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Abstract: The cubic power graph of finite group G with identity element e, is an undirected finite, simple graph in 
which a pair of distinct vertices x, y have an edge iff xy = z3 or yx = z3 for any nz D∈  with z3 ≠ e. In this paper, we have 
studied the structural representation of the cubic power graph of the dihedral group and various structural properties 
such as clique, girth, vertex degree, chromatic number, independent number, matching number, perfect matching, 
dominating number, etc. We have also calculated various topological indices such as the Harary index, the first and 
second Zagreb indices, the Wiener and hyper-Wiener indices, the Schultz index, the harmonic index, the general Randic 
index, the eccentric connectivity index, the Gutman index, the atomic-bond connectivity index, and the geometric-
arithmetic index of the cubic power graph of dihedral group Dn when gcd(n, 3) = 1.  

Keywords: dihedral group, cubic power graph, degree of vertex, chromatic number, matching number, topological 
indices
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1. Introduction
In recent years, various graphs associated with algebraic structures have been studied such as various properties 

of power graphs in [1-5], square element graphs in [6], square power graphs in [7], kth power graphs in [8], etc. A 
power graph of a finite group G is an undirected finite simple graph having a vertex set group G in which two distinct 
element vertices have an edge iff one is the power of the other. Various structural properties and topological indices of 
co-prime-order graphs of finite abelian p-groups are studied in [9]. A co-prime order graph of a finite group G is a graph 
with a vertex set G in which two distinct vertices a, b have an edge iff gcd(o(a), o(b)) = 1 or a prime number. Various 
properties of equal-square graphs associated with finite groups are studied in [10]. An equal-square graph of a finite 
group is a simple graph with two distinct vertices x, y adjacent iff x2 = y2.  

Graph invariants are important elements of graph theory. They are crucial in describing the structural features 
of networks and graphs. The computer networks, the World Wide Web, social networks, chemical reaction networks, 
chemical structures of molecules, etc. can be described by graph invariants. Topological indices are the common 
name for these measurements that are employed in the investigation of networks’ structural properties. Chemistry, 
mathematics, and pharmacy engineering all make extensive use of topological indices [11-13]. In addition, topological 
indices are used for networks, internet routing, transport network flow, and people trafficking [14-18].
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Prathap and Chelvam [19] introduced and studied the cubic power graph of finite abelian groups. The cubic power 
graph of the finite abelian group G is an undirected simple graph with G as the vertex set and two distinct vertices x, y 
having edges iff x + y = 3t for some  with 3 0.t G t∈ ≠  In this paper, we have extended the concept of the cubic power 
graph of finite abelian groups to the cubic power graph of finite groups. The cubic power graph of the finite group 
G with identity element e is simple undirected graph with vertex set G having distinct vertices ,x y G∈  adjacent iff 
xy = z3 or yx = z3 for some 3 with .z G z e∈ ≠  It is denoted as Гcpg (G). The cubic power graph of a finite abelian 
group is connected only when gcd(3, n) = 1, where n is the order of the group, but the cubic power graph 
of a dihedral group is always a connected graph with a special type of regular subgraph when gcd(3, n) = 3.

In Section 2, we have defined some symbols used throughout this paper and given the basic terminologies of graph 
theory and group theory. In Section 3, we have given a structural representation of the cubic power graph of the dihedral 
group. Structural properties such as vertex degree, connectedness, completeness, girth, clique number, chromatic 
number, weakly perfectness, independent number, matching number, perfect matching, and dominating number of 
the cubic power graph of the dihedral group are also studied in Section 3. In Section 4, topological indices such as the 
Harary index, the first and second Zagreb indices, the Wiener and hyper-Wiener indices, the Schultz index, the harmonic 
index, the general Randic index, the eccentric connectivity index, the Gutman index, the atomic-bond connectivity, and 
the geometric-arithmetic index of the cubic power graph of the dihedral group Dn are given for gcd(n, 3) = 1. 

2. Preliminaries
Let Гcpg (Dn) be a cubic power graph of the dihedral group Dn of order 2n with identity element e, whose vertex 

set is Dn itself denoted as V (Гcpg (Dn)) and a set of edges as E (Гcpg (Dn)). The number of edges in Гcpg (Dn) is denoted as 
( )( )cpg nE DΓ . For any vertex )( )( cpg nx V D∈ Γ , ( )deg ( )

cpg nD xΓ  is the number of vertices in Гcpg (Dn) in which x is adjacent,
known as degree of x. Distance between any pair of vertices , )( )( cpg nx y V D∈ Γ  is the shortest path x ₋ y in Гcpg (Dn), 
denoted as d(x, y). For any ),)( (cpg nx V D∈ Γ  the largest distance of x to any vertex in Гcpg (Dn) is known as eccentricity 
of x and denoted as ecc(x). A regular graph with n vertices and every vertex with vertex degree m is denoted as m ₋ Kn. 
If all the vertices of graph G1 are adjacent with all the vertices of graph G2 , then we have denoted it by using + as G1 + 
G2. If graph G have two disjoint components G1 and G2 , then it is denoted as 1 2. G G G G= ∪  is used for complement of 
graph G.  

Let Dn be the dihedral group of order 2n with identity element e, then 2 3 1 2 3 1 2{ , , , , , , , , , , , : , , }.n n n i n i
nD e r r r r s rs r s r s r s r e s e r s sr− − −= = = =  

2 3 1 2 3 1 2{ , , , , , , , , , , , : , , }.n n n i n i
nD e r r r r s rs r s r s r s r e s e r s sr− − −= = = =  . Le t  1{ : , },nX x x D x x−= ∈ =  2 3 1 3 6 3{ , , , , , },  { , , , , },n nR e r r r r R e r r r− −′= =   and 

2 1 3{ , , , , }. Let { : }n
n nS s rs r s r s D x x D− ′= = ∈  then we have n nD D′ =  when gcd(3, n) = 1 and 3 6 3 2 3 1, , , , , , , , ,{ },n n

nD e r r r s rs r s r s r s R S− −= =′ ′∪ 

3 6 3 2 3 1, , , , , , , , ,{ },n n
nD e r r r s rs r s r s r s R S− −= =′ ′∪   when gcd(3, n) = 3. It can be noted that any pair of distinct vertices x, y in Гcpg (Dn) are 

adjacent iff \{ }nxy D e∈ ′ .

3. Structural properties of Гcpg (Dn)

Theorem 3.1. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Let , ( ( )),cpg nx y V D∈ Γ  then

(i) ( )
( )

( )

1 2

1 2

1 1 when  is an odd number,
2

2 2  when  is an even number.
2

 

cpg n

nn K K n
D

nn K K n

 − + ∪  
  Γ = 

−  + ∪   

(ii) 
 2 2 when \ ,

deg ( )
 2 1 when .cpg

nn x D X
x

n x XΓ

− ∈
=  − ∈

(iii) ( )
1

1

1  if ,
,

 2 if .
x y

d x y
x y x

−

−

 ≠= 
= ≠
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(iv) ( )( )

2

2

4 3 1  if  is an odd number,
2

4 3 2  if  is an even number.
2

cpg n

n n n
E D

n n n

 − +
Γ = 

− +
 

Proof. Let Гcpg (Dn) be the cubic power graph of Dn , dihedral group of order 2n and gcd(3, n) = 1.
(i) Case 1. When n is an odd number.
In this case, we have 1. For every ,  \{ }, we get \{ }n nX n x X y D x xy D e= + ∈ ∈ ∈ ′  and for every 1\ ,  \{ , },  we have \{ }.n n nx D X y D x x xy D e− ′∈ ∈ ∈ 

1\ ,  \{ , },  we have \{ }.n n nx D X y D x x xy D e− ′∈ ∈ ∈  So, not self-inverse element vertex in Гcpg (Dn) adjacent with all other vertices 
in Гcpg (Dn) except its inverse and self-inverse element vertex in Гcpg (Dn) adjacent with all other vertices in Гcpg (Dn). 

Hence, 1 2
1(( )

2
) 1cp ng

nn KD K− Γ = + ∪ 
 

 when n is an odd number.

Case 2. When n is an even number.
In this case, we have 2. For every ,  \{ }, we get  \{ }n nX n x X y D x xy D e= + ∈ ∈ ∈ ′  and for every 1\ ,  \{ , },  we have \{ }.n n nx D X y D x x xy D e− ′∈ ∈ ∈ 

1\ ,  \{ , },  we have \{ }.n n nx D X y D x x xy D e− ′∈ ∈ ∈  So, we have not self-inverse element vertex in Гcpg (Dn) adjacent with all other 
vertices in Гcpg (Dn) except its inverse and self-inverse element vertex in Гcpg (Dn) adjacent with all other vertices in Гcpg

(Dn). Hence, 1 2
2( 2)

2cpg
nn K K− Γ = + ∪ 

 
 when n is an even number.

(ii) Case 1. When \ .nx D X∈
As discussed in Theorem 3.1(i), \ .nx D X∈  is adjacent with all 1\{ , }. Thus, deg 2 2( )

cpgny D x nxx−
Γ∈ = −  when 

\ .nx D X∈ .
Case 2. When .x X∈  
As discussed in Theorem 3.1(i), .x X∈  is adjacent with all \{ }.ny D x∈ Thus, deg ( ) 2 1

cpg
x nΓ = −  when .x X∈

(iii) For every 1 ,( ( )) ( ),  \{ , }( )cpg n cpg nx V D y V D x x−∈ Γ ∈ Γ  we get 1\{ }. Now, when ,nxy D e x y−∈ ′ ≠  we have 1\{ }. So, ( , ) 1 when .nxy D e d x y x y−∈ ≠′ =
1\{ }. So, ( , ) 1 when .nxy D e d x y x y−∈ ≠′ =

When ( )1 ,,  we have , 1. and so nx y x xy e D d x y− ′= ≠ = ∉ ≠  In such case, we always have { }\ ,nz D x y∈  such that   
\{ } and \{ }.n nxz D e yz D e′∈ ∈ ′  So, we have path x ₋ z ₋ y between x and y vertices. Thus, 1( , ) 2 when .d x y x y x−= = ≠

(iv) Case 1. When n is an odd number.
In any simple graph with 2n vertices, maximum possible number of vertices are n(2n ₋ 1). We obtain Гcpg (Dn) by 

deleting 1( 1)
2

n x x−−
−  type edges from Kn. Hence, 

2( 1) 4 3 1( ) (2 1) .(
2 2

)cpg n
n n nE D n n − − +

Γ = − − =

Case 2. When n is an even number.
In any simple graph with 2n vertices, maximum possible number of vertices are n(2n ₋ 1). We obtain Гcpg (Dn) by 

deleting 1( 2)
2

n x x−−
−  type edges from Kn. Hence, 

2( 2) 4 3 2( ) (2 1) .(
2 2

)cpg n
n n nE D n n − − +

Γ = − − =

Theorem 3.2. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 3. Then,

(i)   

[ ] [ ]
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(ii) 

4 3  when \ ,
3

deg  
4 6  w \

(
h  

)
en .

3

cpg

n x X R R

n x R X
xΓ

 −  ∈ ∪ 
 = 

−  ∈ 

′


′

Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 3.
(i) Case 1. When n = 3.
In this case, we have all three reflection element vertices adjacent to all three rotation elements, and no pair of 

rotation elements or reflection elements is adjacent, as shown in Figure 1. So, Гcpg (D3) = K3,3.
Case 2. When n = 6. 
In this case, we have all six reflection element vertices adjacent to all six rotation elements, and three pairs of 

rotation elements and three pairs of reflection elements are adjacent, as shown in Figure 1. So, Гcpg (D6) = [3K2] + [3K2].

Figure 1. (a) Гcpg (D3); (b) Гcpg (D6)

Case 3. When n is an odd number other than 3. 
For every rotation element vertex )( )( cpg nx R V D∈ ⊂ Γ  and every reflection element vertex ( ), we have \{ }.( )cpg n ny S V D xy D e∈ ⊂ Γ ∈ ′ 

( ), we have \{ }.( )cpg n ny S V D xy D e∈ ⊂ Γ ∈ ′  So, we have every rotation element vertex adjacent with every reflection element vertex.
For every pair of rotation element 1, , we have \{ } whenever .nx y R xy D e x y−′′∈ ∈ ≠  We have one self-inverse 

element in 3 and 
6

nR −′  pairs of x, x-1 in 3 and 
6

nR −′, when n is an odd number. For x R∈ ′ and 1 2
3\  we have \{ }. So, forming 

6n
ny R R xy D e K K

 − ∈ ∉ ∪  


′′
 

 

So, forming 1 2
3\  we have \{ }. So, forming 

6n
ny R R xy D e K K

 − ∈ ∉ ∪  


′′
 

 subgraph of Гcpg (Dn) with 3 and 
6

nR −′ as vertex set.

For , \ , we have \{ } iff .nx y R R xy D e xy R∈ ∈ ∈′′ ′. We have every rotation element in 3 and 
6

nR −′ adjacent with other 
3

3
n − 

 
 

 

rotation vertices of 3 and 
6

nR −′ forming the connected 
3

3
n − 

 
 

 ₋ regular subgraph of Гcpg (Dn) with R \ 
3 and 

6
nR −′ as vertex set.

Let 3 6 3 4 7 2
1 2 3 1 2{ , , , , },  { , , , , }, such that n nS S S S S s r s r s r s S rs r s r s sr− −= ∪ ∪ = =  3 6 3 4 7 2

1 2 3 1 2{ , , , , },  { , , , , }, such that n nS S S S S s r s r s r s S rs r s r s sr− −= ∪ ∪ = =  , and 2 5 8 -1
3 { , , ,..., }.nS r s r s r s r s=  

. For every pair of vertices 1 1, , we have \{ }. For nx y S xy D e x S∈ ∈′∈  and '
1, we hav .\ \ }e {ny S S xy D e∈ ∉ . Thus, we 

have a complete subgraph of Гcpg (Dn) with S1 as a vertex set.

For every pair of vertices 2 2 3, , we have \{ }. For  and \ ,nx y S xy D e x S y S S∈′∈ ∈ ∈ 2, we have \{ }nxy D e∉ ′ . Thus, 
we have a complete subgraph of Гcpg (Dn) with S2 as a vertex set.,

For every pair of vertices 3 3 3  and, , we have \{ }. For \ , nx y S xy D e x S y S S∈′∈ ∈ ∈  we have \{ }nxy D e∉ ′ . Thus, 
we have a complete subgraph of Гcpg (Dn) with S3 as a vertex set.

Cubic power graph of D3

Cubic power graph of D6

e r r2

r2srss

e r3 r r2 r4 r5

s r3s rs r4s r2s r5s(a)

(b)
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Hence, we have 1 2 2
3 3

3 3 3(
6 3

)cpg n n n
n nD K K K K

  − −    Γ = ∪ ∪ − +          

 when n is an odd number other than 3 and 

gcd(3, n) = 3. Cubic power graph of D9, Γcpg (D9) is shown in Figure 2.

Figure 2. Гcpg (D9)

Case 4. When n is an even number other than 6.
For every rotation element vertex ( ( ))cpg nx R V D∈ ⊂ Γ  and every reflection element vertex ( ), we have \{ }.( )cpg n ny S V D xy D e∈ ⊂ Γ ∈ ′ 

( ), we have \{ }.( )cpg n ny S V D xy D e∈ ⊂ Γ ∈ ′  So, we have every rotation element vertex adjacent with every reflection element vertex.
For every pair of rotation element 1, , we have \{ } whenever .nx y R xy D e x y−′′∈ ∈ ≠ . We have two self-inverse 

element in 3 and 
6

nR −′ and 6
6

n −  pairs of x, x-1 in 3 and 
6

nR −′, when n is an odd number. For x R∈ ′ and 1 2
6\ , we have \{ }. So, forming  2

6n
ny R R xy D e K K

 − ∈ ∉ ∪  


′′
 

. 

So, forming 1 2
6\ , we have \{ }. So, forming  2

6n
ny R R xy D e K K

 − ∈ ∉ ∪  


′′
 

 subgraph of Гcpg (Dn) with 3 and 
6

nR −′ as a vertex set.

For , \ , we have \{ } if .nx y R R xy D e xy R∈ ′ ∈′ ′∈  We have every rotation element in 3 and 
6

nR −′ adjacent with other 3
3

n − 
 
 

rotation vertices of 3 and 
6

nR −′ forming the connected 
3

3
n − 

 
 

 ₋ regular subgraph of Гcpg (Dn) with R \ 3 and 
6

nR −′ as vertex set.

Let 31 2S S S S= ∪ ∪  such that 3 6 3 4 7 2
1 2{ , , , ,{ }, },  , , , ,n nS s r s r s r s S rs r s r s sr− −= =   and 2 5 8 1

3 { , , , , }nS r s r s r s r s−=   
2 5 8 1

3 { , , , , }nS r s r s r s r s−=  . For every pair of vertices 1 1\{, , we have . For }nx y S xy D xe S∈ ∈′∈  and 1\ , we have \{ }.ny S S xy D e∈ ∉ ′ . Thus, we 
have a complete subgraph of Гcpg (Dn) with S1 as a vertex set.

For every pair of vertices { }2 2 2, , we have \ . For  and \ , nx y S xy D e x S y S S∈ ∈ ∈ ∈′  we have 1\ , we have \{ }.ny S S xy D e∈ ∉ ′ . Thus, 
we have a complete subgraph of Гcpg (Dn) with S2 as a vertex set.

For every pair of vertices { }3 3 3, , we have \ . For and  \ , nx y S xy D e x S y S S∈ ∈ ∈′ ∈  we have 1\ , we have \{ }.ny S S xy D e∈ ∉ ′ . Thus, 
we have a complete subgraph of Гcpg (Dn) with S3 as a vertex set.

Thus, we have 1 2 2
3 3

6 3  2 3(
3

)
6cpg n n n

n nD K K K K
  − −    Γ = ∪ ∪ − +          

 when n is an even number other than 6 

and gcd(3, n) = 3.

Cubic power graph of D9

er3

r

r6

s r3s

r7r4r2 r8 r5

r6s r8sr5sr7s r2sr4srs
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(ii) Case 1. For { }3,6 , we have \ ,nn X R R D∈ ′∪ =  and so using Theorem 3.1(i), 4 3deg ( ) . When \ .
3cpg

nx x X R RΓ = ∪ ′−
∈

4 3deg ( ) . When \ .
3cpg

nx x X R RΓ = ∪ ′−
∈

We have ( ). For ,X S X R x S= ′∪ ∩ ∈  we have x vertex part of 
3
nK  type subgraph of Гcpg (Dn) as discussed in 

Theorem 3.2(i). So, we have 4 3deg 1
3 3

( )
cpg

nx n n
Γ

−
= + − = .

We have { }  for odd X R e n=′∩  n other than 3, and 2{ , }X R e r=  for even n other than 6. So, we have vertex

x X R∈ ∩ ′ self-inverse element vertex part of 1 2
3

6
nK K− ∪  

 type subgraph when n is an odd other than 3, and of

1 2
62

6
nK K− ∪  

 type subgraph when n is an even other than 6. Thus, 3 4 3deg
3 3

( )
cpg

nx nnΓ
− −

= + = .

If \ ,x R R∈ ′  then using Theorem 3.2(i), we have x-vertex part of 2
3

3
3 n

n K−  − 
 

 type subgraph of Гcpg (Dn). Thus,   

3 4 3deg .(
3

)
3cpg

n nnxΓ

− −
= + =  Hence, 3 4 3deg .(

3
)

3cpg

n nnxΓ

− −
= + =  when \x X R R∈ ∪ ′.

Case 2. When \x R X∈ ′ .
For { }3,6  we have \ .n R X φ′∈ = . Using Theorem 3.2(i), we have \x R X∈ ′  is the not self-inverse element vertex 

of 1 2 1 2 subgraph and o3 62
6 6

f n nK K K K− −   ∪ ∪      
 for odd number n other than 3, and even number n other than 6,

respectively. Thus, ( )
3 4 6deg 1 2

3 3cpg nD
n nnΓ

− −
= + − + =  for odd number n other than 3, and ( )

6 4 6deg 2 2
3 3cpg nD

n nnΓ

− −
= + − + = 

( )
6 4 6deg 2 2

3 3cpg nD
n nnΓ

− −
= + − + =  for even number n other than 6.

Thus, the required result. 
Theorem 3.3. Let Гcpg (Dn) be a cubic power graph of Dn , then 
(i) Гcpg (Dn) is always a connected graph.

(ii) Гcpg (Dn) is a complete graph iff { }1,2 .n∈
(iii) Гcpg (Dn) is a bipartite graph iff { }1,3 .n∈
Proof. Let Гcpg (Dn) be the cubic power graph of Dn with identity element e.
(i) Case 1. When gcd(3, n) = 1.
Using Theorem 3.1(i), we have for every vertex '\ { }, .( ( )  \ }) {cpg n nx V D e xe D e∈ Γ ∈ . Thus, e is adjacent with every 

vertex }(( ) {) \cpg nx V D e∈ Γ . Thus, Гcpg (Dn) is a connected graph when gcd(3, n) = 1.
Case 2. When gcd(3, n) ≠ 1.
Using Theorem 3.2(i), for every rotation element vertex x and reflection element vertex y, we have ' \ { }.nxy D e∈

Thus, every rotation element vertex adjacent with every reflection element vertex. Thus, Гcpg (Dn) is connected when 
gcd(3, n) ≠ 1.

Hence, Гcpg (Dn) is a connected graph.
(ii) Case 1. When { }1,2 .n∈ .
Using Theorem 3.1(i), we have ( ) [ ] ( ) [ ]1 1 2 2 1 4 and .2 4cpg cpgD K K D K KΓ = = Γ = = . Thus, Гcpg (Dn) is a complete 

graph when { }1,2 .n∈ .
Case 2. When { }\ 1, 2n N∈ .
In this case, we always have a pair of rotation elements ri, rn₋₋i such that ri ≠ rn₋₋i and .i n i n i ir r r r e− −= = . Thus, we 

always have at least a pair of vertices, which are not adjacent in Гcpg (Dn). Thus, Гcpg (Dn) is not a complete graph when 

{ }\ 1, 2n N∈ .
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Hence, the required result.
(iii) Case 1. When { }1,3 .n∈ .
For n = 1, we have Гcpg (D1) = K2 by using Theorem 3.1(i) and Гcpg (D3) = K3,3 when n = 3 by using Theorem 3.2(i). 

Thus, Гcpg (Dn) is a bipartite graph for { }1,3 .n∈ .
Case 2. When { }\ 1, 2n N∈  3}.
Using Theorem 3.1(i) and Theorem 3.2(ii), we always have the cycle of length 3 in Гcpg (Dn) for { }\ 1, 2n N∈  {1, 3}. 

Thus, Гcpg (Dn) contains odd cycle for { }\ 1, 2n N∈  {1, 3}. Hence, Гcpg (Dn) not a bipartite graph for { }\ 1, 2n N∈  {1, 3}.
Hence, the required result. 
Theorem 3.4. Let Гcpg (Dn) be the cubic power graph of Dn , then girth

 

 if 1,
( ( )) 4  if 3,

3  if \{1,3}.
cpg n

n
gr D n

n

∞ =
Γ = =
 ∈ 

Proof. Let Гcpg (Dn) be the cubic power graph of Dn .
Case 1. When n = 1.
Using Theorem 3.1(i), we have Гcpg (D1) = K2. So, there is no cycle in Гcpg (D1). Thus, gr(Гcpg (Dn)) = ∞ if n = 1.
Case 2. When n = 3.
In this case, we have Гcpg (D3) = K3,3 using Theorem 3.2(i). Thus, gr(Гcpg (D3)) = 4.

Case 3. When { }\ 1, 2n N∈ {1, 3}.
In this case, we always have at least a pair of reflection vertices x, y such that both are adjacent with each other and 

adjacent with identity element e vertex using Theorem 3.1 and Theorem 3.2. Thus, gr(Гcpg (Dn)) = 3 when { }\ 1, 2n N∈ {1, 3}.
Theorem 3.5. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1, then clique number
   

3 1  if  is an odd number,
2( ( ))

3 2  if  is an even number.
2

cpg n

n n
D

n n
ω

+
Γ =  +


Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.
Case 1. When n is an odd number.

Using Theorem 3.1, we have ( ) ( ) 1 2
11

2cpg n
nD n K K

 − Γ = + ∪  
  

. So, we have (n + 1) self-inverse element vertices

and one vertex from each 
1

2
n − 

 
 

 pairs of not-self inverse vertices (ri, rn₋₋i ) forms the complete subgraph of Гcpg (Dn) 

with maximum number of possible vertices. Thus, ( )( ) ( ) 1 3 11
2 2cpg n

n nD nω − + Γ = + + = 
 

. 

Case 2. When n is an even number.

Using Theorem 3.1, we have ( ) ( ) 1 2
22

2cpg n
nD n K K

 − Γ = + ∪  
  

. So, we have (n + 2) self-inverse element 

vertices and one vertex from each 
2

2
n − 

 
 

 pairs of not-self inverse vertices (ri, rn₋₋i ) forms the complete subgraph of 

Гcpg (Dn) with maximum number of possible vertices. Thus, 2 3 2( ( )) ( 2)
2 2cpg n

n nD nω − + Γ = + + = 
 

. 

Theorem 3.6. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1, then chromatic number
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3 1  if    is an odd number,
2( )

3 2  if    is an even num
)

ber.
2

(cpg n

n n
D

n n
χ

+
Γ =  +


Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.
Case 1. When n is an odd number.
Using Theorem 3.1, we have n + 1 self-inverse element vertices adjacent with all vertices other than itself and 

remaining not self-inverse element vertices adjacent with all vertices other than itself and its inverse in Гcpg (Dn). Thus, 

we need at least (n + 1) different colors for self-inverse element vertices and 
1

2
n − 

 
 

 different colors for each pair of

not self-inverse element vertices for proper coloring of Гcpg (Dn). Thus,
 

( ) 1 3 1( ( )) 1
2 2cpg n

n nD nχ − + Γ = + + = 
 

. 

Case 2. When n is an even number.
Using Theorem 3.1, we have n + 2 self-inverse element vertices adjacent with all vertices other than itself and 

remaining not self-inverse element vertices adjacent with all vertices other than itself and its inverse in Гcpg (Dn). Thus,
we need at least (n + 2) different colors for self-inverse element vertices and 

2
2

n − 
 
 

 different colors for each pair of not 

self-inverse element vertices for proper coloring of Гcpg (Dn). Thus, ( ) 2 3 2( ) 2
2

(
2

)cpg n
n nD nχ − + Γ = + + = 

 
.

Corollary 3.1. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, Гcpg (Dn) is weakly perfect.  
Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, by using Theorem 3.5 and Theorem 3.6, 

we have ω (Гcpg (Dn)) = ( ) 1 3 1( ( )) 1
2 2cpg n

n nD nχ − + Γ = + + = 
 

(Гcpg (Dn)) . Thus, Гcpg (Dn) is weakly perfect.
Theorem 3.7. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1, then independent number

{ }1 if 1, 2 ,
( )

2 otherwise
)

.
(cpg n

n
Dβ

 ∈Γ = 


Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.
Case 1. When { }1,2 .n∈ .
Using Theorem 3.1, we have Гcpg (D1) = K2 and Гcpg (D2) = K4. Thus, we have only one vertex in maximum 

independent set of vertices. Hence, β (Гcpg (Dn)) = 1 if { }1,2 .n∈ .
Case 2. When { }\ 1, 2n N∈ .
Using Theorem 3.1, we have only vertices, which are not adjacent with each other are rotation element vertices 

ri, rn₋₋i for which ri ≠ rn₋₋i. So, any pair of rotation element vertices ri, rn₋₋i for which ri ≠ rn₋₋i forms the maximum 
independent set of vertices. Hence, β (Гcpg (Dn)) = 2 if { }\ 1, 2n N∈  and gcd(3, n) = 1 .

Theorem 3.8. Let Гcpg (Dn) be the cubic power graph of Dn, then matching number, μ (Гcpg (Dn)) = n.  
Proof. Let Гcpg (Dn) be the cubic power graph of  Dn. So, the maximum possible matching number of Гcpg (Dn) is n. 
Case 1. When n is an odd number and gcd(3, n) = 1.

Using Theorem 3.1(i), we have ( ) ( ) 1 2
11

2cpg n
nD n K K

 − Γ = + ∪  
  

. Thus, we have n edges from Гcpg (Dn) forms

maximum set of edges such that no pair of edges have common vertex. For example, one of the maximum set of edges 
such that no pair of edges have common vertex is set containing n _ 1 edges with one end vertex self-inverse element 
vertex, and another end vertex not-self inverse element vertex and one edge with both end self-inverse vertices (which 
are not used in initial n _ 1 edges). Thus, μ (Гcpg (Dn)) = n when n is an odd number and gcd(3, n) = 1.

Case 2. When n is an even number and gcd(3, n) = 1.
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Using Theorem 3.1(i), we have ( ) ( ) 1 2
22

2cpg n
nD n K K

 − Γ = + ∪  
  

. Thus, we have n edges from Гcpg (Dn) forms

maximum set of edges such that no pair of edges have common vertex. For example, one of the maximum set of edges 
such that no pair of edges have common vertex is set containing n _ 2 edges with one end vertex self-inverse element 
vertex, and another end vertex not-self inverse element vertex and two edges with both end self-inverse vertices (which 
are not used in initial n _ 2 edges). Thus, μ (Гcpg (Dn)) = n when n is an even number and gcd(3, n) = 1.

Hence, the required result.
Case 3. When gcd(3, n) ≠ 1.
Using Theorem 3.2(i), we have all the n rotation element vertices adjacent with all n reflection element vertices in 

Гcpg (Dn). So, there are n2 edges having one end reflection element vertex, and another end with rotation element vertex. 
So, we have Kn,n as a subgraph of Гcpg (Dn). We have μ (Гcpg Kn,n)) = n. As maximum possible matching number of Гcpg (Dn) 
is n, and Гcpg (Dn) has a subgraph with matching number n. Hence, μ (Гcpg (Dn)) = n when gcd(3, n) ≠ 1.

Corollary 3.2. Let Гcpg (Dn) be a cubic power graph of Dn , then Гcpg (Dn) has perfect matching.  

Proof. Let Гcpg (Dn) be the cubic power graph of Dn . Then, by using Theorem 3.8, we have μ (Гcpg (Dn)) = n = ( )( )Ã
2

n
cpg n

D
D nµ = = . 

Hence, Гcpg (Dn) has perfect matching.
Theorem 3.9. Let Гcpg (Dn) be the cubic power graph of Dn . Then, the dominating number,

( ) 1  if  gcd(3, ) 1,
 2 if  gcd(3, ) 3.n

n
D

n
γ

=
=  =

Proof. Let Гcpg (Dn) be the cubic power graph of Dn.
Case 1. When gcd(3, n) = 1.
Using Theorem 3.1, we have e identity element vertex adjacent with all other vertices in Гcpg (Dn). Thus, we have a 

minimal dominating set with cardinality 1. Hence, γ (Dn) = 1.
Case 2. When gcd(3, n) = 3.
Using Theorem 3.2, we have every rotation element vertex adjacent with every reflection element vertex. So, 

a minimum dominating set contains two vertices one rotation element vertex and another reflection element vertex. 
Hence, γ (Dn) = 2. 

4. Topological indices of Гcpg (Dn)

Theorem 4.1. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, Wiener index,

2

2

4 1 when    is an odd number,
2( )

4 2  when    is an even number.
2

( )cpg n

n n n
W D

n n n

 − −
Γ = 

− −


Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. 
The Wiener index [30] of Гcpg (Dn) is 

{ , } ( ( ))
( ) , ( , )( )

cpg nx y Vcpg n D
W D d x y

⊂ Γ
Γ = ∑ . Using Theorem 3.1(iii), we have

d(x, y) = 1 when x₋1≠ y and d(x, y) = 2 when x₋1 =  y.
Case 1. When n is an odd number.

We have 1
2

n  number of vertices x, y pairs in this case such that x₋1 =  y and so number of vertices x, y pairs with 

x₋1 ≠  y are ( )
21 4 3 12 1 .

2 2
n n nn n − − + − − = 

 
. Thus, 

2 24 3 1 1 4 1( ) 1 2 .)
2 2

(
2cpg n

n n n n nW D
 − + − − − Γ = × + × =   
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Case 2. When n is an even number.

We have 2
2

n −  number of vertices x, y pairs in this case such that x₋1 =  y and so number of vertices x, y pairs such
 

that x₋1 ≠  y are
 
( )

22 4 3 22 1 .
2 2

n n nn n − − + − − = 
 

. Thus, ( )( )
2 24 3 2 2 4 21 2 .

2 2 2cpg n
n n n n nW D

 − + − − − Γ = × + × =   
  

Hence, the required result. 
Theorem 4.2. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.Then, the hyper-Wiener index, 

( )( )
2

2

2 1 if   is an odd number,
 
2 2 if   is an even number.cpg n

n n
WW D

n n
 −Γ = 

−

Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. The hyper-Wiener index [31] of Гcpg (Dn) is 

} (
2

{ , } ( ))
1 1( ( )) ( ( ))  ( , )
2 2 cp ngcpg n cpg n x Dy VWW D W D d x y⊂ ΓΓ = Γ + ∑

Case 1. When n is an odd number.
Using Theorem 3.1 and Theorem 4.1, we have

( )( ) ( )( ) { } ( )( )

( )

,

2 2
2 2

1 1
2 2

1 4 1 1 4 3, 2 1
2 2 2 2

cpg n
cpg n cpg n x y V D

WW D W D

n n n nd x y n

⊂ Γ
Γ = Γ +

− − + −
= × + × = −

∑

Case 2. When n is an even number.
Using Theorem 3.1 and Theorem 4.1, we have

( )( ) ( )( ) { } ( )( )

( )

,

2 2
2 2

1 1
2 2

1 4 2 1 4 6, 2 2
2 2 2 2

cpg n
cpg n cpg n x y V D

WW D W D

n n n nd x y n

⊂ Γ
Γ = Γ +

− − + −
= × + × = −

∑

Theorem 4.3. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, the first Zagreb index,

( )( )
3 2

1 3 2

8 12 9 3 when   is an odd number,

8 12 13 6 when   is an even number.
cpg n

n n n n
M D

n n n n

 − + −Γ = 
− + −

Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.

( )( ) 2
1 ( ( )) (deg( ))

cpg ncpg n x V DM D x∈ ΓΓ =∑  is the first Zagreb index [29] of Гcpg (Dn).

Case 1. When n is an odd number.
Using Theorem 3.1(ii), we have n ₋ 1 vertices with degree 2n ₋ 2 and n + 1 vertices with degree 2n ₋ 1. Thus, 

( )2 2 3 2
1( ( )) ( 1) (2 2) 1 (2 1) 8 12 9 3.cpg nM D n n n n n n nΓ = − × − + + − = − + −

Case 2. When n is an even number.
Using Theorem 3.1(ii), we have n ₋ 2 vertices with degree 2n ₋ 2 and n + 2 vertices with degree 2n ₋ 1. Thus,  

2 2 3 2
1( ( )) ( 2) (2 2) ( 2)(2 1) 8 12 13 6.cpg nM D n n n n n n nΓ = − × − + + − = − + −

Theorem 4.4. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, the second Zagreb index, 
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4 3 2

2 4 3 2

16 36 41 27 8  when  is an odd number,
2 

16 36 53 45 18  when  is an even number.
( ( ))

2

cpg n

n n n n n
M D

n n n n n

 − + − +
Γ = 

− + − +


Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.

( )( )2 ( ( ))  [deg( ) deg( )]
cpg n

cpg n xy E D
M D x y

∈ Γ
Γ = ×∑  is the second Zagreb index [29] of Гcpg (Dn).

Case 1. When n is an odd number.

Using Theorem 3.1, we have 
( 1)( 3)

2
n n− −

 edges with vertices on both ends having degree (2n ₋ 2), 
2

2
n n+  edges

with vertices on both ends having degree (2n ₋ 1) and (n2 ₋ 1) edges with vertex on one end with degree (2n ₋ 1), and 
vertex on another end with (2n ₋ 2) degree. Thus,

2
2

2

4 3 2

( 1)( 3)( ) (2 2)(2 2) (2 1)(2 1) (2 1)(2 2)( 1)
2 2

16 36 41 27 8                      
2

( )cpg n
n n n nM D n n n n n n n

n n n n

 − − + Γ = − − + − − + − − −  
   

− + − +
=

Case 2. When n is an even number.

Using Theorem 3.1, we have ( 2)( 4)
2

n n− − 
 
 

 edges with vertices on both ends having degree (2n ₋ 2),

( 1)( 2)
2

n n+ + 
 
 

 edges with vertices on both ends having degree (2n ₋ 1) and (n2 ₋ 4) edges with vertex on one end with 

degree (2n ₋ 1), and vertex on another end with (2n ₋ 2) degree. Thus, 

2 2 2
2

4 3 2

( ( )) (2 2) (2 1) (2 1)(2 2)( 4)

16 36 53 45 18                      
2

( 2)( 4) ( 2)( 1)
2 2cpg nM n n n nD n n n n n

n n n n

− − + +   
   


Γ = − + − + − − −

+ −
 

+


−
=

Theorem 4.5. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, the Harary index,

( )( )
2

2

8 5 1  when   is an odd number,
4

8 5 2  when   is an even number.
4

cpg n

n n n
D

n n n

 − +
Γ = 

− +




Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.

{ } ( )( ),

1( ( ))
( , )cpg n

cpg n x y V D
D

d x y⊂ Γ
Γ = ∑  is the Harary index [28] of Гcpg (Dn).

Case 1. When n is an odd number.
Using Theorem 3.1, we have 1

2
n −  pairs x, y vertices having d(x, y) = 2, and 

24 3 1
2

n n− +  x, y vertices pairs having 

d(x, y) = 1 in Гcpg (Dn). Thus, ( )( )
2 21 4 3 1 1 1 8 5 1

1 2 2 2 4cpg n
n n n n nD

 − + − − + Γ = × + × =   
  

 .

Case 2. When n is an even number.
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Using Theorem 3.1, we have 2
2

n −  pairs of x, y vertices having d(x, y) = 2 and 
24 3 2

2
n n− +  x, y vertices pairs

having d(x, y) = 1 in Гcpg (Dn). Thus, ( )( )
2 21 4 3 2 1 2 8 5 2

1 2 2 2 4cpg n
n n n n nD

 − + − − + Γ = × + × =   
  

 .

Theorem 4.6. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, the Schultz index,

( )( )
3 2

3 2

8 8 1 when   is an odd number,

8 8 2 when   is an even number.
cpg n

n n n n
MTI D

n n n n

 − + +Γ = 
− + +

Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.

{ } [ ], ( ( ))
( ( )) ( , ) deg( ) deg( )

cpg n
cpg n x y V D

MTI D d x y x y
⊂ Γ

Γ = +∑  
is the Schultz index [27] of Гcpg (Dn).

Case 1. When n is an odd number.

Using Theorem 3.1, we have ( 1)
2

n n +  x, y vertices pairs having both vertices degree (2n ₋ 1) and d(x, y) = 1,      

2
( 1)( 3)n n− −  x, y vertices pairs having both vertices degree (2n ₋ 2) and d(x, y) = 1, 1

2
n −  pairs of vertices x, y with both

vertices degree (2n ₋ 2), and d(x, y) = 2 and (n2 ₋ 1) pairs of vertices with one vertex degree (2n ₋ 1), and another vertex 
(2n ₋ 2) with d(x, y) = 1 in Гcpg (Dn). Thus,

( ) ( ){ } ( )

( ) ( ){ } ( )( ) ( ) ( ){ }
( ) ( ) ( ){ } ( )2

3 2 

1
( ( )) 1 2 1 2 1 1

2
1 3

                       2 2 2 2 2 2 2 2 2
2

1
                       1 2 1 2 2 1

2
                       8 8 1

 

 

cpg n

n n
MTI D n n

n n
n n n n

n
n n n

n n n

+
Γ = × − + − × +

− −
× − + − × + × − + −

−
× + × − + − × −

= − + +

Case 2. When n is an even number.

Using Theorem 3.1, we have 
2

( 1)( 2)n n+ +  x, y vertices pairs having both vertices degree (2n ₋ 1) and d(x, y) = 1, 

2
( 2)( 4)n n− −  pairs of vertices x, y having both vertices with degree (2n ₋ 2), and d (x, y) = 1, 2

2
n −  pairs of vertices x, y 

with both vertices degree (2n ₋ 2), and d(x, y) = 2 and (n2 ₋ 4) pairs of vertices x, y with one vertex degree (2n ₋ 1), and 
another vertex (2n ₋ 2) with d(x, y) = 1 in Гcpg (Dn). Thus, 

( )( ) ( ) ( ){ } ( )( )

( ) ( ){ } ( )( ) ( ) ( ){ }

{ } 2

3 2

1 2
1 2 1 2 1 1

2
2 4

                          2 2 2 2 2 2 2 2 2
2

( 2)                          1 (2 1) (2 2) 4
2

                          8 8 2

( )

cpg n

n n
MTI D n n

n n
n n n n

n n n n

n n n

+ +
Γ = × − + − × +

− −
× − + − × + × − + −

−
× + × − + − × −

= − + +

Theorem 4.7. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, the Gutman index,
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( )( )

4 3 2

4 3 2

16 28 17 3  when   is an odd number,
2

16 28 21 5 2  when   is an even number
2

cpg n

n n n n n
Gut D

n n n n n

 − + −
Γ = 

− + − +


Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.

{ }, ( ( ))( ( )) ( , )[deg( ) deg( )]
cpg ncpg n x y V DGut D d x y x y⊂ ΓΓ = ×∑  is the Gutman index [22] of Гcpg (Dn).

Case 1. When n is an odd number.

Using Theorem 3.1, we have ( 1)  
2

n n+  x, y vertices pair having both vertices degree (2n ₋ 1) and d(x, y) = 1,

( 1)( 3)
2

n n− −  pairs of vertices x, y with both vertices degree (2n ₋ 2) and d(x, y) = 1, 1
2

n −  pairs of vertices x, y with 

both vertices degree (2n ₋ 2), and d(x, y) = 2 and (n2 ₋ 1) pairs of vertices x, y with one vertex having degree (2n ₋ 1), 
and another vertex having (2n ₋ 2) with d(x, y) = 1 in Гcpg (Dn). Thus,

{ }

{ } { }

{ } 2

4 3 2

 

( 1)( ( )) 1 (2 1)(2 1) 1
2

                       (2 2)(2 2) 2 (2 2)(2 2)
2

( 1)                       1 (2 1)(2 2) 1
2

16 28 17 3                      
2

( 1)( 3)

( )

cpg n
n nGut D n n

n n n nn

n n n n

n n

n

n n

+
Γ = × − − × +

× − − × + × − −

−
× + × − − ×

+
=

−

−

−

−

−

Case 2. When n is an even number.

Through Theorem 3.1, we have 
2

( 1)( 2)n n+ +  pairs of vertices x, y having both vertices degree (2n ₋ 1) and 

d(x, y) = 1, 
2

( 2)( 4)n n− −  pairs of vertices x, y having both vertices degree (2n ₋ 2) and d(x, y) = 1, 2
2

n −  pairs of 

vertices x, y having both vertices degree (2n ₋ 2) with d(x, y) = 2, and (n2 ₋ 4) pairs of vertices x, y with one vertex 
having degree (2n ₋ 1), and another vertex having (2n ₋ 2) with d(x, y) = 1 in Гcpg (Dn). Thus, 

{ }

{ } { }

{ } 2

4 3 2

( 1)( 2)( ( )) 1 (2 1)(2 1) 1
2

( 2)( 4)                       (2 2)(2 2) 2 (2 2)(2 2)
2

                       1 ( 4)
2

16 28 21 5 2                    
2

( 2) (2 1)(2 2)

  

cpg n
n nGut D n n

nn

n n n

nn n n

n

n n n n

+ +
Γ = × − −

−

× +

− −
× − − × + × − −

× + × × −

− +

−

+
=

−

−

Theorem 4.8. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, the harmonic index,

 
( )( )

3 2

2

4 3 2

3 2

32 40 11 1  when   is an odd number,
32 40 12

32 72 51 12 4  when   an is even number.
32 72 52 12

r cpg n

n n n n
n nD

n n n n n
n n n

 − + −
 − +Γ = 

− + − +
 − + −
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Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.

( ( ))
2( ( ))

deg( ) deg( )cpg nr cpg n xy E DD
x y∈ ΓΓ =
+∑  is the harmonic index [25] of Гcpg (Dn).

Case 1. When n is an odd number.

Using Theorem 3.1, we have 
( 1)

2
n n +

 edges having both end vertices degree (2n ₋ 1), 
2

( 1)( 3)n n− −  edges having 

vertices on both ends with degree (2n ₋ 2) and (n2 ₋ 1) edges having one end vertex with degree (2n ₋ 1), and another 
end vertex having degree (2n ₋ 2). Thus,

2

3 2

2

( 1) 2 ( 1)( 3)( ( ))
2 (2 1) (2 1) 2

2 2                    ( 1)
(2 2) (2 2) (2 2) (2 1)
32 40 11 1                    

32 40 12
 

 

r cpg n
n n n nD

n n

n
n n n n
n n n

n n

+ − −
Γ = × +

− + −

× + − ×
− + − − + −

− + −
=

− +



Case 2. When n is an even number.

Using Theorem 3.1, we have 
2

( 1)( 2)n n+ +  edges having both end vertices degree (2n ₋ 1), 
2

( 2)( 4)n n− −  edges

having both end vertices degree (2n ₋ 2), and (n2 ₋ 4) edges having vertex on one end with degree (2n ₋ 1), and vertex 
on another end with degree (2n ₋ 2). Thus, 

( )( )
( ) ( )

( )( )

( ) ( ) ( ) ( ) ( )
 

2

4 3 2

3 2

1 2 2 42( ( ))
2 2 1 2 1 2

2 2                     4
2 2 2 2 2 2 2 1

32 72 51 12 4                     
32 72 52 12

r cpg n

n n n n
D

n n

n
n n n n

n n n n
n n n

+ + − −
Γ = × +

− + −

× + − ×
− + − − + −

− + − +
=

− + −



Theorem 4.9. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, 

(i) general Randic index, 

2 2 2

2 2 2

( 1)(2 1) ( 1)( 3)(2 2) 2( 1){(2 1)(2 2)}  when   is an odd number,
2( )

( 1)( 2)(2 1) ( 2)( 4)(2 2) 2( 4){(2 2)(2 1)}  when   is a
(

n even number.
)

2

cpg n

n n n n n n n n n n
R D

n n n n n n n n n n

α α α

α α α α

 + − + − − − + − − −
Γ = 

+ + − + − − − + − − −


(ii) Randic index, 

2

1 2
2

( 1) ( 1)( 3) 1  when  is an odd number,
2(2 1) 2(2 2) (2 2)(2 1)

( 1)( 2) ( 2)( 4) ( 4)  when   is an even number.
2(2 1) 2(2 2) (2 1)(2 2)

n n n n n n
n n n n

R
n n n n n n

n n n n

−

 + − − −
+ + − − − −= 

+ + − − − + + − − − −

Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.
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{ }( )) ( )( ( ) deg( )deg( )
cpg n cpg nDxy EDR x y α

α Γ ∈ Γ= ∑  is the general Randic index [23], and 
 
1
2

( ( ))
1( )

deg( )deg
)

( )
(

cpg ncpg xn y E DR D
x y−

∈ ΓΓ = ∑

 
1
2

( ( ))
1( )

deg( )deg
)

( )
(

cpg ncpg xn y E DR D
x y−

∈ ΓΓ = ∑  is the Randic index [24] of Гcpg (Dn).

(i) Case 1. When n is an odd number.

Using Theorem 3.1, we have 
( 1)  

2
n n+

 edges having vertices on both ends with degree (2n ₋ 1), ( 1)( 3)
2

n n− −  edges 

having vertices on both ends with degree (2n ₋ 2), and (n2 ₋ 1) edges having vertex on one end with degree (2n ₋ 1), 
and vertex on another end with degree (2n ₋ 2). Thus,

2

2 2 2

( 1) ( 1)( 3)( ( )) {(2 1)(2 1)} {(2 2)(2 2)} ( 1){(2 2)(2 1)}
2 2

( 1)(2 1) ( 1)( 3)(2 2) 2( 1){(2 1)(2 2)} .                     
2

cpg n
n n n nR D n n n n n n n

n n n n n n n n n

α α α
α

α α α

+ − −
Γ = − − + − − + − − −

+ − + − − − + − − −
=

Case 2. When n is an even number.

Using Theorem 3.1, we have 
2

( 1)( 2)n n+ +  edges having vertices on both ends with degree (2n ₋ 1), 
2

( 2)( 4)n n− −   

edges having vertices on both ends with degree (2n ₋ 2), and (n2 ₋ 4) edges having vertex on one end with degree (2n ₋ 1), 
and vertex on another end with degree (2n ₋ 2). Thus, 

 

2

2 2 2

  

( 1)( 2) ( 2)( 4)( ( )) {(2 1)(2 1)} {(2 2)(2 2)} ( 4){(2 2)(2 1)}
2 2

( 1)( 2)(2 1) ( 2)( 4)(2 2) 2( 4){(2 2)(2 1)}                   .
2

cpg n
n n n nR D n n n n n n n

n n n n n n n n n

α α α
α

α α α

+ + − −
Γ = − − + − − + − − −

+ + − + − − − + − − −
=

(ii) Putting 1
2

α = −  in Theorem 4.9(i), we get 
2

1
2

( 1) ( 1)( 3) 1
2(2 1) 2(2 2) (2 2)(2 1)
n n n n nR

n n n n−

+ − − −
= + +

− − − −
 when n is an odd 

number and 
2

1
2

( 1)( 2) ( 2)( 4) ( 4)
2(2 1) 2(2 2) (2 1)(2 2)

n n n n nR
n n n n−

+ + − − −
= + +

− − − −
 when n is an even number.

Theorem 4.10. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, the atomic-bond connectivity 
index,

( ) ( ) ( )( )
( )

( ) ( )
( )( )

( )( ) ( ) ( )( ) ( )
( )

( ) ( )
( )( )

2

2

1 4 51 1 1 3 4 6
 when   is an odd number,

2 1 2 2 2 2 2 2 1
( ( ))

4 4 52 1 1 2 4 4 6
 when   is an even number.

2 1 2 2 2 2 2 2 1

cpg n

n nn n n n n n
n

n n n n
ABC D

n nn n n n n n
n

n n n n

 − −+ − − − − + +
 − − − −Γ = 

− −+ + − − − −
+ +

− − − −

Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. The atomic-bond connectivity index [21] of  

Гcpg (Dn) is  
( ( ))

deg( ) deg( ) 2( ( ))
deg( )deg( )cpg n

cpg n xy E D

x yABC D
x y∈ Γ

+ −
Γ = ∑ .

Case 1. When n is an odd number.

Using Theorem 3.1, we have ( 1)
2

n n +  edges having vertices on both ends with degree (2n ₋ 1), 
2

( 1)( 3)n n− −  edges 

having vertices on both ends with degree (2n ₋ 2) and (n2 ₋ 1) edges having vertex on one end with degree (2n ₋ 1), and 
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vertex on another end with degree (2n ₋ 2). Thus,

( )
( )( )

( )( )
( )( ) ( ) ( )( )

( ) ( ) ( )( )
( )

( ) ( )
( )( )

2

2

  

1 1 34 4 4 6 4 5( ( )) 1
2 2 1 2 1 2 2 2 2 2 2 2 2 1

1 4 51 1 1 3 4 6
                       .

2 1 2 2 2 2 2 2 1

cpg n

n n n nn n nABC D n
n n n n n n

n nn n n n n n
n n n n

+ − −− − −
Γ = × + × + −

− − − − − −

− −+ − − − −
= + +

− − − −

Case 2. When n is an even number.

Using Theorem 3.1, we have 
2

( 1)( 2)n n+ +  edges with both end vertices degree (2n ₋ 1), 
2

( 2)( 4)n n− −  edges with 

both end vertices degree (2n ₋ 2) and (n2 ₋ 4) edges with one end vertex having degree (2n ₋ 1), and another end vertex 
having degree (2n ₋ 2). Thus, 

2

2

 

( 1)( 2) 4 4 ( 2)( 4) 4 6 4 5( ( )) ( 4)
2 (2 1)(2 1) 2 (2 2)(2 2) (2 1)(2 2)

( 1)( 2) ( 2)( 4) (4 6) ( 4) (4 5)
                        .

2 1 2(2 2) (2
( 1

2)(2 1)
)

cpg n
n n n n n n nABC D n

n n n n n n

n n n n n n n
n n

n
n n

+ + − − − − −
Γ = × + + −

− − − − − −

+ + − − − − −
=

−
+ +

− − − −

Theorem 4.11. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, the geometric-arithmetic 
index,

2

2

2( 1) (2 1)(2 2)(2 1)( 1) ( 1)( 3)  when   is an odd number,
2(2 1) 2 (4 3)

( ( ))
2( 4) (2 1)(2 2)(2 1)( 1)( 2) ( 2)( 4)  when   is an even number.

2(2 1) 2 (4 3)

cpg n

n n nn n n n n n
n n

GA D
n n nn n n n n n

n n

 − − −− + − −
+ +

− −Γ = 
− − −− + + − − + + − −

Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1.

( ( ))

2 deg( ) deg( )
( ( ))

deg( ) deg( )cpg n
cpg n xy E D

x y
GA D

x y∈ Γ

×
Γ =

+∑  is the geometric-arithmetic index [20] of Гcpg (Dn).

Case 1. When n is an odd number.

Using Theorem 3.1, we have ( 1)
2

n n +  edges having vertices on both end with degree (2n ₋ 1), 
2

( 1)( 3)n n− −  edges 

having vertices on both end with degree (2n ₋ 2), and (n2 ₋ 1) edges having one end vertex with degree (2n ₋ 1), and 
vertex on another end having degree (2n ₋ 2). Thus,

2

2

  

2 (2 1)(2 1) 2 (2 2)(2 2) 2 (2 1)(2 2)( 1) ( 1)( 3)( ( )) ( 1)
(2 1) (2 1) 2 (2 2) (2 2) 2 (2 2) (2 1)

2( 1) (2 1)(2 2)(2 1)( 1) ( 1)( 3)                    
2(2 1) 2 (4 3)

cpg n

n n n n n nn n n nGA D n
n n n n n n

n n nn n n n n
n n

− − − − − −+ − −
Γ = × + × + × −

− + − − + − − + −

− − −− + − −
= + +

− −
.

Case 2. When n is an even number.

Using Theorem 3.1, we have 
2

( 1)( 2)n n+ +  edges having vertices on both end with degree (2n ₋ 1), 
2

( 2)( 4)n n− −

edges having vertices on both end with degree (2n ₋ 2), and (n2 ₋ 4) edges having vertex on one end with degree (2n ₋ 1), 
and vertex on another end having degree (2n ₋ 2). Thus, 
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2

2

2 (2 1)(2 1) 2 (2 2)(2 2) 2 (2 1)(2 2)( 1)( 2) ( 2)( 4)( ( )) ( 4)
(2 1) (2 1) 2 (2 2) (2 2) 2 (2 2) (2 1)

2( 4) (2 1)(2(2 1)( 1)( 2) ( 2)( 4)                     
2(2 1) 2

cpg n

n n n n n nn n n nGA D n
n n n n n n

n n nn n n n n
n

− − − − − −+ + − −
Γ = × + × + × −

− + − − + − − + −

− − −− + + − −
= + +

−
2)

.
(4 3)n −

Theorem 4.12. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. Then, the eccentric connectivity 
index,

2

2

6 7 3 when   is an odd number,
( ( ))

6 9 6 when   is an even number.cpg n

n n n
D

n n n
ξ

 − +Γ = 
− +

Proof. Let Гcpg (Dn) be the cubic power graph of Dn and gcd(3, n) = 1. The eccentric connectivity index [26] of
Гcpg (Dn), is 

( ( ))
( ( )) ( )deg( ).

cpg n
cpg n x V D

D ecc x xξ
∈ Γ

Γ = ∑
Case 1. When n is an odd number.
Using Theorem 3.1, we have n + 1 vertices with degree 2n ₋ 1, and eccentricity 1 and n ₋ 1 vertices with degree 

2n ₋ 2 and eccentricity 2. Thus, 

2( ( )) 1 ( 1) (2 1) 2 ( 1) (2 2) 6 7 3.cpg nD n n n n n nξ Γ = × + × − + × − × − = − +

Case 2. When n is an even number.
Using Theorem 3.1, we have n + 2 vertices with degree 2n ₋ 1, and eccentricity 1 and n ₋ 2 vertices with degree 

2n ₋ 2 and eccentricity 2. Thus, 

2( ( )) 1 ( 2) (2 1) 2 ( 2) (2 2) 6 9 6.cpg nD n n n n n nξ Γ = × + × − + × − × − = − +

5. Conclusion
We conclude that the cubic power graph of the dihedral group is always a connected graph and complete only when 

the order of the dihedral group is two or four. We have also given structural representation, vertex degree, girth, clique 
number, chromatic number, independent number, matching and dominating number of cubic power graph of dihedral 
group, and studied its various topological indices.
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