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Abstract: We studied the Lax type integrability of the Calogero-Degasperis nonlinear dynamical system, possessing
only one local conserved quantity. Based on the gradientholonomic integrability approach there are stated tboth the
bi-Hamiltonian structure of the Calogero-Degasperis dynamical system and isomorphism of its symmetries group
to the semidirect product of the diffeomorphism group of the circle and the abelian group of functions on it. We also
constructed a rich algebra of non-Hamiltonian symmetries, related to the Backlund transformed general symmetries
of the corresponding linearization of the Calogero-Degasperis dynamical system. There is also analyzed in detail the
inverse problem of classifying integrable generalized Calogero-Degasperis type dynamical systems a priori possessing
a finite number of conserved quantities.
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1. Introduction

It was observed [1] still at the very beginning of investigating completely integrable Lax type linearized spatially
one-dimensional dynamical systems [2-8] on functional manifolds, that they can be divided into two strongly different
S- and C-types, specified, respectively, by either existence of a specially ordered infinite hierarchy of local conservation
laws on suitably defined [9-12] jet-manifolds, or existence of only finite amount of local conservation laws. Subject to
the dynamical systems of the C-type in many cases there was proved that they could be linearized by means of some,
in general, nonlocal transformations of functional manifolds. In particular, the differential-algebraic aspects of the
nonlinear C-type dynamical system

u, =@W’), +3/2W?), +u,,, (D
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being a local symmetry of the well known Burgers [13] evolution flow
u, =2uu, +u,,, ()

on a smooth 2z- periodic functional manifold M < C(R /{2%xZ}; R) and the related linearization mapping were studied
in detail in [14-17] by means of the gradientholonomic integrability scheme, devised previously in [3, 4, 18]. In
addition, in [15] there was generalized the main result of [16] about the Hamiltonian structure of the Burg-ers evolution
flow nonlinear dynamical system (1) was demonstrated to be a completely integrable biHamiltonian system on a
suitably constructed infinite-dimensional functional manifold, possessing an infinite hierarchy of commuting to each
other nonlocal conservation laws. Another nontrivial case of an integrable and linearizable nonlinear C-type dynamical
system

u, =uy, +3Wu,, +3uud)+3utu, 3)

with a finite number of local conservation laws was presented by F. Calogero and A. Degasperis in [1, 19, 20] and later
rederived in [21-24], where, in part, there was shown its relation to the so call completely integrable Krichever-Novikov
dynamical system

0 =0, -3/40.. | 0 +30,, +o, 4)

also linearizable to the simple evolution form

<
Il
<

Sy ®)
on a smooth 2z-periodic functional manifold M < C(R /{277 }; R) by means of the following nonlocal mapping:
i =uexplo(x,t)] (6)
of the corresponding functional manifolds, where, by definition,
do(x,t) :u2dx+(2uuwC —ui +6u3ux +u®)dt @)

generates for all (x, /) € R X R a conserved quantity to the Calogero-Degasperis dynamical system (3), that is dy,/dt =0
along the evolution flow (3), where, by definition,

Vo = j uldx. (8)

The rich symmetry properties of the Calogero-Degasperis nonlinear dynamical system (3) were later extensively
studied by A. Sergyeyev in [25, 26], where there was constructed an infinite centrally-extended Lie algebra of
nonuniform and nonlocal master-symmetries to the vector field (3), whose actions on it are completely equivalent [27]
to the usual recursion operator ones. A very detailed and comprehensive analysis of the first integrals to the stationary
system of (3) and related exact solutions were some years ago studied by M. Euler, N. Euler and P. Leach in [28] by
means of the recursion operator tools, previously found in [29, 30]. Moreover, authors of the mentioned above works [26,
28] stressed on importance of finding a direct analytical approach to studying both the nonlocalities of the constructed
symmetries and sorting out local and “weakly nonlocal” symmetries, in particular, by deriving the related differential
sequence, which has arisen as a happenstance and whose investigations must inevitably be of some intrinsic interest.

Being experienced in studying integrability properties of diverse nonlinear dynamical systems by means of the
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gradient-holonomic approach, as described in manuals [3, 4, 18, 31, 32], we analyze an infinite hierarchy of local and
nonlocal conservation laws to the CalogeroDegasperis nonlinear dynamical system (3), its bi-Hamiltonian structure
and related local and nonlocal symmetries. We also studied in detail the inverse problem of classifying integrable
generalized Calogero-Degasperis type dynamical systems a priori possessing a finite number of conserved quantities.

2. Conservation laws analysis and Lax type integrability

Consider the Calogero-Degasperis nonlinear dynamical system (3)
u, = uy, +3Wu,, +3uu,x)+3utu, = Klu) )

as a vector field K : M — T(M) on a 2z-periodic smooth functional jet-manifold M = J*(R /{2zZ}; R) = C(R /{27 Z};
R) with respect to the evolution parameter ¢ € R and construct the complexified cotangent space 7" (M) ® C. Assume
that £ € D(M) is an arbitrary smooth, in general, nonlinear functional on the scalar functional manifold M and gradL[u]
€ T*(M) denotes its Gateau gradient at point u € M. We now recall the following classical [3, 4, 8, 33, 34] Noether-Lax
theorem, which will be applied to the Calogero-Degasperis nonlinear dynamical system (9).

Theorem 2.1 Let an element w € T7(M) satisfy the following linear Noether-Lax functional equation

oy /ot+ K" [uly = gradL[u], (10)

where K'[u] : T(M) — T(M) is the Frechet derivative of the vector field K : M — T(M) at point u € M, K""[u] : T"(M)
— T"(M) is its adjoint expression with respect to the usual bilinear form (|) : 7°(M) x T(M) — R. Then any solution to
the functional equation (10) is determined up to solutions ¢ € 7"(M) to the uniform functional equation

O0p/ot+K" [ulp =0, (11)

whose “symmetric” elements, satisfying the condition ¢'[u] = ¢""[u], generate conservation laws y, € D(M) to the
dynamical system (9) via the relationship ¢[u] = grady,[u] € T°(M) at each point € M. Simultaneously, any nontrivial
solution y € T"(M) generates a co-Poisson structure Q[u] := ¢ '[u] — @""[u] : T(M) — T"(M) at u € M, subject to which
the dynamical system (9) becomes Hamiltonian:

K[u] = -Qu] ' gradH[u] (12)

on the scalar functional manifold M with respect to the Hamiltonian functional A := (y|K) — L. Moreover, the uniform
functional equation (11), if considered on the complexified cotangent space T"(M) ® C, always possesses an asymptotic
as a complex parameter || — oo solution in the following exponential form:

@ =exp[A"t + z(x; 1)] (13)

for some fixed s(p) € Z., where z(x; 1) ~ Z

{2aZ}; C), j € Z., can be easily calculated by means of the respectively derived recurrent differential-functional
relationships, depending exclusively on the derivatives 0z;/0t, 0z,/0x, j € Z..

Proof. (Sketch) The statements above follow from classical properties [2, 33, 35, 36] both of smooth vector fields
on Poisson manifolds and asymptotic solutions to linear evolution differential equations [3, 5-7, 18, 37, 38], generated
by the corresponding Lax type spectral problems with periodic coefficients and meromorphically depending on the
spectral parameter 1 € C. The spectral and variational analysis of the Floquet monodromy matrix as a generating

jez. % (X)A7"? as |A| — o, s(z) € Z,, and whose coefficients z; € C*(R/
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functional for conservation laws directly ensues to the Noether-Lax equation (9) and its solution structure in the
exponential form (13). o

Remark 2.2 It is worth to remark here that if, in addition, the coefficients z; € C*(J(R/{2z2Z}; R); C),j € Z., then
there exist a priori local quantities 0z/0x = g,[u] € C"(J(R/{2zZ}; R); C), j € 7Z,, such that dg[u]/0t = 0 (0z/0t)/0x,

2z T

simply meaning that the quantities y, == .[O o,[uldx, j € Z, are conserved, that is dijoz o,[uldx=0 forallj € Z.. The

’ t
latter condition, as the first step, makes it possible to regularly check the existence of mentioned above hidden symmetry
structures, in particular local conserved quantities . If obtained this way, they prove to be suitably ordered, this case will
strictly certify the evolution flow (9) as a Lax type linearized completely integrable dynamical system on the functional
manifold M.

Applying the theorem above to the Calogero-Degasperis nonlinear dynamical system (9), we calculate the operator

K" [u] : T"(M) — T"(M) as

K" =—6uu, —3u’ —6uu,d—-3u'0-3u’0’ -&° (14)
and construct an exponential solution ¢ € T°(M) ® C to the Noether-Lax equation (11) in the form

o(x,t; ) =exp[ At +0'o(x;1)], (15)

where the asymptotic as |A| — oo expansion

o(x; 1) ~ i o, [ulA™’ (16)

j=1

holds. Having substituted the solution (15) into the linear evolution equation (11) and equated coefficients at different
powers of the spectral parameter 4 € C, we obtain easily an infinite recurrent sequence of functional relationships

0, 3+ 6’101.’, —(6uu,, + 3uf )0, o —(6uu, + 3u4)0'j —0

—3u’ (O-j,x + Z O, 0y )— 32 O 1Ok Z 0; 10104 = 0, (17)

which should be compatible for all j € Z, U {-2, —1}. By means of simple enough calculations of (17) one finds
successively the following local functionals on the functional manifold M:

o,=1 o, =—u’, o, =—2(u2)x, o, =2uu_, +2uf :(uz)

oy =(2uu, —4’u -2/3u®), .., o, =(.),, . (18)

and so on for all natural n € N. As all functionals y, := J o;[uldx, j € Z,, by construction, are conserved quantities, we
can derive the only nontrivial local conservation low

%={¢w (19)

to the Calogero-Degasperis nonlinear dynamical system (9), coinciding with that (8), mentioned before in Introduction.
Moreover, the sequence of the conserved densities (18) clearly demonstrates that the solution ¢ € 7"(M) ® C to the
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evolution equation (11) reduces to the following functional form:

o(x;A) = ii(x; 1) exp[-o(x,1)], o(x,t)=0"u’, (20)
where the element it € M C(R /{2x7Z}; R) satisfies the following linear evolution equation:
i, =i, (21)

exactly coinciding with that (5). Moreover, as the solution ¢ € T°(M) ® C to the determining linear evolution equation
(11) is related, in part, with the conserved quantity ¢ = 1/2 grady,[u] = u € M, one derives right away the corresponding
nonlocal [15, 17] linearizing Béicklund type transformation M > u — B[u] := it € M, where, by definition,

il = Blu]=uexp(d~'u’), (22)

being equivalent for all (x, /) € R x R with that of (6), mentioned in Introduction.
Return now to the expression (15) in the following equivalent form:

p(x, ;1) = f(x; ) exp(Ax—0"'u* + 1°t), (23)

where, by definition, f(x; A) := ii(x; A)exp(—Ax — A’1), for all (x, f) € R x R, and take once more into account that the
conserved quantity ¢ = 1/2grady,[u] = u € M. Then we easily obtain that

fo=W+u /u-2)f, (24)

representing a scalar linear Lax type spectral problem for the Calogero-Degasperis nonlinear dynamical system (9),
where one assumes that the element /' € L_(IR; C). The corresponding temporal linear evolution equation on the element
fe€ L (R; C) is obtained upon substituting the expression (23) into the determining Noether-Lax equation (11):

fi=fi F3AfL 340, (25)

equivalent, evidently, to the linearized relationship (21). The compatibility of the obtained above linear Lax type
equations (24) and (25) for all 4 € C gives rise exactly to the Calogero-Degasperis nonlinear dynamical system (9). The
described above results can be formulated as the following proposition.

Proposition 2.3 The Calogero-Degasperis nonlinear dynamical system (9) presents a completely Lax type
integrable evolution flow on the functional manifold M, linearized by means of two compatible for all 1 € C differential
relationships (24) and (25) on the Banach space L (R; C).

It is natural now to analyze the corresponding general algebraic structure which is responsible for the linearized
form (21) of the Calogero-Degasperis nonlinear dynamical system (9). To do this, let us take the linearizing mapping (22)
and assume that it satisfies some linear evolution differential relationship

oi/ot=> c, ;[vleii/ox’, (26)
Jj=0

of the n-th order, where smooth scalar coefficients c; : J(R/{27Z};R) > R, j =0,_n, can depend on some additional

functional parameter v € N < C(R/{2zx7Z}; R). From simple enough calculations we obtain the next equivalent
differential relationship:
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ou/ ot +ud [0@®)/ ot | = exp(=07u*)Y ¢, Vo' [wexp(d™'u’)]/ ax’, 27

=0
which can be solved with respect to some still unknown adjoint evolution flows
Ou/ ot =Klu,v],ov/ot = Flu,v] (28)
on the corresponding functional manifolds M and N, if the following integrability condition
udu / 0t = 0A[u,v]/ ox (29)

for some smooth mapping 4 : J(R/{22Z}; R*) — R holds. The latter makes it possible to reduce the above differential
relationship (27) to the next pure differential form:

0A [ ox +2u* A =uexp(-0~"u’ )Z Coj [v]0/[uexp(0~'u?)]/ ox’, (30)

j=0

which can be easily solved with respect to the expression A[u, v] as

Alu,v] = exp(—20"'u*)0™" (Zn: ¢, ;lu,v]lu exp(0~'u?)]0’ [uexp(0™'u*)]/ ox’ J 31

Jj=0

The obtained above integral-differential expression on the functional manifold M x N will be local as a smooth
mapping 4 : J(R/{22Z}; R*) — R if the nonlocal algebraic subintegral expression in (31) is a complete derivative with
respect to the spatial variable x € R/{277Z}, that is

i ¢, ;viu exp(0~'u? )10/ [uexp(d~'u*)]/ éx’ = 6B[u,v]/ ox, (32)

where, by definition, the nonlocal expression

Blu,v]= Z b, [u, v]0/ [uexp(0'u?)]/ éx’ 0" [uexp(0~'u*)]/ ox* (33)

(J<k)

with smooth functional coefficients b, , : J(R/{27Z}; R*) >R, k> >0, j+k=0,n—1, allowing recurrently to
retrieve all the coefficients of the determining equation (26). Having substituted the expression (33) into the relationship
(31), we finally obtain the searched local vector field

Kluv]l=u" ai(exp(—Zaluz) Z b, [u,v]
X .

(J<k)
x & [uexp(@'u®)]/ ox’ 0" [uexp(6~'u*)]/ ox* j (34)

on the functional manifold M. Concerning the second vector field component ' : M x N — T(N), it can be determined
from the condition that the joint dynamical system (28) allows for some smooth scalar elements f; g : JR/{27Z}; R?)
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— R the following asymptotic as || — o vector solution p[u, v] € T"(M x N)

olu,v]= [f[u, v]j exp(—ﬂ”t +Ax—0""(u’ + ﬂ"lal[v]) (35)
glu,v]
to the corresponding Noether-Lax linear equation
K E"”
6¢[u,v]+ u*[u,v] b *[u,v] (uv] =0 (36)
ot K u,v] F)"[u,v]

on the cotangent space 7 (M x N), where we have assumed a priori that the joint dynamical system (28) possesses only

two nontrivial conserved quantities: y, = qu dx and arbitrarily chosen y, = IO'I [v]dx, thus passing through the gradient-
holonomic integrability criterion.

As an example, let us take the following coefficients: ¢, = by,[V], ¢, = Oby[v]/x, ¢, = 2by[v] — 8°b,,[V]/X, ¢ =
0Oby[v]/Ox; the corresponding vector field (34) then gives rise to the following evolution equation

oulot=u"' %(boo[v]u2 + by, [V]I(uue, + u')

+ho [VI(uu, +4u’u, +u®)+ by, [VI(u, +u3)2) 37)

on the functional manifold, linearizable via the mapping (22) to the linear equation

3
oii /6t = ¢, ;[vIo'ai/ ox, (%)

J=0

on the related functional manifold M. In particular, at ¢, = 1, ¢, = ¢, = ¢; = 0 the evolution flow (37) reduces to the
Calogero-Degasperis nonlinear dynamical system (9) on the functional manifold M. If one puts by[v] = v, by,[v] = 1,
b,\[v] = 0 = b, [v], the resulting vector field (37) reduces to

oulot=u"" ai(vuz) +uu, + 4u3ux +u® (39)
X

jointly with the linearizing relationship (38) as
Ot / Ot = 011 | 0x° +2voii / Ox +v . (40)

Concerning the adjoint to (34) vector field ' : M x N — T(N) we need to choose the functional form of the vector (35)
and to take into account that g[u, v] = (1/2grady,, 1/2grady,)’, or equivalently,

u=fexp(-A"t+Ax-0"' (@’ + Ao, [v])), (41)

from which and the relationship (22) one obtains easily the relationship
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i=fexp(Ax—A"t—A"'0"'a,[v]). (42)

Having substituted (42) into the linearizing relationship (26), we derive a linear differential relationship

of | ot = iqn,j[v;z]af f16x, (43)

J=0

specified by some meromorphic in 4 € C coefficients g, : J(R/{27Z}; R)xC - C, j = 0, n, being naturally compatible
with the next linear differential relationship:

of lox=(u, lu+u’ +o,[VIA"' = A)f, (44)

casily following from (41). Thus, within the analytic construction above, the system of linear differential relationships
(43) and (44) should be a priori compatible, giving rise both to the constructed above vector field (34) and to the
searched vector field F : M x N — T(N) on the functional manifold N, herewith solving answering the question posed
above.

3. Bi-Hamiltonian structure and complete integrability

Observe first that the linear evolution equation (21) presents a canonically bi-Hamiltonian flow on the related
functional manifold M:

3

- 0 ~2 s 0 72
i, = —agradjux /2dx, i, —ﬁgradju /2dx (45)

with respect to the a priori compatible Poisson structures 9, 7i : T"(M) — T(M) on M, where
9:=0/ox,71:=0"/ox’. (46)

Thus, the constructed above nonlocal Burgers type linearizing transformation M > u — Blu] := it € M (22) of the
Calogero-Degasperis nonlinear dynamical system (9) to the linear evolution equation (21) makes it possible to study
the Hamiltonian properties of our flow (9) on the functional M by means of the corresponding Backlund type [3, 18, 27]
transformation. This and related aspects we will analyze in detail below.

Consider the nonlocal Burgers type linearizing transformation M > u — Blu] := it € M- (22), B[u] = uexp(d 1),
and calculate the corresponding Bécklund transformed Poisson operators &, 5 : T" (M) — T(M)

9=BTu]"§(B[u]) =u"0exp(~20"u*)0" exp(@u u
xou exp(0~'u* )0 exp(-20""u*)ou™,
-1

n= B'[u]’lﬁ(B"*[uD =u"'0exp(—20""u*)0 " exp(0”'u* u

x0*uexp(0”'u®)0™" exp(—20"'u*)ou ™", (47)
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where we have used the inverse mapping B'u]™" =u"'dexp(-20"'u?)d™" exp(8~'u*)u : T(M) — T(M). Subject to the
Poisson operators (47) the Calogero-Degasperis nonlinear dynamical system (9) is represented as the bi-Hamiltonian
system

u, = —8gradH, = ngradH, (48)

with the Hamiltonians
H, = % j (u, +u?)? exp(20”'uYdx, H, = %qu exp(20°'u?)dx, (49)

naturally following from the corresponding representations (45).

Another very interesting consequence of the analysis carried out above consists in the fact that the Backlund
transformed Poisson operators (47) are compatible [2-4, 27, 31, 38] to each other, that is the affine sum n + A3 is a
Poisson operator all 4 € R. The latter, in particular, means that all expressions

8, :=9(9"'n)" =u"'0exp(=20"'u’ )0 exp(0'u’ Ju
x Ouexp(0~'u*)o ™" exp(~20""u’ )ou™
x[u"'0exp(-20""'u* )0 exp(0”'u* Jud®

xud ™" exp(20~'u* )0 exp(0”'u yu']" (50)

are for all n € Z Poisson operators on the manifold M, generating an infinite hierarchy of commuting to each other
uniform symmetries

u, =-SYgrady, [u]=K, [u] (51)

In

to the Calogero-Degasperis nonlinear dynamical system (9), where grad y,[u] := (3 '5)"grad y,[u] € T (M) are nonlocal
conserved quantities, generating its infinite hierarchy of nonlocal conservation laws

7, =(=1)" /2j([u exp(0”'u?) | )de (52)

for all n € Z. Equivalently, all of the symmetries (51) can be constructed [2, 3, 27, 38] by means of the symmetry
recursion operator ® = 49" : T(M) — T(M) action on the uniform seed symmetry K,[u] = u,:

K, [u]=0"u, (53)
for all n € Z, where
® =u " exp(-0""u*)0exp(20~'u* )0 'u
x0%u"'0exp(—20""u* )0 exp(0”'u* u. (54)
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The constructed above uniform symmetries (51) satisfy a priori the following vector field commutator relationships
[K.K,]=0=[K,.K,] (55)

for all n, m € 7Z and compile together an abelian Lie algebra G, := spang{K, : M — T(M) : n € Z}. Recall now that an
arbitrary completely integrable Lax type integrable dynamical system on a functional manifold M possesses [3, 39, 40]

an infinite Lie algebra G of its symmetries, being the semidirect sum G = G, X G,, where the Lie algebra G, := {7, : M —
T(M) :j € Z} is compiled from the nonuniform symmetries, satisfying the current Lie algebra [41, 40] relationships

[T,.T.)= (s~ )T,... [T,.K,]= (j+9)K,. (56)

being isomorphic to the Lie algebra of the semidirect product group G := Diff(S") x F(S") of the diffeomorphism group
Diff(S") and the abelian group F(S') of smooth functions on the circle S'. The related symmetry generators of the Lie
algebra G one can easily construct if to take into account that they coincide with those ones, Backlund transformed from
the nonuniform symmetries to the linearized flow (21), that was already mentioned in [26]. Namely, it is easy to check
that the following expressions

T =@ (xii, +ii/2), (57)

for all s € Z, where, by definition, the symmetry recursion operator @ := ﬁgfl =0%/ox* :T(M)— T(M) generates
the nonuniform Lie subalgebra gj of symmetries to the linear flow (21) on the functional manifold M. Having applied
to this symmetry algebra gj the related Bicklund transformation B[u] = uexp(d'u’), one easily obtains the nonuniform
symmetry subalgebra G, to the Calogero-Degasperis nonlinear dynamical system (9):

gl=spanR{Tj:CI)j(xux+u/2)eT(M):jeZ}, (58)

isomorphic to the Lie algebra G of the diffeomorphism group G := Diff(S') of the circle S', where we took into account
that the nonuniform seed symmetry 7j, = xu, + u/2 e T(M) is the Backlund transform of the nonuniform seed symmetry
T, =xii_+i/2eT(M). In particular, one can check that the moniliform symmetry

T = x(uy, +3u’u, +uu’ +3u'u )+3/2u, +5uu’ +1/2u° (59)

to the nonlinear dynamical system (9) exactly coincides with that before calculated in [26].
It is now worth to observe that the vector field

i, = O[], (60)

where Q: M — T(M) is an arbitrary constant pseudo-differential expression Q = Zj«wc}j@j /ox’, represents a
symmetry to the linear vector field (21) on the functional manifold A7, whose Bécklund transformation

u, = BTulOi] |;_ g (61)

naturally generates additional, yet already abelian Lie algebra nonlocal symmetries to the Calogero-Degasperis
nonlinear dynamical system (9). In particular, for the trivial choice Q[ii] = 0, & € M, one derives the nonlocal symmetry

u, =uexp(—20"'u’) = q,[u] (62)
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to (9), belonging to the Lie algebra G,, and which was found before in [26] by means of direct calculations. This means
that the Lie algebra G of the semidirect product G = Diff(S") x F(S'") is equivalent to the corresponding semi-direct
sum G, X G,, as was suggested in [25], completely solving the difficulty there mentioned: “Even the description of
nonlocalities that occur in thus constructed symmetries, as well as sorting out local and “weakly nonlocal” (depending
only on !) symmetries, is quite a difficult task, and we intend to analyze this and related problems elsewhere”. The
obtained above results can be formulated as the following proposition.

Proposition 3.1 The Calogero-Degasperis nonlinear dynamical system (9) is a Lax type linearized and completely
integrable bi-Hamiltonian evolution flow on the functional manifold M, possessing an infinite hierarchy of nonlocal
conservation laws, generating the related commuting to each other local Hamiltonian symmetries (51). The direct sum
extended Lie algebra G,,, := G ® ¢,[u]R of uniform and nonuniform symmetries is isomorphic to the Lie algebra of the
semidirect product group G = Diff(S'") x F(S') of the diffeomorphism group Diff(S') and the abelian group F(S') of
smooth functions on the circle S'.

The functional structure of the constructed above Lie algebra G = G, x G, of symmetries to the Calogero-Degasperis
nonlinear dynamical system (9) on manifold M makes it possible to classify them subject to their dependence on the
nonlocal factor exp(—20 'u?), strictly entering the corresponding conservation laws. Namely, it is easy to observe
that the symmetry recursion operator (54) is a completely local on the functional manifold M, thus producing via the
relationships (52) and (58) strictly local both uniform and nonuniform symmetries to (9). The latter answers a question
posed in [26] concerning the related sorting out local and nonlocal symmetries. Another logically natural problem,
related with the carried out above integrability analysis of the Calogero-Degasperis nonlinear dynamical system (9),
consists in solving the inverse problem of classification of all smooth nonlinear Lax type integrable dynamical systems
on the functional manifolds, possessing only a finite number of conservation laws and allowing the corresponding
Burgers type linearization. This problem was in part already analyzed in the works [15, 42] and will be solved in the
next Section.

4. Inverse problem for the Lax integrable and Burgers type linearized dynamical
systems

Following a differential-algebraic approach devised in the work [42], we consider the ring K := C*(R/{27Z}; R)
of real-valued 2z-periodic smooth functions and construct the associated differential quotient ring K{u} := Quot(K[Ou])
with respect to a chosen functional vector-variable u € K", where ® denotes [43-48] the standard monoid of the
derivation 0/0x, x € R/2xZ. An ideal I{u} < K{u} is called differential if the condition /{u} = ®/{u} holds.

Consider the differential ring K {u}, u € K", and the exterior derivation d : K{u} — A'(K{u}), ..., d : N°(IKC{u})

— A”"'(K{u}) for p € Z,, acting on the freely generated Grassmann algebras A(K{u}) = @,.,, A"(K{u}), where by
definition,

A (Ku}) = Kluyde+ Y Kluyduy?”,
k=1,m,jeZ

A (Ku}) = Kuyd N (K{u)), ...,
AP (Kfu}) = K{uyd AP (K{u}), (63)

and u” :=0'u, /ox’ ,k=1,m, j e Z,. The triple A = (K{u}, A(K{u}), d) is usually called the Grassmann differential
algebra [46], generated by a fixed vector-variable u € K". In the algebra A one naturally defines the actions of
derivations 0 :=0/0x and D:=dxn0/0x: A—> A k=1, m, jeZ_, as follows:

() — G+ ) — g, (G+D)
ou” =u’"’,0du,”’ = duy
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D(Zw,{u] | du<f>>j = drn Y (P Tl 1) | du )
+§<Pj [u]| dx A du'*"), (64)

T3]

where the sign “A” denotes the standard [47] exterior multiplication in the differential Grassmann algebra A(K{u}), and
for any P € A(K{u}) the mapping

BlTul: A(K{u}) = AK{u})", (65)
denotes the usual Frechet derivative with respect to the vector u € K”. In addition, the following commutation properties
0d =do, Dd +dD =0 (66)

hold on the Grassmann differential algebra A.

The following remark [46] proves to be important.

Remark 4.1 The Lie derivative L, : K{u} — KC{u} with respect to a vector field V': K{u} — T(K{u}), satisfying
the condition L, : K < I, can be uniquely extended to the derivation L, : A — A, satisfying the commutation condition
Lyd=dL,.

The following lemma, stated for a special case in [46] is also useful for applications.

Lemma 4.2 The next relationship

Kerd/(Imd@R) = H' (A(K{u})) =

Ker{d : A'(K{u}) — A*(K{u})}/ dA° (K{u}), (67)

is a canonical isomorphism, where H'(A) is the corresponding cohomology class of the Grassmann complex A(KC {u}).
It is well known that in the case of the free differential ring KC{u} all of the cohomology classes H'(A), j € Z., are
trivial, giving rise to the well known [46, 47] classical Poincare type relationship

Kerd =Imd @ R. (68)

Moreover, if to take into account that the anti-derivation d = d, ® d,, subject to which the splitting A"(K{u}) =
AP(IC{u}) © A7 (KC{u}), p € Z., generates two exact complexes

A (K {u}) ——s A (K {u}) —2s A2 (C{u}) ——s .. — L5 A" (K{u}) —s ...,

A (K{u}) —2s AM (KC{u) —2s A (K{u}) —2 . — s A" (KCfu}) —2 ..., (69)

since_dﬁ = 0. If to define the anti-derivation D := dx A 8/0x : A(KC{u}) — A(K {u}), then the for any f[x;u]e A”* (K{u}),
k =0,1, one can define the gradient mapping grad : A”(K{u}) € A’(K{u})" by means of factorization as grad f[x; u] :=
d, fx; ul/ DA\ (K {u}) = f"[x, u] (1), subject to which the following relationship

grad (Im o) =0, (70)
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holds. Based on Lemma 4.2 one can define the following equivalence class A”’/{Imd @ R} := D(A; dx), whose
elements will be called functionals, as any element y € D(A; dx) can be represented as a suitably defined integral
element y := Idx}/[u] € D(A; dx) for some y[u] € A”°(K {u}) with respect to the Lebesgue measure dx on R /{277}.

Proceed now to treating the case when the following uniform in the variables x € R/{2z7Z} differential constraint
ou/ ot = K[u] (71)

is imposed on a vector-variable u € K", where a smooth element K[u] € K{u}" can be considered as a vector field 6/0¢
s K{u} — T(K{u}) on K{u}, defined by means of the following differential-algebraic condition:

a) the vector field (71) is for some natural » € N an r-differential order expression,

b) it is Lax linearizable on the Banach space L. (R; R™) and

c) it possesses only a finite number s € N of suitably ordered functionally independent conserved quantities y,[u] €
D(A; dx), j=1,s, for which 0y[u]/0t = 0 € D(A; dx), j = 1,s.

Taking into account the Noether-Lax Theorem 2.1, applied to the vector field (71) on the differential ring K[u],
we assume that the corresponding complexified vector p(x; 1) € T "(K{u}) ® C satisfies the Noether-Lax determining
relationship

0p/0t+ K" [ulp=0 (72)

for all x € R/{2aZ} and 4 € C. A general solution to (72), following the reasonings, devised in [3, 4, 18, 31], can be
representable in the following exponential vector form:

o(x; 1) = (L a(x; A) exp[At+0'o(x; )], (73)

depending on the spectral parameter 4 € C for some natural » € N, subject to which the following asymptotic as |[A| —
00 expansions

a(x; )~ Y auld”’, o)~ Y, o uld’ (74)

JELy JELy -1}

hold for k=1,m—1 and x € R/{2zZ}. Taking into account that a priori all functionals o;[u] € K{u},j € Z. U {~1},
are conserved quantities with respect to vector field (71) and, moreover, their amount is finite, we can assume with no
loss of generality that the conservation laws are ordered as

o [u]=plul,oolul = y,lul,oylul = ylul,.... o, ,[ul = yful, (75)
yet, simultaneously,
O s 2[u]=0e D(A;dx) (76)
for all j € N. Based now on the relationships (73), (75) and (76) one obtains the following gradient representation

gradylu; 2] = i(x; A) exp (07 y[us A1) (77)

where we put, by definition,
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Hus 1= A7 0y, lul,

k=l,s

i(xA) = 1,a(xA)T exp(l’t+ > oo, [u]/l"] (78)

jzs-1

Taking now into account that (x; 1) = grady(x; 1) for all x € R/{27Z} and A € C satisfies the determining Noether-
Lax differential relationship (72), we can a priori obtain the resulting linear differential equations on the vectors i €
KAu; 0y, [u], & 'palul, ..o 0 9 [ul}, k=1,

ou /ot = qlu; Alu, (79)
where the linear matrix differential expressions

glus A= Y, 4, [us 210" / ox', (80)

k=0,r

are equipped with coefficients §,[u; 1] € K{u}, k= Ls, depending, in general, on the vector-variable u € K".
The obtained above result can be naturally reinterpreted as the canonical Biacklund type linearization mapping M >
u[u; 2] =ii € M, ensued from the functional relationship (77) in the special exponential form

i = grady[u; Alexp(=0"' ylu; A1) 81

and applied to the differential evolution constraint (71), considered on the functional manifold M = KC{u}. The derived
a priori linear dynamical system (79) is naturally considered on the constructed above functional manifold M = {ii},
which can be retrieved under assumption that Bicklund type mapping M > u — Blu; A] = it € M is invertible.
Respectively, the inverse problem of constructing the differential constraints like (71) is successively solved the
following algorithmic way: one takes an arbitrary linear differential expression (80) on the functional manifold M with
coefficients §,[u; 1] € K{u}, k= 0, , which should be found from the Bicklund type relationship (81) and conditions
that the a priori given quantities y,[u] € D(A; dx), k = 1,s, are conserved, that is Oy, [u]/ ot |u:3*1[;;]: 0 e D(A;dx),

k =1,s. As the next step one needs to calculate the ensued from (77) the quasi-linear spectral problem
i/ dx = —y[u; A +exp(0~'y[u; A])ogrady[u; A]/ ox (82)

on the vector if € M.

Remark 4.3 It is worth remarking here that the obtained systems of quasi-linear equations (79) and (82) should
be a priori compatible, equivalently reducing to the searched for differential relationship (71) on the functional vector-
variable u € M.

From practical point of view we need to ensure that a priori chosen quantities y,[u] € D(A; dx), k = 1, s, are really
conserved with respect to some evolution derivative 0/0¢ on the ring K{u}. Having applied the constructed above
inverse Béacklund type linearizing mapping (81) to the chosen above set of conserved quantities, we obtain a new set

7l =y, [u] |u=B’1[ﬁ]
(79) on the related functional manifold M = K {ii}. By means of direct checking the conservation conditions oy, li]/ ot

€ D(fl; dx), k = 1, s, of conserved quantities subject to a suitably chosen linear differential equation

=0e D(,Zl; dx), k = 1,_s, we successively retrieve all unknown coefficients (80) entering the chosen linear differential

equation (79).
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5. Examples: modified Burgers and Calogero-Degasperis type integrable

dynamical system
5.1 A modified Burgers type dynamical system

As a simple, yet interesting, example we put, by definition, that a searched integrable dynamical system (71) on the
differential ring /C{u,, u,} possesses only two nontrivial conserved quantities y,[u] = u,, ys[u] = u, € D(A; dx), that is
0y, [u]/ 0t =0 € D(A; dx), k =2,3, subject to the corresponding searched flow

0
E(MU%)T = Klwy,u,]- (83)

We will put, a priori, that the differential order of the flow (83) equals » = 2. The related canonical linearizing
Bécklund type transformation (81) is reduced to the following relationship

i = exp(Ax+0"'u,), (84)

where 4 € C is a spectral parameter, and whose evolution with respect to the temporal derivation 0/0t : K{u,, u,} —
K{u,, u,} can be chosen as a linear differential relationship

o/ ot =il +q,[ulii, +q,[uld, (85)

guaranteeing the existence of two conserved quantities y,[u] = u, and y,[u] = u,. The latter gives rise to the coefficients
q,[u] = 0 and @,[u] = u, under condition that the following Burgers type evolution flow

Ou, | 0t = 6%u, / 6x* + 2u,du, / Ox + du, / ox,
1 1 o ? }:K[unuz] (86)

Ou, / Ot = u,0u, / Ox +u,0u, / Ox

holds on the ring KC{u,, u,}. Thus, we stated that the nonlinear evolution flow (86) on the functional manifold M = K{u,,
u,} is a compatibility condition of the following Lax type linear system:

Oii | Ot =i, + u,il, Ofi | Ox = (A +u, )i (87)

for any 4 € C. As a simple consequence from the results above we derive that the modified Burgers type dynamical
system (86) is also a bi-Hamiltonian flow on the functional manifold M, possessing only a one local and no nonlocal
conserved quantities. As the Burgers type evolution flow (86) possesses a symmetry recursion operator

-1
S
Vi

it generates an infinite hierarchy of commuting to each other generalized Burgers type evolution flows
K [u,,u,]:=®" (Ou, / Ox,0u, / 0x)T (89)

on the functional manifold M, also linearizable by means of the linearizing relationship (84) for all » € N.
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5.2 A modified Calogero-Degasperis type dynamical system

Take the unique conserved quantity y,[u] = u” € D(A; dx) and look for a nonlinear Lax type integrable dynamical
system

ou/ ot = Kul, (90)

of the differential order » = 1, subject to which the related canonical Backlund type transformation M > u — Blu] =i =
exp(6”'u’) € M reduces (90) to the a priori linear second order evolution differential relationship

Oii / Ot = qy[u] Oii / Ox + q,[uli 91)

on the functional manifold M with still unknown coefficients g Jule Kiut, j= m Having imposed on the evolution
relationship (91) the conserved quantity constraint 0u’/0t = 0 € D(A; dx), one easily obtains that g [u] = 1, ¢,[u] =0,

it/ 0t =00t | o’ (92)
if the following evolution flow
Ou /Ot =0u/0ox 93)

holds on the functional manifold M. A similar problem, posed for an even order r = 2k, k € N, the related nonlinear
Lax type integrable dynamical systems (90), prove to be incompatible, yet if its order » = 2k + 1, k € N, is odd, then the
corresponding linearizing equations become compatible and reducing to the integrable hierarchy (53), constructed above
in Section 2 and possessing an infinite hierarchy both local and nonlocal conserved quantities.

We can now summarize the results obtained above as the following proposition.

Proposition 5.1 The modified Burgers and Calogero-Degasperis type dynamical systems (86) and (53) are Lax
integrable bi-Hamiltonian flows on the functional manifold A and possess only a one local but an infinite hierarchy of
nonlocal conserved quantities.

Similar way can be constructed other Lax type linearizable nonlinear dynamical systems on functional manifolds,
possessing only a finite number of conserved quantities but an infinite hierarchy of nonlocal conserved quantities,
including both the Burgers type flow (1), the Calogero-Degasperis (3) and the modified Burgers and Calogero-
Degasperis type flows (86), (93), analyzed above.

6. Conclusions

We presented a detailed symmetry and integrability analysis of the Calogero-Degasperis nonlinear dynamical
system, possessing only one local conserved quantity and Lax type linearized. In particular, based on the gradient-
holonomic integrability scheme, we have stated its bi-Hamiltonian structure and relationship of local symmetries to
the semidirect product of the diffeomorphism group of the circle and the abelian group of functions on it. We classified
all nonlocal symmetries, generated by a special abelian Hamiltonian symmetry. There was constructed a rich algebra
of non-Hamiltonian symmetries, related with the Biacklund transformed general symmetries of the corresponding
linearization of the Calogero-Degasperis dynamical system. We have also analyzed the inverse problem of classifying
Lax type integrable nonlinear dynamical systems a priori possessing a finite number of conserved quantities and
presented some interesting examples of modified Burgers and Calogero-Degasperis type flows on functional manifolds.

Volume 4 Issue 4|2023| 765 Contemporary Mathematics



Acknowledgements

Authors are sincerely indebted to their colleagues J. Koronski, R. Kycia and Y. Prykarpatsky for instrumental
discussions of the integrability properties related to the gradient-holonomic integrability algorithm and its optimal-
control extension. A. P. is also grateful to the UAE University Administration to visit the Department of Mathematical
Sciences, which stimulated a fruitful collaboration, A. P. especially thanks the UAE University for the research
cooperation support within the UAEU grant GO0003658.

Conflict of interest

The authors declare that they have no conflict of interest.

References

[1] Calogero F, Degasperis A. Spectral transform and solitons one. In Studies in Mathematics and its Applications.
North-Holland; 1982.

[2] Blaszak M. Multi-Hamiltonian Theory of Dynamical Systems. Berlin: Springer; 1998.

[3] Blackmore D, Prykarpatsky AK, Samoylenko VH. Nonlinear Dynamical Systems of Mathematical Physics. NJ:
World Scientific; 2011.

[4] Hentosh O, Prytula M, Prykarpatsky A. Differential-Geometric and Lie-Algebraic Foundations of Investigating
Nonlinear Dynamical Systems on Functional Manifolds. 2nd ed. Lviv University Publication; 2006. p. 408.

[5] Kriegl A, Michor P. The convenient setting of global Analysis. In Mathematical Surveys and Monographs; USA:
AMS, Providence; 1997.

[6] Newell AC. Solitons in mathematics and physics. In Proceedings of the CBMS-NSF. Regional Conference Series in
Applied Mathematics, SIAM; 1985.

[7] Novikov SP. Theory of Solitons: The Inverse Scattering Method. Springer; 1984.

8] Olver P. Applications of Lie Groups to Differential Equations. 2nd ed. New York: Springer-Verlag; 1993.

[9] Krasil’shchik IS, Lychagin VV, Vinogradov AM. Geometry of Jet Spaces and Nonlinear Partial Differential
Equations. New York: Gordon and Breach Science Publishers; 1986.

[10] Krasil’shchik I, Vinogradov AM. Nonlocal symmetries and the theory of coverings: An addendum to A. M.
vinogradov’s “local symmetries and conservation laws”. Acta Applicandae Mathematicae. 1984; 2(1): 79-96.
Available from: doi: 10.1007/bf01405492.

[11] Krasil’shchik I, Vinogradov AM. Nonlocal trends in the geometry of differential equations: Symmetries,
conservation laws, and Bcklund transformations. Acta Applicandae Mathematicae. 1989; 15(1-2): 161-209.
Available from: doi: 10.1007/bf00131935.

[12] Vinogradov AM, Krasilshchik IS. A method for computing higher symmetries of nonlinear evolutionary equations
and nonlocal symmetries. Akademiia Nauk SSSR Doklady. 1980; 253: 1289-1293.

[13] Whitham GB. Linear and Nonlinear Waves. New York: Wiley; 1974.

[14] Blackmore D, Prykarpatski AK. Dark equations and their light integrability. Journal of Nonlinear Mathematical
Physics. 2021; 21(3): 407. Available from: doi: 10.1080/14029251.2014.936760.

[15] Blackmore D, Prykarpatsky AK, Oz¢ag E, Soltanov K. Integrability analysis of a two-component burgers-type
hierarchy. Ukrainian Mathematical Journal. 2015; 67(2): 167-185. Available from: doi: 10.1007/s11253-015-1072-
6.

[16] Tasso H. Hamiltonian formulation of odd Burgers hierarchy. Journal of Physics. 1996; 29(23): 7779-7784.
Auvailable from: doi: 10.1088/0305-4470/29/23/033.

[17] Prytula MM, Prykarpats’kyi AK, Vovk M. On the complete integrability and linearization of a Burgers-Korteweg-
de Vries-type nonlinear equation. Journal of Mathematical Sciences. 2010; 167(1): 112-117. Available from: doi:
10.1007/s10958-010-9907-z.

[18] Mitropolski YA, Bogoliubov NN (Jr.), Prykarpatsky AK, Samoilenko VHr. Integrable Dynamical Systems. Kyiv:
Naukova Dumka; 1987.

—
—_

Contemporary Mathematics 766 | Anatolij K. Prykarpatski, ef al.



[19] Calogero F. The evolution partial differential equation u, = u,, + 3(’u,, + 3uu,x) + 3u'u,. Journal of Mathematical
Physics. 1987; 28(3): 538-555. Available from: doi: 10.1063/1.527639.

[20] Calogero F, Degasperis A. Reduction technique for matrix nonlinear evolutions equations solvable by the spectral
transform. Preprint 151. Istituto di Fisica G. Marconi Univ. di Roma; 1979. p. 1-37.

[21] Ibragimov NH, Shabat AB. Infinite lie-backlund algebras. Functional Analysis and Its Applications. 1981; 14: 313-
315.

[22] Sokolov VV. On Hamiltonianicity of the Krichever-Novikov equation. Doklady Akademii Nauk SSSR. 1984;
227(1): 48-50.

[23] Sokolov VV, Shabat AB. Classification of integrable evolution equations. Mathematical Physics Review. 1984; 4:
221.

[24] Prykarpatskyy YA. Integrability of riemann-type hydrodynamical systems and dubrovin’s integrability classification
of perturbed KdV-type equations. Symmetry. 2021; 13(6): 1077. Available from: doi: 10.3390/sym13061077.

[25] Sergyeyev A, Sanders J. The complete set of generalized symmetries for the Calogero-Degasperis-Ibragimov-
Shabat Equation. Proceedings of Institute of Mathematics of NAS of Ukraine. 2002; 43: 209-214.

[26] Sergyeyev A, Sanders JA. A remark on nonlocal symmetries for the Calogero Degasperis Ibragimov-Shabat
Equation. Journal of Nonlinear Mathematical Physics. 2003; 10(1): 78. Available from: doi: 10.2991/
jnmp.2003.10.1.6.

[27] Benno F, Fokas AS. Symplectic structures, their Backlund transformations and hereditary symmetries. Physica D:
Nonlinear Phenomena. 1981; 4(1): 47-66. Available from: doi: 10.1016/0167-2789(81)90004-x.

[28] Euler M, Euler N, Leach L. Properties of the Calogero-Degasperis-Ibragimov-Shabat differential sequence.
Lobachevskii Journal of Mathematics. 2011; 32(1): 61-70. Available from: doi: 10.1134/s1995080211010070.

[29] Euler N, Euler M. Second-order recursion operators of third-order evolution equations with fourth-order
integrating factors. Journal of Nonlinear Mathematical Physics. 2007; 14(3): 321. Available from: doi: 10.2991/
jnmp.2007.14.3.2.

[30] Euler M. Fourth-order recursion operators for third-order evolution equations. Journal of Nonlinear Mathematical
Physics. 2008; 15(2): 147. Available from: doi: 10.2991/jnmp.2008.15.2.2.

[31] Prykarpatsky AK, Mykytiuk IV. Algebraic Integrability of Nonlinear Dynamical Systems on Manifolds. Dordrecht:
Springer; 1998. Available from: doi: 10.1007/978-94-011-4994-5.

[32] Samoilenko AM, Prykarpatsky YA. Algebraic-analytical aspects of fully integrated dynamical systems and their
perturbations. Kyiv: Institute of Mathematics of the National Academy of Sciences of Ukraine; 2002. p. 237.

[33] Lax PD. Integrals of nonlinear equations of evolution and solitary waves. Communications on Pure and Applied
Mathematics. 1968; 21(5): 467-490. Available from: doi: 10.1002/cpa.3160210503.

[34] Noether E. Invariante variationprobleme. Nachrichten von der Gesellschaft der Wissenschaften zu Géttingen,
Mathematisch-Physikalische Klasse. 1918; 235-257.

[35] Abraham R, Marsden J. Foundations of Mechanics. 2nd ed. CA: Addison-Wesley Publishing Company, Inc.; 1978.

[36] Arnold VI. Mathematical Methods of Classical Mechanics. NY: Springer; 1989.

[37] Egorov YV, Shubin MA. Foundations of the Classical Theory of Partial Differential Equations. Berlin/Heidelberg,
Germany: Springer; 1998.

[38] Magri F. A simple model of the integrable Hamiltonian equation. Journal of Mathematical Physics. 1978; 19: 1156-
1162.

[39] Bogolyubov NN, Prikarpatskii AK. Quantum current lie algebra as the universal algebraic structure of the
symmetries of completely integrable nonlinear dynamical systems of theoretical and mathematical physics.
Theoretical and Mathematical Physics. 1988; 75(1): 329-339. Available from: doi: 10.1007/bf01017166.

[40] Prykarpatski AK. Quantum current algebra in action: Linearization, integrability of classical and factorization of
quantum nonlinear dynamical systems. Universe. 2022; 8(5): 288. Available from: doi: 10.3390/universe8050288.

[41] Goldin GA. Lectures on diffeomorphism groups in quantum physics. In Contemporary Problems in Mathematical
Physics, Proceedings of the Third International Workshop, Helsinki, Finland, 30-31 October 2014. Singapore:
World Scientific Publishing; 2004. p. 3-93.

[42] Prykarpatski AK, Soltanov KN, Ozcag E. Differential-algebraic approach to constructing representations of
commuting differentiations in functional spaces and its application to nonlinear integrable dynamical systems.
Communications in Nonlinear Science and Numerical Simulations. 2014; 19: 1644-1649. Available from: doi:
10.1016/j.cnsns.2013.09.029.

[43] Gel’fand IM, Dikii LA. The calculus of jets and nonlinear Hamiltonian systems. Functional Analysis and Its
Applications. 1978; 12(2): 81-94. Available from: doi: 10.1007/bf01076250.

Volume 4 Issue 4|2023| 767 Contemporary Mathematics



[44] Gelfand IM, Dikey LA. A lie algebra structure in a formal variational calculation. Functional Analysis and Its
Applications. 1976; 10(1): 16-22.

[45] Gelfand IM, Dikey LA. The resolvent and Hamiltonian systems. Functional Analysis and Its Applications. 1977;
11(2): 93-105.

[46] Gelfand IM, Manin YI, Dikiy LA. Poisson brackets and the kernel of the variational derivative in the formal
calculus of variations. Functional Analysis and Its Applications. 1976; 10(4): 274-278.

[47] Godbillon C. Geometri Differentielle et Mecanique Analytique. Paris: Hermann; 1969.

[48] Kaplanski 1. Introduction to Differential Algebra. NY; 1957.

Contemporary Mathematics 768 | Anatolij K. Prykarpatski, ef al.



