence (s,) where s, = is a non-increasing A-sequence of elements of R* = [0, +o0) endowed with the

ii+l
max metric, then {7,} has a unique common fixed point in X.

Proof. The proof follows exactly the same steps as the proof of Theorem 2.1.

Theorem 2.15. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self-mappings on X. Assume

that there exist two sequences (a,) and (b,) of elements of X such that

F(D(T(x), T;(y) < F (6, ,[D(x, T, (x)) + D(y, T, () + D(x, y)])
—F(y, wID(x,T,(»), D(y,T,(x)), D(x, »)]) (14)

forx,y € Xwith x#y, 0<96,,,7,, <1,i,j=1,2, ..., and for some F € ® homogeneous with degree s, where J,; = D(a,
aj), V= D, bj), and y : [0, +o0)* — [0, +o0) is a continuous mapping such that w(x, y, z) = 0 if and only if x =y =z=0.

s S
i,i+1

If the sequence (s,) where is s, = a non-increasing A-sequence of elements of R* = [0, +o0) endowed with the max

i,i+1
metric, then {7} has a unique common fixed point in X.
Proof. The proof follows exactly the same steps as the proof of Theorem 2.4.
Like in the case of Theorem 2.1, the condition (13) can also be relaxed, and we obtain:
Theorem 2.16. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self mappings on X such that

E(D(T,(x), T,(») < F(6, ,[D(x,T;(»)) + Dy, TL(x)D = (7, wID(x,T; (), D(y, T,(x))]) (15)

forx,y € Xwith x#y, 0<6,,,7,,,i,j=1,2, ..., and for some F € ® homogeneous with degree s and y : [0, +00)? —
[0, +0) is a continuous mapping such that w(x, y) = 0 if and only if x =y = 0. If
(i) for each j, limsup &;; <1,

+00 n
(ii) Y. C, <+ where C, = [ [ —5—,
n=l1 i=1

then {7,} has a unique common fixed point in X.
Also, it is not necessary to point out that this relaxed condition can be applied to modify the hypotheses of Theorem
2.15.

Volume 4 Issue 4(2023| 717 Contemporary Mathematics



Corollary 2.17. In addition to hypotheses of Theorem 2.16, suppose that for every n > 1, there exists k(n) > 1 such

1 . o
that a < E; then every 7 has a unique fixed point in X.

n,k(n)
Remark 2.18. This corollary emphasizes the subtle fact that in addition to the existence of a unique common fixed

for the family {7 }, every single map T has a unique fixed point, which happens to be the common one. Also, a similar

corollary can be formulated (we shall suppose that for every n > 1, there exists a k(n) > 1 such that a

..
k() < 5) in the

relaxed form of Theorem 2.15.
Proof. From Theorem 2.16, we know that the family {7} has a unique common fixed point x* € X. If " is a fixed
point of a given, 7,, then

D(x',y)=D(T,, ..T,»")
<y DO,y )+ DY T X))
= Ay [D(x, Y )+ D(y",x)]
<D(x",y),

which implies D(x*,y*) = 0; which gives the desired result.

Example 2.19. We endow the set X = [0,1] with the usual distance d(x, y) = |x — y| for x, y € X. Then, (X, d) is a
complete metric space. We set F(x) = x whenever x € X, then ' € ® homogeneous with degree 1. For n > 1, we define the
family {7,} of self-mappings on X by

1 0<x<],
T:
712, 1x=0.
3 n+2

By using the notation of Theorem 2.16, we use the family of reals

5, =xt—— sy, =0,
Y3 |i—j|+6 /

Then, clearly for each j,

limsup J;; <1,

i—>+0

and

10Y
Fl[ _61”1 (llj

which is a convergent series.
Also, it is a straightforward calculation to verify that,

F(D(T(x),T,(y) < F (6, ,[Dx,T;(v) + D(y, TL(x)D = F (7, ,w[D(x, T, (1)), Dy, T,(x)]) (16)
i.e., equivalently,

DT (x),T;(»)) < 6, ,[D(x,T;(¥)) + D(y, T;(x))]. (17
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One just has to consider the three possible cases:

* x€(0,1]andy€ (0, 1];

* x€(0,1]and y=0;

o x=y=0withi#j.

So, all the conditions of Theorem 2.16 are satisfied, and note that x = 1 is the only fixed point for the 7,’s.

3. Conclusion and future work

Using the same idea as in the proofs of Theorem 2.1 and Theorem 2.4, one can establish the following results.
Theorem 3.1. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self-mappings on X.
Assume that there exist two sequences (a,) and (b,) of elements of X such

E(D(T (), T () < F (6, ,[Dx, T () + Dy, T (y)DD = £ (7, WD, T (6)), D(v, T (v)]) (18)

forx,y € Xwith x#y,p>1, 0< 51.,1.,;/1.,]. <Li,j=1,2, ..., and for some F € ® homogeneous with degree s, where J;;

= D(ai, @), yi; = D(b, b)), and y : [0, +o0)* — [0, +00) is a continuous mapping such that w(x, y) = 0 if and only if x =y =
if[+1

0. If the sequence (s,) where s, =

is a non-increasing A-sequence of elements of R* = [0, +o0) endowed with the

S
i+l

max metric, then {7} has a unique common fixed point in X.
Theorem 3.2. Let (X, D, K) be a complete metric-type space and {7,} be a sequence of self-mappings on X.
Assume that there exist two sequences (a,) and (b,) of elements of X such

E(D(T (), T () < F(6, ,[D(x, T () + D(y, T () + D(x, y)])
= F(y, y[D, T (%)), D(y, T} (v), D(x, y)]) (19)

forx,y € Xwithx #y,p>1,0<¢,,,y,,<1,i,j=1,2, .., and for some I/ € ® homogeneous with degree
s, where d;; = D(a,, a;), yi;= D(b,, b)), and y : [0, +0)* — [0, +0) is a continuous mapping such that w(x, y,

z) =0 if and only if x = y = z = 0. If the sequence (s,) where s, = —"!

is a non-increasing A-sequence of elements of
i,i+1
R"=[0, +o0) endowed with the max metric, then {7,} has a unique common fixed point in X.
Moreover, the above two generalizations also apply to Theorem 2.14 and Theorem 2.15 respectively.
Recently the so-called C-class functions, which were introduced by Ansari [10] in 2014 and cover a large class of

contractive conditions, have been applied successfully in the generalization of certain contractive conditions. We read
Definition 3.3. [10] A continuous function f: [0, +o0)° — R is called C-class function if for any s, ¢ € [0, +o0), the

following conditions hold:

(D f(s0)<s;

(2) f (s, ) = s implies that either s = 0 or ¢ = 0.

We shall denote by C the collection of C-class functions.

Example 3.4. [10] The following examples show that the class C is nonempty:

M f(s,H)=s—t

(2) f (s, t) = ms, for some m € (0, 1).

s

O 6:0= T

@) f (s, H) =log(t + a’)/(1 + 1), for some a > 1.

Therefore, the authors plan to study, in another manuscript, the existence of common fixed points for a family
of mappings 7; : (X, D, K) — (X, D, K), i =1, 2, ..., defined on a metric-type space (X, D, K), which satisfy:

for some r € (0, +o0).
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E(D(T(x), T;(y)) < f(F(5,,[D(x, T;(x) + D(y,T;(¥) + D(x, y))),
E(y, wID(x,T(x)), D(y, T;(»)), D(x, )]) (20)

for x, y € X with x # y where
(fec,
(2) (a,) and (b,) are sequences of elements of X and 6, = D(a;, a,), y;;= D(b,, b) with0 < 5, , 5,,<i,j=1,2, ...,
(3) F € ® homogeneous with degree s,
(4) w : [0, +0)* — [0, +o0) is a continuous mapping such that w(x, y, z) =0 if and only if x =y =z = 0.

5 oS
i,i+1

under the condition that s, = is a non-increasing A-sequence of elements of R* = [0, +o0) endowed with the max

X
i+l

metric.
Moreover, if the existence of a common fixed point is established in that setting, therefore Theorems 2.1 and 2.4
become direct corollaries by just setting f (s, £) = s — ¢ and the same applies to their equivalent asymmetric formulations.
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