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1. Introduction

Numerous partial differential equations, such as those involving flexible bar vibration and extendable strip
longitudinal motion, can be described as second-order functional differential systems in infinite-dimensional spaces.
Strongly continuous cosine groups of operators are a valuable notion for comprehending second-order abstract
differential systems. Differential architectures with impulses are needed for understanding transcendent rotations in
annual population growth categories, electromagnetic fields, and organic formations, in addition to other things. In
certain unique situations, the state can change whenever, and this is joined by the advancement of improvements that
coordinate the component’s continued progress. It is reasonable to assume that such disruptions affect impulses since
the frequency of perturbations is broad in comparison to the duration of each process; for further information, check the
books [1-3].

Impulse perturbations have been widely studied in ecology, population dynamics, and biological systems. Various
population dynamical systems have been used in the study of impulsive differential equations [4-8]. Delayed impulse
models have also been investigated by many researchers [9-10], for delayed impulse models better simulate the actual
situation, that is, the impulse effect usually takes some time to appear. However, the models with delayed impulse
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are usually ordinary differential systems, and reaction-diffusion systems with a delayed impulse are rarely seen in
the existing literature. Recently, the researchers Li et al. [11] studied the stability analysis of multi-point boundary
conditions for fractional differential equations with non-instantaneous integral impulses. Further, the investigators Xia
et al. [12] established the stability analysis for a class of stochastic differential equations with impulses.

It is worth noting that significant progress throughout the development of impulsive functional differential
systems was primarily driven by the use of numerous alluringly implemented complexities, including those listed in
the following references: [13-17]. It is clear that controllability’s potential is a significant segment of equipment and
numerical systems theory. Finding a suitable control process to guide the numerical technique under inquiry to a desired
point is known as the controllability issue. As a result, several academics have recently investigated the controllability of
various nonlinear architectures, and the findings are documented in the articles, for instance, [18-22]. The investigators
[23-26], established the approximate controllability results for neutral differential equations with delay.

In several fields of operational arithmetic, neutral systems are in sight, and as a result, consumer interest has grown
in recent years [27]. Additionally, it should be recognized that interference or stochastic pain can’t be eliminated in
natural systems or even amorphous ones. Due to their wide variety of applications in describing a spectrum of complex
applied mathematics in the scientific, pharmaceutical, and healthcare sectors, stochastic differential systems have
piqued interest. One can verify [28-32]. Many physical processes, including fluid flow, aerodynamics, and others, are
represented computationally by differential equations; for further information, see [13, 33-35]. Recently, Arthi et al. [36]
studied the approximate controllability of nonlinear fractional stochastic systems involving impulsive effects and state-
dependent delay by using Krasnoselskii’s fixed point theorem and semigroup theory. Nevertheless, our publication was
inspired by the need to further explore the approximate controllability revealed in our analysis.

Inspired by the above-mentioned work, this paper aims to fill this gap. The purpose of this paper is to show
the existence of solutions and the impulsive second-order stochastic neutral differential evolution systems have the
following form:

s+ 98, &) e 4060 + But) + 5, &) T,

1eV=[0,clt#,1=1,-,n, (D
AL oy = 1 E@ ), AL oy = 2,(E@ ), 1=1, -, @)
£ =a() e (Q, Gy), 1e (-, 0}, £(0)= & € Z, (3)

where values of &(-) accepts in a Hilbert space Z. The bounded, nonempty, closed and convex multivalued map &
mapping from ) x gg into Lg(V, Z). The control u(-) belongs to Lz(V, U), where U is a Hilbert space. The histories &,
(0,01 —> G 2 &(a) = &1 + @), a < 0 in relation to phase space G g The bounded linear operator B: U — Z.y,, %, : Z —
Z, A, = E0) = &), AL, =) =0 V1= 12 n 0=y <1y <1y < e <y <1 = e Here &G, 66,), €G)
and &'(1, ) stands for the right and left limits of &(z) at 1 =1, and &'(z) at 1 = 1, accordingly.

The main contribution and advantage of this article can be summarized as follows:

1. In this manuscript, we investigate the approximate controllability outcomes of impulsive second-order
stochastic neutral differential evolution systems.

2. A new set of sufficient conditions is established for the approximate controllability outcomes of impulsive
second-order stochastic neutral differential evolution systems (1)-(3). This work generalizes many results obtained for
multi-valued functions, the evolution system, the cosine and sine functions of operators, and some basic effects.

3. The aim of our technique relies on Dhage’s fixed point theorem, which is effectively used to establish the new
results.
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4. Further, the investigation extended to nonlocal conditions of the system (1)-(3).

5. The proposed results are presented through a theoretical example.

Coming up next is the layout of this article: Section 2 covers conceptual frameworks for multi-valued functions,
the evolution system, the cosine and sine functions of operators, and some basic effects. The approximate controllability
outcomes for impulsive second-order differential systems with delay are the primary focus of Section 3. Further, we
extended our thought of the nonlocal condition of the system (1)-(3) in Section 4. Section 5 concludes our conversation
by presenting a related technical argument to support its reliability.

2. Preliminaries

Assume that (Q, .7, P) is a complete probability space equipped with a normal filtration .7, 1 € V = [0, c]. Let
W be a Q-Weiner procedure on (€, ., P) with the covariance administrator Q such that #Q < o0. Suppose the full

interpolation system exists e, belongs to E, a bounded sequence of positive real integers 1, such that Qe =1 e, n=1,2,

n-n’

--- and a sequence f, of independent Brownian motion such that
o0
w(1) = Z\/z,,ﬂn(z)en, eV,
n=1

1
and & = .7 ", where 7" is the o-algebra referring w. Assume that Lg = L,(Q? E;Z) be the space of all Hilbert-Schmidt
operators along with ||1,y||é = tr{yQy*]. Consider LZ(Z, Z) is the Banach space of % measurable square integral
random parameters along with values belongs to Z. Assume that Banach space of continuous function C ([0, c]; L,(, Z))

satisfying the condition sup, ., E||§(z)\|2 < o0, Now initiate the spaces

Hy ([0, cl; Z)={&:V > Z. &, . 1 €C(4.1,1]. Z). and IET) for =1, -+, n}
and
H) ([0, c]; Z)={£ € H,y ([0, c]; Z), &, . 1 €C ((4o141] Z), and 3E () for =1, -+, n} .
Clearly H,([0, c]; Z) endowed with
1

2
], [ sup Ellé(z)lli] ~
1€]0,c]

Clearly H; is provided with the norm ||§||IHIZ = ||§||IHIz + ||§||IHIZ .

From [4, 37], we may define G < the generalized phase space. Take a look at a continuous map g : (—o, 0] — (0,
+o0) with j =[°_ g(1)di < +o0. Now 3¢ > 0, we define

G ={a:[-c, 0] > Z such that a(¢) is measurable and bounded},

and present
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"a"[—c,o] = 5 sup ”a(h)"a Va e g

€[—¢,0]
Now, we define

1
G, = {a:(~o0, 0] > Z such that Vb > 0, (E”Of(é’)"2 )5

is bounded and measurable function on [—b, 0] and

1
Iio g(h) sup (E|a(0))2 dn <+o0},
n<6<0

and

1
laly, =" g sup (E|a@))2dn Va <G,
g h<6<0

therefore (G, || - |G ) is a Banach space. Now
Gy =4&: (o, 1> L3 eC(Y. Z),

&G and £(;) with £() = (), &y =a € Gy

where ¢ is the restriction of Sto V, = (1, 1,,4], 1= 1,2, ---, n. Set

1
gl =lal. + sup (E|le@m)|P)2, Eed..
el =lel, + o ezl 2, &<,

’
pedd

Lemma 2.1 (See [4]) Suppose ¢ € G, then forz € V, ¢ € G . Also,

1 1
JEEO)? <l gllg, <1l alg, + 7 sun ](E||§(h)||2)2,

where j = Bw g()d1 < +oo.
To discuss the main results of our manuscript, we first present some basic theories, lemmas, and facts. Bp(f, Z)
represents for the sealed spherical along with mid ¢ and distance p > 0 belongs to Z. From [5, 38] we consider

E"=AWEW+E@W), 0, 1<c, 4)

5(0)=&p, $'(0)=¢&. ®)
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Here A(1) : D(A(1)) cZ — Z,1 € V is closed and E : VV — Z. Existence of solutions for the differential system (4)-(5)
is in relation to existence of an evolution operator S(z, {) of the subsequent equations

&"=AWé@0, 0<¢, 1<c

Suppose the domain of A4(z), which is a dense belongs to Z subspace D that is independent of 7, and 3¢ € D, a
continuous function 7 > A(1)¢.

Definition 2.2 [19] S, {) : V x V — L(Z) a family of linear bounded operators is called an evolution operator
given by

(Z1) Vv & € Z, the map (1, {) = S(1, )¢ € Z is continuously differentiable and

(1) Vie[0,c], SE1)=0,

(2) V1, €]0,c],and V ¢ belongs to Z,

S(z Ol e=6 LS80 |-

o

(Z2) ¥ 1, { € [0, c], provided that & € D, S(1, )¢ € D, the map (1, ) = S, )¢ € Z is of class N2 and
52
@ —3(1 ¢§) =4S §)S,
2

@ 80, )¢ = S A,
o

& 2256 )¢l =0.

0¢ Ot
o* 0 * @
(Z3)V1,{€[0,c],if ¢ €D, ES(: Y eD, 3I— g 84’8( $), — ; S(l ¢)¢é and
2
1 — o0 —S8(@, ¢)E= A(z)—S(z ¢)¢é. Moreover, the map (¢, §) — A(l)—S(l £)¢ is continuous.
212 ¢ ol g
62 o
(2) — S(l, $)E=—358@, HHA)E.
; ot
We now initiate N (1, {) = _&S'g—;:g“). Now we set positive constants P, and P, such that
sup |V (i, OIF<h
01, <c
and

sup Il S@, O)I? <Ph.
0<,5<c

Further, we determine P > 0 such that

[sa+k, =56 OFF <Pk,
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V {, 1, 1+ k belongs to V. In view of an integrable function k : V — Z, £ : [0, ¢] — Z a mild solution of (4)-(5) is the
following form:

EW) =N (1, )&+ S & + [ S, k().

We dismiss the aforementioned idea due to its resemblances. For additional information on the (4)-(5) abstract non-
autonomous problem, see for more information on [5, 34, 38-40].

From [41], we initiate A(1) : D(A(1)) € Z — Z and see this articles [33, 42-43] for more information on multivalued
function.

Definition 2.3 [33, 42-43] The multivalued map #: V x §, — BCC(Z) (BCC(Z) represents the family of all
bounded, closed, nonempty and convex subset of Z) is called LZ-Caratheodory provided that

(i) 1> Z(1, &) is measurable V & € gg;

(i) > £, Oisusc. Vie ),

(iii) v p > 0, 3g, € L'(V, R) such that

€

2 2 2
||£(z, 4‘,‘)" = sup E"g" <0,(0),V ||§||gg < pandfora.e. 1€ V.
(©.8)
Now, we will go over the key operators and basic results in the following order:
N§ = I(:S(c—w)BB*S*(c—w)dw A

R(S,R§) = (51+X§) 2 > Z.

Here B* and S*(c) represents the adjoints of B and S(c) individually. As a result, N is bounded.

The following statement is produced to confirm the approximation controllability for impulsive second-order
stochastic neutral differential systems (1)-(3):

H, J(o + Z~¢‘6)71 — 0 when 6 — 0" belongs to the strong operator topology.

From [44], H,, satisfied if and only if second-order linear differential system

2
57(5(1)) = A0+ (Bu)@), teV, (©)

$(0)=¢p, s'(0) =g, )

is approximately controllable on [0, c].

Lemma 2.4 [43]. Assume Z be a Hilbert space. ¢, : Z — BCC(Z) and ¢, : Z — BCC(Z) be two multivalued
operators satisfies:

(a) ¢, is a contraction, and

(b) ¢, is completely continuous.

Then either

(i) the operator inclusion Ax € ¢, + ¢, has a solution when A =1, or

(1)) F=1{x € L: I € ¢3¢+ $,2¢, A> 1} is unbounded for 4 € (0, 1).
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3. Approximate controllability

The results of approximate controllability for the impulsive second-order stochastic neutral differential systems
(1)-(3) are explored here. Take into account the mild solution of (1)-(3) as follows:

Definition 3.1 An .7 -adapted stochastic process ¢ : (-, c] — Z is said to be a mild solution of (1)-(3) given by ¢,
=0el’(Q, G o> €'(0)=¢; € Zon (—, 0], and the impulsive conditions AZ,_, = 1,&1,))s Al = 7&Eq)), =1, ,n
¢(*) to y, is continuous and

(i) &(2) is measurable and adapted to .7, 1 > 0.

(ii) &(1) € Z has cadlag paths onz € V and, V 1 € V), &(1) satisfies the integral equation

£@) = N (@, 0a(0)+ St 0§ + 50, 2O [| NV (¢, @)@, &5)de
+L;S(l, @)g(@)dW (@) + L;S(:, @) Bu(w)dw

+ Y N )HE)+ Y S eV,

(NSRS (NSRS

We establish the primary assumptions for demonstrating the main theorem as follows:
H, N(1, 0), 1> 0 is compact.
H,H:V x Qg into Z is continuous and 3L, >0 forz € V and v, w € Qg such that

E|$(, v)||2 <L, [1 + ||v||ég }, veg,,
E||9(z, v) - $(1, w)||2 <L, - W"ég V, WE Gy,

and L, = sup,.,, 19, 0)].
H, “mapping from V x G g into BCC(L(U, Z)) is Lz-Caratheodory and that fulfilled the subsequent requirements:
Vi€V, £, )is upper semicontinuous; V £ € G o £+, &) stand for measurable and ¢ belongs to & p

Ty = {g cX(C,L(U,Z): () e £(1, &), Vie v},

is nonempty.
H, Provided thatp>0,3¢,:V — R" such that

E|l£a &) = sup{E" gl g e s g,)} <0,(0),

for almost everywhere 1 € V.
Hy{—o() € L'(V,R") and 3 y > 0 such that
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e ©ds
m ——————-

p—® p

=y <o,
Hiy, € C(Z,Z)and 3 P, : [0, +o0) — (0, +o0) which are continuous non-decreasing functions such that

E| 2| < Py(E|Z[*), 1=1, -+, n, & belongs to Z

and

P
lim inf ()
po® P

=7,<0,1=1, -, n.
H, 7, € C(Z,Z) and HP_m : [0, +0) — (0, +o0) which are continuous non-decreasing functions such that

— o 5
EHL@)“ <P, (E|E[*),1=1, -+, n, & belongs to Z

and

lim inf Pm—@
po© P

=7,<o,1=1, -, n.

Lemma 3.2 Forany &, ? (Z.,Z) there exists Y € ng (Q; 1? ([0, cl; Lg )) such that &, = £z, + J.(;: Y(w)dW (@).

Now anyd>0and ¢, LZ(Z, Z) the control function is defined as follows:
i ()= B"S" (e, o[ (51 +8§) ' (EE, — NV (e, 0)a(0) - S(c, 0)[& + H(c, a(0))])

+[ BTN X(@)aW @)+ [ (51+85)™ NV (¢, @)5(@, &y)dw

~[y GT+85)S(e, @)g@)al (@)~ 3, (S1+85) ' Ve, ) 1(&,)

0<y<c

=Y G181 E)), ®

0<,<c
wherege T, .= {g € L(C,L(U,Z): £(1) € £(1, &) ae.1€ V}.

Theorem 3.3 If H,-H, are fulfilled. Then, the impulsive second-order stochastic neutral differential inclusions (1)-
(3) has a mild solution on V if
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N n no__
(7 +4T;9P22P§cj{4131 Lyc+4PTr(Q)yj> +4Pn*Y 1, +4Pn* > 7, | <1, )

=1 =1

where P, = ||B|.
Proof. If o > 0, let us take ¥ : géj —> 29 defined as P the set of & € g&: such that

a(t), 1 € (—»,0],
N (1, 0)a(0)+ S(t, 0[& + 51, O [, N (1, @)@, & )

0= +], S0 @)g@)aW @)+ [, S@, @)Bus(@, &)dw
+ > N E)+ Y St )xE,), eV,

O<y <t 0<g<t

where g € T, .. It is necessary to check V¢ has a fixed point and which is the solution of the system (1)-(3). It is
obvious, &, = &(c) € (Y¥)(c), it signifies that u(C, 1) drives the system (1)-(3) from &, — &, belongs to limited time c.
Asfe g & We determine ﬁ by

/B(l)9 AS (—OO’ 0]’

A= {/l/(z, 0)a(0)+ S, 0)[& + 95, a(0))], 1€V,

then ﬁ € gg'. Assume &(1) = »(1) + ﬁ(z), —oo <1< c. Now, we conclude y satisfies x, = 0 and
#(0) =[N (1. @)9(@, 55 + Bp)do + [ SG, @)g(@)dW (@)

+[, 86, @)BB'S (¢, @) 61 +8§) ' [E& + [ Y(©)dW (&)= N (¢, 0 (0)

~S(e, 0)[& +H(e, @(O)]+[; NV (e, )9(s, 7. + B )ds = [ Se, 9)g(&)dW ()

-3 Ve, G+ Ba)) - Y S, )2 (<) + ) (@)da

O<y<c 0<y<c

+ 3 V)G + )+ Y S )2, G )+ BE)), eV,

(USRS 0<g<t

<> x satisfies the following

@) = N (1, 0)x(0)+ S(z, 0)[& + H(z, a(0))] —I(;A/(z, o) N@, 7, + B )dw
+[ 84, @)g(@)dW (@) + [ S@, @)BB'S (c, @)1 +N5) ' [E& + [ (c)aw (¢)
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~ WV (e, 0)a(0) - S(e, 0)[& + (e, a(ON]+ [ N (e, )(s, 2 + By )ds

~Jo Se. 92@dm ()= Y N (e 1)z + B))

0<y<c

> Ste, )G+ ) @)da + > N @ 1)1 G+ BE))

0<y<c O<y<i

+ Z S(l,ll)Z(%(ll_)+,3A(ll_)), eV,

O<y <t

and &) = B(1), 1 € (o, 0].
Assume G ={x € G :1%,=0€ G },Vxe Gl

1 1
54l = [0y, + sup (E[s=m]*)2 = sup (£[s(m])2,
& 0<h<ce 0<h<c

= (g;, | - 1l) is a Banach space. Take B, = {x € gg : H%Hi <p}vp>0,=B,C< gg is uniformly bounded, ¥ x € B,
according to Lemma 2.1, we have

2

e

£4(12 sup Ex(f +[peol, +7° sup Il fP+l folf j
hel0.4] g hef0.] )

E B,

%l+ﬁl

2
S ZE["%Z o, +

<172 A2 2 517

<42 (p+2BEI RO + PEI &7 +4“ﬂ0”g _— (10)
g

From Lemma 2.1,V i€ ),

E“%(l) + /?(z)Hz <J2E|, + B,

2
Gy
Foreach:1 eV, y e B, from the equation (10), H, and H,, we obtain

sup E<o+ po| < 2Ey + B <i0.
2%

2
e

Therefore
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El1 (= + ) <, (E”%(l,) + ﬁ(muzj

A 12
<B, (supE“%(z) + ﬂ(l)” ]

€y

S[)m (j_zp)slzls 2, e, n,

and

E”Z(%(lz_) + ,B’(lf))”z < E(E”%(l,_) + /?(zf)HZJ

—_— ~ 2
<P, (fuBEH%(z) + ﬁ(z)H J

Sa(j_2p'), 1=1,2, -, n.
LetY: gg — Q’g given by Y'y the collection of E € gg such that

0, 7€ (-, 0],
—I(;A/(z, @)@, 7, +/;’w)dw +I(;S(z, o)g(@)dW (@)

+[ 86 @)BB'S (e, @) 01 +X§) ' [E& + [ Y(©)dW (&)= N (¢, 0)a(0)

~S(e, 0)[& + (e, aON]+ [, NV (e, )9(e, 5 + Bo)ds [ S(e, 9)g(&)dW (&)
=1 2 Ve z()+aw))

0<g<c

- > S, )2+ ) (@)dm

0<g<c

+ Y N )G+ BE))
0<g <t

+ Z S(, z,)Z(%(zl_)+[3(z,_)), e
O<g <t

Now, we assume the operators Y, and Y, defined by

Y5(2) =J(;A/(z, @)@, »y +/;’w)dw, eV
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Ty22(0) = [ SG, @)g(@)dW @)+ [ St @)BB'S (e, )61 +N)'[E&, + [, Y(©)dW (6)
~ NV (e,00a(0) = S(c, 0)[& + Hle, aON+ [ N (e, )5, 3 + B )ds

—[; S 92@am (@)= Y N (e, (<) +B@)

0<y<c

=3 Ste, )7, Ge) @) |@)da

0<y<c

+ 3 V) x G+ BE))

O<y <t

+ 3 86 )7+ B, 1€V

O<y <t

= the fixed point of Y = Y, + Y.
To determine mild solutions of (1)-(3) is shortened to determine the solutions of 2 € Y',(3) + Y,(2¢).
Hereafter, we verify Y', and Y, fulfills the requirements of Lemma 2.4.

Step 1: Y, is a contraction on g;;. Assume that u, v € gg. From H,, we get

2
E|Yu(@) - Y@ < EH j(;/l/ (t, @)H(@, uy +a,)dw - jo’/l/ (L, @)H(@, v, + By )dw

< PJ(;ZZ ||uw -V ||ég do

T (2 2 2
<2RL, -[0 (j sup E"u(w) —v(w)”g + "”0”g )dw.
@e[0,c] 8 g

Since ||uo||2 = (. Taking supremum over @,

2 2

E|Yu@) = Y@ < CoE|u—v|".

In the above Cy = 2R i;jzc <1. Asaresult, Y, is a contraction on & }/.
Step 2: Y, is completely continuous and has compact, convex values.

CLAIM 1: Y, is convex V x € gg.
Assume that g?l, 5_2 € Yy(x),and g, g, € T, such that Vi1 € V,
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&0 = [ SG @)g (@)W @)+ [ S, @)BB"S (e, @)(61+N5) '[E& + [ Y(©)aw ()
(e, 0)x(0) = S(e, O)& + (e, a(O)]+ [ N (e, )55, 22 + B, )ds

~Jo S 98 (©) = Y N (e, )1, (<) + Bi))

0<y<c

=3 Ste, ) 1,Ge)+ Ba)) @)da

0<y<c

+ Z N (@, lz)lz(%(ll_)—i_ﬁ(ll_))

O<g <t

+3 86 )7, G+ B, =1, 2.

O<y <t

Let f €[0, 1]. Then V 1 € V, we get
(B +(1- e = [ St @B @)+ (1~ Agy@)NdW (@)
+[, 8, @)BB"S" (e, )01 +39) [ E&, + [, Y(©)dW (6)= N (¢, 0)(0)
=S(e, 0)[& + H(e, a(O)]+ [, NV (e, )95 72 + B )de
—foc S(e, 9IBg1(6) + (1= B)g2()]dW (5)

- z N (e, ll)ll(%(l[_)—i—lé(l[_))

0<y<c

=Y Ste. )2, + B)) )@)da

O<y<c

3 Mz +A6)

0<y <z

+ 862,y + BAY).

0<y <t

Clearly, T, P is convex, sine - has convex values.

Contemporary Mathematics 794 | R. Udhayakumar, et al.



=pg (0 -PgeT, ..
Consequently,

BE +(1= B)é; € Yy ().

CLAIM 2: In gg, Y, maps bounded sets to bounded sets.

In fact, the following statement suffices to demonstrate that 3 a positive constant A, such that V X" € Y,(x), x € B,
= {x € GJ: |lx|2<p} one has | Y| < A.

IfY € Y,(x),then3ge T, . suchthat Vi eV,

Y(0) = [ @ @)e@)dW @)+ [ S, @)Bus(@, £)dw

+ 3 NG+ BE))+ Y SG 1)z (<) + B)).

0<y <t 0<g<t

Therefore, by hypothesis, vV 1 € 1V, we get

E|x|f < 4E|\j(;$(z, @)g(@)dW (@) +4El| (; S(, @)Bug(@, &)dol?

HEl D NG, )G+ )P

O<y <t

HELY 86 1)z () + )P

0<g<t

28
<ABTHO)| o0 (@)do + SR Rd2E|, I?+ 2]5E||Y(w)||ig da + BE|a(0)*
R2BE(E] +[9, aO))+ A [ L+ p o+ BIND)], 0, (@)

n n
2 =2 ! 2 5 ;2
+An* Y P, (2 )+ P Y By (0]
=1 =1

n n __ ,
+4Rn*Y B, (2P +4nn* Y B, (72 p)

=1 =1

28
<4nTrQ)l o, )+ PR 2EE, I +2f° E||T(w)||i(2) dw + BE|a(O)|

2B E5 [ |9t aO))+ R [ i1+ p e+ BIHO)e,

i
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n no___
2 2 ! 2 =2
+Bn” Y P, (j  p)+Pn" Y P,(j ?)]
=1 =1

n n
2 =2 ! 2 D 2

+4Rn" Y B, (j 7 p)+4Pn" Y B, (j 7 p)
=1 =1

<A

Then, V Y € Y, (), we get | Y| < A.
CLAIM 3: Bounded sets are converted into Qg equicontinuous sets via Y',.

Y, (1) = j(; S, @)g(@)dW (@) + j(; S(1, @)Bug(w, &)dw

+ 3 V@ )LG)+BE)) Y S ) x G+ Ba)).

0<g <t O<g<t

Let 0 <) <1, <c. Then, we obtain V » € B and Y € Y,(x),3g € T, . such that
2 L) 1)
Ev) -l < [[[ S0, @e(@a @)+ [} S, 01850 £

+ 3 N )G+ )+ Y S, 1)z, G+ Bi))]

0<t,<t 0<y<ty

[ 8. @)g@)dw @)+ [ 8. @)Bus(@. £)dw

2

+ 3 NV, DG+ B+ Y Sy )2, G+ Be))]

0<g,<q 0<g,<q

2
< 10E“jg“’ [S(tr, @) -S4y, @)] 2(@)dW ()

2
+10E|[ 1o [S(2: @) =S, @) g(@)dW (@)

2
+10E|[2S(, @)g(@)dW (@)
4

2
n-e

0

+10E|[ 1 [S(0, @)~ S(u, @) Bug(@, &)dw
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2
+10£| [* 8. @) =5, @)|Bus(@, H)dw
ll—

2
+10E | ?S(zz, @)Bug (@, &)dw
1

2

HOE[ Y [V 1) =N (0, )] 2 (260 + &)

0<y<np

2

HOE| Y N (@, 1)z (4 + A

0<y<n

2

HOE| 3 [S(, )= S, 1)] 7 (#6)+ Bw)

0<y,<y

2
+10E| Y 3(12,1,)2(%(1;)+&(z;))

<4<

<10TH(Q)E j(;l“’ IS, @) -5, @) |g@)| do
+10THQ)E j:_g||3(zz, @) -8, @) |g@)| do
+10Tr(g)Ej;2 IS, @) |e@)| do
#1008, @)~ S(a. @) B[ {2E||fc||2 +2J BV ds
W e O Elaff +2|ste. of £ |5 +lotc. of |
NV @ P E|o(s. 5, + A de+Tr(@)][(]SCe. ol Elee) de

il i
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ary Matl

/

+n2§||8<c, z,>||2EHZ(z(z:)+ﬁ<z:>)”2}(w)dw
AJ" ISt )=, @ 87 {21 42, EV @y ds
W e, OF Elaoff +2|ste. of £ 5 +lotc. of |

W e P Eote. 5+ A de+1r(@)[( St P E|g(o)f ds
+n2§|w<c, P E (= + ||

+n2§||8(c, z,)||2EHZ(x(z:)+/?<z;))H2}(w)dw

0] 150, 0P [BF {22 +2]; BV a5

W e OF Elaoff +2lste. of £l +lote. of |

WV e P Eote. 5, + 2 de+1r(@)[ ]St P E|g(o)| ds
+n2§IW e ) |

+n2§||8(c, z,>||2EHZ(z(z:)+/3'<z:>)H2}<w)dw

+10n2§"/1/(12a )~ W, @ E] () )|
+10n2§||ﬂf(zz, P E | ()|

‘2

+1Onzzn:||8(12, @) - S, w)||2EHZ(%(zl_)+ [3(1,‘))
1=1
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1073 Ste, KA |
<1077(Q)[) S (@, @)~ Sta, w)||2gp, (@)dw
0@ S, @)= S0, oo, (@)dw
+10RTHQ)| zlzgp! (@)d@
708,18, @)~ S @) {25”50 [P -2 Erlfy a
+RE|a) + 2P2E(||§1 12 + [t a(O))||2)
B[ L1+ Jds+ ATHQ)[ 0 1 (6)ds
+anzgpm (/7 p')+P2n2§E( i p')}(w)dw
#7108, [S(tp, @) =St ) {ZE”Q [P -2 By ae
+RE|a(O) + 2132E(||§1 P + |9t a(O))||2)
R [ L1+ |ds+ ATHQ)[ 0 1 (6)ds
+P1nle;:Pm (j—zp')+P2n2§E(j‘2p' )} (@)dw
+70Pg Py jf [2 el +2f¢ E||Y(g)||ig dg
+RE|a(O)f + 2P2E(||§1 P + |9, a(O))||2)

R L1+ Jds+ ATHQ)[ 0 1 (6)ds
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n n

2 2 2N 2

+RBn°Y P, (] p )+P2n >'p, (] p)}(w)dw
1=1 =1

1082 YW o, @)= 0, @B (172 ) 410807 3 (721

1=1 1=1

o 25 (2 2N 2
+10n Z"S(zz, @)-S(y, w)" P, (j p )+10P2n ZPm (] p )
=1 1=1

The right hand side of the inequality aforementioned is isolated of » € B, and |[Y(1,) — Y(11)||2 —0as1, -1 —
0,V xeB, Thus, the compactness of S(z, @) and N (i, @) for 1 > 0 provides the continuity belongs to the uniform
operator topology. As a result, {Y,(x) : € B} is equicontinuous.

CLAIM 4: Y, is a compact multi-valued map.

Through the claim, we conclude that Y, € B, is uniformly bounded and equicontinuous. Hence, it is enough to
verify by using Arzela-Ascoli theorem Y, maps B, into a precompact set belongs to Q;, i.e., for every fixed 1 € V, I1(1)
={Y,x():x € Bp} is precompact belongs to Z.

Clearly, IT(0) = {Y'(0)}. Assume that : > 0 be fixed and for 0 < ¢ <, determine

Y4() = j(;_@ S, @)g(@)dW (@) + L’)‘" S(1, @)Bug(w, &)dw

+ 3 V)G + B+ Y SG )2 () + ).

O<g<t O<g <t

Since S(1, @) is a compact operator, the family HQ(z) = {Y¥x(1) : x € Bp} is precompact in % V g, 0 <o <1.

Moreover,
2 . 2 . 2
E“sz(l)—Yg%(l)“ £2EH LQS(I, @)g(@)dW (@) +2EHLQS(1, @)Bug(w, &)dw
. 2
< ZEH L_g S(, @)g(@)dW (@)
|2 * 2 " —

14 S @)’ 1817 |87 5" . | (o1+3%6) [2E||§C I

12 £ 6y de+ |V (e O E|a)?

2|5 o E[ Jal + ¢, of |
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+L)c | (e, §)||2E“53(g, P2 +,Bg)”2 dc
+f “S(c, g)Z“EIIg(g)II2 AW (c)

v 3 e PE]a (et ||

O<g<c

0<g<c

+ > |SCe, z,)||2EHZ(%(z,_)+,3A(z,_))H2}(w)dw.

Therefore, E||Y (1) — Ygx(z)H2 — 0, as ¢ — 07, in addition there are precompact sets are arbitrary closed to the
family {Y,2(1) : x € Bp}. Since Y, is compact.
CLAIM 5: To prove Y, has a closed graph.

Suppose that x, tends to ,_ as n tends to «o, ¢, € Y, %, V x, belongs to B, and & — & asn — o, We derive &, €

Y,x,. Since &, € Y,%,3g, €T 4, Such that
&0 =], S0 @)g,@)dw(@)+ [ S, @)BB'S (¢, )61 +8§) ™! {Egc +[, Y(©)amw )
— WV (e, 0)a(0) = S(e, O + (e, 0]+ [; N(e, §)5(s., () + By )

[ S 92, @)~ X N (e, ) (546 + A

0<g<c

- X S () +Be)) (@do

0<y,<c

£ X Nz () Aa))

O<y <t

+ Y S )z (@) +BE)), e V.

0<g,<t

We must demonstrate that 3 g, € T, such that
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&0 =] 80, @)gn@)dW (@) + [ St, @)BBS" (c, @)1 +NG)! [Eg‘c +[, Y()aw ()
— WV (e, 0)a(0)=S(e, O + (e, 0)]+ [ N (e, (e, Geo); + B, s

[ S, g @AW (€)= Y N (e )z (3 + )

O<y<c

- X Ste ) (@) +BE)) (@)

0<<c

+ X Nz (s 6)+Ae))

O<g <z

+ Y S z,)Z(%*(z;)+/§(1;)), reV.

O<y <t

Now, V 1 € V), because #is continuous and from ¢, we get

{50)— > Ve (@) +B6))- T Seu)z (@) +Bw))

(NSRS O<y <t

~[ 86 @)BB'S (¢, @)(61 +X§) ! [Egc +[, Y(©)aw ()= N (e, 0)a(0)

=8(e, 0)[& +H(e, 01+ [{ NV (e, 9)9(e, () + B )ds

- Y Ve z (=) +A6))

O<g<c

- Y S z,>Z(%n<z,)+B(z,))](w)de

O<y<c

- E0- T M@z (=) +A6)

0<g<t

= Y Sz (@) AE)

O<g <z
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;86 @)BB'S (e, )61 +X5)! [E‘fc + [, Y)W (6)= N (e, 0)ax(0)

=S(e, O& + (e, 0)]+ [ N (e, )9(e, (o) + B )ds

- X Meo =)+ B6)

0<y<c

—>0asn— oo,

- Y S z,)Z(%*o:)+[f(z:))](w)de

0<g<c

Suppose O : LZ(V, 7) — C(V, Z) which is continuous,
©2)1) = [, @, @)g(@)dW (@)
~[ @ @)BB"S" (¢, )61 +85) ! ( [i8t g(g)dW(g))dw.

Therefore, by Lemma 2.4, ® » T', is a closed graph operator. Then, by referring ®, we get

0= Y Nz (G, +8,)- X Seu)n(6a), +5,)

O<g<t O<g <t
- jo’ S(1, @)BB'S (¢, @)(S1 +X§) ™! {Efc + jg Y(5)dW(s)— N (c, 0)a(0)
=S(e, O + (e, 0]+ [; N (e, )95, (4,), +Be)ds

- Z N (e, lz)ll((%n)ll +[§lt)

O<y<c

= Y St )x(Ca), +B,) [(@)do 0T, ,, ).

0<y<c

Because », — ., for some x* € T, . From Lemma 2.4,
n EZ2 M
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E0- Y V@ un(6s), +8,)- X S@u)x (6, +4,)

O<g<t O<g <t

—L; S(t, @)BB S (¢, @)(SI+X§) ™! [Egc + jg Y(¢)dW (¢)— N (c, 0)a(0)

=S(e, O[& + (e, 0)]+ [, N (e, )9(, (o) + i )ds

— z /1/(0, lz)Zt((%*)ll +ﬁ’l)

O<y<c

= Y Ste )G, + B, )](w)dw

0<g<c

- [ s, g)[g*<g>+BB*8* (e @)ST+Ng)”! ( [, st w)g*w)dW(w)j(g)}dg,

for some g, € (7, ). Hence Y, has a closed graph.

Step 3:

From the Steps 1 and 2, Y, and Y, satisfied all the assumptions of Lemma 2.4.

Here, we establish that Lemma 2.4 conclusion’s (ii) cannot possible. Let VV = {x € Z : J € Y2 + Y, for some A
€ (0, 1)} is bounded. Later we show that

Y(V) V.

If not, then for all positive number p, %" € V, Y(5¢") ¢V, that is [[Y(>")|| = sup{|[Y7]|. : Y} € (Y")} >pand F an
g’e T, ,»» such that

EP (1) = AN (1, 0)a(0) + AS(z, 0)[& + (1, a(O))]—/i.[(;/l/ (1, @9 (@, &y)dw
+A J(;S(z, @)g? (@)dW (@) + A j(;S(z, @)Bul (@, £)dw
A Y N DHEN A Y SW )&, 1V,

O<y<a O<g <t

for some 4 € (0, 1).
For ¢ > 0, applying H,, we get
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E

2 * % c
u? (z)” - EHB S (e, @) ST +R5)™! [Ez;‘c +H[X@aW ()~ N (e, 0)a(0)

=S(e, 0 +H(e, O]+ [ NV (e, )9(e, 3, + Bo)ds = [ S(e, )g(e)dW (6)

2

- > N nE)- Y Se z,)?,(f,,)]

0<g<c 0<y<c

A5 5" o Joor w1 {w"gc [ 2f; Elve s
+| 4 e O Efa)f +2Ste, o £[[&]F +[st. o |

W e P Eote. 5+ A de+1r(@)[( St P E|g(o)f ds

|

a2 Y o) Elu)| + P 2Ise ol Efaé)
=1 =1

7
<< PaP, [2E||§C I +2f ||Y(g)||i(2) dg +RE|a(0)|

2r[JafF lote, OF ¢ AT 1o+ 4 Jus

c < -— ! 2 — .— !
+RTHD) 0 (s +n* RY B (/2 p)+n* B Y By (i p )}.
=1 =1

For such ¢ > 0, we determine

2
p< E“Y%”(l)”

2
<TE|NV @, 0)(0)|* +TE[ S, 0)[& + $i(e, O + 7EH [V @ 29" (@, &)do

2

2
+7E Hjésa, @)g? (@)dW () +7EH L;S(z, @)Bu? (@, £)dw
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2 2

+7F +7FE

> S ) xE)

0<g<t

DI ACERYACH)

O<y<t

7|0 @ O Ela)f +14]5¢. o E[ Ja[F +|scc. o |
AV o E[9 @ &, )”2 do+11rQ)[ IS @)’ |¢” (w)uz do

[l o |82

2 n
ul(@,2)| do+1n?Y |V @ DE|n &
1=1

2

n | —
LD RIOWA (2 PACH
=1

<TREJaO) +14BE ][4 +|s5(c. O [+78 [ L 1+]é, | |do
49 2 2
+TRTHQ) 0, do+— pzngc[zE eI +2f, E||1r(g)||Lg dg

— ~ 112
+RE[af +25E & ¢t O |+ A ] [H”%g | }dg

c 3 .— ! & — . !
+RTHQ) 0, ds+n Ry By () +n P Y By (7 p >}
=1 =1

n n
2 =2 ! 2 B ;2
+Tn°RY B, (j " p)+Tn°BY B,(j°p)
=1 1=1

4 __ n n __ ~
< (7 +§9P22P§cj{4Pl Lyc+4PRTr(Q)y j* +4Pn*Y 1, +4P2n2271}+1>c,

1=1 1=1

where i’; is independent of p and dividing by p when p — o, we get

liminf,_,

C
o (w)dw
L)p—zliminfp—)+w Vr Py

p p p
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n n
R =2’
> B p) 2P, 0
1iminfp—)+ool=1—:1iminfp_)+oo 1=l — JP :421”
P J°p p =1
no___ 5 L — 5
liminf, , = —liminf,,_, | = L L 437
4 Jp p =1

Therefore, we get

49 —~ 4 2 —
(7 +;P§P§cj{41’1[,hc+4l’2Tr(Q)y JEHARR Y 1+ 4P 1 |21,
1=1 =1

which is a contradiction. Therefore, 6 > 0,3 p >0 suchthat Y : G e g ¢~ This implies V is bounded. Hence Y has a
fixed point () on gg by Lemma 2.4. Consider &(1) = »(1) + /)’A(z), —o<1<c.
The mild solution of (1)-(3) is Y, where £ is a fixed point. ]
Definition 3.4 The differential system (1)-(3) is approximately controllable on [0, c] if m =1’ (7, 1),

where

R(c, a, u) = {&(a, u)(c) : £ is the solution of the system (1)-(3) and u € LZ(V, U)}.

Theorem 3.5 Let the presumptions of Theorem 3.3 hold. Moreover, Hy-H, are fulfilled,{S(z, 0) : 1> 0} is compact
and g is uniformly bounded, then (1)-(3) is approximately controllable on V.

Proof. Consider E()() be a fixed point of P* in B,. According to Theorem 3.3, V fixed point of V¢, which is the
mild solution of (1)-(3).
= 2‘6 € ‘I’Q(g@(;); i.e. from Stochastic Fubini theorem, 3 g € T 2.2 such that

E(e)=¢& -8@GT1+8§)(EE. - NV (¢, 0)a(0) - S(c, 0)[& + H(e, a(0))])

+j§ ST +R$) " Y (@)dW (@) + jg SGSI+RY N (e, @) D@, E%)dw

~[, 061 +85) S (e, @)g@)dW (@) -5©GT+X5) ™ Y N (e )1 (D)

O<z,<c

—S@BI+R5)TT Y S(e, 1)1, (E0),

0<y<c

By assumptions, we have the sequences $)(@, ég) and g(w) are uniformly bounded on V. As a result, there are
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subsequences, which are nonetheless indicated by H(w@, fg) and g(w) that converge weakly to say, $H(w) and g"(w)
sequentially. The compactness of N (z, 0) and S(z, 0), : > 0, implies that N (c, @)[H (e, fg) - H(@)] — 0 and S(c, w)

[g(@) — g"(@)] — 0.
On the other hand, by lemma, V 1 € V, 6(0I + N§) — 0 strongly as 6 — 0" and [|(97 + X{)|| < 1. Therefore, from
the Lebesgue dominated convergence theorem

E”f5 (¢)- g“z < 8E“5(5[ 8§ (EE - N (e, 0)a(0)-S(e, 0)[& + (e, (;:(0))])H2
2
+8E Ug S(ST+85)™! Y(w)“Lg de

2
+8EU§ SSI+R) N (e, @)@, E0) - ﬁ(w)]“dw)

+8EU§ S(SI+REY TN (e, w)ﬁ(w)“dwjz

2
+8EU§ SBI+RS) ' S(e, @)g@)-¢ (w)]HL(z) dzu]

2
+8EU§ ‘5(5“&;)3((:, zu)g”(w)HLg dwj

2
HBE| S5 +85)" Y N (e, 1) 1,(€0)
0<y<c '
2
+8E|[61+RS) T D) S(e, z,)Z(éf) —>0asd — 0"

O<y<c

So g‘s(c) — &, as 0 — 0" and this proves that system (1)-(3) is approximately controllable and therefore the proof is
completed. o

4. Nonlocal conditons

The idea of nonlocal circumstances was driven by neurological ailments. The existence and uniqueness of
mild solutions to nonlocal differential equations for existence and result in [45-46], was originally demonstrated by
Byszewski. One may refer [6, 7, 18, 45-46] to see how these papers inspired other scholars to finish significant tasks.
Take into account the regarding system with nonlocal conditions:
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aw ()

di[g'(z)m(z, e ApE+2@ &) y— Bu(i), 1€V, 1#4,1=1,2, -, n, (11)
l l

A§ |l=ll =X (g(ll_))7 1= 19 2’ e, H, AQZ, |l=ll = Z(f(l,_)), 1= 1, LR /N (12)
ED)=a()+h(&, . &ys &ys s &) €L (Q,Gy), 16 (0, 01, £(0) =& € Z, (13)

where 0 <y < <p <<y <c,h: ggf’ — G, , which satisfies the following:

Hgh: Q; -G o is continuous and P (/1) > 0 such that
2 < 2
E|h(uy uy, s uy) = by, vy, o v)|” < BB |~
=1

2
Vu,veG, and Ny =sup{ll hu,u,, - u, M7 1w e Gyl
Definition 4.1 An .7 -adapted stochastic process ¢ : (oo, ¢] — Z is said to be a mild solution of (11)-(13) given
that §, = [a + q(fll, ;“12, 513, e, fln)(O)] € LZ(Q, g g), &'(0) = ¢, € Z on (—oo, 0], and the impulsive conditions A§|l:h =
161, AL, =7,(&0,)), 1= 1,2, -+, n; () to 1, is continuous and
(i) (1) is measurable and adapted to .7, 1 <0.

(ii) 2(1) € Z has cadlag paths onz € V and V 1 € V), x(1) satisfies the integral equation

S0 =N (&, O[a(0)+q(&,» &y &> -5 £, N0+ S(2, 0)[G) + H(z, (0))]

[V @)9@, &)do + [ St @)g(@)dl (@)

+, S @) Bu@)dm+ Y, N (1))

0<g<t

+ Z SG, II)Z(Q ), 1e V.

0<g<t

Theorem 4.2 If H)-Hj are satisfied. Then, the system (11)-(13) is approximately controllable on V' provide that

49 —~ 4 2 —
(7 +?P22P§cj{4Pthc+4PzTr(Q);/j2 +4Rn*Y 1, +4Pn* > 7, |<1.
1=1 =1

Remark 4.3 The Dhage’s fixed point theorem is applicable to a wide range of problems defined in Banach spaces,
Hilbert spaces, and more general metric spaces. It provides conditions under which a self-mapping on a closed, convex,
and bounded subset of a Banach space has a fixed point. Unlike the Banach fixed point theorem, which requires a
contraction mapping, Dhage’s theorem applies to more general mappings. It can handle cases where the mapping is not
necessarily a contraction but still possesses certain desirable properties, such as compactness or monotonicity. So, in this
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paper we will use the well-known Dhage’s fixed point theory approach for solving the considered system.

5. Examples

Assume A(1) = A4 + B (1), where 4 and B (1) are the infinitesimal generator of a sine function S(z) with the cosine
function \(z) and B(2) is a closed with D € D(B(1)) — Z, V 1 € V referring (4)-(5) respectively.
The family W is classified as R/27Z, and we are now framing our issue as belonging to Z = Lz(W, Z). 1t is used to

recognise functions on W and 2z-periodic functions on R. As described below, let LZ(W, Z) be the space of 2z-periodic
2-integrable functions.

Assume A&(w) = "(w) with domain D(4) = HZ(W, Z), A: D(A) © Z — Z given as K& = ¢ — &' where D(4) is
provided by

D(A)={,eZ,£"eZ ¢, §, are absolutely ontinuous, £(0) = &(x) = 0}.

Additionally, 4 having discrete spectrum, spectrum of 4 holding the eigenvalues K k belongs to Z, along

eigenvectors

1

& ke,

w, for k belongs to Z is an orthonormal basis of Z. Especially,
- 2
AE == k(& ww,
k=1

v & belongs to D(4). The cosine operator A/(z) is given as

N ()E = i cos(k (&, wywy, 1€ R,

k=1

connected along with sine operator

sin(ki)

(&, wowg, teR.

SWE=Y,
k=1

Undoubtedly, ||\ (z)H2 <1,V 1€ R. Asaresult, \/(*) is uniformly bounded on R. Now identify the most important

system

L5, 480, 5=, )] € 2221, )+ b2 601, )+ ie &)

ow(r)
o1

+2(l, »x(1—m, &)) ,1eV,m>0, €0, 7], (14)
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(1, 0) =21, 1)=0, 1€V, (15)

%(ll+v é)_%(l[_’ g) = l[(%(l[_’ 5))7 %,(l:—: 5)_%,(11_’ 5) :Z(%(l[_’ 5))5 1= 15 e, N, (16)

x(1, &)= a(, &), £ €0, z], 1 € (—w, 0], %%(0, &)=, £€[0, 7). (17)

In the above b mapping from R into R is continuous. Consider > 0 and fix 4 = sup,_,. [b(2)|.

The one-dimensional Brownian motion w(z) is defined as having two sides that are defined on the filtered
probability space (Q, .7, P). Let us B(1){(1) = A(1)E'(1). We prove that the equation A(1) = 4 + B(1) is closed before
asserting that the expression 4 + B(7) generates an evolution operator. Therefore, the scalar [VP solution

U (1) = —k*u@) + (@),

u($)=0,u({) =u,

is given by
u(t) = %sm k(1—=¢) +% j; sink(1— o)v(o)do.
Therefore,
U’ (2) = —k*u(t) + inb()u(o), (18)
(&) =0,u () =u, (19)
fulfilled

u(r) = %lsin k(1—¢)+ lj; sink(1—o)b(o)u(o)do.
The Gronwall-Bellman lemma yields
) [ e, 20)

for {'< 1. We stands for (1, {) the solution of (18)-(19). Define

S(t, )&= up (1 OXE we)wy.-

k=1

Thus, the value (20) that S(z, @) mapping from Z into Z is simplified and fulfilled the Definition 2.2.
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Now we determine

Uz={5:5=25kek,zr§£<oo},

k=2 k=2

the infinite dimensional Hilbert space U and specify the norm of U as

0 1
¢y = (X &2)2-
k=2

Determine &(o)(17) = (o, 1), Q(1, &)(0) = Q(1, &(0)) and it satisfies the assumptions H,. Determine B € £(U, Z) is in
the following way:

BE=25ky+ Y e forE= ) Eep e,
k=2 k=2

o0
alsov= Z vie, €L, (BE, vy =(¢&, B*v>, thus
k=1

0
B*v = (2V1 +V2)k4 + z Vi€ .
k=3

Further G < with the norm is given as

1
0 2\5

—[° o (E 0 )2 dh,
lolg, =1, & sup (Ela@)]"

0
where g(f)=e*", h<0 and;j = j_w g(hydh = %

Assume x(1)(&) = (1, £). Define £(1, x)(*) = f(z, x#(+)), 9(1, 2)(*) :%(1, x#(-)) and B : U — Z is classified as Bu(1)(<E)
= ﬁ(z, &). Thus, clearly [N, w)||2 <1 and ||S(, w)||2 <1,V 1€ Rand S(, m) is compact ¥V 1 € R. Hence the following
options, A(1), B, the system (14)-(17) signified to (1)-(3). Therefore, every conditions of Theorem 3.5 are satisfied and
then the considered system (14)-(17) is approximate controllable on [0, c].

Next, we verify that the Hypothesis H,-H, for the above system (1)-(3) one by one.

Verification of H,:

The operator \/(z, 0), 1 > 0 is compact. Thus, clearly [N, O[* < 1 and [|SG, O < 1, for 1 € R and N, ) is
compact for all 1 € R.

From the above conditions are satisfied the assumption H,.

Verification of H,: .

Assume that H(z, 2)(-) = H(, x(*)).

The function § : V x G — Zis give by

Contemporary Mathematics 812 | R. Udhayakumar, et al.



9 &) = 91 ). 1)
Therefore,

£ -m ) <L, (1 tlée-m O, j (22)

where i; is a positive constant.
From the equations (21) and (22), we notice that the assumptions H, is verified.

Verification of H;, H, and Hy:
Set

L, &) =2 (1, #(1—m, £)) = (£ €Z; g (1, 2-m, )< F < gy (1, (t—m, {))}, (23)

where g, g, : V x §, — BCC(LU, Z)). We assume that for each 1 € V, g; is lower semicontinuous and g, is upper
semi-continuous. Assume that there exists p > 0 function such that

max {E"%(z, set-m, OV E|4 (1 52— m, .,/))||2} <0, (). (24)

From the equations (23) and (24) along with the above discussion, we observe that Jé is nonempty and further
clear that Jé is compact and convex valued, and is upper semi-continuous. Therefore, Jé satisfies the condition H;, H,
and Hs.

Verification of Hg and H, :

From the equation (14)-(17),

A(:E |z:%(ll+9 5)_%(11_, 5)211(%(11_, (:))’1:1, 2, -, n,

and we consider the function y, € C(Z, Z) and there exists P, : [0, ©) — (0, ) is given by

%&) = 2= )

E“;?,(g)”z <P, (E||§||2). 25)

Similarly,
A =5, &)=, &) :Z(%(z;, 5)), =12, .n,

and we consider the function Z € C(Z, Z) and there exists E :[0, ©) — (0, ») is given by
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1) =7, (#.9)

< (Elel?). (26)

£z

From the equations (25) and (26), we observe that the condition H, and H, is satisfied.
Clearly, all the assumptions of the Theorem 3.3 are satisfied. Hence, by the conclusion of the Theorem 3.3, it
follows that the system (1)-(3) has a solution.

6. Conclusion

In this work, a set of pertinent characteristics is used to assess the approximate controllability of impulsive second-
order stochastic neutral differential evolution systems. We apply the ideas of sine function, cosine function, and fixed
point strategy to validate our findings. We’ll discuss the second-order impulsive stochastic differential system with
nonlocal conditions later. At last, we give a speculative illustration of the effectiveness of our work. In the future, we
will investigate the Sobolev-type of approximate controllability results for second-order non-instantaneous impulsive
stochastic integro-differential systems.
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