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Abstract: Asymptotic behavior of trajectories in Neumann type models of economic dynamics with average growth
rate is studied. Index set is introduced and the sequence of cones generated by the cone Z of the Neumann-Gale model
is considered. The concept of quasi rate of the model z, is introduced. The relationship between the concepts of average
growth rate and quasi rate is found. The relationship between the turnpikes M, for different values of x and the set 4_ of
conic hulls of the sets of all angular distance limit points is examined. Upper and lower estimates for a non-empty turnpike
are obtained. Under some additional conditions, more accurate lower estimate is obtained which allows to conclude that in
most cases the set M is a subset of the set 4. Algorithm is proposed for constructing a trajectory X, which has the point
x among its angular distance limit points. Theorem on the existence of a turnpike which has the point x among its angular
distance limit points is proved.
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1. Introduction

Asymptotic behavior of trajectories of various classes is of great interest in Neumann type models of economic
dynamics. In this work, the asymptotic behavior of trajectories with average growth rate o is studied. These trajectories
represent both an independent and an applied interest as in many cases they help to describe asymptotic behavior of
optimal trajectories. A lot of research have been dedicated to related problems [1-5]. The papers study the asymptotic
properties of solutions of matrix linear models in discrete time. In [6], the limiting behavior of trajectories for some
classes of Neumann-Gale models is considered. In [7], a theorem on the asymptotic behavior of trajectories in a Leontief-
type nonlinear model under certain conditions was proved. Dynamic systems with trajectories given by the sequences of
sets are studied [8]. In [9], the behavior of optimal trajectories in economic growth models with Cobb-Douglas production
functions is studied. In [10], the asymptotic behavior of solutions of linear dynamical models with discrete time was
studiet. In [11-13], several theorems on the turnpike properties of trajectories for some models of economic dynamics of
the Leontief type were proved.

R. Radner and L. Mckenzie [13] proved several theorems on the main properties of trajectories for some models of
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economic dynamics of the Leontief type. In [], the turnpike properties of optimal trajectories of Leontief-type models
were studied. A theorem is proved that, under certain conditions, the turnpike of the production mapping is a ray.
Similar results were also obtained in [13-15].
First, we give a definition of some concepts and notation used in this paper. Models of the Neumann type of economic
dynamics are given by multi-valued mappings a(x), which are defined as follows:

a:R! —)ﬂ(Rf)

so that

a(x) = (x,y) € Z},Z = R xRY,

where R’ the positive orthant of the space R and Z is a polyhedral convex closed cone. The vector is called the resource
vector, the vector y is called the output vector.
A sequence of vectors {x,}:il is called a trajectory of the Z model if x,,; € a(x; ).

The purpose of this work is to obtain upper and lower bounds for a non-empty turnpike and propose an algorithm for
constructing a trajectory that has a point among all limit points of the angular distance.

Definition [6]. The trajectory of the {xt} model Z is said to have an average growth rate a, (o > 0) if for some

0
t=0

p € riQ,, where Oy = {P >0l pea (P)}; in other words, if it {x } is consistent with the trajectory of the dual model Z’ of

the form, for o = (p, a’'p, ..., o'p, ...) at p € riQ,.
Definition [6]. The number a is called the quasi-growth rate of the Neumann-Gale model if there is a process

(x,y) € Z such that ax < y the inequality y < (y, - ax') has no solution (x',y' ) eZ.

The set of indices is introduced as follows: a sequence of cones Z , ..., Z is constructed in Z, i =1, N such a way that

each is a projection of the previous one onto some face of the cone Z < R} x R}

Our work is based on the construction method presented in [6, 11]. We describe it below.

Let Zbe a convex cone in R} x R} such that P.Z nint R? # &. By Neumann growth rate of the cone Z we mean a
number

i
. Yy
a= su ] —
p min;g,; i
(x,y)eZ X

(x, y)#0

where /= {1,2, ..., n}.
The sequence (x,, y,) of elements of the cone Z is called a Neumann sequence if

i

. Yk
min;e; == — @&

Xk

Consider the set of indices I, < I. The relation i € I is true if and only if there exists a Neumann sequence (x,, y,)
such that y; >0 (k=1, 2, ...).

Let Z be a Neumann-Gale model. The cone generates the finite sequence of cones Z,, Z,, ..., Z in the following way.
Let Z, = Z, denote R} =K . So, Z; < K xKy. If I, =1, =1, then the process is over; if I' # I, then we consider the face
K, of the cone RY, stretched on the unit vectors with the numbers from 7\ I', and define Z, as a projection of the cone K|
onto the face K, x K, of the cone R} x R}

If1%>=1 Z, = Iava , then the process is over; if otherwise, we consider the face K, of the cone R, stretched on the
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unit vectors with the numbers from / \(I tur? ), and denote by Z, the projection of Z, onto the face K, x K, of the cone.

R! xR If 3 = Iz, =1 \(11 ur? ), the we construct the cone Z,, etc.

This process will be over after some step N. . .
As a result, we will have constructed the cones Z and the sets of indices I/ (j = 1, 2, ... N), with I/ NI/l =,
=1 Z; ( Jj#* ]1) Denote by ¢, the Neumann growth rate of the cone Z. The numbers a, will be called the growth quasi

rates of the model. It is known [9] that o, > a,

Throughout this paper, we will use the termmology of [6, 16].

2. Main part
*
The triple (e, (X, ¥), p), where a is a positive number, (¥,y) € Z, and p € (Rf) is a positive functional, is called
an equilibrium state of the model Z, if the following conditions hold:

x g y’
B(y) < aB(x) for every (x, y) € Z,
B(3) >0,

The number a, appearing in the definition of the equilibrium state, is called a growth rate of the model . Every growth
rate of the model is a quasi rate, the opposite is not true [6].
The trajectory X is said to have an average growth rate a, if there exists a trajectory ¢, of the dual model of the form

o, =(p, a_lp, .,a'p, )

coordinated wtih x.

As is known [6], if for some a there exists a trajectory with an average growth rate a, then a is a growth quasi rate
of the model.

Obviously, for the growth rate a there always exists a trajectory with an average growth rate a.

By turnpike M we mean [22] a conical hull of the set of all angular distance limit points of all trajectories with av-

Eapwd
[l 1 pllf

Denote by A_ the conical hull of the set of all angular distance limit points of all optimal trajectories.

The conditions which provide M, < 4, and even M, < A, are stated in [8, 9].

In this work, we continue studying the relationship between the sets M and A4_ for different values of a. We obtain
upper and lower estimates for a non-empty turnpike (Corollary of Lemma 1, Lemma 2). Also, under some conditions we
get a more precise lower estimate, which allows us to conclude that in a fairly large range of cases the relation M, c A4,
is true not only when is a quasi rate, but also when is a gowth rate of the model. (Corollary of Theorem 2).

Besides, we show Theorem 1 that if M, and M, are non-empty, then forj > &

erage growth rate . Angular distance between the points and is defined as

Maj CMW

Let’s introduce the following notations:
R/ is a space stretched on the unit vectors with the numbers from the set of indices J.
R+‘] is a positive orthant of the space R’.
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We consider the Neumann-Gale model Z < R} x R}, which has quasi rates, and its dual model Z".
Lemma 1 For every quasi rate a, every number 4 > a, every index i € U ?[I . and every trajectory X = (x,) there

exists a limit
limA™ y' =0,

Proof. Assume that there exist a trajectory X'= (x ), the quasi rates a, a number A = o, and an index i € U 7 I, such

that the above lemma is not true, i.e. Fmﬂo_txfo =c>0.
Choose 4; € (/10_ 1, aj_-l ) Using the results of [6, 16], it is not difficult to show the existence of prices p satisfying

the following conditions:

(p’ ﬂ'lp)GZ’:
pi :OforeveryieUIj_llﬂ,

. ' N
P >Oforeveryler 1.

In fact, by Theorem 2 of [6], the numbers L (and only them!) are the growth quasi rates of the dual model Z'. On
a
J

*

1 1 . .
the other hand, by Lemma 1 of [6], for every & : — < & < —— there exists a functional P € (Rf ) such that
a; a;
J J-1

(p, ap)eZ

pi=0f0reveryieuj_1]
1 tw

pi>0foreveryieUNI.
Jtu

Taking into account that 1 < 1 and, we obtain the existence of the prices p for 4, with the above properties.

a; A
J
Consider the sequence ¢ = (p), where p, p, = Ap, . It is clear that p x does not increase monotonically with the
growth of 7.
On the other hand, assuming that the lemma is not true, we obtain

t
0o _ 5t 0,00 1 10 4=t 10
Py 2 X =20 X _[ﬂo_] Py Ao X

A —t .t S . . oy
where Tll > 1,4y tx;o = ¢ > 0. Consequently, limA, tx;O = ¢ > 0, which is impossible. This contradiction proves the lemma.

Corollary. For every angular distance limit point x of any trajectory X with average growth rate o, forl< j <N, the
following relation is true:

xi=0f0reveryieU§VIu.

Proof. As the quasi rates are decreasing monotonically with the growth of j, applying the theorem for 4 =& -1 we
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get the validity of the corollary.
Lemma 2 If the turnpike M ; is non-empty, then every point x of the form

x' >0foreveryieU1j711y,
xi=0foreveryieU§yIﬂ (1

lies on the turnpike MW_.
Proof. Let X € R{ be an arbitrary point satisfying (1). Let’s construct the trajectory X = (x,) with average growth rate ,

for which ¥ will be an angular distance limit point.

Recall that o 1> Choose the number 4 (a i a j—l) and consider the sequence of positive numbers f, which
converges monotonically to +oo.

As 1> a;_, from the definition of a quasi rate it follows that there exists a point X € R} which satisfies (1) and.
(x, Ax)e Z.

The points x and X have the same non-zero coordinates. Consequently, for some ,, 0, the inequality

Jj=b

bhx<fx<x )

holds.
Choose 4 € (a iz ﬂ). For every f, there exists a positive integer m, such that

my
) (%} > P

Let’s construct the trajectory X, = (y,) such that X is one of its angular distance limit points. Describe the first step of
constructing such trajectory. Let

Yy =%,
Vi = Ay forevery 1, my =2
Obviously, y, € a(y,_; ), because (x, Ax) € Z. Further, let
Ymg1 = O %
Vmy = 2™ x.
In view of (2), we have

Vg1 ea(yml_z) and y,,, ea(yml_l).

Describe the £-th step of construction. Let
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k-1 k
e = Ay for DT mp+1< Y w2,
V= :91495‘71/1’? fort = Z {‘ml -1,

V= Héf/itx fort = Z{‘ml
As the point y, is proportional to x for ¢ = Z {c - my, it is obvious that y, € a(y,_;) for
k-1 k
Zm, +1St$2mi -2
1 1

Then, as (2) is satisfied, we have y, € a(y,_;) fort = Z {c_l m;—land y; € a(y,_;) fort = {{_1 m;.

Thus, we have constructed the trajectory X, which (it is not difficult to see) has the point x among its angular distance
limit points.

Now let X, = ()_;t) be an arbitrary trajectory with average growth rate. As shown in [17], the sequence X5 = ()\;t)
with

3//; =0 foreveryieUlj_llﬂ,

Y, :j/f foreveryieUﬂyly

is also a trajectory of the model with average growth rate a.
Construct the trajectory X = (x¢) letting

x! =)\//f forieuyly,
x; zyf forieU{_llﬂ,
or, which is the same thing,

Y
X =Y+ 0

Obviously, X has an average growth rate a.As A>a j» it follows from Lemma 1 that
lim A ~'x/ =0 foreveryie UJNI/I.

On the other hand, for ¢ = Z {(ml —1we have
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. t =k my =
Al = 6,657 (i) f:ﬂi (i) 6, >ﬁiﬁkf.
2 0, 251\ 4 0, A

Then, in view of B, — 4+ and Fmﬂ_ftx; =+ forie Ulj_llﬂ for sz_tx; =+ forie Uljfllﬂ, x is an angular
distance limit point for the trajectory. The lemma is proved.
Theorem 1 If the turnpikes M ; and M, . ar¢ non-empty and j < u, then

M a; © M ay
Proof. Let X' = (x) be an arbitrary trajectory with average growth rate o Also let X| = (ft ), where
7 =0 foreveryie sz_lll,

=i _ i : N
X =x, foreveryi EUyll~

Obviously, X is also a trajectory with average growth rate a,

Let x be an arbitrary point in M. By the definition of M, there exists a trajectory X, = (y,) with average growth rate
@, such that the point x is among its angular distance limit points.

Consider the trajectory X, = X, + X,. Obviously, X, has an average growth rate a,. Let y, =X, +y;. By the corollary
of Lemma 1,

lima;t)_/ti =0foreveryie U §V+111.
And, as x Maj, we have
lima]_-t)_/ti > 0 for every i : x' > 0.
Taking into account that

fti =OVieUf‘_1Il, for every ¢ andj < p,

we obtain x e M aj The theorem is proved.
Theorem 2 Let Z be a Neumann-Gale model, and let there exist a trajectory X and an infinite set of time moments 7

such that the sets of indices / = {1, 2, ..., n} can be divided into three subsets J,, J,, J, as follows:

xi =0 foreveryieJ,, ter, 3)
O<c1Sxf£c2<ooforeveryieJ2,tez’, “4)
limxf = +oo for every i € J3. 5)

Then, for every point x € R} satisfying the conditions
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x'=0 foreveryi € J; UJ,,

x' >0 for everyieJz, (6)

there exists a trajectory X, which satisfies the conditions (3)-(5) and has the point x among its angular distance limit
points.

Proof. Let x be an arbitrary point in x € R satisfying the conditions (6). To prove the theorem, it suffices to construct
the trajectory X, with the properties (3)-(5), which has the point x among its angular distance limit points. Introduce the
following notations:

X is a projection of x € R onto R”!,
X is a projection of x € R onto R”,
X is a projection of x € R onto R”.

Consider the sequence of positive numbers y, < 1 such that
[TZw =c>0

Select the subset T, = {7, ..., t_...}< T of the set of moments 7 such that

X w29 % foreveryt, et @

Vi, €03k, X%, <A I<X ®)

The existence of such a set folllows from (4) and (5). In fact, as lim )_cti = 400 and the ,points )_ctm and x have the same
non-zero coordinates, there exists 7 < 7 such that the relation (8) is true for every ¢ € r. The condition of the theorem
implies that the sequence (x ), where ¢ € 7, has a thickening point in RJ{Z. But then we can choose 77 € 7 such that the
relation (7) is satisfied for every ¢ € .

To construct our trajectory, we start with the trajectory X = (x)) appearing in the theorem.

Step 1. Let

a)y, =x forevery t<t;

b) 5}/;,‘2 =0, J~’t2 = )?tz s Viy = 4x

Obviously, Vi, €4 ( Yoy ), because y, <x,
Step 2. From the properties (6) and (7) of the trajectory X it follows that

j}tz 2 !//litl > .)_/tz e Elz'
As 3//,2 = )\c/tl =0and y, <1, we have y,, >y x. But then l//la(xtl ) Ca ( Yty ) This inclusion allows constructing the
t, + s,-th piece of X letting

) Vyyir =W1Xyr for 7 e[l 55 -1];

b) y12+S2 :O’jt2+S2 :l/ll'it’ft2+52 :ﬂQl//IE’

C
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where s, =1, —f,.
Step k. Repeating the method of Step 2, let
k-1
Q) Yy or = [ [1 Wiy er for 1o <sp +k=3;
~ k-1, =~ — k-1, —
b)ylk+sk :O’ ytk+sk :Hl !//lxlk+17 ylk+sk :ﬂ’kHl yix,
wheres =t —t +k—2.
Thus, we have constructed the trajectory X, = (). From construction it follows that the point x is one of the angular

distance limit points of X,. It also follows that X, possesses the properties (3)-(5). The theorem is proved.
Corollary If there exists the trajectory X with average growth rate a, satisfying the conditions

xf =0foreveryieJ; andt e, 9)
O<clﬁaj_»txf£c2 <o foreveryieJ, andt e, (10)
Ea;txf =+oo for every i € J3, (11)

then R < M a

Proof. Without loss of generality, by virtue of the homogeneity of Neumann-Gale model we can assume a,=1 Then,
applying Theorem 2, we obtain the desired result. The corollary is proved.

Let’s make some remarks to clarify the meaning of the conditions (9)-(11). If there exists the trajectory with average
growth rate o, then it is obvious that

N
Uj+l[,uc‘]l

J
J3 CUII#.

The set J, can be empty.

From the point of view of corollary, it doesn’t matter at all whether a is a growth rate or not. The only thing that
matters is the satisfaction of conditions (9)-(11). In case where J; =U{ [ i the corollary to Theorem 2 gives us nothing
new compared to the result of Lemma 2.

It is obvious that when @, is a growth rate and there exist the equilibrium prices p:p’ > 0 for every i € I, then the
following relation is always true:

.,/
J3 —Ul Iﬂ'

It can be shown that when @, is not a growth rate and there exists the trajectory with average growth rate a, then the
following relation is always true:

J3nl; =D (12)

In case where a, is a growth rate with no corresponding positive pries in J, the satisfaction of (9) depends on the
properties of the considered model. Let’s mention a rather typical case, where the conditions (9)-(11) and (12) hold. For
example, a two-dimensional model Z, consisting of two processes:

1,0—->00and (1, 1)—> (2, 1)
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So, we have obtained an upper estimate for a non-empty turnpike M,

'

. J . ’_ ]
int R DrlMaj,whereJ =y Iﬂ,

a lower estimate

R+J cMa/,, where J” :U{_llﬂ,

and a more precise lower estimate under conditions (9)-(11):
R < My,

It is clear that the validity of the inclusion
RP <4

requires some special properties of the model, for example, J3N1; # & or the condition that the intersection / N3
consists of one or the other indices, i.e. the turnpike in general can be “great”, namely, it can be M a; ¢ A, regardless of
whether is a growth rate or not. '

3. Results

The cone set Z and the index set /' are constructed.

The relationship between the set of turnpikes A/ for different values of o and the sets 4, of conic hulls of the sets of
all angular distance limit points of optimal trajectories is examined.

Upper and lower estimates for a non-empty turnpike are obtained. Under some additional conditions, more accurate
lower estimate is obtained.

Algorithm is presented for constructing a trajectory X, which has the point x among its angular distance limit points.

4. Conclusions

The main result of the study is the construction of an algorithm for constructing trajectories with an average growth
rate having a point among all points limiting the angular distance. The obtained results can be used to construct highways
in models of economic dynamics of the Neumann type with discrete time, which have an average growth rate, and can
also be useful in studying the asymptotic properties of trajectories on an infinite time interval.
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