Contemporary Mathematics

http://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

New Type of Characterizations of Pre-Open (Closed and Continuous)
Mappings

Nitakshi Goyal

Department of Mathematics, Akal Degree College, Mastuana Sahib (Sangrur), India
E-mail: goyal.nishu53@gmail.com

Received: 19 April 2023; Revised: 5 June 2023; Accepted: 8 June 2023

Abstract: In this paper, new characterizations of pre-open (pre-closed, pre-continuous) maps will be obtained using

the map 7" induced via a map 7 between any two topological spaces. Further, these maps are characterized in terms of
saturated sets under some sufficient conditions.

Keywords: pre-open, pre-closed, pre-continuous, pre-closure, saturated

MSC: 54C05, 54C08, 54C10

1. Introduction

In [1], Mashhour et al. introduced pre-open sets and obtained some of its properties. Also various characterizations
of these pre-open sets in terms of other type of open sets viz. semi-open, regular-open, a-open sets etc. were given
by them. After introducing the notion of pre-open sets, they brought in the concept of pre-open mappings and pre-
continuous mappings between topological spaces along with its several characterizations. In [2], EI-Deeb et al.
introduced pre-closure of a set and obtained some related properties. Pre-closed maps were also introduced and
characterized by them using the induced image map. Therefore, investigation of various topological concepts using pre-
open and pre-closed maps has been done by various authors viz. [3-6] etc. Further, the theory of induced mappings is of
great significance in many spaces of topology. Therefore, apart from inducing the usual image and inverse image maps
between power sets there was another induced map introduced denoted by #* corresponding to any map # : U — W [7]
defined on p(U) — p((W).

In this paper, new characterizations of pre-open maps will be obtained in terms of closure operator rather than
interior operator using the induced map #" via a map # between any two topological spaces (Theorem 2.1 below) and
utilize it to show that inverse image of pre-dense set is dense (Corollary 2.4 below). This motivates to characterize pre-
closed maps in terms of interior rather than in terms of closure operator (Theorem 2.5 below). Further, pre-continuous
maps are characterized in terms of interior operator using the induced map #* (Theorem 2.8) and in terms of pre-open
as well as pre-closed sets under the sufficient condition of surjectivity (Theorem 2.10 below). Relationship between
closure and pre-closure of a set using the induced map #”* under pre-continuous injective maps is also given (Theorem
2.11 below) and utilize it to show that # image of pre-dense set is dense (Corollary 2.14 below). Finally, these maps
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are characterized in terms of saturated sets under some sufficient conditions. To show the necessity of some of the
conditions assumed counterexamples are also provided.

“Given a topological space (U, o), for a subset M of U, M is pre-open [1] subset of U if M < int(cl(M)) and
complement of M is said to be pre-closed [2] subset of U. The family of all pre-open sets is denoted by PO(U). Further,
the intersection of all pre-closed sets containing M is known as pre-closure [2] of M denoted by pcl/(M) and the union
of all pre-open sets contained in M is known as pre-interior [1] of M, denoted by pint(M). Also a subset M is said to be
dense (pre-dense) subset of U if c/(M) = U(pcl(M) = U).”

We will also make use of the following results :

Properties 1.1 Let (U, o) be a topological space and M be any subset of U. Then

(a) pint(M) = M N int(cl(M)) [1].

(b) pcl(M) = M L cl(int(M)) [2].

(¢) pcl(U — M) = U — pint(M) [3].

Definition 1.2 [1] A mapping # : (U, 6) — (W, v) is called pre-open (pre-continuous) if image (inverse image) of
open set in U(W) is pre-open in W(U).

Definition 1.3 [2] A mapping % : (U, o) — (W, v) is called pre-closed if image of closed set in U is pre-closed in .

Theorem 1.4 [1] A mapping # : (U, o) — (W, v) is pre-open if and only if #(int(M)) < pint(n(M)) for any subset M
of U.

Theorem 1.5 [1] A mapping # : (U, ) — (W, v) is pre-continuous if and only if #(pcl(M)) S cl(n(M)) for any
subset M of U.

Theorem 1.6 [2] A mapping % : (U, o) — (W, v) is pre-closed if and only if pcl(n(M)) < n(cl(M)) for any subset M
of U.

Definition 1.7 [7] For any two sets U and W, let  : U — W be any map and M be any subset of U. Then # image of
a set M in U, denoted by 7*(M) is a set in W defined by *(M) = {p € W : nfl(p) C M}. Therefore, for given any map 7 :
U — W, # image of a set in U gives rise to an induced map 7" : PU) — pW).

Definition 1.8 [7] For any two sets U and W, let 7 : U — W be any map and M be any subset of U. Then M is called
saturated subset of U if M = ;171(N) for some subset N of 1.

Note: If M is saturated subset of U then M “ = U — M is also saturated subset of U. Since M © = (;17'(]\/))" = ;77'(N")

and hence M€ is saturated subset of U.
Properties 1.9 [7] For any two sets U and W, let  : U — W be any map and M be any subset of U. Then

(a) n* (M) = ((M))" and so 1" (M) = (n(M ) and n(M) = (5" (M ))‘.
By ' (M) =M"={n"(p):p e Wandy '(p) = M} = M.

(¢) M is saturated if and only if M = M*.

(d) N < (5 '(N)) for any subset N of W.

(e) n'(U)=W.

2. Results

In [1], Mashhour et al. gave the characterization of pre-open maps in terms of interior operator using the induced
image map. But the following theorem gives the characterization of pre-open maps using induced map »” under given
any map 7 : U — W in terms of closure operator.

Theorem 2.1 Let 5 : (U, o) — (W, v) be any map. Then the following conditions are equivalent:

(a) i is pre-open map.

(b) pel(y*(M)) < 5" (cl(M)) for every subset M of U.

(¢) cl(int(n*(M))) < n*(cl(M)) for every subset M of U.

(d) For each closed subset K of U, #%(K) is pre-closed in 7.

() 11 '(pcl(N)) < cl(n '(N)) for every subset N of V.

Proof. (a) = (b) : For any subset M of U, consider an element p € pcl(y7"(M)). We have to prove that p € #*(cl(M))
which means by definition of #”, the fiber n_l(p) C cl(M). For this, consider an element e € n_l(p) and an open set G
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containing e in U then by (a), 5(G) is pre-open set containing #(e) = p. Therefore, p € pcl(y*(M)) implies that 7(G) N
n*(M) # & and so for an element ¢ € 7(G) N 5*(M), we have ¢ € 5(G) and r]_l(q) C M. This implies that for an element
g€ Gwheren(g)=q, GNM#J,sinceg € GN M and so e € cl(M). Thus, the fiber nfl(p) C cl(M) and hence (D)
holds.

() = (c) : Since, for any subset M of U, pcl(M) = M U cl(int(M)). Therefore, by (b), n*(M) U cl(int(n*(M))) =
pel(n (M) < n*(cl(M)) and so cl(int(5"(M))) < 5" (cl(M)). Hence (c) holds.

(¢) = (d) : For any closed subset K of U, by (c), it follows that cl(int("(K))) S 5"(cl(K)) = #"(K) and hence (d)
holds by definition of pre-closed sets.

(d) = (e) : For any subset N of W, consider an element e € n_l(pcl(N)). We have to prove that e € cl(n_l(N)). For
this, consider an open set G containing e in U and so K = U — G is closed subset of U then by (d), *(K) is pre-closed
subset of W not containing #(e). Therefore, ("(K))° is pre-open set containing #(e) in W and so e € nfl(pcl(N)) i.e. n7(e)
€ pcl(N) implies that (5*(K))° N N # &. Thus, for an element p € (5*(K))° N N, we have p € (4*(K))* and p € N. Now, p
& "(K) implies that y '(p) £ K and so 57 '(p) N K* # B i.e. n '(p) N G + @. Further, 5 '(p) < 5" '(N) implies that 5 ()
N G # J and hence (e) holds.

(e) = (a) : For any subset G open in U, consider the subset N = W — 5(G) of W in (e). Therefore, nfl(pcl(W -
n(G))) < cl(;y_l(W— n(G))) and so n_l(W— pint(n(G))) < cl(n_l(;y(G)))c, since pcl(W — N) = W — pint(N). This implies
that (5 (pint(n(G))))° < cl(y '(n(G)))° S cl(G°) = (in((G))° and so G = int(G) S 5 ' (pint(y(G))). Further, 5(G) <
n(nfl(pint(n(G))) < pint(n(G)) and so #(G) is pre-open subset of /. Hence (a) holds. i

The following Corollary gives the characterization of pre-open maps under some sufficient condition.

Corollary 2.2 Let 5 : (U, 0) — (W, v) be a surjective map. Then # is pre-open if and only if for every closed subset
M of U, n(M™") is pre-closed subset of 7.

Proof. For any subset M of U, by definition of M* (Property 1.9(b)), it follows that (M *) = ;7(;771(77#(M))). Further,
n is surjective implies ;7(;7_1(17#(]\4))) = 5n*(M) and so n(M*) = 4*(M). Hence the result holds by the equivalence of
Theorem 2.1 (a) & (d). ]

The following corollary gives the characterization of pre-open maps for saturated closed sets under some sufficient
condition.

Corollary 2.3 Let  : (U, o) — (W, v) be a surjective map. Then 7 is pre-open if and only if for every closed
saturated subset M of U, (M) is pre-closed subset of 7.

Proof. For any saturated subset M of U, by Property 1.9(c), it follows that (M) = (M *). Hence the result holds by
Corollary 2.2. i

The following corollary shows that inverse image of pre-dense set is dense under pre-open maps.

Corollary 2.4 Let  : (U, 6) — (W, v) be pre-open map. Then inverse image of pre-dense subset of ¥ is dense
subset in U.

Proof. Let N be any pre-dense subset of 7 then pcl(N) = W. Therefore, by the equivalence of Theorem 2.1 (a) & (e),
it follows that 7 '(pcl(N)) < cl(n '(N)) and so U =5 (W) < cl( '(N)). This implies c/( '(N)) = U and hence 5 '(N) is
dense in U. ]

Characterization of pre-open maps in terms of closure operator also motivates to characterize pre-closed maps in
terms of interior operator rather than closure operator already introduced in literature. Therefore, the following theorem
gives the characterization of pre-closed maps using induced map #* under given any map 5 : U — W in terms of interior
operator.

Theorem 2.5 Let 5 : (U, o) — (W, v) be any map. Then the following conditions are equivalent:

(a) i is pre-closed map.

(b) #*(int(M)) < pint(y*(M)) for every subset M of U.

(¢) n*(int(M)) < int(cl(i"(M))) for every subset M of U.

(d) For each open subset G of U, 1"(G) is pre-open in W.

Proof. (a) = (b) : For any subset M of U, consider an element p € 5”(int(M)). We have to prove that p €
pint(n*(M)) which means by definition of pre-interior, there exists a pre-open set ¥ in W such that p € ¥ < *(M), which
further mean by definition of #*, we have to prove that nil(V) < M. Now, p € n*(int(M)) implies that the fiber nil(p) c
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int(M). Therefore, there exists an open set G in U such that nfl(p) C G € M and so by (a), n(G) is pre-closed and so
(7(G°))" is pre-open set containing p in . Further, consider the pre-open set V = (3(G))° then 7 (V) = 5 (n(G))") =
(1171(77(Gc)))c C (G = G S M. Thus, there exists a pre-open set ¥ such that ;771(V) € M and hence (b) holds.

(b) = (c) : Since, for any subset M of U, pint(M) = M N int(cl(M)). Therefore, by (b), " (int(M)) < pint(n*(M)) =
0" (M) N int(cl(n(M))) < int(cl(n*(M))) and so " (int(M)) < int(cl(n"(M))). Hence (c) holds.

(c) = (d) : For any open subset G of U, by (c), it follows that #*(int(G)) < int(cl(5"(G))) and so n*(G) S int(cl(n"(G))).
Hence (d) holds by definition of pre-open sets.

(d) = (a) : For any closed subset K of U, consider the subset G = U — K open in U then by (d), #(G) is pre-open in
Wi.e. n*(K°) is pre-open in W. Therefore, by Property 1.9(a), it follows that (7(K))‘ is pre-open in W and so #(K) is pre-
closed in W. Hence 7 is pre-closed map. i

The following Corollary gives the characterization of pre-closed maps in terms of pre-open sets using the induced
image surjective maps.

Corollary 2.6 Let 7 : (U, 0) — (W, v) be a surjective map. Then # is pre-closed if and only if for every open subset
M of U, n(M™") is pre-open subset of .

Proof. For any subset M of U, by definition of M* (Property 1.9(b)), it follows that (M *) = ;7(;771(77#(M))). Further,
n is surjective implies ;7(;7_1(7]#(M))) = 5" (M) and so n(M*) = 4*(M). Hence the result holds by the equivalence of
Theorem 2.5 (a) & (d). ]

The following Corollary gives the characterization of pre-closed maps for saturated open sets under some sufficient
condition.

Corollary 2.7 Let  : (U, o) — (W, v) be a surjective map. Then 7 is pre-closed if and only if for every open
saturated subset M of U, n(M) is pre-open subset of W.

Proof. For any saturated subset M of U, by Property 1.9(c), it follows that (M) = (M *). Hence the result holds by
Corollary 2.6. o

Next we characterize pre-continuous maps in terms of interior operator using the induced map #".

Theorem 2.8 Let 57 : (U, 0) — (W, v) be any map. Then the following conditions are equivalent:

(a) n is pre-continuous map.

(b) int(n"(M)) S 5" (pint(M)) for every subset M of U.

(¢) int(n(M)) < n*(int(cl(M))) for every subset M of U.

Proof. (¢) = (b) : For any subset M of U, consider an element p € int(5*(M)). We have to prove that p €
1" (pint(M)) which means by definition of #", we have to prove that the fiber n71@) C pint(M) i.e. by definition of pre-
interior, we have to prove that there exists a pre-open set J such that nfl(p) C V'S M. Now, p € int(*(M)) implies that
there exists an open set G in W such that p € G S 5*(M) and so by (a), n_l(G) is pre-open set containing n_l(p) in U
such that nfl(p) c nil(G) c ;771(17#(]\@) C M. Therefore, for the pre-open set V = nfl(G), nil(p) C V < M. Hence (b)
holds.

(b) = (c) : Since, for any subset M of U, pint(M) = M N int(cl(M)). Therefore, by (b), int(5*(M)) S n*(pint(M)) =
n (M N int(cl(M)) < 5" (int(cl(M))) and so int(5"(M)) < " (int(cl(M))). Hence (c) holds.

(¢) = (a) : Consider an open subset N in W then for the subset M = ;171(N) in U, (c) implies that int(n#(;fl(N))) c
n*(int(cl(n '(N)))). Therefore, by Property 1.9(d), it follows that int(N) < int(n" (5" "(N))) S #"(int(cl(n ' (N)))) and so N
c n#(int(cl(;fl(N)))), since N is open in W. Further, 7771(N) c nil(n#(int(cl(nfl(N))))) c int(cl(rfl(N))) using Property
1.9(b). Hence nil(N) is pre-open subset in U and so 7 is pre-continuous map. |

The following Corollary gives the characterization of pre-continuous mappings under the assumption of
surjectivity.

Corollary 2.9 Let  : (U, 6) — (W, v) be a surjective map. Then # is pre-continuous map if and only if int(n(M*))
< n((pint(M))*) for every subset M of U.

Proof. For any subset M of U, by definition of M* (Property 1.9(b)), it follows that (M *) = ;7(;771(77#(M))). Further,
n is surjective implies ;7(;7_1(7]#(M))) = 5n*(M) and so n(M*) = 4*(M). Hence the result holds by the equivalence of
Theorem 2.8 (a) & (b). ]

The following theorem gives another characterizations of pre-continuous mappings under the assumption of
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surjectivity.

Theorem 2.10 Let 7 : (U, 0) — (W, v) be a surjective map. Then the following are equivalent.

(a) i is pre-continuous map.

(b) M* is pre-open in U whenever (M ") is open in W.

(c) M* is pre-open in U whenever 7*(M) is open in .

(d) for any saturated set M in U, M is pre-closed in U whenever 7(M) is closed in 7.

(e) for any saturated set M in U, M is pre-open in U whenever 5*(M) is open in .

(f) for any saturated set M in U, M is pre-open in U whenever 7(M) is open in V.

Proof. (a) = (b) : Let (M ¥) be open in W then by (a), n_l(;y(M #) is pre-open in U. Therefore, by Property 1.9(b),
it follows that 7 (5" (7"(M)))) is pre-open in U and so 7 '(5"(M)) is pre-open in U, since # ' e o ' =5 '. Hence
M* =y (4*(M)) is pre-open in U.

(b) = (c) : Let 5*(M) be open in W then 7 is surjective implies 7" (M) = ;7(77_1(;7#(M))) = n(M*) is open in W and so
by (b), M is pre-open in U.

(¢) = (d) : Let (M) be closed subset of W, where M is saturated set in U then ((M))° is open in W and so by
Property 1.9(a), #*(M€) is open in W. Therefore by (c), it follows that (M )* is pre-open in U and so by Property 1.9(c),
M € is pre-open in U, since M is saturated implies M ¢ is saturated. Hence M is pre-closed in U and so () holds.

(d) = (e) : Let (M) be open subset of W for some saturated subset M of U. Then ("(M))° is closed in W and so
n(M©) is closed in W by Property 1.9(a). Therefore, by (d), it follows that M “ is pre-closed subset of U and so M is pre-
open in U. Hence (e) holds.

(e) = (f) : Let n(M) be open subset of W for some saturated subset M of U then by Property 1.9(c), it follows that
n(M*) is open in W. Further, 7 is surjective map implies that #*(M) = n(M*) is open in W. Hence by (e), M is pre-open
subset of U and so (f) holds.

(f) = (a) : Let N be any open subset of . Then N = ;7(7771(]\/)), since 7 is surjective map. Therefore 17(;771(1\/)) is
open in W and so for the subset M = ;7_1(N) which is also saturated subset of U, (f) implies that 7]_1(N) is pre-open in U.
Hence 7 is pre-continuous map and so (a) holds. m]

In [1], Mashhour et al. gave the characterization of pre-continuity in terms of closure operator using the induced
image map. The following theorem gives the relationship between closure and pre-closure of a set using the induced
map #" under pre-continuous injective maps.

Theorem 2.11 Let # : (U, 6) — (W, v) be any map and 5 be pre-continuous injective map. Then #*(pcl(M)) =
cl(n* (M) for any subset M of U.

Proof. Consider the subset M of U and an element p € 5”(pcl(M)). Then the fiber nfl(p) C pcl(M). We have to
prove that p € cl(5*(M)) which means for any open subset G containing p in W, G N »*(M) # &. Now, for the open
subset G containing p in W, 5 is pre-continuous map implies that n_l(G) is pre-open subset containing n_l(p) in U.
Therefore, 7771(G) N M + & and so 77(7]71(G)) N (M) # & and so G N y(M) # &. Further, 5 is injective implies 7(M) S
n"(M). Thus, G N (M) # @ and hence 7" (pcl(M)) < cl(n(M)). O

The following Example shows that the condition is not sufficient for a map to be pre-continuous in Theorem 2.11 i.e.
converse need not to be true.

Example 2.12 Let U= {e, p}, 0= {J, {e}, U}, W= {1,2,3} and v = {{, {1}, {1,2}, W}. Define n : (U, 0) — (W, v)
by 7(e) =3, n(p) =2. Now 1 € #*(M) and ci({1}) = W, so cl(y*(M)) = W for every subset M of U. Therefore, #”(pcl(M))
< cl(*(M)) for every subset M of U. But # is not pre-continuous map since {1, 2} is open in ¥ but ;7_1{1, 2} = {p} is
not pre-open in U.

The following Example shows the necessity of injective map in Theorem 2.11.

Example 2.13 Let U = {e, a, p, b}, 6 = {Q, {a, b}, {e}, {a, b, e}, U}, W={1,2,3} and v={{, {1}, {2},{1, 2}, W}.
Then PO(U) = {O&, {a}, {b}, {e}, {a, b}, {b, e}, {a, e}, {a, b, e}, U}. Define 5 : (U, o) — (W, v) by n(a) =2, n(b) =1,
n(e) =3, n(p) = 3. It can be easily checked that 7 is pre-continuous map. Now for the subset M = {e}, #*(M) = & and so
cl(n*(M)) = @. But pcl(M) = {e, p} and 5*(pcl(M)) = n"({e, p}) = {3}. Therefore, the condition #*(pcl(M)) S cl(y*(M))
does not hold for every subset M of U and so the assumption of injectivity can not be dropped.

The following Corollary shows that # image of pre-dense set is dense under pre-continuous injective maps.
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Corollary 2.14 Let 5 : (U, o) — (W, v) be pre-continuous injective map. Then # image of pre-dense subset of U is
dense subset in V.

Proof. Let M be any pre-dense subset of U then pcl(M) = U. Therefore, by Theorem 2.11, it follows that #*(pcl(M))
=¥ (U) S cl(y"(M)) and so by Property 1.9(e), W < cl(y*(M)). Hence cl(5*(M)) = W and so (M) is dense in . |

3. Conclusion

Topological spaces have many applications in real life which are not only related to mathematics field but also
related to various other fields like Physics, Computer, Engineering, Chemistry etc. In real life applications of topological
spaces, continuous maps as well as open and closed maps play an important role to study various topological properties.
Therefore, due to so many applications of topological spaces various types of strong and weak form of continuous
maps, open maps and closed maps were introduced by many authors in literature, where pre-continuous(open and
closed) maps are one of them. Motivated by the applications of these mappings, new type of characteriza-tions of these
maps have been introduced using the induced map »” induced via a map 5 between any two topological spaces. Also
these characterizations are utilized to study some topological properties. The next target is to study further topological
properties using these characterizations and also to introduce another type of mappings using the induced map #* and
the theoretical study of these mappings.
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