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Abstract: The cubic power graph of finite group G with identity element e, is an undirected finite, simple graph in
which a pair of distinct vertices x, y have an edge iff xy = z’ or yx = 2’ for any z € D, with 2’ # e. In this paper, we have
studied the structural representation of the cubic power graph of the dihedral group and various structural properties
such as clique, girth, vertex degree, chromatic number, independent number, matching number, perfect matching,
dominating number, etc. We have also calculated various topological indices such as the Harary index, the first and
second Zagreb indices, the Wiener and hyper-Wiener indices, the Schultz index, the harmonic index, the general Randic
index, the eccentric connectivity index, the Gutman index, the atomic-bond connectivity index, and the geometric-
arithmetic index of the cubic power graph of dihedral group D, when ged(n,3) = 1.
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1. Introduction

In recent years, various graphs associated with algebraic structures have been studied such as various properties
of power graphs in [1-5], square element graphs in [6], square power graphs in [7], kth power graphs in [8], etc. A
power graph of a finite group G is an undirected finite simple graph having a vertex set group G in which two distinct
element vertices have an edge iff one is the power of the other. Various structural properties and topological indices of
co-prime-order graphs of finite abelian p-groups are studied in [9]. A co-prime order graph of a finite group G is a graph
with a vertex set G in which two distinct vertices @, b have an edge iff gcd(o(a), o(b)) = 1 or a prime number. Various
properties of equal-square graphs associated with finite groups are studied in [10]. An equal-square graph of a finite
group is a simple graph with two distinct vertices x, y adjacent iff x* = y”.

Graph invariants are important elements of graph theory. They are crucial in describing the structural features
of networks and graphs. The computer networks, the World Wide Web, social networks, chemical reaction networks,
chemical structures of molecules, etc. can be described by graph invariants. Topological indices are the common
name for these measurements that are employed in the investigation of networks’ structural properties. Chemistry,
mathematics, and pharmacy engineering all make extensive use of topological indices [11-13]. In addition, topological
indices are used for networks, internet routing, transport network flow, and people trafficking [14-18].
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Prathap and Chelvam [19] introduced and studied the cubic power graph of finite abelian groups. The cubic power
graph of the finite abelian group G is an undirected simple graph with G as the vertex set and two distinct vertices x, y
having edges iff x + y = 3¢ for some ¢ € G with 3¢ # 0. In this paper, we have extended the concept of the cubic power
graph of finite abelian groups to the cubic power graph of finite groups. The cubic power graph of the finite group
G with identity element e is simple undirected graph with vertex set G having distinct vertices x, y € G adjacent iff
xy =z or yx =z for some z € G withz® #e. It is denoted as I',,; (G). The cubic power graph of a finite abelian
group is connected only when gcd(3,n) = 1, where n is the order of the group, but the cubic power graph
of a dihedral group is always a connected graph with a special type of regular subgraph when gcd(3, n) = 3.

In Section 2, we have defined some symbols used throughout this paper and given the basic terminologies of graph
theory and group theory. In Section 3, we have given a structural representation of the cubic power graph of the dihedral
group. Structural properties such as vertex degree, connectedness, completeness, girth, clique number, chromatic
number, weakly perfectness, independent number, matching number, perfect matching, and dominating number of
the cubic power graph of the dihedral group are also studied in Section 3. In Section 4, topological indices such as the
Harary index, the first and second Zagreb indices, the Wiener and hyper-Wiener indices, the Schultz index, the harmonic
index, the general Randic index, the eccentric connectivity index, the Gutman index, the atomic-bond connectivity, and
the geometric-arithmetic index of the cubic power graph of the dihedral group D, are given for gcd(n,3) = 1.

2. Preliminaries

LetI',, (D,) be a cubic power graph of the dihedral group D, of order 2n with identity element e, whose vertex
(D,)) and a set of edges as E(I',,, (D,)). The number of edges in I',,, (D,) is denoted as

set is D, itself denoted as V'(I,,,
|E (T, (D, ))|. For any vertex x e V(I . (D, )), deg, ,,(x) is the number of vertices in I, (D,) in which x is adjacent,

known as degree of x. Distance between any pair of vertices x,y € V(I (D,)) is the shortest path x-y in I, (D,),
denoted as d(x, y). For any x e V(I ,, (D, )), the largest distance of x to any vertex in I',,, (D,) is known as eccentricity
of x and denoted as ecc(x). A regular graph with n vertices and every vertex with vertex degree m is denoted as m - K.
If all the vertices of graph G, are adjacent with all the vertices of graph G,, then we have denoted it by using + as G, +
G,. If graph G have two disjoint components G, and G,, then it is denoted as G = G, U G,. G is used for complement of
graph G.

cpg 524

n

Let D, be the dihedral group of order 2n with identity element e, then D, = {e,r, 1,17 -, " s, 18,728, Fs,

n-1

s =e s’ =e,r's=sr""} . Let X={x:xeD,,x=x"}, R={e,r,r’,r’,--,r""}, R'={e,r’,r’,---,r">} and
S ={s,rs,r’s,-,r"'s}. Let D, = {x’ : x € D,} then we have D, =D, when gcd(3, n) = 1 and D, = {e,r*,r®,---,r"",

s5,78,7°8,7°s,-,r"'s} = R"US when ged(3, n) = 3. It can be noted that any pair of distinct vertices x, y in T, (D,) are

rg

adjacent iff xy € D," \ {e}.

3. Structural properties of I',,, (D,)

Theorem 3.1. Let I, (D,) be the cubic power graph of D, and ged(3, n)=1. Let x,y € V('

crg

(D,)), then

rg

(n+1)K, u(nT_lj& when 7 is an odd number,
® qug (Dn) =

(n+2)K, u(n—;zJ K, when # is an even number.

2n—-2whenxe D \ X,
2n—1when x € X.

lifx' =2y
iii)d (x,y)= ’
aih ( y) {Zifx]:yix.

(ii) deg, (x)= {
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4n* -3n+1
2
4n* —3n+2

if n is an odd number,
@ [E(r,, (0,)) -

if n is an even number.

Proof. LetT',,, (D,) be the cubic power graph of D, , dihedral group of order 2n and ged(3,n) = 1.

cpg
(i) Case 1. When 7 is an odd number.

In this case, we have |X| =n+1.Foreveryxe X, ye D, \{x},we getxy e D," \{e} and for every xe D,\ X, y €
D, \{x,x'}, we have xy € D," \ {e}. So, not self-inverse element vertex in I, (D,) adjacent with all other vertices

in I, (D,) except its inverse and self-inverse element vertex in I',,, (D,) adjacent with all other vertices in I',,, (D,).

pg

Hence, I', (D,)=(n+DK, u( 5 le when 7 is an odd number.

Case 2. When 7 is an even number.
In this case, we have |X| =n+2.Foreveryxe X, ye D, \{x},we get xy € D,"\{e} and for every xe D,\ X, y €

D, \{x,x"}, wehave xy € D, \ {e}. So, we have not self-inverse element vertex in r,. (D,) adjacent with all other

vertices in I, (D,) except its inverse and self-inverse element vertex in I, (D,) adjacent with all other vertices in I,

cpg cpg

-2
(D,). Hence, I' ,, = (n+2)K, u( 5 )K when 7 is an even number.

(ii) Case 1. When xe D, \ X.

As discussed in Theorem 3.1(i), x € D, \ X is adjacent with all y € D, \ {x,x'}. Thus, degrw (x) =2n-2 when
xeD \X,

Case 2. When x € X.

As discussed in Theorem 3.1(i), x € X is adjacent with all y € D, \ {x}.Thus, degr (x) =2n—1when x € X.

(iii) For every xe V([__(D,)), yeV([_ (D)) \{x,x'}, we get xy e D," \{e}. Now when x™' # y, we have xy e

cpg g
D,"\{e!. So, d(x y)=1whenx" # y.
When x"' =y #x, wehavexy=eg¢ D,’, and so d(x,y)#1. In such case, we always have ze D, \{x, y} such that

xze D, \{e} andyz e D, \ {e}. So, we have path x — z — y between x and y vertices. Thus, d(x,y) =2 whenx™' = y # x.
(iv) Case 1. When # is an odd number.
In any simple graph with 2n vertices, maximum possible number of vertices are n(2n - 1). We obtain I
(n=1 (n—l)_4n -3n+1
2 2 2

(D,) by

crg

deleting

x—x"' type edges from K. Hence, |E(F(pg (D, ))| =n(2n-1)—
Case 2. When 7 is an even number.
In any simple graph with 2n vertices, maximum possible number of vertices are n(2n - 1). We obtain I, (D,) by
(n-2) (n—2)_4n2—3n+2

2 2 2 '
(D,) be the cubic power graph of D, and gcd(3, n) = 3. Then,
K,y whenn=3

[3K,]+[3K,] whenn=6

deleting ——=x —x "' type edges from K. Hence, |E(F%, (D, ))| =n(2n-1)—-

Theorem 3.2. Let I

cvg

(@ I, D)= {K u(n63jK2}u(n;3j—K2n:|+3Knwhenn is an odd number other than 3,
3 3

3 3

{21{ u(n < 6)1{2})[%_3}_]{2" } +3K, when n is an even number other than 6.
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[4’13_3) whenxe X UR\R',

(4}13_6) whenxe R'\ X.

Proof. Let I, (D,) be the cubic power graph of D, and gcd(3, n) = 3.

crg

(i) Case 1. When n = 3.

In this case, we have all three reflection element vertices adjacent to all three rotation elements, and no pair of
(D)= K3,3-

(i) deg, (x)=

rotation elements or reflection elements is adjacent, as shown in Figure 1. So, "
Case 2. When n = 6.
In this case, we have all six reflection element vertices adjacent to all six rotation elements, and three pairs of
rotation elements and three pairs of reflection elements are adjacent, as shown in Figure 1. So, I, (D) = [3K,] + [3K,].

cpg

Cubic power graph of D,
(a)

Cubic power graph of D
(®)

Figure 1. @) I, (D;); ® T, (D)

Case 3. When # is an odd number other than 3.
For every rotation element vertex x € R V(I (D,)) and every reflection element vertex y e S < V(T (D,)),
we have xy € D, \ {e}. So, we have every rotation element vertex adjacent with every reflection element vertex.

For every pair of rotation element x,y € R', we have xy € D," \ {e} whenever x™' # y. We have one self-inverse

. -3
element in R’ and "

pairs of x, x" in R, when 7 is an odd number. For x € R' and y € R\R' we have xy ¢ D," \ {e}.

n

So, forming {Kl u[ g3 j Kz} subgraph of ', , (D,) with R" as vertex set.

n-3

For x,y € R\R',we have xy € D, \ {e} iff xy € R'. We have every rotation element in R adjacent with other

n
rotation vertices of R’ forming the connected (Tj — regular subgraph of T, (D,) with R\R' as vertex set.

wrg

8

Let S =8, US, US; such that S, = {s,7°5,7%s, -, r" s}, S, = {rs,r4s,r7s,---,r”72s}, and S; = (25,25, r8s, " s)

. For every pair of vertices x,y € S;,we have xy € D," \{e}. Forx € S, and y € S\ S, we have xy ¢ D,; \{e}. Thus, we

have a complete subgraph of I',, (D,) with S| as a vertex set.

524
For every pair of vertices x,y € S,,we have xy € D, \{e}. Forx € S, and y € S\ S,, we have xy ¢ D," \{e}. Thus,

we have a complete subgraph of T',,, (D,) with S, as a vertex set.,

cpg
For every pair of vertices x,y € Sy, we havexy € D, \{e}. Forx € Sy andy € S\ S5, we have xy ¢ D," \ {e}. Thus,
we have a complete subgraph of I', ,, (D,) with S; as a vertex set.
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3 3

Hence, we have I', (D,) = HK] u(”—:j K, } u(n ;3 j -K,, ] +3K, when n is an odd number other than 3 and

gcd(3, n) = 3. Cubic power graph of Dy, I, (D,) is shown in Figure 2.

g

Cubic power graph of D,

Figure 2. T, (Dy)

Case 4. When 7 is an even number other than 6.

For every rotation element vertex xe Rc V([',,,(D,)) and every reflection element vertex ye S c V('

g pg
(D,)), we have xy € D," \ {e}. So, we have every rotation element vertex adjacent with every reflection element vertex.
For every pair of rotation element x, y € R’,we have xy € D," \ {¢} whenever x e y. We have two self-inverse

element in R" and n;6 pairs of x, x in R’, when 7 is an odd number. For x € R' and y € R\R',we have xy ¢ D," \ {e}.

e (D,) With R as a vertex set.

So, forming {21{1 u(%} Kz} subgraph of I'

For x,y € R\R',we have xy € D," \ {e} if xy € R". We have every rotation element in R’ adjacent with other (n —_

rotation vertices of R’ forming the connected [nTj — regular subgraph of T',,, (D,) with R\ R’ as vertex set.

pg

3.6 -3 4. 7 -2 2.5, .8 -1
Let S =8, US, US; such that S = {s,77s,7"s,--,r" s}, Sy = {rs,r"s,r's,--,r" s}, and S5 = {r"s,rs,r’s,---,r"

s}. For every pair of vertices x,y € S;,we have xy € D, \ {e}. Forx € S, and y € S\ S, we have xy ¢ D, \{e}. Thus, we

have a complete subgraph of ', (D,) with S, as a vertex set.

pg
For every pair of vertices x,y € S,,we have xy € D,"\{e}. Forxe S, and y € S\ S,, we have xy ¢ D," \ {e}. Thus,

we have a complete subgraph of I',, (D,) with S, as a vertex set.

g
For every pair of vertices x,y € S;,we have xy € D," \{e}. Forx e S5 and y € S\S;, we have xy ¢ D," \ {e}. Thus,

we have a complete subgraph of I',,, (D,) with S, as a vertex set.

wrg

Thus, we have I, (D,) :{ {2K1 u(?j&}u(”;sj—K”]+3K” when 7 is an even number other than 6

3 3

and gecd(3, n) = 3.
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(ii) Case 1. For n e {3,6},we have X UR\R'=D,, and so using Theorem 3.1(i), degr (x)= ? When x €

XUR\R'.

We have X = Su(XmR’). Forx € S, we have x vertex part of K, type subgraph of I'
3

e (D)) as discussed in

4n-3

Theorem 3.2(i). So, we have degrw (x)=n +§—1 = 3

We have X "R’ = {e} for odd n other than 3, and X R = {e,r2} for even n other than 6. So, we have vertex

. -3 .
x € X N R’ self-inverse element vertex part of {Kl o2 Kz} type subgraph when » is an odd other than 3, and of

n-3 4n-3

[ZK] un—;6K2} type subgraph when # is an even other than 6. Thus, degr(pg (x)= +n= 3

. . -3
If x € R\ R', then using Theorem 3.2(i), we have x-vertex part of (nTj —-K,, type subgraph of I

3

(D,). Thus,

rg

n;3+n: 4'1_3.Hc.3nce,degr (x) = no3 o pe 4”3_3 when xe X UR\R'.

3
Case 2. When xe R'\ X .
Forne {3,6} we have R'\ X = ¢. Using Theorem 3.2(i), we have x € R'\ X is the not self-inverse element vertex

degr(m (x)=

of {Kl unT_3K2} subgraph and of {ZK1 un—;6K2} for odd number # other than 3, and even number 7 other than 6,

respectively. Thus, degr. ., , =1+ nT —-2+n=

-6
for odd number #n other than 3, and degrw( py =2 +nT_ 2+

_4n-6

n for even number 7 other than 6.

Thus, the required result.
Theorem 3.3. LetI',, (D,) be a cubic power graph of D,,, then

cpg

(i I, (D, is always a connected graph.

(ii) T, (D,) is a complete graph iff € {1,2}.

(i) T, (D,) is a bipartite graph iff n e {1,3}.

Proof. Let I, (D,) be the cubic power graph of D, with identity element e.

(i) Case 1. When gcd(3, n) = 1.

Using Theorem 3.1(i), we have for every vertex x € V(I'
vertex x € V([,,,(D,)) \{e}. Thus, I’

Case 2. When gcd(3, n) # 1.

Using Theorem 3.2(i), for every rotation element vertex x and reflection element vertex y, we have xy € D,; \{e}.
Thus, every rotation element vertex adjacent with every reflection element vertex. Thus, I',,, (D,) is connected when
gcd(3, n) # 1.

Hence, I, (D,) is a connected graph.

(i) Case 1. When 7 € {1,2}.

Using Theorem 3.1(i), we have T (D,)=[2K,]=K, and T, (D,)=[4K,|=K,. Thus, T

g

rg

(D,))\{e}, xe € D, \{e}. Thus, e is adjacent with every

rg

(D,) is a connected graph when ged(3, n) = 1.

rg

cpg

we (D,) 1s a complete

graph when n € {1,2}.
Case 2. Whenn e N\{1,2}.

In this case, we always have a pair of rotation elements #, 7" such that ¥ # # " and " =r""'F =e. Thus, we
always have at least a pair of vertices, which are not adjacent in T, (D,). Thus, I',,, (D,) is not a complete graph when
neN\ { 1, 2}.
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Hence, the required result.

(iii) Case 1. When n e {1,3}.

Forn=1,wehavel,, (D,) = K, by using Theorem 3.1(i) and I"
Thus, I',,, (D,) is a bipartite graph for 7 € { 1,3}.

Case 2. When n e N \{1,3}.

Using Theorem 3.1(i) and Theorem 3.2(ii), we always have the cycle of length 3 in I'
Thus, I',,, (D,) contains odd cycle for n € N\ {1, 3}. Hence, I'

Hence, the required result.
Theorem 3.4. Let I, (D,) be the cubic power graph of D, , then girth

pg

(Ds) = K; 5 when n = 3 by using Theorem 3.2(i).

crg g

e (D) for ne N\ {1, 3}.
(D,) not a bipartite graph for n € N\ {1, 3}.

g rg

wifn=1,
gr(L e (D,)) =14 ifn=3,
3 ifneN\{1,3}.

Proof. Let IT',,, (D,) be the cubic power graph of D, .

crg
Case 1. Whenn = 1.
Using Theorem 3.1(i), we have I'

Case 2. When n = 3.
In this case, we have I’

e (D7) = K,. So, there is no cycle in I, (D,). Thus, gn(I',,, (D,)) =0 ifn=1.

g (D3) = K5 5 using Theorem 3.2(i). Thus, gr(I',,, (D)) = 4.
Case 3. Whenn e N \{1, 3}.
In this case, we always have at least a pair of reflection vertices x, y such that both are adjacent with each other and
adjacent with identity element e vertex using Theorem 3.1 and Theorem 3.2. Thus, gr(l’,,, (D,)) =3 when n € N \{1, 3}.
Theorem 3.5. Let I, (D,) be the cubic power graph of D, and gcd(3, n) = 1, then clique number

crg

3n+1

if n is an odd number,

Lo (DN=15 5
if n is an even number.

Proof. Let T',,, (D,) be the cubic power graph of D, and gcd(3, n) = 1.

cpg
Case 1. When 7 is an odd number.

Using Theorem 3.1, we have I, (D, ) = {(n +1)K, U[”z—l

jK 2}. So, we have (n + 1) self-inverse element vertices

n—1 P oni
and one vertex from each (Tj pairs of not-self inverse vertices (+, 7' ') forms the complete subgraph of I',,, (D,)

_3n+l
5

with maximum number of possible vertices. Thus, w(l"cpg (D, )) =(n+1)+ (nT_lj

Case 2. When 7 is an even number.

n-2

Using Theorem 3.1, we have L e (Dn):{(n+2)l(l u( sz] So, we have (n + 2) self-inverse element

n-2 S
vertices and one vertex from each [—j pairs of not-self inverse vertices (7, ¥ ') forms the complete subgraph of

n-2) 3n+2
2
(D,) be the cubic power graph of D, and gcd(3, n) = 1, then chromatic number

I, (D,) with maximum number of possible vertices. Thus, o(I' ,,, (D,)) = (n+2) +[

Theorem 3.6. Let I,

cvg
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3n+1

if » is an odd number,

X (D)) =9, "

if n is an even number

Proof. Let T, (D,) be the cubic power graph of D, and ged(3, n) = 1.

rg
Case 1. When # is an odd number.
Using Theorem 3.1, we have n+ 1 self-inverse element vertices adjacent with all vertices other than itself and
remaining not self-inverse element vertices adjacent with all vertices other than itself and its inverse in I',,, (D,). Thus,

n
we need at least (n + 1) different colors for self-inverse element vertices and (Tj different colors for each pair of

. . . -1} 3n+1
not self-inverse element vertices for proper coloring of I',,,, (D,). Thus, (I ,,, (D,)) = (n + 1) + ( n2 ] = n2 .

Case 2. When 7 is an even number.

Using Theorem 3.1, we have n+2 self-inverse element vertices adjacent with all vertices other than itself and
remaining not self-inverse element vertices adjacent with all vertices other than itself and its inverse in I, (D,). Thus,
we need at least (n+2) different colors for self-inverse element vertices and [h%} different colors for each pair of not

. . . -2 2
self-inverse element vertices for proper coloring of I',,, (D,). Thus, (I, (D,)) = (n + 2) + ( " J = 3nt

2

Corollary 3.1. Let ', (D,) be the cubic power graph of D, and gcd(3, n) = 1. Then, I, (D,) is weakly perfect.

Proof. Let I, (D,) be the cubic power graph of D, and gcd(3, ) = 1. Then, by using Theorem 3.5 and Theorem 3.6,

w@rg

we have o (T, (D,)) = y(I',,, (D,)) . Thus, T

wrg

(D,) is weakly perfect.

g

Theorem 3.7. Let I, (D,) be the cubic power graph of D, and ged(3, n) = 1, then independent number
BT (D))= lifne{1,2},
P17 2 otherwise.
Proof. LetI',,, (D,) be the cubic power graph of D, and ged(3, n) = 1.

Case 1. When n € {1,2}.

Using Theorem 3.1, we have I' ,, (D,) = K, and I, (D,) = K. Thus, we have only one vertex in maximum

cpg
independent set of vertices. Hence, f (I',,, (D,)) =1ifne {1, 2}.

Case 2. Whenne N\{1,2}.
Using Theorem 3.1, we have only vertices, which are not adjacent with each other are rotation element vertices

n-i

#, ¥ for which ' # /" . So, any pair of rotation element vertices /, ¥ ' for which ' # /" forms the maximum
independent set of vertices. Hence, f (T,,, (D,)) =2 ifne N\ { 1,2} and gcd(3,n)=1.

Theorem 3.8. Let I, (D,) be the cubic power graph of D,, then matching number, u (T, (D,)) = n.

crg

wrg

Proof. LetI',,, (D,) be the cubic power graph of D,. So, the maximum possible matching number of I, (D,) is n.
Case 1. When 7 is an odd number and ged(3, n) = 1.
Using Theorem 3.1(i), we have I, (Dn ) = {(n + I)K1 v EnT_lj Kz}. Thus, we have n edges from I, (D,) forms

maximum set of edges such that no pair of edges have common vertex. For example, one of the maximum set of edges
such that no pair of edges have common vertex is set containing n — 1 edges with one end vertex self-inverse element
vertex, and another end vertex not-self inverse element vertex and one edge with both end self-inverse vertices (which
are not used in initial » — 1 edges). Thus, u (I, (D,)) = n when n is an odd number and gcd(3, n) = 1.

Case 2. When 7 is an even number and ged(3, n) = 1.
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n-2

(D,) forms

pg

Using Theorem 3.1(i), we have T',,,, (D, ) = {(n +2)K, u[ sz} . Thus, we have n edges from I’

maximum set of edges such that no pair of edges have common vertex. For example, one of the maximum set of edges
such that no pair of edges have common vertex is set containing n — 2 edges with one end vertex self-inverse element
vertex, and another end vertex not-self inverse element vertex and two edges with both end self-inverse vertices (which
are not used in initial » — 2 edges). Thus, x (I',,, (D,)) = n when n is an even number and gcd(3, n) = 1.

Hence, the required result.

Case 3. When gcd(3, n) # 1.

Using Theorem 3.2(i), we have all the n rotation element vertices adjacent with all n reflection element vertices in
I, (D,). So, there are n” edges having one end reflection element vertex, and another end with rotation element vertex.

So, we have K, , as a subgraph of I, (D,). We have u(I',,, K, ,)) = n. As maximum possible matching number of T’ (D,)
is n, and I',, (D,) has a subgraph with matching number n. Hence, x(I',,, (D,)) = n when gcd(3, n) # 1.

Corollary 3.2. Let ', (D,) be a cubic power graph of D, , then I, ,, (D,) has perfect matching.

Proof. Let I, (D,) be the cubic power graph of D, . Then, by using Theorem 3.8, we have u(I',,, (D,)) =n = |D2" |

Hence, I, (D,) has perfect matching.

Theorem 3.9. Let I, , (D,) be the cubic power graph of D, . Then, the dominating number,

crg

(0,)- 1if ged(3,m) =1,
=0 208 ged(3,m) =3.

Proof. Let I',,, (D,) be the cubic power graph of D,

crg
Case 1. When ged(3, n) = 1.

Using Theorem 3.1, we have e identity element vertex adjacent with all other vertices in I, ,, (D,). Thus, we have a

cpg
minimal dominating set with cardinality 1. Hence, y (D,) = 1.

Case 2. When gcd(3, n) = 3.

Using Theorem 3.2, we have every rotation element vertex adjacent with every reflection element vertex. So,
a minimum dominating set contains two vertices one rotation element vertex and another reflection element vertex.

Hence, y (D,) = 2.

4. Topological indices of T',,, (D,)

Theorem 4.1. Let I',, (D,) be the cubic power graph of D, and gcd(3, n) = 1. Then, Wiener index,

cvg

2
Mwhen n is an odd number,
dn—n-2 .

when » is an even number.

Proof. LetI',,, (D,) be the cubic power graph of D, and ged(3, n) = 1.

g
The Wiener index [30] of T, (D,) is W(L',,(D,)) =X
d(x,y) =1 when x '#y and d(x, y) =2 when x ' = y.
Case 1. When # is an odd number.

,d(x,y). Using Theorem 3.1(iii), we have
(T T (D) (x,») g (iii)

We have ! number of vertices x, y pairs in this case such that x ' = y and so number of vertices x, y pairs with
~1)  4n*-3n+1 4n* —3n+1 -1\ 4n*-n-1
x'# yare n(2n—l)—[”2 ]: " 23”+ . Thus, W(F(ﬁg(Dn))zlx[%J+2x(n2 Jz " 2" .
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Case 2. When 7 is an even number.

We have 2= 2 number of vertices x, y pairs in this case such that x' = y and so number of vertices x, y pairs such
) - T 4n® - 2 -2\ 4n*-n-2
thatxl;ﬁyaren(Zn—l)—(nZZ]:4n ;n+2.Thus,W(F(pg(Dn)):lx[% +2x n2 I 2" )

Hence, the required result.

Theorem 4.2. Let ', (D,) be the cubic power graph of D, and gcd(3, n) = 1.Then, the hyper-Wiener index,

cpg

2n* —1ifn is an odd number,
W (T, (D,))=1", .=
2n” —2 if n is an even number.

Proof. Let I,

pg

(D,) be the cubic power graph of D, and gcd(3, n) = 1. The hyper-Wiener index [31] of [, (D,) is

rg

1 1 5
W (T (D)) =W (Copg DN+ D err,io 47 (5 0)

Case 1. When 7 is an odd number.
Using Theorem 3.1 and Theorem 4.1, we have

I (L (D)) =57 (T (B.)) 45

E z{x,y}cV(l_L[)g (0,))

1 4n*-n-1 1 4n*+n-3
X X =

& (x0)=5 21

2 2 2

Case 2. When 7 is an even number.
Using Theorem 3.1 and Theorem 4.1, we have

1 1
WW(F%, (Dn )) = EW(FCPg (Dn )) +EZ{X,},-}CV(1-W(DH))

2
dz(x,y):%x‘m —n—2+

2
lx4n +n 6:2’12_2
2 2 2

Theorem 4.3. Let ', (D,) be the cubic power graph of D, and gcd(3, n) = 1. Then, the first Zagreb index,

rg

8n° —12n* +9n—3 when 7 is an odd number,

M, (Fc’pg (Dn )) :{

8n® =121 +13n—6 when n is an even number.

Proof. Let I, (D,) be the cubic power graph of D, and ged(3, n) = 1.

crg

M, (rq,g (D, )) = Z cer(r. (b, (deg(x)? is the first Zagreb index [29] of T, (D).

e

Case 1. When # is an odd number.

Using Theorem 3.1(ii), we have n — 1 vertices with degree 2n — 2 and n + 1 vertices with degree 2n — 1. Thus,
M\ (T, (D,)=(n-1)x(2n -2y +(n-|—1)(2n—1)2 =8n’ —12n* +9n-3.

Case 2. When 7 is an even number.

Using Theorem 3.1(ii), we have n — 2 vertices with degree 2n — 2 and n + 2 vertices with degree 2n — 1. Thus,
M, (T, (D))= (n=2)x(2n=2)" +(n+2)2n-1> =8n’ —=12n° +13n—6.

Theorem 4.4. Let I,

g

(D,) be the cubic power graph of D, and gcd(3, n) = 1. Then, the second Zagreb index,
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16n* =36n° +41n* =27n+8
2

16n* =361 +53n* —45n+18
2

when # is an odd number,

M, (T, (D))=

when # 1s an even number.

Proof. Let I, (D,) be the cubic power graph of D, and ged(3, n) = 1.
M,T,,,(D,)) = ZME (rn(51) [deg(x)xdeg(y)]is the second Zagreb index [29] of I',,,, (D,).

Case 1. When 7 is an odd number.

(n—-D(n-3) n’+n

Using Theorem 3.1, we have ——————— edges with vertices on both ends having degree (2n — 2), edges

with vertices on both ends having degree (2 — 1) and (n° — 1) edges with vertex on one end with degree (2n - 1), and

vertex on another end with (2n — 2) degree. Thus,

2
n +n

M, (T, (D,)=(2n—2)2n- 2)(%;“_30} +2n-1)2n - 1)[ ]+ 2n-1)2n-2)(n* -1)

B 16n* =361 +41n> =27n+8
2

Case 2. When 7 is an even number.

(n—2)(n —4))
2

Using Theorem 3.1, we have ( edges with vertices on both ends having degree (2n — 2),

(Wj edges with vertices on both ends having degree (27 — 1) and (n” — 4) edges with vertex on one end with
2

degree (2n — 1), and vertex on another end with (2n — 2) degree. Thus,

M, (T, (D,) = (2n—2) (Wj +Qn-1y (wj +Qn-1)2n-2)(n" ~4)

_ 16n* —=36n° +53n* —45n+18

2
Theorem 4.5. Let I, (D,) be the cubic power graph of D, and gcd(3, n) = 1. Then, the Harary index,
2 —
M when 7 is an odd number,
H(Fcpg (Dn )): 2

8n° —5n+2 .

——— when #n is an even number.
Proof. Let I, (D,) be the cubic power graph of D, and ged(3, n) = 1.

HT,,,(D,)) = Z ‘ is the Harary index [28] of T, (D).

x,y}cV(l'Upg (Dn )) d(x’ y)

Case 1. When 7 is an odd number.

2 _3n+1

Using Theorem 3.1, we have nT—l pairs x, y vertices having d(x, y) = 2, and an X, y vertices pairs having

d(x,y) = 1in T, (D,). Thus, H(T, (D,)) = %x (

4n* =3n+1 +l>< n—1 _8n2—5n+1
2 2 4 ’

Case 2. When 7 is an even number.
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n—2 n* =3n+2

pairs of x, y vertices having d(x, y) = 2 and 4

Using Theorem 3.1, we have X, y vertices pairs

1 (4n*=3n+2 1 n—2 8n* —5n+2
D,). Thus, H(T (D, ))=—x| ——= |+—x - .
o (Cpg("))l[ 2 ]2(2j 4

(D,) be the cubic power graph of D, and gcd(3, n) = 1. Then, the Schultz index,

having d(x,y)=1inT

pg

Theorem 4.6. Let I

v

8n° —8n” + n+1 when n is an odd number,
MTI(]"cpg (D, )) =

8n° —8n® +n+2 when n is an even number.

Proof. Let I, (D,) be the cubic power graph of D, and ged(3, n) = 1.
MTI(T,,,(D,)) = Z{X eV (T (D ))d(x, y)[deg(x) + deg(y)] is the Schultz index [27] of T, ,, (D,).

Case 1. When # is an odd number.
Using Theorem 3.1, we have nn+1) x, y vertices pairs having both vertices degree (2n — 1) and d(x, y) = 1,
2

(n=1)(n-3) x, y vertices pairs having both vertices degree (2n - 2) and d(x, y) =1,
2
vertices degree (2n — 2), and d(x, y) =2 and (n” — 1) pairs of vertices with one vertex degree (2n — 1), and another vertex

(2n —2) withd(x,y)=1inT,, (D,). Thus,

n—1

pairs of vertices x, y with both

n(n+1)
2

+1

MTI(T,, (D)) =1x{(2n—1)+(2n-1)}

x{(zn—2)+(2n—2)}XW+2X{(2n-2)+(2n—2)}

><<n2_1)+1><{(2n—1)+(2n—2)}><(n2—1)
=8’ —8n’ +n+1

Case 2. When 7 is an even number.

(n+)(n+2)
2

Using Theorem 3.1, we have x, y vertices pairs having both vertices degree (2n — 1) and d(x, y) = 1,

W pairs of vertices x, y having both vertices with degree (2n — 2), and d (x, y) =1, n-2

with both vertices degree (21 — 2), and d(x, y) = 2 and (n° — 4) pairs of vertices x, y with one vertex degree (21 — 1), and
another vertex (2n — 2) with d(x, y) = 1in T, (D,). Thus,

pairs of vertices x, y

MTI(T,,, (D,))=1x{(2n-1)+(2n-1)} x (n+1)2(n+2)

x{(2n—2)+(2n—2)}xw

+1
+2x{(2n-2)+(2n-2)}

—i—l><{(2}1—1)-1—(2n—2)}><(n2 -4)

X

(n-2)
2
=8n’ —8n* +n+2

Theorem 4.7. Let I',, (D,) be the cubic power graph of D, and gcd(3, n) = 1. Then, the Gutman index,

rg
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16n* —28n* +17n* =3n
2
16n* —28n* +21n* =50 +2
2

when 7 is an odd number,

Gut (T, (D,)) =
when #n is an even number

Proof. Let I, (D,) be the cubic power graph of D, and ged(3, n) = 1.

crg
Gut(T g (D,)) = z [}V (T (D, ))d(x, Y)ldeg(x)xdeg(y)] is the Gutman index [22] of T,,,, (D,).
Case 1. When 7 is an odd number.

Using Theorem 3.1, we have (nthn

(n=1)(n-3)
2

x, y vertices pair having both vertices degree (2n — 1) and d(x, y) = 1,
pairs of vertices x, y with both vertices degree (2n — 2) and d(x, y) = 1, nT—l pairs of vertices x, y with

both vertices degree (2 — 2), and d(x, y) = 2 and (n” — 1) pairs of vertices x, y with one vertex having degree (2n — 1),

and another vertex having (2n — 2) with d(x, y)=1in T, (D,). Thus,

g

Gui(T,, (D,)) = 1x{(2n—1)(2n~1)} x @ +1

x{(2n-2)2n-2)} XW+ 2x{(2n-2)(2n-2)}

x (”;1) +1x{@2n-1)2n-2)} x (n* ~1)

B 16n* =281 +17n* =3n

2
Case 2. When 7 is an even number.
Through Theorem 3.1, we have (ntD(n+2) pairs of vertices x, y having both vertices degree (2n — 1) and
dx, y) =1, W pairs of vertices x, y having both vertices degree (2n — 2) and d(x, y) = 1, n-2 pairs of

vertices x, y having both vertices degree (2n — 2) with d(x, y) = 2, and (n> — 4) pairs of vertices x, y with one vertex
having degree (2n — 1), and another vertex having (2n — 2) with d(x, y) =1in T, (D,). Thus,
9 (n+1)(n+2) 41
2
9 (n— 2)2(}1 -4) .

Gut(T',,,(D,)) = 1x{(2n—1)(2n-1)}

x{(2n-2)(2n-2)} 2x{(2n-2)(2n-2)

(n-2)

X

+1x{@n-1)(2n-2)}x(n’ - 4)

160" —28n’ +21n° —5n+2
- 2

Theorem 4.8. Let I, (D,) be the cubic power graph of D, and ged(3, n) = 1. Then, the harmonic index,
32n —40n° +11n-1
32n* —40n+12
,)-{I" C] D}’l =
(Con (2.)) 32n* =720 +51n° —12n+4
32n° =721 +52n-12

when n is an odd number,

when 7 an is even number.
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Proof. Let T,

pg

H(C e D)= e

(D,) be the cubic power graph of D, and gcd(3, n) = 1.

is the harmonic index [25] of I, (D,).

2
7O deg(x) + deg(y)

Case 1. When 7 is an odd number.

n(n+1)
2

Using Theorem 3.1, we have edges having

edges having both end vertices degree (2n — 1), W

vertices on both ends with degree (2n — 2) and (n° — 1) edges having one end vertex with degree (2n — 1), and another
end vertex having degree (2n — 2). Thus,

n(n+1) 2 L (=D(n-3)
2 Q2n-1)+Q2n-1) 2

x 2 +(n* =1

(2n-2)+(22n-2)

32n° —40n* +11n-1
32n* —40n+12

H.(T (D)) =

2
X—
(2n-2)+@2n-1)

Case 2. When 7 is an even number.

(n+1)(n+2) D (n—2)(n—4)
’ 2

Using Theorem 3.1, we have edges having both end vertices degree (2n — edges

having both end vertices degree (2n — 2), and (n° — 4) edges having vertex on one end with degree (2n — 1), and vertex
on another end with degree (2n — 2). Thus,

(n-i—l)(n—i—2)>< 2 +(11—2)(71—4)
2 (2n-1)+(2n-1) 2
2 , 2
—4
X(2n—2)+(2n—2)+(n )X(2n—2)+(2n—1)
320 =720 +510* = 12n+ 4
20 =720 +52n-12

H. (T (D,)) =

Theorem 4.9. Let I,

cvg

(D,) be the cubic power graph of D, and gcd(3, n) = 1. Then,

(i) general Randic index,

n(n+1)2n-1" +(n-D(n-3)2n—-2)* +2(n" -){2n-1)(2n-2)}*
2
(n+D)(n+2)2n-1)* +(n-2)(n—-4H(2n—-2)* +2(n* =) {2n-2)2n-1)}"
2

when 7 is an odd number,

R, (T, (D))=

a

when 7 is an even number.

(ii) Randic index,

n(n+1) +(n—1)(n—3)+ n -1

22n-1)  22n-2)  J2n-2)2n-1)

‘% (n+1)(n+2) N (n=2)(n—-4) N (n* —4)

2(2n—1) 22n-2)  Jen-1)(2n-2)

(D,) be the cubic power graph of D, and gcd(3, n) = 1.

when 7 is an odd number,

when 7 is an even number.

Proof. Let I’

g
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Rur o= > xyéE(rW(Dn)){deg(x) deg(y)}” is the general Randic index [23], and R (T, (D)= Zwef(rr,,gw,,»

1
————  is the Randic ind 241 of T . (D).
dog(n) deg(y) © the Randic index [24] of I, (D,)

(i) Case 1. When 7 is an odd number.
2 ’ 2

Using Theorem 3.1, we have edges having vertices on both ends with degree (2n — edges

having vertices on both ends with degree (2n — 2), and (n* — 1) edges having vertex on one end with degree (2n — 1),
and vertex on another end with degree (2n — 2). Thus,

R,(F,,, (0, =" DD o= 2)2n-2))7 + (0 = Di2n- 220Dy

_ n(n+1)2n -1 +(n-1)(n-3)2n—-2)"* +2(n* -1 {2n-1)2n—-2)}*
3 .

{2n-D2n-D}" +

Case 2. When 7 is an even number.

(n+D)(n+2)

Using Theorem 3.1, we have

edges having vertices on both ends with degree (2n — 1), W

edges having vertices on both ends with degree (21 — 2), and (n° — 4) edges having vertex on one end with degree (21 — 1),
and vertex on another end with degree (2n — 2). Thus,

R (F,, (0, = P2 o in -y + LD g0 )20 - D)+ 07 - 4120 - 2)2n -
_ (D) +2D2n =1 + (0= 2)(n—4)2n—2) +2(n> ~4){(2n—2)2n~1)}"
: |

when 7 is an odd

—_— —_— 2 —_—
(ii) Putting o = 1 in Theorem 4.9(i), we get R | = n(n+1) + (n—1)(n—3) + n 1
2 -5 2@2n-1)  22n-2) J2n-2)2n-1)

— a— 2 a—
number and R | = (n+1)(n+2) + (n=2)(n—4) + (w —4) when 7 is an even number.
- 22n-1) 22n=2)  J@2n-1(2n-2)
Theorem 4.10. Let I, (D,) be the cubic power graph of D, and ged(3, n) = 1. Then, the atomic-bond connectivity
index,

~—~—

n(n+1) (n—1)+(n—1)(n—3)\/4n—6+(n2—1) (4n-5
2n—-1 2(2n-2) (2n-2)(2n-1
(n+2)(n+1) (n—1)+(n—2)(n—4) (4n—6)+(n2—4) (4n—5
2n—-1 2(2n-2) (2n-2)(2n-1)

when n is an odd number,

~—

4BC(T,, (D,)) =

S~

when 7 is an even number.

Proof. Let ', (D,) be the cubic power graph of D, and gcd(3, n) = 1. The atomic-bond connectivity index [21] of
deg(x)+deg(y)—2
deg(x)deg(y)

Ly (D) is ABC (T, D)= . »\/

Case 1. When 7 is an odd number.

n(n+1)

Using Theorem 3.1, we have edges having vertices on both ends with degree (2n — 1), edges

(n—-1)(n-3)
2

having vertices on both ends with degree (2n — 2) and (n” — 1) edges having vertex on one end with degree (2n — 1), and
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vertex on another end with degree (2n — 2). Thus,

n(n+1) an—4_ (n=)(n-3) 4n=6 ) 4n-
AP D) == [ 1)(2n 1) 2 @y Y (2n—2)(25n—1)
n(n+1)y(n-1) 4n—6 (n2—1 (4n-5)
2n-1 ( ) (2n-2)(2n-1)

Case 2. When 7 is an even number.

Using Theorem 3.1, we have (D +2) edges with both end vertices degree (2n — 1), W edges with

both end vertices degree (21 — 2) and (n” — 4) edges with one end vertex having degree (2n — 1), and another end vertex
having degree (2n — 2). Thus,

ABC(T, (D, ))-<"+1><n+2)xJT+(n—z)<n—4)JT+(nz_4)\/T
N 2 @-hea-1) 2 \@en-2)2n-2) @2

_ (n+1)(n+2), [(n—1) L (1=2)(n-4), [(4n—6) ! [(4n=5)
2n-1 2(2n-2) Jen-2)2n-1)"

¢ (D,) be the cubic power graph of D, and ged(3, n) = 1. Then, the geometric-arithmetic

Theorem 4.11. Let I’

index,
n(22n ; l)(’; ) + (n= 1)2(n ) + 20 D) :(‘Zn —31)(2n ~2) when 7 is an odd number,
aar, - Y Go=
(2n - 12)((; hl 1i§n al 2) (n= 2) (n— 4) 207 —4) (;2’1 3)1)(211 2 when 7 is an even number.
n n

Proof. Let I, (D,) be the cubic power graph of D, and ged(3, n) = 1.

24/d xd
GAT,,, D)= . eg(x)xdeg(y)

is the geometric-arithmetic index [20] of I, (D,)
deg(x) +deg(y) ‘

Case 1. When 7 is an odd number.

Using Theorem 3.1, we have n(n+1)

edges having vertices on both end with degree (2n — 1), (n=D(n=3) edges

having vertices on both end with degree (2n — 2), and (n* — 1) edges having one end vertex with degree (2n — 1), and
vertex on another end having degree (2n — 2). Thus,

GAT (D, y) = N2 =Dzl nGr+1) R e E P Y e W TV e I

w?rg

Qn-D+@n-1) 2 @n-2)+n-2) 2 T en—2+ o)
_n2n-1)(n+1) . (n-1)(n-3) N 2(n* =1){J(2n-1)(2n—-2)
22n-1) 2 (4n-3) '

Case 2. When 7 is an even number.

Using Theorem 3.1, we have W edges having vertices on both end with degree (2n — 1), (n=2)(n-4) 2)2(n —4)

edges having vertices on both end with degree (2n — 2), and (n° — 4) edges having vertex on one end with degree (21 — 1),
and vertex on another end having degree (2n — 2). Thus,
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GAT, (D,)) = @i D@D (n+Dn+2) Nn=2)Cn=2) (n-2n-4) 2@r-DCn=2)

v Qn-1)+(2n-1) 2 -2+ @n-2) 2 T n-2)+@n-1)
_Q@n-h(n+hn+2)  (n- 2)(n 4, 207 —4)Jen-n2n-2)
2(2n-1) (4n-3)

Theorem 4.12. Let T, (D,) be the cubic power graph of D, and gcd(3, n) = 1. Then, the eccentric connectivity

crg
index,

6n* —7n+3 when n is an odd number,

ST (D)) = {

—9n+ 6 when n is an even number.

Proof. Let I, (D,) be the cubic power graph of D, and gcd(3, n) = 1. The eccentric connectivity index [26] of

cpg
Ly (D), is T, (D)= ., ece(x)deg()

Case 1. When 7 is an odd number.
Using Theorem 3.1, we have n + 1 vertices with degree 2n — 1, and eccentricity 1 and n — 1 vertices with degree
2n — 2 and eccentricity 2. Thus,

ET, (D) =Ix(n+1)x(2n—1)+2x(n—1)x(2n—2) =6n> —Tn+3.

pg

Case 2. When 7 is an even number.
Using Theorem 3.1, we have n + 2 vertices with degree 2n — 1, and eccentricity 1 and n — 2 vertices with degree
2n — 2 and eccentricity 2. Thus,

f(l"cpg(Dn))=1><(n+2)x(2n—1)+2x(n—2)><(2n—2)=6n2—9n+6.

5. Conclusion

We conclude that the cubic power graph of the dihedral group is always a connected graph and complete only when
the order of the dihedral group is two or four. We have also given structural representation, vertex degree, girth, clique
number, chromatic number, independent number, matching and dominating number of cubic power graph of dihedral
group, and studied its various topological indices.
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