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Abstract: In this paper, we shall extend the method of obtaining symmetries of ordinary differential equations to
second-order non-homogeneous functional differential equations with variable coefficients. The existing research for
delay differential equations defines a Lie-Backlund operator and uses the invariant manifold theorem to obtain the
infinitesimal generators of the Lie group. However, we shall use a different approach that requires Taylor’s theorem
for a function of several variables to obtain a Lie invariance condition and the determining equations for second-order
functional differential equations. Certain standard results from the theory of ordinary differential equations have been
employed to simplify the equation under study. The symmetry analysis of this equation was found to be non-trivial for
arbitrary variable coefficients. In such cases, by selecting certain specific functions, arising in most practical models, we
find the symmetries that are seen to be in terms of Bessel’s functions, Mathieu functions, etc. We then make a complete
group classification of the second-order linear neutral differential equation, for which there is no existing literature.
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1. Introduction

Functional differential equations (FDEs) are differential equations in which the unknown function appears with
deviating arguments. One type of FDE of particular interest is called neutral differential equations (NDEs), which are
differential equations in which the derivative term appears with delay. These equations are a more powerful and accurate
way to model systems involving flip-flop circuits, the controlled motion of a rigid body, the human postural balance
model, classical electrodynamics, etc. More information on the applications and methods of solving NDEs can be found
in [1-4], and in general, information on FDEs can be found in [5].

As pointed out in [6], symmetries are transformations that leave an object unchanged or invariant and are very
useful in the formation and study of laws of nature. In the past, the solvability of algebraic equations of a high degree
posed a challenge to mathematicians. It was Galois who then associated a group with such equations, called the Galois
group, to determine the solvability of such equations. It turned out that the solvability of the Galois group, an easier
task, led to determining if the corresponding algebraic equation was solvable. This motivated Sophus Lie to study the
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solvability of differential equations by associating with them a group called the Lie group.

In [7, 8], symmetries of delay differential equations are obtained by defining a certain operator equivalent to
the canonical Lie-Backlund operator. In [9], equivalent symmetries of a second-order delay differential equation are
obtained. However, in [9], an operator equivalent to the canonical Lie-Backlund operator and suitable other operators
are defined. In [10], the authors exhaustively describe the Lie symmetries of systems of second-order linear ordinary
differential equations with constant coefficients over both real and complex fields. They propose an algebraic approach
to obtain bounds for the dimensions of the maximal Lie invariance algebras possessed by such systems. Further,
such systems are thoroughly provided with their group classification in [11, 12], with extensions to linear systems
of second-order ordinary differential equations with more than two equations. Higher-order symmetries for ordinary
differential equations are studied in [13]. In [14], the author suggests a group method to study FDEs based on a search
of symmetries of underdetermined differential equations by methods of classical and modern group analysis, using the
principle of factorization. The method therein encompasses the use of a basis of invariants consisting of universal and
differential invariants. Then, in [15], an admitted Lie group for first-order delay differential equations with constant
coefficients is defined, and corresponding generators of the Lie group for this equation are obtained. The approach in
[15] consists of using Lie-Backlund operators to obtain the determining equations. Lie symmetries of first-order NDEs
with a general time delay have been found using a Lie type invariance condition obtained from Taylor’s theorem for a
function of several variables in [16] and for the case with constant delay in [17]. While a thorough group classification
for delay differential equations with applications is seen in [18-20], there has been no work for second-order NDEs with
variable coefficients. As these equations would more accurately model several systems, this present paper attempts to
bridge the gap and extend the results to second-order NDEs with variable coefficients. Recent studies include a complete
classification of FDEs with constant coefficients to solvable Lie algebras that can be found in [21, 22].

In this paper, we do a symmetry analysis of the second-order FDE.

xX"(t)= f@, x@¢), X'(t), x(t—r), x'(t=7r), x"(t-r)). (1)

Here, f is defined on  x E° where E’ means E x E x E x E x E, E is an open interval or the union of open
2

: . : : . . , " d. d
intervals in R, / is any interval in R, » > 0 is the delay, and x'(¢ —r) and x"(¢ —7) mean 7); and 7? evaluated at 1 — 7,

respectively. Our focus is to obtain the equivalent symmetries and the corresponding generators of the Lie group under
which NDEs are invariant. We shall first find the admitted Lie group for equation (1). We then use this group to obtain
the desired symmetries. In the absence of the term x"(¢—r), equation (1) reduces to a second-order delay differential
equation, the group classification of which can be found in [23]. By following a completely different approach from
the existing literature for delay differential equations, we, in this paper, extend the results of obtaining symmetries of
ordinary differential equations found in [24] to obtain a complete group classification of second-order non-homogeneous
linear NDEs with twice differentiable variable coefficients.

X"()+a()x' @)+ BOx' & —r)+y)x@)+ p)x(t —r)+x(@)x"(t —r) = h(?). 2)

We shall use Taylor’s theorem for a function of several variables to obtain a Lie-type invariance condition for
NDEs. Using this, we obtain our determining equations. These equations are then split with respect to the independent
variables to obtain an overdetermined system of partial differential equations, which are then solved to obtain the
most general generator of the Lie group and the corresponding equivalent symmetries. It may be noted that a pro of
our approach is that it does not lead to any magnification of the delay terms in the determining equations as compared
to the existing literature. However, as a con of the approach, it is seen that in most cases, we do not get an explicit
solution due to the arbitrariness of the variable coefficients. As such, we do not get explicit infinitesimal generators.
By then choosing particular values of the variable coefficients or restricting our equation by choosing certain values of
the obtained constants (which does not alter the symmetries obtained), we illustrate the infinitesimal generators of the
admitted group, which are explicitly obtained, for these special cases. We finally make a thorough group classification
of this second-order NDE. It is noteworthy to point out here that there is no existing literature on the group classification
of NDEs that will aid in studying the properties of solutions of several models involving the use of such equations.
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The rest of the paper is organized as follows: (i) The following section gives the necessary preliminaries. (ii)
Section 3 sets up the Lie invariance condition using Taylor’s theorem, a novel approach, and proves certain results from
the theory of ordinary differential equations required in the simplification of our equation under study. (iii) Section 4
makes a thorough group classification of the second-order NDE by taking various cases that are of importance. (iv) In
Section 5, the results are suitably illustrated. (v) The concluding section summarizes the results obtained and brings
forth some research questions for interested researchers to continue with further work.

2. Preliminaries

We begin this section by stating the definition of Lie groups.

Definition 2.1 ([25]) Let ¢ = (¢, t,, ..., £,) lic in a region E < R". The set of transformations 7 = f(t, J), defined
for each ¢ in E, depending on the parameter 0 lying in the set S — R, with ¢(J, ¢) defining a law of composition of
parameters o and € in S, forms a one-parameter Lie group of transformations on £ if:

1. For each parameter J in S the transformations are one-one onto E, in particular, 7 lies in E.

2. S with the law of composition ¢ forms a group G.

3.7 =twhend =e, thatis f(z, e) = 1.

4.1 7 = f(1,0),f = f(t,¢), then { = f(t,$(3, €)).

5. 0 is a continuous parameter, that is, S is an interval in R. Without loss of generality, 0 = 0 corresponds to the
identity element e.

6. fis infinitely differentiable with respect to ¢ in £ and an analytic function of ¢ in S.

7. §(0, €) is an analytic function of 6 and ¢, and €, § € S.

Example 2.2 Consider the Lie group of rotation matrices denoted by SO(2, R). These form a subgroup of the group
(under multiplication) of 2 x 2 real invertible matrices denoted by GL(2, R). Let the parameter ¢ denote the rotation
angle. Then we can parametrize this group as follows:

cosd —sind
SO22,R)=4| . :0eR/277 ;.
sind cosd
Multiplying any two elements of SO(2, R) yields another element of SO(2, R) with the rotation angle as the
addition of the two angles, and on inversion, we see that we get the opposite angle.
Remark 2.3 If the Lie group is given by 7 = f,(¢,x; ), X = f,(¢, x;8) where f; and f; are smooth functions in ¢

. L ; of,(t, x; 0

and x having a convergent Taylor series in J, then (¢, x) =w and Y(z, x) :%. w and Y are called
coefficients of the infinitesimal transformations or simply infinitesimals.

Remark 2.4 Throughout this paper, we make the following notations.

Q=w(t-r, x(t—r))and n=Y({—r, x(t—7r))
Definition 2.5 By F,, F,, F, ,,F,, ,, we mean a—F, a—F, oF R r , respectively. Similarly, by F,, F.,,
ot ox oO(t-r) ox(t—r)
O°F oF* O°F O'F .

Fo s Feiryrar» WE mean , respectively.

o’ oxt T 0*(t-r) x(t-r)

3. Lie invariance condition for second-order FDEs

In this section, we establish the Lie invariance condition for second-order FDEs. In order to determine this FDE
completely, we need to specify the delay term. Otherwise, the problem is not fully determined.
Theorem 3.1 Consider the second-order FDE
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CZ;C =F@, x, t—r, x(t—r), x'(t), x'(t=r), x"(t—7r)), (3)

where F is defined on a seven-dimensional space Ix ExI—rxE*, E is an open interval or the union of open intervals
in R, /is any interval in R and 7 —r ={y—r:y e I}. Then, the Lie invariance condition is given by

X

oF +YF +QF,  + nE .+ Y[[]F o FaFeur T e

=Y, +Q2Y, —o)x'+(Y, —20,)x" -0 _x" +(Y, —20,)x"-30.x'x",

where

Y[f] = Dl (Y) - x,Dz (a)):

Y[rt] = Dt (Y[t] ) - .X”Dt (a))a

Ty = 1),y + () = (), )X = 1) = (X't = 1)) (D)

T = (’7(H)(H) + (Zn(tfr)x(tfr) - Q(t—r)(t—r) X't —r)+ (77)((,,,),((,,,) - 2Q(t7r)x(t7r))x'(t — r)2

_Qx(tfr)x(tfr)x,(t - r)3 + (ﬂx(t—r) - 2Qt—r )X”([ - r) - 3QX(tir)x,(t — r)x”(t — r))’
with D, = g+x'i+x"i,+....
X ox

Proof. Let the FDE be invariant under the Lie group
1 =t+00(t, x)+0(5%), X =x+06Y(t, x)+0(5%).

It may be noted that the coefficients of the infinitesimal transformations w(#, x) and Y (¢, x) are as defined earlier in
the previous section. We then naturally define

—r=t—r+oo(t—r, x(t—r)+0(5>) and x(t —r) = x(t =)+ X (t —r, x(t = 7)) + O(S7).

It follows that

il
dr

&, (Y, +Y x5+ 0(52)}[1 —(0,+0,x)5+0(5) |
dt

dx
=—+| Y, +(Y. —@)x —w.x? |5+ 0(5?).
(o) —0x? [5+0(87)

. . 0 0 .
With the notation D, =—+x'—, we can write
ot ox

ijﬁ = ﬂ+ (D,(Y)—x'D,(0))5 +0(5%) = ﬂ—k Y, 0+ 0(5%),
dt dt dt

where Y, = D,(Y)-x'D,(®) = Y, + (Y, —@,)x' - @, x".
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Considering the second-order extended infinitesimals, we see that

d’x (d’x
y= (?+ D,(X,)6 + 0(52)j (1-8D,(w)+0(57))
X (DX, - Dy (@)x")5 + O
_FJ’_( t( [z])_ [(CO)X) + ( )
So, Y, = D,(Y,)) - x"D,(®). As Y, contains ¢, x, and x', we need to extend the definition of D,. Hence, we have
D, :£+x’i+x”i+
ot ox ox'

Expanding Y, gives

Yo, =Y, +QY, —o)x+(Y,, —20,)x" -0, x" +(Y, -20,)x"-30,x'x".
With the notations Q = @(¢t—r, x(t—r)) and 17 = Y(¢ —r, x(¢t—r)), it follows that
X(E=r) =Xt =r)+[07),, + (D) = (Q), )X (=) = (X' (1 =1)) (Q),,, 10 +O(S),
and

xX'(t-r)y=x"(t-r)+ [n(t—r)(tfr) + (Zﬂ(ffy)xufr) - Q(tfr)(t—r) )x'(t—r)

+ (UX(I*I‘)X(I*V) - ZQ(ffr)x(t—r) )x,(t - r)z - Qx(tfr)x(tfr)x'(t - r)3
() =29, X" (E=1) =30, X't = 1)x"(t = 1) ] 5+ O(5).

Let Mg = ), + ((’7).{(:4) = (), x'(t —7)— (x'(¢t - r))z(Q)x(t—r) and Mg = (n(l—r)(t—r) + 2’7([7,4),«/4)) - Q(/—r)(/—r))x,(t —r)+
(Mt —rste—r) —2 )X (= - Qi anx (= r+ (yin = 28 p)x"(t = 1) = 3Qy,_,))x(t — r) x"(t — r). For invariance,

d’x — _ — —— dx

—=F(t,x, t-r, x(t-7), —, X t—r,_x't—r .
This gives

&
dr’

+ Y, 8 +O(8%) = F(t+80+0(5%), x+ 80 +0(8), t—r+85Q+0(5%),

X(t—r)+n+0(8%), %+ S, +0(8%), %(r—r)

d*x
+11,6 +O0(67), ?(1 — 1)+ 17,6+ O(5%))

, .
iporary Mat, tics
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=F(t, x, t—r, x(t—71), xX'(¢), X't —r), x"(t—r))

+(wF, +YF +QF,  +nF, , +Y,F

(1= r) [1]17 x'(1)

+ ’7[:] Yi-rn T 77[;:] (- r))5 + 0(52)
Comparing the coefficient of J, we get

oF, +YF, +QF,_ +77F(t r)+Y[t]Fx(t) M R(z r)+77[ttF;c(t ”

“4)
=Y, +(2Y, —o,)x'+(Y_, -20,)x" -0 x" +(Y, - 20,)x" - 30.x'x".
Equation (4) is a Lie invariance condition.
We then, naturally define the extended operator, for equation (2) as
¢ = 0lio—20 iy 92 | Y, 9., Y, _9 Y., . Y, _9 5)
ot ot-r) ox ox(t—r) ox' ox'(t—r) ox" ox"(t—r)

The operator given by equation (5) will be acted upon the NDE under study to get the determining equations, from

which the symmetries of the equation can be found.
2

. d°x
Defining A =
& dr*

—F(t, x@), t—r, x(t—7r), x'(¢), X'(t—r), x"(t—r)) =0, we get

g(])A = Y[tt] —(OE —YE{ _QF; 77F Y

x(l) 77[1 x'(t=r) ﬂ[t/]F;"(t—r)' (6)

(t-r)
Comparing equation (6) with equation (4), we get
Y, =Y, +QY, —0)x'+(Y, —20,)x" -0, x" +(Y, —20,)x"-30,x'x".
On substituting x" = F into {"A =0, we get an invariance condition {"A|, =0, for equation (2), from which
we shall obtain the determining equations.

The following lemmas shall be used for simplifying our analysis.
Lemma 3.2 If x,(¢) is an arbitrary solution of

X"()+a@)x'@)+b()x'(t —r)+c(@)x@)+d()x(t —r)+ k(@)x"(t — r) = h(2),

then by employing the change of variables 7 =¢, X = x,(¢) — x, the non-homogeneous NDE gets transformed into a
homogeneous NDE

xX"(0)+a()x' () +b()x'(t —r) +c()x(©) + d()x(t —r) + k()x"(t —r) = 0. (7
Proof. For invariance, we must have
X'(O)+a(OX (@) +b()X([T —r)+c(O)X@)+d(O)X (T —r)+ k(X" —r) = k(7).

Using the given change of variables, we get
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X (O +a@®)x/ (@) +bO)x[(t—r)+c@)x, ) +d@O)x,(t —r)+ k(O)x/((t—7)
—(x"(t)+a@®)x' @) +bO)x'(t—r)+c@®)x@)+d@)x(t —r)+ k@®)x"(t —r)) = h(?),

which by the hypothesis on x,(¢) reduces the above equation to equation (7).
Lemma 3.3 By employing a suitable transformation, the NDE with twice differentiable variable coefficients

X'()+a, ()X (6) + b, (DX (t = 1) + ¢, (O)x(t) +d, ()x(t = 1) + k, (X" (t — ) = 0, (8)

can be reduced to a one in which the first-order ordinary derivative term is missing.
Proof. By employing the transformation, x = u(#)s(¢), where u(¢) # 0 is some twice differentiable function in

t,s(t) = eXp(_I@] +c", ¢ is an arbitrary constant, equation (8), can be reduced to u"(t) +b, (t)u'(t — ) +c, (t)u(t)

+d,(Ou(t—r)+k,(t)u"(t—r) =0, where

_ b (t)s(t—r)+2k(t)s'(t—r) () = s"(O)+a,(0)s' () + ¢, (2)s(?)

s(t) s(7)

b, (1)

b(®)s'(t—r)+d,(O)s(t—r)+k ()s"(t—r)
s(t)

dz(t) =

and k,(¢) = m

u(t)

4. Symmetries of the non-homogeneous linear second-order NDE

In this section, we shall obtain symmetries of the second-order non-homogeneous NDE with continuously

differentiable variable coefficients given by
X"@®)+a@)x'@)+b(O)x'(t —r)+c()x@) +d(@)x(t —r)+ k()x"(t —r) = h(?). )
Because of Lemma 3.3, we shall consider equivalent symmetries of
x"(O)+bO)x'(t =)+ c(O)x(t) + d(O)x(t —r) + k()x"(t —r) = 0. (10)

4.1 Symmetry analysis of equation (10)

Let us specify the delay point
git)y=t-r. (11)
Applying operator " defined by equation (5) to equation (11), we get
Q=o. (12)

Applying operator (' defined by equation (5) to equation (10), we get
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Y, +Q2Y, —o)x' +(Y, —20,)x" -0 x" +(X, —20)(~bt)x'(t —r)—c(t)x —d(t)x(t—7)
—k()x"(t—r)) =30 x'(b(O)x'{t —r)—c(t)x—d()x(t —r)—k(@)x"(t - 7))

=— [a)(b'(t)x'(t =)+ (Ox@)+d' (O)x@t—r)+k'@)x"(t=r))+c@)Y

(13)
+d (O + ()0, + oy = Q)X (= 1) = QX (=) + KOy
2 ryatrmry = R X =1+ W yaiimry = 2Dy )X (1)
“Qy X (=) (1) =29, X"t =7)=3Q,, X' (t=r)x"(t=7)) .
Splitting equation (13) with respect to x” (¢ —r), we get k(O ery = 0, which we can easily solve to get
o(t, x)=a()x+ B(1). (14)

Differentiating equation (13) with respect to x"(z — r), we get
k(O)Qaw, =Y ,)+3k()ox" =3k()Q,, X't —r)— (k') + k(t)(1,,,, —22,,)).

Splitting this equation with respect to x'(# —r) and using the fact that &(¢) # 0, we get @, = 0. This with equation (14)
gives

a(t, x) = p(1). (15)
Splitting equation (13) with x'*, we get Y _ =0, which solves to give
Y(t, x)=y()x+ p(2). (16)
Substituting equations (15) and (16) into the determining equation (13), we get

Y'@Ox+p" (@) + 2y ()= B (O)x"+ (@) =2 O)N=b(O)x'(t = r) —c()x =d (O)x(t =) = k(1)x"(t = 1))

=- [,B(t)(b'(t)x'(t 1)+ @Ox+d' Ox(t—r)+ k' OX" (. —=r)+c@y@)x+ p@) +d @)yt —r)x(t—r)

Pt =)+ DO (= )X(E=r)+ P/t =1) + (1t =)= Bt = )X (=) + k(O (¢ = r)x(a=r) o
P =1)+ 27 =r) = Bt =P =)+ (1t =) 2B (=) (= 1)),
From equation (12), we have
B =B(t-r) (18)
Splitting equation (17) with respect to x(£), we get
70+ 28'0e(t) + B0 =0. (19)
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Splitting equation (17) with respect to x'(¢), we get

1
r0)=JFO+ql (20)
Using equation (18), we get

y@)y=y@-r). (21

Splitting equation (17) with respect to the constant terms, we get
P (1) +b(0)p(t =) + () p(t) + d(0) pli = ) + k(1) p"(t =) = 0. (22)

That is, p(?) satisfies the homogeneous NDE of second-order given by equation (7). Splitting equation (17) with
respect to x"(¢# — r), and using equations (18) and (21), we get

Bk (1) =0. (23)

4.2 Group classification of equation (10)

Theorem 4.1 The NDE (10) for which 4(¢) is not a constant, admits a two-dimensional group generated by

=x—, ¢, =p(t)—.
¢ . ¢, pOax

Proof. Equation (23) having to be true for an arbitrary f(¢) and k(f) implies that for a nonconstant (), we must
have, f(¢t) = 0 and consequently, w(z, x) =0 and Y(¢, x) = %x + p(2).

The infinitesimal generator of the Lie group is given by
. ¢ O 0
t,x)=—x—+ p(t)—, 24
C()zaxp()ax (24)

where ¢, is an arbitrary constant and p(¢) satisfies equation (7).

Remark 4.2 Theorem 4.1 is useful in studying the symmetry properties of solutions of NDEs arising in the
modeling of networks containing lossless transmission lines.

Having obtained the infinitesimal generator for the case when k(¢) is non-constant, we now perform symmetry
analysis and a complete group classification of the second-order NDE (9), for which

k@) =c,, (25)

where ¢, is an arbitrary constant.
Splitting equation (17) with respect to x(¢ — r) and using equation (21), we get

kOB @) +2L@)d' () +4L'()d () +2b(t)y'(t) = 0. (206)
Splitting equation (17) with respect to x'(z — ) and using equations (18) and (21), we get
b(1)B'(t)+ p()b' (1) = 0. @7
Equation (27) can be easily integrated to give

b®)B(1) = c;, (28)
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where c; is an arbitrary constant.
Using equation (15), we can rewrite equations (16), (19), (20), (26), and (28), respectively as

Y(¢t, x)= [% (v, +¢ )} x+ p(2), (29)
o, +4c()o, +2c'()w =0, (30)
1
J’(t)=5(wt+cl)a (31
¢,m,, +2d'(Oo(t)+4d(H)w, +b(H)w, =0, (32)
and
c3
o(t, x)= b R (33)

where ¢, ¢,, and ¢, are arbitrary constants.
Next, we shall obtain a complete classification of equation (10).
Theorem 4.3 The NDE (10) with b(¢) #0, d(¢) # 0, k() = ¢, admits a three-dimensional group generated by

. 0 . 1 0 x( 1 0 0
1 =X 6 _%EJFE[%j 5 o — PO

Proof. If ¢; # 0, from equation (33), we get

G

b(t) = . 34
() o, ) (34
From equation (29), we can write
Y(t x)—l c R '+c x+ p(t) (35)
> 2\ b ! P
Using equation (34) in equation (32), we get
c,00,, +20°d'(t)+40w,d(t)+c,0, =0. (36)
Equation (36) can be easily integrated to give
c,00, —%Oa)f +20°d(t) +c,0, = ¢,, (37)

. . . . . 1
where ¢, is an arbitrary constant. Using equation (33), we can solve equation (37) for d(¢) to get d(t) = 5 eb> ) +b'(2)

+e, [b”(t) _2([)'(0] + b;(t) ]], where ¢ = 02032~
bty \ b)) b))

Since @ = Q, we get b(¢) = b(t —r). Using equation (33) in equation (30), we get
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LA NN |
c'(t) 2b(t) c(t) 2b(t)[6

Db b"@) 0) 38)
Bty b)) b)) |

Equation (38) is a first-order linear ordinary differential equation, which can be solved to give

_1B0 _3(bOY a0,
c(t)_2[b(t) Z[b(t)] b (t)]’ (39)

where ¢, is an arbitrary constant.
In this case, we have obtained the coefficients of the infinitesimal transformation as

o x| (1)
o) =5 5006 ) =5 {Q [b(t)} +c1]+ p(1). (40)

The infinitesimal generator in this case is given by

Cn =Gyl [ Lo x( 1) 2], 0 @
T T bwa 2\ b)) ax | P e
where p(?) is an arbitrary solution of equation (10). If ¢; = 0, then
w(t, x) =0, Y(t, x) = 0_21x + p(0). 42)

The infinitesimal generator is given by
. 1 0
¢ tx)=| x+p() |- (43)
2 ox

Remark 4.4 Theorem 4.3 finds applications in the symmetry analysis of models involving the study of vibrating
masses attached to an elastic bar.
Theorem 4.5 The NDE (10) with b(¢) #0, d(¢) =0, k(¢) = c, admits the infinitesimal generator given by ¢~
o ¢,
Etan 4

:CDl(t)%+‘Pl(t, x)ai, where ®@,(¢), solves I dé—t—c, =0 for w(t) and 4 is a root (or zero) of
X

B (1 2
{Bln[m]+D+ 2@)/} fory with B = \/2¢,c2 —c2, D = ¢,B,E = ¢, + B and ¥, (£, ) = %[((Dl(t))t +¢,]x+ plo).

c,0

Proof. If ¢, # 0, then substituting equation (34) into equation (32), we get
c,00,, +c,0, =0. (44)

This is a non-linear third-order differential equation, the solution w(#) of which is given by

o) c,
df—t—c, =0, 45
'[ Etan 4 ’ (43)
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. B(1 ? .
where 4 is a root (or zero) of l:Bln (M]+D+ 2c3y} fory with B =/2¢,c; —c;, D=¢,B and E =c, +B.

CZ
It is to be noted that the expression in equation (45) may be complex valued, and we are finding the zeroes for y. In
this solution, ¢, cg, and ¢, are arbitrary constants. To obtain the corresponding infinitesimal generator, we have to solve
equation (45) for w(¢). The infinitesimal generator in this case is given by

. 0 0
¢ X)=®1(t)5+‘1‘1(t, X)a—x, (46)

where @(7) solves equation (45) for w(?) and V¥, (¢, x) = %[(d)l @®), +¢ ]x + p(?).
G

Remark 4.6 In the above, we see that ¢ is not easy to solve in general. So, choosing B = 0, that is k(¢) =

c . . .
we see that o(z, x) =—(f +¢,,) solves equation (45). But the condition @ = Q gives ¢; = 0.
G

Consequently, o(z, x) =0, Y(z, x) = %clx + p(t) and the infinitesimal generator is given by

. 1 0 0
g (f, X)ZEXa+ID(Z‘)a. (47)

By considering a very special case in which ¢, = 1 = ¢;, we obtain from equation (32)
oo, +o, =0. (48)

Equation (48) yields a solution for which some infinitesimal generators can be explicitly found. This solution, in
which ¢,,, ¢,,, and ¢, are arbitrary constants, is given by
o do
I (t)——t—c13 =0, (49)
I+c, tanG

2

where G is a root (or zero) of {h{cocslzl yjcn —¢,In0+c,c,+2y| fory.

The infinitesimal generator in this case is

. 0 0
¢ @, X)—<Dz(t)5+‘}’z(t, X)a, (50)

where @, (¢) solves equation (49) for w(?) and W, (¢, x) = %[(Cbz(t)), +¢ ]x + p(2).

Corollary 4.7 The NDE (10) with b(t) %0, d(t)=0, k(t)=1=c,, ¢, =0 admits the three-dimensional group
given by

s 0 o x0  a 0
=, === ¢ =pt)—.
S1=o 6 =55 o PO

Proof. It can be easily seen that the generators corresponding to ¢,; = 0 can be explicitly obtained. In this case, w(z,
X) =4t + ¢5 is a solution to equation (48), where c,, and ¢, are arbitrary constants. The condition w = Q implies ¢,, = 0.

Hence, w(t, x) =c;5 and Y(¢, x) = %x+ p(1).
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If ¢,5 # 0, then infinitesimal generator is given by

. o 1 0o 0
t, X) =5 —+ — X —+ p(t) —. 51
¢t x)=¢;5 % 295 p()ax (51)

If ¢,5 = 0, then the infinitesimal generator is given by equation (47). Finally, if ¢; = 0, then the infinitesimal generator

o : . : 1 ¢ic;
is given by equation (43). It may be noted that, using equation (39), c(¢) = — c"’? .

Cis
Theorem 4.8 The NDE given by equation (10) for which b(¢) =0, d(t) # 0, k(¢) = ¢, admits the infinitesimal
generator given by

« 0 0
=, (t)—+Y¥Y, (¢, x)—,
¢ 3()(31 5( X)ax

2
1
where ®,(¢) solves ¢,0m, —c, "’7 20 (0d(0) = ¢, for w(0) and ¥, (¢, ) = Z[(@,(0), +¢ ]+ p(0)
Proof. From equation (32), we get

0, +2d'(Do(t) +4d(t)w, =0. (52)

Equation (52) can be integrated once to obtain

2
€00, ~¢, -+ 20 (0d(1) = ¢ (53)

where ¢4 is an arbitrary constant.
Equation (53) is extremely difficult to solve for an arbitrary d(¢). If o(¢) = @,(¢) solves equation (53), then the
infinitesimal generator in this case is given by

. 0 0
& (6 x) = () —+ ¥, X)—, (34

where ®,(7) solves equation (53) for w(¢) and W, (¢, x) = %[((I)2 ®), + cl]x + p(2).

Remark 4.9 As the infinitesimal generator cannot always be explicitly solved due to the arbitrariness of d(¢), we
shall choose a few explicit values of d(¢).
Corollary 4.10 The NDE (10) with b(¢) =0, d(¢) = €', k(¢) = ¢, admits the five-dimensional Lie group generated by

2 0 xe'
_+—

o Jk()e'

, 8
¢ =(J,22) i (2200, 22—,

2 0 xe'

ot Jk@)e

. o
& =(7,(22)) %, DY,

& =,22), (u)%— (1,20, (20)+J, 2D, (u))ai,

JEk(D)e' x
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Jk@)e'

k(2)

5

x 0 . 0
S, 255 and ¢ =p(t)a, where 4 =

2
Proof. Taking d(¢) = €', equation (53) becomes c,w®, —c, %+ 2¢' @’ (t) = c,;, which can be solved to give

2 2
1 2 1 2 t t t t
o(1) = L 1+ 266) J{2 cze] te, Yo[z—“czej +c23J{2VCZe Y| 2¥2l |, (55)

4 Cyy c, c, c, c,

where ¢,, and ¢, are arbitrary constants. From equation (29), we get

- 1 —1e’c232(1+2cm)J 5 e 71y c,e’ L c,e v 2\/C2€t
(t, x) - E 7 ; 0 1 ~ 0
CpA/Cr€ & & \e,e

022

2
+eu || Y, pNGe |0 xe Y| 2 “e Y| 2 Ge |0
c, o e,e ¢, ¢, |ox

i (56)

2
: 2 (1+2¢,) c,e' 0 xe c,e' e | o
£, x):234—16 J,| 2 2 v t J,| 2 2 Ji|2 2 il

+Cys

x 0 0
+c, Ea-f-p(t)a

Remark 4.11 Corollary 4.10 finds applications in the theory of automatic control, in which the attached coefficients
are variables.

. 2 -t . . .
Notation: Let 7 = [0, il +—j, M . =MathieuC(r), M. = MathieuCPrime(7),

k) 42

M ; = MathieuS(7) and M, = MathieuSPrime(7).
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Corollary 4.12 The NDE (10) with 6(¢) =0, d(¢) =sint, k(¢) = ¢, admits the five-dimensional Lie group generated

by
. 0 x 0 . 0 x 0
=M.V =—+=MM.—, =M —+=MM,—,
Cl(c)atzccaxé“z(s)atzssax
0 0 . _x0d . 0
=M .M, +MM+MM ==, = pt)—.
& S 4 ST TPy

2
Proof. Taking d(¢) = sint, equation (53) becomes c,wm, —c, % +2@’ (t)sint = ¢,,, which can be solved to give

1
w(t) 626 1+ 8016)( c)2+czs(Ms)2+CzeMcMsa (57)

Cys

where ¢,s and ¢, are arbitrary constants. Using equation (57), equation (29) gives

2
Y(t, x) = %Bcz—" (14+8¢, )M M+ MM, + %czﬁ MM, + %czﬁ M Mg +c, } X+ p(o).

Cs

The infinitesimal generator in this case is explicitly given by

. 1 ¢ [ , 0 6} [ , 0 X }
t, x)=—=(1+8 M.y —+M M,.,— |+ M)y —+—M.M.
¢ (@ x) 4625( Cie)| (M) ot e o Cys | (M) o 2 sMs
(58)

0

x 0
+026|:MCMS§+Z(MC’MS+MCMS’)6 :|+015_ (t)_

Remark 4.13 Corollary 4.12 is extremely important in studying the properties of solutions of models arising in the
postural balance models for humans described in [26].

Corollary 4.14 The NDE given by equation (10) for which b(f) = 0, d(f) = ¢t" where m is any constant, k(f) = ¢,
admits the five-dimensional Lie group generated by

x 22 l 2 2 _ J, (4) ﬁ
£ =1, (1) 8t+X[2(JV(#)) +m+2Jv<m( T+ jr<m/2+1)j s

x 2& l 2 2 (,U) i
£ =1, () 6t+x(2<n(u» +m+2Yv(ﬂ)( )+ jr(m/zﬂ)jax,

T o ox

4;‘=wv<u)n<u)§+x(1fv<um<u)+ 1 {—JM(/JH
t 2 m

+2

*

x 0 . 0
=—— and = p(t)—,
Sy 2oy <s p()ax
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where v =(m+2)", 7 =J(k(t)) " t""*"", u=2zv. )
Proof. Taking d(t) = ¢", where m is any constant, equation (53) becomes c,0®, —c, a)?’+2a)2 (t)t" =c,, which
can be solved to give

2 2
1e.2 [t 2 [ T pmizst
a)(t, x) = ZL a+ 2(,}6){.](%2)1 (22— + et Y(m+2)" N2 ©

Cog m+2 m+2

-1 m/2+1 -1 m/2+1
vent) Ne Uy Ne U
PERe N\ Ty e T g0 )

where c,5 and ¢, are arbitrary constants. From equation (29), we get

2
l l 2 -1 tm/2+1 1 2 -1 tm/2+l -1 tm/2+l
Y(¢, x)= 5 Zci(l +2¢,) J(Wz) ] [2 V& + +2¢, 2T 2—‘162 _J(mz) » 2—‘162

Cog m+2 Cp(m+2)| 27 m m+2 m+2

(59)

-1 ,m/2+1
J Na ,
(m+2)! m+2 [ 1 mian
+ o)l (m / 2+1) +e Y |22
2 Jetymian 2 28| T(m+2) m+2
2

lcz—ltm/ZH czfltm/zu
+ 4028Y(m+2)" 25— _Y(m+2)"+1 2

m+2 m+2 m+2

v {2 'C;ltm/ZH

(m+2)"! m+2 J —1 m/2+1 —1 m/2+1
c, t c, t
1 m/2+1 2 2
+ N 2+1) |+ 24—y 22—
2 eyt G (m/2+41) €297 ez m+2 (m+2)" m+2
lcz-] i

1, m/2+1 J("’”V1 2 +2 1, m/2+1
o 1" " 1, mi2+l o "
Fne] 26| mar [2 we2 ] N L] ey
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Y(m+2)" [

=1 m/2+1
2,/(:2 t

} \/czjt'"/z” (m/2+1) +¢

e 5 /c;tmuﬂ v 5 024 tm/2+l m+2

+ Cood it | 27— || Y,,.0 +

m+2 (m+2) m+2 (m+2)7 41 m+2 24,
x+ p(2).

The infinitesimal generator is given by

_ ) s
) J 2 }cz—ltm/2+1 a . X J 2 Cz—ltm/2+l 2X J
(m+2)” m+2 ot | 2| ! m+2 m+2

2

* 1lc
¢ (@, x):zﬁ(1+2c16)

=1 ,m/2+1
2\/02 t

|

Cyg m+2
,C;I tm/2+l (m
'Cz_ltm/ZH
Yy L |2—-
(m+2) m+ 2
+Cyg

cz"t

m/2+1

m+2

J(m+2)" (

5 ,0;1 tm/2+l ]

~1 m/2+1
2,/02 t

m+2

J _‘](m+2)"+1 (

/2+1))6—8x

}

-1 ,m/2+1
24c, t

2

2 ’c;ltm/2+l

m+2

Y(m+2)" [

m+2

_Y(m+2)"+1 [2

ary Matl

/

]+

-1 2+1
2 ,Cz tm/ +

J 0
-1 ,m/2+1 /2 1 -
) o' " (m/2+1) =
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2
ﬁ_‘r 1 Y 2 Cz_ltm/2+1 ZX Y 2 '02—1 fM/2+l
ot | 2| ! m+2 m+2 ! m+2




tJ oo —+=J
(m+2) m+2 m+2 ot |2 m? m+2 m+2

lcz-ltm/zn lcz-ltm/zn P X /cz-ltm/z+1 /cz-ltm/zn
27— Y(m+2)*‘ 27— 25— Y;mz)f‘ 25—

m+2

2 'Cz—l tm/2+l

[ =1 mi2+1
J ZL
(m+2)7!

] C2—1tm/2+1 (m/2+1)Y(

m+2)"!

=1 m/2+1
X NI
+ —J(WZ),l+1 [2 +

m+2 m+2

+c
29 (60)

y , cz—ltm/2+1
[ =1 mi2+1 [ =1 mi2+41 [ =1 mi2+1 (m+2)™ m+2
c2 t X Cz t CZ t
(2 ]-ﬁ- J (2— —Y(m+2),,+1 2 +

m+2 m+2" m+2 m+2 24yt

N (m/2+1))§

X

x 0 0
+¢ Ea‘i‘p(t)a

Remark 4.15 Corollary 4.14 is useful in the analysis of the Cauchy-Euler differential equation with neutral
delay appearing in modeling time-harmonic vibrations of a thin elastic rod, problems on annual and solid discs, wave
mechanics, etc.

5. Illustrative examples

Example 5.1 Consider the second order NDE given by x"(¢) + x"(¢ — 7) = 0. A solution of this differential equation
is x(¢) =sint. Following the procedure given in the previous section, we can show that w(¢, x) = ¢y, a constant and

Y(t, x) = %x+sin ‘.
. dr — _ dx - _ . . I
Solving the system ' =w(t, X)=cy and d—); =Y(t, x) =%x+sm t, subject to the conditions f =¢ and X =x

when 6 =0, we get the above NDE invariant under the Lie group

— _ 2 . c . .
f=t+cyd, X :—{e 072 (E'x+smtj—sm(t+c385)}.

G

The generators of the Lie group (or vector fields of the symmetry algebra) corresponding to this NDE are given by

. 0 0 . 0
t, x)=—, =x—, and £, =sint—.
¢ (@, x) Py - ™ < .

Example 5.2 Consider the Cauchy problem x'(¢) = J:O‘x(s)ds.

This is equivalent to the second order delay differential equation (special case of the NDE with k(¢) =0) given by
x"(t)—x(t)+x(@—r)=0.
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Following the procedure in the previous section, we get w(f, x) = c;, Where ¢,y =./c;; is a constant and
¢ -
Y(¢, x) :jx+x(t).

Solving the system ;I—JZ‘ =w(t, X)=c, and % =Y(1,Xx)= C—zlx + X(¢), subject to the conditions 7 =¢ and X =x

when 6 =0, we get the above NDE invariant under the Lie group

T=t+eyd, ¥ = E{eqm (02—1“ )?(t)j —F(t+ 0395)}.

G

The generators of the Lie group (or vector fields of the symmetry algebra) corresponding to this delay differential

. 0 - 0 .
equation are given by ¢, (¢, x)=—, ¢, =x—, and ¢, = x(t)i.
ot Ox Ox

6. Conclusion

The approach presented in this paper has the potential to expand the current methods for studying second-order
non-homogeneous FDEs with variable coefficients. By using Taylor’s theorem for a function of several variables, we
have derived a Lie invariance condition and the determining equations for these equations, which can lead to new
insights and techniques for solving them. Additionally, our complete group classification of the second-order linear NDE
can provide a foundation for further research in this area. Our study has presented a novel approach for studying second-
order non-homogeneous FDEs with variable coefficients. Overall, our findings can contribute to the advancement of the
field of differential equations. The research findings can be extended to include more choices of variable coefficients.
This classification can be used in studying the properties of solutions arising in several models of practical importance,
like those found in [27].
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