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1. Introduction

The resolution of singularities can be formulated in the following way.

Let V' be a singular variety. The variety J admits a resolution of singularities if there exists a smooth variety # and a
proper birational morphism W — V.

This problem has been solved in many cases but remains an open problem in others. In characteristic zero Hironaka
proved resolution of singularities in all dimensions ([33]) in 1964. Much work has been done since 1964 to simplify and
better understand resolution of singularities in characteristic zero. We mention [7-10, 12-15,17-20, 26, 32, 44-46, 50], and
[52].

The problem remains open in positive characteristic. The first proof for surfaces is due to S. Abhyankar in 1956'"
with subsequent strengthenings by H. Hironaka"" and J. Lipman"” to the case of more general 2-dimensional schemes,
with Lipman giving necessary and sucient condition for a 2-dimensional scheme to admit a resolution of singularities. See
also [25]. Still, Abhyankar's proof is extremely technical and dicult and comprises a total of 508 pages ([2-6]). For a more
recent and more palatable proof we refer the reader to [27]. It was not until much later that V. Cossart and O. Piltant settled
the problem of resolution of threefolds in complete generality (their theorem holds for arbitrary quasi-excellent noetherian
schemes of dimension three, including the arithmetic case) in a series of three long papers spanning the years 2008 to
2019 [21], [22] and [23]. To try to solve the problem of resolution of singularities numerous methods were introduced, in
particular Zariski and Abhyankar used the local uniformization. But it does not allow at the moment to solve completely
the problem.

We are interested in a stronger problem than the local uniformization: the mono-mialization problem. In this work we
solve the monomialization problem in characteristic zero. We hope that these methods, applicable in positive characteristic,
may help to attack the global problem of resolution of singularities on a different point of view.

One of the essential tools to handle the monomialization or the local uniformiza-tion is a valuation. Let us look on an
example how valuations naturally fit into the problem.

Let V' be a singular variety and Z be an irreducible closed set of V.

If we knew how to resolve the singularities of /, we would have a smooth variety /" and a proper birational morphism
W — V. In W, we can consider an irreducible set Z’ whose image is Z. And so the regular local ring Oy - dominates the non
regular local ring Oy ;. It mems that we have an inclusion O, ; < Oy ;- and the maximal ideal of Oy  is the intersection
of those of Oy, ,» with O, ;. Up to a blow-up Z'is a hypersurface and so Uy, ;- is dominated by a discrete valuation ring. In
this case the valuation is the order of vanishing along the hypersurface.

Before stating the local uniformization Theorem, we need a classical notion that will be very important: the center of
a valuation. For details, we can read ([54]) or ([47, sections 2 and 3]).

Let K be a field and v be a valuation defined over K. We set

R, :={x € K such that v(x) >0},
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the valuation ring of v, and m,, its maximal ideal.

We consider a subring 4 of K such that 4 — R,,. Then the center of v in 4 is the ideal P of 4 such thatp=4m,,.

Now we consider an algebraic variety V" over a field £ and K its fractions field. Assume V' is an affine variety. Then
= Spec (4) where 4 is a finite type integral k-algebra with 4 — K.If 4 < R, then the center of v over V' is the point { of V'
which corresponds to the prime ideal Anm , of 4.

The irreducible closed sub-scheme Z of V defined by Anm, (it means the image of the morphism

Spec( Amm ) = Spec(A4)) has a generic point & Equivalently { is the point associated to the zero ideal. We say that Z is the
center of v over V. Now let us state the local uniformization Theorem. It has been proved in characteristic zero but it is
always a conjecture in positive characteristic.

Theorem (Zariski"). Let X = Spec (4) be an affine variety of fractions field K over a field k.We consider v a
valuation over K of valuation ring R,.

Then A4 can be embedded in a regular local sub-ring 4" essentially of finite type over k and dominated by R,.

In this work we prove a stronger result: the simultaneous monomialization Theorem. We are going to explain what is
the monomialization and what are the objects that we handle.

Let k be a field of characteristic zero and f € k[u,,...,u, ] be a polynomial in n variables, irreducible over £.
We denote by V' ( /) the hypersurface defined by f and we assume that it has a singularity at the origin. Then we set
R = kfuy,...;u, ], . - This is a regular local ring that is essentially of finite type over the field £. The vector u = (u,,

., u,) is a regular system of parameters of R. We use the notation (R, u) to express the fact that u is a regular system of

parameters of the regular local ring R.
Definition 4.9 The element f'is monomializable if there exists a map

(Ru)—> (R',u' =(uf,...u, ))
that is a sequence of blow-ups such that the total transform of f'is a monomial. It means that in R’, the total transform of f'is
n
vI ()™, with v a unit of R".
i=1
Now we can give a simplified version of one of the main theorems of this work.

Theorem 7.1 Let (R, u) be a regular local ring that is essentially of finite type over a field & of characteristic zero.
Then there exists a countable sequence of blow-ups

(R,u)—>-~-—>(Rl.,u(i))_>...

that monomializes simultaneously all the elements of R.
Equivalently, it means that for each element f'in R, there exists an index 7 such that in R;, f'is one monomial.

If f'is an irreducible polynomial of & [u,, ..., u,], then 4 := w f) is a local domain. We can find a valuation v over Frac

(4) centered in R. One consequence of Theorem 7.1 is that the total transform of f'in one of the R, is v H(u(’)) /. By the
irreducibility of f'its strict transform is exactly u(’)

Hence there exists an embedding of 4 into the ring 4" =—z~ which is dominated by R, . So a consequence of Theorem

(;
7.1 is the Local Uniformization Theorem as announced. "

And we obtain a stronger result here: the total transform is a normal crossing divisor. We call this result the embedded
local uniformization. We will give a new proof of this theorem in this work.

Let us explain why simultaneous monomialization is a stronger result than the embedded local uniformization
Theorem. First we monomialize all the elements of R with the same sequence of blow-ups. Secondly, this sequence is
effective and at each step of the process we can express the " in terms of the 1"”. Indeed, we consider an essentially of
finite type regular local ring R, and a valuation centered in R. Thanks to this valuation we construct an effective sequence of
blow-ups that monomializes all the elements of R. One more advantage of the proof we give here is that in the essentially
of finite type case, we prove the simultaneous embedded local uniformization whatever is the valuation. In particular we do
not need any hypothesis on the rank of the valuation.

One of the most important ingredient in the proof of this theorem is the notion of key polynomial. We give here a
new definition of key polynomial, introduced by Spivakovsky and appearing for the first time in ([28] and [41]). Let K
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be a field, v be a valuation over K and we denote by 0, = #5{—: the formal derivative of the order b on K [X]. For every

polynomial P € K[ X], we set

{V(P)—V(@bP)}

b

6 (P)= max

Definition 1.7 Let O € K[X] be a monic polynomial. The polynomial Q is a key polynomial for v if for every
polynomial P € K[ X]:

¢, (P)2¢€,(0) = degy (P) 2 degy (0).

One of the interests of this new definition is the following notion:

Definition 2.1 Let O, and O, be two key polynomials. We say that O, is an immediate successor of Q, if €(Q,) <€(0,)
and if O, is of minimal degree for this property. We denote this by O, < Q,.

We denote by M, the of immediate successors of Q). We assume that they all have the same degree as Q, and that
(M, ) does not have any maximal element.

Definition 2.10 We assume that there exists a key polynomial Q' such that €(Q") > (M, o,)- We call immediate limit
successor of O, every polynomial O, of minimal degree satisfying €(0,) > €(M, ), and we denote thés by O <jim O>-

Let Q, and Q, be two key polynomials. Let us write O, according to the powers of O, , O, = X. ¢,0, where the g, are
i=0

polynomials of degree strictly less than Q,.

We call this expression the Q,-expansion of Q,.

An important result in this work, and the only one for which we need the characteristic zero hypothesis, is the
following Theorem.

Theorem 2.17 Let O, be an immediate limit suecessor of Q,. Then the terms of the 0,-expansion of O, that minimize
the valuation are exactly those of degrees 0 and 1.

Then the hypothesis of characteristic zero is necessary also for the results that follow from this theorem.

Here we give an idea of our proof of Theorem 7.1. Let us consider a regular local ring R essentially of Hnite type over
a field k of characteristic zero. We fix u = (u,, ..., u,) a regular system of parameters of R.

The first ingredient in the proof is the notion of non degeneration.

Definition 3.1 We say that an element f of R is non degenerated with respect to u if there exists an ideal N of R,
generated by monomials in u, such that v( /) = 1;161]{/1 {v(x)}

The first step is to monomialize all the elements that are non degenerated with respect to a regular system of
parameters of R. So let /* be an element of R that is non degenerated with respect to u. We construct a sequence of blow-
ups

(R, u) = - — (R, u)

such that the strict transform of fin R'is a monomial in u'.
There exist elements f of R that are not non degenerated with respect to u. So we wonder if we could find a sequence
of blow-ups

R, u)— - = (T, 1)
such that fis non degenerated with respect to ¢. If we can, after a new sequence of blow-ups, we monomialize . Doing this
for all the elements of R would would be too complicated. So we would want to find a sequence of blow-ups (R, u) — -
— (R, u") such that all the elements of R are non degenerated with respect to u". It is a little optimistic and we need to do

something more subtle. We will find an infinite sequence of blow-ups

(R’ M) (Rlau(]))_) _)(Riau(i))_)
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such that for each element f of R, there exists i such that fis non degenerated with respect to 1.

For this, we need the second main ingredient: the key polynomials.

We construct a sequence of key polynomials (Q;), such that each element f of R is non degenerated with respect to
some Q;. It means that:

Vf € R, 3i such that v(f)=vq (f).

We construct the sequence (Q,); step by step. We require the following properties for this sequence: for every index i,
the polynomial Q,,, is an (eventually limit) immediate successor of Q,. Furthermore the sequence (e(Q,)); is cofoial in €(A)
where A is the set of key polynomials of the extension & (u,...,u, )(u,).

Equivalently it means:

Vi, O <Oy o O; <jiy i
V0O e A 3i such that €(Q;) > ¢(Q).

Assume now that we can construct a sequence of blow-ups
(Row) =+ = (R ") = -
such that all the O, belong to a regular system of parameters. It means that

Vi, 3j,k such that Q77 =4/,

where Qf‘ri“’j is the strict transform of O, in R;. Then every element f of R which is non degenerated with respect to 0, is
non degenerated with respect to . Thus it is monomializable. So the next step is to monomialize all the Q,.

In order to do this once again we have to be subtle. The notion of key polynomial is not stable by blow-up, so we
need a better notion: the notion of key element. Let (O, O,,,) a couple of (eventually limit) immediate successors of our

S .
sequence. We consider Q,,;, = > ¢ ijl the Q-expansion of Q,.,. Then we associate to O,,, a key element Q',,, defined as
=0

follows.

s X
Definition 3.11 An element O/, = > « 4 le/ where the g, are units is called a key element associated to Q..
J=0

In fact we also have a notion of (eventually limit) immediate successors in this case.

Definition 3.13 and 3.14 Let P', and P’, be two key elements. We say that P’ and P’, are (eventually limit) immediate
successors key elements if their respective associated key polynomials P, and P, are such that P, < P, (eventually P, <,
P,).

After some blow ups we prove that (eventually limit) immediate successors become (eventually limit) immediate
successors key elements. So we monomialize these key elements. For this we construct a sequence of blow-ups

(R,u)—>"'—>(RS,u(S))—>"'

that monomializes all the key polynomials Q.. More precisely, for every index i there exists an index S; such that in R, O
is a monomial in #*") up to a unit of R,

So in the case of essentially of finite type regular local rings, no matter the rank of the valuation is, we prove the
embedded local uniformization Theorem. And we do this using only a sequence of blow-ups for all the elements of the
ring, and in an effective way. It means that every blow-up is effective and we know how to express all the systems of
coordinates.

Then we want to prove the same kind of result over more general rings, even if it means adding conditions on the
valuation. We work with quasi excellent rings. Indeed, Grothendieck and Nagata showed that there is no resolution of
singularities for rings that are not quasi excellent.

The second main result of this paper can be express in the following simplified form.

Theorem 12.3 Let R be a noetherian quasi excellent complete regular local ring and v be a valuation centered in R.
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Assume that v is of rank 1, or of rank 2 but composed with a discrete valuation, and that car (k,) = 0.
There exists a countable sequence of blow-ups

(Rouw) = -+ = (R, u") — -

that monomializes all the element of R.

So let R be a quasi excellent local domain. This time R is not assume to be of finite type, so we cannot repeat what we
did before. We need to introduce one more ingredient: the implicit prime ideal.

Let v be a valuation of the fractions field of R centered in R. We call implicit prime ideal of R asociated to v the ideal
of the completion R of R defined by:

H= (] PR
pev(R\{0))

where P; :={f € R such that v(f) 2 S}. i
One can show that in this case desingularizing R means desingularizing R. In the last part of this work we also prove

that to desingularize R, we only need to desingularize ﬁH and (up to one more sequence of blow-ups) %. We prove that

the implicit prime ideal satisfies the property that IAQH is regular. So we only have to desingularize % and this is done by
Theorem 11.2.

2. Key polynomials

The notion of key polynomials was first introduced by Saunders Mac Lane in 1936, in the case of discrete valuations
of rank 1. The first motivation to introduce this notion was to describe all the extensions of a valuation to a field extension.
Let K — L be an extension of field and v a valuation on K. We consider a valuation u that extends v to L. In the case
where v is of rank 1 and where L is a simple algebraic extension of K, Mac Lane created the notion of key polynomial
for u. He also created the notion of augmented valuations. Given a valuation x4 and Q a key polynomial of Mac Lane,

we write f =2 fij the O-expansion of an element f € K[X]. An augmented valuation ' of u is the on defined by
i=0
,u'( f ) = gnin {u(f;)+ jo} where 6 > u(Q). He proved that x is the limit of a family of augmented valuations over the ring
<j<r

K [x]. Michel Vaquié extended this definition to arbitrary valued field K, without assuming that v is discrete. The most
important difierence between these notions is the fact that those of Vaquié involves limit key polynomials while those of
Mac Lane not.

More recently, the notion of key polynomials has been used by Spivakovsky to study the local uniformization
problem, and to do this he created a new notion of key polynomials. It is the one we use here.
2.1 Key polynomials of Spivakovsky et al

For some results of this part, we refer the reader to [28], but we recall the definitions and properties used in this work
to have a selfcontained manuscript.

First, recall the definition of a valuation.

Definition 1.1 Let R be a commutative domain with a unit element, K be a commutative field and I" be a totally
ordered abelian group. We set I' | :=T" U {+o0}.

A valuation of R is a map

ViR->T,
such that:
(1) Vx € Rv(x) = +0 < x =0,
2) ¥(x,y)eR*v(xy)=v(x)+v(»),

3) V(x,y)e R, v(x+y)= min{v(x),v(y)}.
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d .
Example 1.2 The map v, : C[x] > Z U {+o0} which sends a polynomial P =3 p,x' to min{i such thatp, = 0} is a
valuation. i=0

Example 1.3 We want to define a valuation v, on C(x, y, z). The value of a quotient 5 is v (P)—v,(Q).

And we define the value of a polynomial P = 3 p,x" y z° as the minimal of the values of p,x" yz5.

Then we only have to define the values of the lgenerators x,yand z.

Hence the map v, : C(x, y,z) > R_ which sends x to 1, y to 2z and z to 1 + x is a valuation.

Example 1.4 Let us set O = z° — x’y. Every polynomial P € C[x, y,z] can be written according to the powers of Q. We
write P =Y. p,Q with the p, € C[x, y][z] of degree in z strictly less than deg, (Q) = 2. Assume that the first non zero p, is
P, i

Then the map v; : C(x, y,z) > (Rz ,lex) which sends P to (n, V, (P,)) defines a valuation, with v, the valuation defined
in Example 1.3.

Let K be a field equipped with a valuation v and consider a simple transcendental extension

K— K (X)

with a valuation v that extends u to K (X). We still denote by v the restriction of v to K (X).

For every non zero integer b, we set 0, = #;—bb This is called the formal derivative of order b.
For every polynomial P € K[ X], we set

v(P)-v(0,P

€, (P) ‘= max L(b) .
beN* b

Remark 1.5 Most of the time we will note e(P) =€, (P).

Example 1.6 We consider C(x, y)[z] and the valuation v := V; defined in Example 1.4.

We have v (z) = (0, 1 + ) and v (82) = v (1) = (0, 0). So

(2)= max{v(z)—v(abz)} _ v(z)-v(éz) v (z)= (0,147

beN* b 1

Also we have v (x) = (0, 1) and v(0x) = v(0) = (+00,+0) s0 €(x) = (—o0,—0). Furthermore €(y) = (—o0,—o).
Finally, let us compute € (Q). Recall that O = z° — x’y. We have v (Q) = (1, 0), v (0Q) = v (2z) = (0, 1 + 7) and v (6,0)
=v(2)=(0,0).

v(Q)—v(@Q)’v(Q)—v(azQ)}=max{(lso)_(osl+”) (150)—(030)}41,_1_,,),

1 2 1 ’ 2

Soe ( Q) = max{
Definition 1.7 Let O € K[ X] be a monic polynomial. We say that O is a key polynomial for v if for every polynomial
P e K[X], we have:

6 (P)2¢,(Q) = degy (P) > degx (0).

Example 1.8 We consider the same example as in example 1.6.

Let us show that z is a key polynomial. We do a proof by contrapositive. Let P be a polynomial of degree in z strictly
less than deg. (z) = 1. So P does not depend on z. Then we saw that € (P) = (—o, —). So € (P) < € (z) and z is a key
polynomial.

Now, let us show that Q = z° - x’z is a key polynomial. So we consider a polynomial P such that € (P) > € (Q) = (1, —1
7).

Then ¢ (P) = (n, *) where n> 1 and = is a scalar. So v (P) = (m, *) where m > 1. Hence Q" | P and so deg, (P) > deg, (0).
We proved that Q is a key polynomial.

We have two key polynomials z and QO and we have € (z) < € (Q). One can show that O is of minimal degree for this
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property. In this situation we will say that Q is an immediate successor of z.
For every polynomial P € K[ X], we set

b, (P) :=min [ (P)

where
I(P)= {b e N* such that M =€, (P)}

Again, if there is no confusion, we will omit the index v.

Let P and Q be two polynomials such that O is monic. Then P can be written i p jQ-/ with p; polynomials of degree
strictly less than the degree of Q. This expression is unique and is called the Q-expar{s:ilon of P.

Definition 1.9 Let (P,Q) € K[XT such that O is monic, and we consider P = ilij-" the Q-expansion of the
polynomial P. Then we set v, (P) := Orgjlg v(p ij ). The map ¥, is called the O-truncation gf V.

Also we set

Sp(P)= {j €{0,...,n} such that v(ijj):vQ (P)}

and

5y (P) = max{SQ (P)}
Now, we set

Bo= Y p0.

7S (P)

Remark 1.10 In the general case, v, is not a valuation. But if Q is a key polynomial, we are going to show that v, is a
valuation.

In order to do that, we need the next result, which will also be needed for a proof of the fundamental theorem 2.17.

Lemma 1.11 Let t e N_| and Q be a key polynomial. We consider P, ..., P, some polynomials of K [X] all of degree

! 13
strictly less than deg (Q) and we set [ P, := ¢Q + r the Euclidean division of [[ 2. by Q in K [X]. Then:
i=1 i=1

t

v(r)=v[HBj<v(qQ).

i=1
Proof. We use induction on ¢.
Base of the induction: # = 2. So we want to show that v (P, P,) <v (¢Q).
Indeed, if v (P, P,) <v (¢Q), then
v(R)=v (P P, qQ)
=v (P Py)

<v(qQ)

and we have the result.
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Assume, aiming for contradiction, that v (P, P,) > v (¢Q) and so v (r) > v (¢Q). Since Q is a key polynomial, every
polynomial P of degree strictly less than deg (Q) satisfies € (P) < € (Q). In particular, for every non-zero integer j, we have
v (P) = v (6,P) <je(Q). Soitis the case for P;, P, and r. Since P, and P, are of degree strictly less than deg (Q), we have

degy (P, Py) = degy (P)) + degy (P,)

<2 degy (0).

However, deg, (P, P,) = deg, (¢QO) = deg, (q¢) + degy (). So ¢ is of degree strictly less than deg (Q) too, and then ¢
satisfies, for every non-zero integer j: v (q) = v (0,q) < je (Q). We are going to compute v (3, o, (¢Q)) in two different ways
to get a contradiction.

First,

b(Q)
V(ab(Q) ((]Q)) = V( Z (ab(Q)—j (Q)aj (Q))J

=0

Look at the first term of the sum: ¢0, (, (©Q), and compute its value v (g0, o, (Q)). We are going to show that its value
is the smallest of the sum.
We have

V(40,0 (D) =V (q) +v (G, (g (Q))
=v(g) +v(Q) - b(Q)e(Q)
by definition of 5 (Q). But we know that for every non-zero integer j, we have v (¢) <je (Q) + v (3,¢), s0
V(40,0 (D) <(j~b(Q) €(Q) +v(Q)+Vv(5q)
<v(8,9)+V By, 0)
Then g0, o, (Q) is the term of smallest value in the sum. In particular,
v (Oh(0) (99)) =V (40, g (D))
=v(q) v (G0 ()
=v(@0) - b(Q)e(Q). (1
Now we compute this value in a different way. We have:
V Gy (0 (qQ)) =V (O (P P, — 1))
=V Gy (0 (P1P2) = (G, g (1)
> min{v (8,0, (P, Po)), v (B0 (P))}-

But also:
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V(040 (BE, ))ZV(I;(ZQ: 0;(R)e)-; (B )]

> min ){v(ajPl)+v(8b(Q)_j (P, ))}

0<72b(0
Ifj # 0, we have v (P,) <je (Q) + v (8,(P,)) and so
v(G;(P)>v(P) — je (Q)

since deg, (P,) < deg, (Q). If 0 < j < b(Q), we also have
V(Oyg)-;(P2) > v (P) = (b(Q) —)) € (O)
S0if 0 <j < b (0), we have

v (a,'Pl) +v (ah(Q) ,/(Pz)) >v (P P)-b(0)e(0).

This inequality stays true if j=0and j=b (Q), so:

v (ab(Q) (P Py))>v (P, Py) = b(Q)e(0).

By hypothesis, v (P, P,) > v (¢Q), so

v (Gy 0 (P1P2) > v (qQ) ~ b (Q) € (O).

But since r is of degree strictly less than deg(Q), we know that v (5, () > v (r) = b (Q) € (Q), and by hypothesis v (r)

2v(qQ). Then v (6, o) (1) > v (¢Q) — b (Q) € (O).
So

v (ab(Q) (¢0)) > min{v (ab(Q) (P, Py)), v (0, ©) ()}

>v(qQ) - b(Q)€(Q)

which contradicts (1). So we do have v (r) = v (P, P,) <v (¢Q), and this completes the proof of the base of the induction.

We now assume the result true for # — 1 > 2 and we are going to show it for .

-1
Weset P:=[]P.

i=1
Let

P=q,0+r
be the Euclidean division of P by O and

nP=q,0+r,

be that of r, P, by Q. Since PP,= qQ + r, we have r =r, and ¢ = ¢,P, + q,.
By the induction hypothesis, v () = v (P) <v (¢,Q). In particular,

v(1P) :V[ﬁpij<v(q1PtQ)-

i=1
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Since the polynomials 7, and P, are both of degree strictly less than deg (Q), we can apply the base of the induction
and so

v (rP)=v(r)<v(q0).

t
Sov(r)=v(r,)=v(rP)=v(I1P) and furthermore this value is strictly less than both v (¢,,0) and than v (¢,0). So
i=1

it is strictly less than the minimum, which is less then or equal to v (¢,P,Q + ¢,0Q) by definition of a valuation. So

v(r)—v(ﬁPi]
<v({(q:P,+ ¢,)0)

=v(qQ)

which completes the proof.

Theorem 1.12 Let Q be a key polynomial. The map v,, is a valuation.

Proof. The only thing we have to prove is that for every (Pl , P2) € K[XT?, and we have

Vo (P Py) = vy (P)) + vy (Py).

First case: P, and P, are both of degree strictly less than deg (Q). Then v, (P,)=v (P)) and v, (P,) = v (P,). Since vis a
valuation, we have v (P, P,) =v (P)) + v (P,).

Then, v (P, P,) = v, (P)) + v, (P,). Sinee P, and P, are both of degree strictly less than deg(Q), by previous Lemma,
we have v, (P, P,) = v (P, P,) and we are done.

Second case: P, = p,"0" and P, = p?0Q’ with p," and p;” both of degree strictly less than deg (O).

Let p"' p? = qO + r be the Euclidean division of p" p? by Q. Sinee degy ( p” p,?) < 2deg, (Q), we know that deg,
(9) < degy (Q), and by definition of the Euclidean division, we have deg, () < deg, (Q). So P, P,=qQ' /"' + rQ'"/ is the Q-

expansion of P,P,.
We are going to prove that in this case we still have

Vo (P\Py) =V (P\P,),
and since v is a valuation, we will have the result. We have:
Vo (P Py) = Vo (QQHj+1 + ”QHj)
=min{v (¢0"""),v(rQ"")}
= min{v (¢0) +v (@), v () +v(Q )}
However, we can apply thee previous Lemma to the product
PP =q0+r

and conclude that v () = v (p," p/-(z)) <v(q0).
Then
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vO (P P)=v(r)+v(Q')
=V (pi(l)pj(Z)) +v (QHJ)
=v(PP)

and we have the result.
Last case: general case. Since we only look at the terms of smallest value, we can replace P, by

(B),,= > Po’

j€Sp(R)
and P, by
(B),,= T n%.
’ i€So(Py)
We know that

Vo (P, + P,) > min{ Vo (Py), vo (Py)}
and
vo (0,0 p 20N = v, (007 + v, (p70).

So
Vo (BB)=vy (X p pP07")
> min {VQ (P07 )+vy (P20 )}
However
vo(p"07)=v(p"0") = v (R)
and

vo (PO )=v (PP )= v (B).

So vy (P P,) = vy (P)) + v, (P,) and we only have to show that it is an equality. In order to do that, it is enough to find
a term in the Q-expansion of P, P, whose value is exactly v, (P,) + v, (P,) Let us consider the term of smallest value in

each Q-expansion, so let us consider pfl?Q”l and pr(nzz)Q'"2 , where n, = min§,, (P,) and m, = minS§,, (P,).
Let pfl}) pffz) = gQ + r be the Euclidean division of p" p,(nzz) by O, which is its Q-expansion too.

m

By Lemmd 1.11, we have v(r) = v(p"” pfnzz)). In fact, in the Q-expansion of P, P,, there is the term Q™ "™, and we

n

have:
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Vo (rQ"‘””2 ) =v (rQ"‘“"2 )
( M an?Q"‘+mz )
=V (Py)+ Vo (P,).

This completes the proof.
Remark 1.13 For every polynomial P € K[ X], we have

vo (P)<v (P).

It will be very important to be able to determine when this inequality is an equality.

A key polynomial P which satisfies the strict inequality and which is of minimal degree for this property will be called
an immediate successor of O (Definition 2.1). We will study these polynomials in more details in this work. First, let us
concentrate on the equality case.

Definition 1.14 Let Q be a key polynomial and P be a polynomial such that v, (P) = v (P).We say that P is non-
degenerate with respect to Q.

Another very important thing is to be able to compare the € of key polynomials. Indeed, if I have two key polynomials
0, and Q,, do I have € (Q,) <€ (Q,), or do I have € (Q,) = € (0,)? Being able to answer will be crucial. The next four results
can be found in [28] but we recall them for more clarity.

Lemma 1.15 For every polynomial P € K[ X] and every stricly positive integer d, we have :

Vo (0,P) 2 vy (P) — de (Q)

Proof. We consider the Q-expansion P = Y. p,Q’ of P.
i=0

Assume we have the result for p,Q’. It means that

vo (0,(p.2)) 2 vo (p,Q) — de ()

for every index i. Then:

w6 - (500 )
= VQ[Za plQl)J
)

minvo (3, (p ')

[\

> min{v, (p0')-de(Q)]
> min{vy (pQ')}-de(Q)
> vy (P)-de(Q)

and the proof is finished.

So we just have to prove the result for P = p,0’.

First, we know that v, (9,(Q) > v, (Q) — de (Q). Now we will prove that we have the result for P = p,. Then we will
conclude by showing that if we have the result for two polynomials, we have the result for the product.

So let us prove the result for P = p..

Since degy (p;) < deg, (Q) and since Q is a key polynomial, we have € (p;) < € (Q). So, for every strictly positive
integer d, we have:
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Vo (0up) = v (Oup)
>V (p) —de(p)
=V, (p) —de (p)
>, (p) — de ().

Now, it just remains to prove that if we have the result for two polynomials P and S, then we have it for PS. Assume
the result proven for P and S. Then:

vo (8,4 (PS))

o[ Se. (o (5)

= min {v(9,(P))+v (0, ()}
> min {VQ (P)—re(Q)+vy(S)-(d —r)e(Q)}

0<r<d

> v,y (PS)-de(Q)

This completes the proof.
Proposition 1.16 Let O be a key polynomial and P € K[ X] a polynomial such that S, (P) # {0}.
Then there exists a strictly positive integer b such that

Vo (P)_bVQ (6bP) :e(Q).

Proof. First, by Lemma 1.15, we can replace P by f’v,Q = SZ(P) p,0".
1€, 0

We want to show the existence of a strictly positive integer b such that v, (P) = v, (0, P) = be (Q).

Since S, (P) # {0}, we can consider the smallest non-zero element / of S, (P). We write / = p‘u, with p { u.

We are going to prove that we have the desired equality for the integer b := p°h (Q) > 0. To do this, we need to
compute 0, (P), it is the objective of the following technical lemma.

Lemma 1.17 We have 8, (P) =urQ' " + Q""" 'R+ S, where:
(1)The polynomial r is the remainder of the Euclidean division of p, (0 b(Q)Q)p ’ by O,
(2)The polynomials R and S satisfy

Vo (S > Vo (P) = be (0.
Proof. First let us show that the Lemma is true for P = p,Q’ and that for every j € S (P)\ {l}, we have
0,(p,0)=0"""R, +S,,

where R; and S; are two polynomials, and where v, (S)) > v, (P) = be (Q).
So we consider j € S, (P). We set

M, = {BS =(by....,b,) € N’"! such that jb,. =bands< j}.

J
i=0

The generalized Leibniz rule tells us that:

ab(ijj): )3 (T(Bs))

BieM;
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T(B,) = T((by:--b,))

C(B,)d, ( p,.)(]i[abi (Q)JQ”

with C (B,) some elements of K whose exact value can be found in [35]. We set
a=(0,6(Q),....b(Q)) e N"*",

Recall that 1(Q) = {d € N such that 2% _ ¢(0)1 We set

N, ={B, =(by,....b,) € M, such that b, > 0 or {h,,....b,} Z 1(Q)},

J §

S;= 2, T(B)

BgeN;

and finally we set

/
If j = [, the term T (&) appears ( ej =y times in 0, ( plQl ) Equivalently, C (o) = u and so
p

wi(0,00) 0"
u(qQ + r)Ql_”e

I(a)

where ¢Q + r is the Euclidean division of p,(8,5,0)" by O.

In other words

T(a)=uq QliPeJr1 +urQlfpe.
&
=1

Soif j#1, then d,(p;07)= 0" *'R, +5,. It remains to prove that v, () > v, (5, Q") - be ().
But:

VQ(Sj)

VQ{ 2 T(Bs)J

BseN;

[\

min {v(abo (p‘/))-i-zs:v(@bi (Q))+(j—s)v(Q)}.

BseN;
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Since By € N, we have two options. The first is b, = 0 and {b,,...,b,} ¢ 1(Q). In other words for every i € {l,...,s}
we have v(abl_ (Q)) 2v(Q)—b;e(Q). And then the inequality is strict for at least one index 7 € {l,...,s}. The second option is
by > 0 and then

"(Pf)_"(abo (pj>)

by

<e ( P j) <€ (Q)
because degy (p;) < degy (Q) and Q is a key polynomial. Equivalently,

v(@ho (pj)>>v(pj)—boe(Q).

Soifby=0and {b,...,b;} £ I(Q). we have

S

v(@n (p,))+ 2v(0 (Q))+(j=5)v(Q) > v(p,; )+ 5v(Q)~be(Q)+(j—5)v(0Q).

i=1

if
V(ijj)—bE(Q)
And if b, > 0, then

S

v(abo (pj))+zv(abi (0)+(i-s)v(Q) >v(pj)—boe(Q)+sv(Q)—ZSI:b,-e(Q)+(j—s)v(Q).

i=1

v( ;0 )—be(Q)

So:

vo(S;) > min {v(p,0")-be(0)]
> vy (P)-be(Q)

Ifj =1, then

0y (P1Q') = (Ry+ R) Q™" 4.5 +ur@" ™

hand using the same argument as before, v, (S) > v, (P) — be (Q). It remains to prove the general case. We have:

0,(P) = ab( > Pin}
ieSQ(P)
= 0 (n0')+ o (p,0").
JeSo(PIN\{1}
Then:
0, (P) = (Ry+R)Q"as+w@ " 4 (07 R 45

JeSo(PIN{2}
wrQ' P + O PR S
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where

R=Ry+ Y R,

jeSQ(P)

and

S= 2, S

jeSo(P)

We have

vo(8)2 jgg?P){VQ (5,)}>vo (P)=be(0).

This completes the proof of the Lemma.
Recall that we want to prove that

Vo (0,P) = v, (P) = be (Q).

I—p°+1

We just saw that the Q-expansion of J, P contains the term urQl 7" some terms divisible by O and others of

value strictly higher than v, (P) — be (Q). It is sufficient now to show that
Vo (0, P) 2 vy (P) = be (Q).

and that
Vo (urQl’pe ) =vo (P)—be(0).
Let us compute v, wrQ'"").

Recall that p, (ab(Q)Q)P“ =qQ+r.By Lemma 1.11, we have v (r) =v(p, (6b(Q)Q)pe ).
So:

Vo (urQl”’e) = v (rQl’pe)

The result now follows from Lemma 1.15.

Remark 1.18 One can show that the implication of the proposition is, in fact, an equivalence.

Proposition 1.19 Let O be a key polynomial and P a polynomial such that there exists a strictly positive integer b
such that
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Vo (P) = vy (G, P) = be (Q).
and

Vo (6,P) = v (0,P).

Then € (P) > ¢ (Q).
If, in addition, v (P) > v, (P) then € (P) > € (Q).
Proof. We have
e(P) > V(P)_;/(abP)

_ v(P)-vp(8,P)

b
v(P)+be(0) vy (P)
b
_ 6(Q)+V(P)_bVQ(P)

We know that for every polynomial P, we have v (P) > v, (P), so € (P) > ¢ (Q). And if v (P) > v, (P), we have the
strict inequality € (P) > € (Q).
Proposition 1.20 Let O, and O, be two key polynomials such that

€(Q)<e(0y)

and let P € K[ X] be a polynomial.

Then vy (P)<vy, (P).

Furthermore, if Vo, (P) =v(P), then Vo, (P)=v(P).

Proof. First, we show that v, (Q) =v(Q)). If degy (Q,) < degy (O,), we do have this equality. Otherwise we have deg,
(Q,) = degy (Q,) since € (Q;) <€ (Q,) and since Q, is a key polynomial.

Assume, aiming for contradiction, that v, Q) <v(Q).
So Sy, (Q) # {0} and by Proposition 1.16, there exists a non-zero integer b such that v, (Q) vy, (0,0,) = be(Q,).

However degy (6,0,) < degy (0,), so vy, (6,0,) =v(6,0,) and by Proposition 1.19, we have ¢ (Q,) > ¢ (Q,). This is a
contradiction. So we do have vy, (Q)) =v(Q)).

Let P= 3 p,Q! be the O,-expansion of P.
=0

For ever; i €0,...,n}, we have:
Vo, (P;-Qli) =Vy, (pi)+inz (0)= Vo, (7)) +iv(Q).

But degy (p) < degy (0)) < deg, (Qs), 50 v, (p,) =v(p,) and vy, (p,0)) =v(p,0)).

Then

Vo, (P) = min{sz (piQf)}

0<i<n

- minfloer)

0<i<n

= Vy (P)

Assume that, in addition, v, (P) =v(P). Then v(P) <v,, (P). By definition of v,,, we have v, (P) <v (P), and hence
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the equality.
Proposition 1.21 Let B,..., P, € K[ X] be pelynemials and set d = Ilnax{degX (P)}.

There exists a key polynomial O of degree less than or equal to d such that all the P, are non-degenerate with respect
to Q. In other words, there exists a key polynomial O such that for every i, we have v, (P,) = v (P).

Proof. Assume the result for only one polynomial and let n > 1.

So we have Q,, ..., O, some key polynomials of degrees less than or equal to d such that for every i € {0,...,n}, the
polynomial P; is non-degenerate with respect to Q,. In other words Vo, (P)=v(P).

We can assume

€(0,) =max{e(Q,)}-

1<i<n

By Proposition 1.20, for every i € {l,...,n}, we have Vo, (P)=v(P)= Vo, (P). So all the P, are non-degenerate with
respect to O,. This completes the proof.

It remains to show the result for n = 1. We give a proof by contradiction. Assume the existence of a polynomial P such
that for every key polynomial Q of degree less than or equal to d, we have v, (P) <v (P). We choose P of minimal degree
for this property.

Let us show that there exists a key polynomial O, of degree less than or equal to d = deg (P) such that for every b > 0,
we have v, (0,P) =v (3, P).

First, for every b > d, we have 0, P = 0. Then, by minimality of the degree of P, for every b € {l,...,d}, there exists a
key polynomial Q, such that Vo, (0,P)=v(0,P).

Take an element Q € {Q,,...,0,} such that ¢(Q) = max{e(Q,)}. By Proposition 1.20, we have v, (0,P) = v (3, P), for
every b > 0. fb=d

So we have v, (P) < v (P). In particular, S, (P) # {0} and v, (6,P) = v (3, P) for every b > 0. By Proposition 1.16 and
Corollary 1.19, we conclude that € (P) > € (Q).

Let us show that this last inequality is true for every key polynomial of degree less than or equal than deg(P). Let O,
be such a key polynomial.

First case: € (Q,) < € (Q). Then € (Q,) < € (P) since € (Q) < € (P).

Last case: € (Q,) > € (Q). By Proposition 1.20, we have v (6, P) = v, (6, P) = v, (G, P) for every b > 0. By hypothesis
we know that v, (P) <v (P). So by Proposition 1.16 and Corollary 1.19, we have ¢ (P) > € (Q,) as desired.

So we know that for every key polynomial of degree less than or equan than those of P, we have ¢ (P) < € (Q). But by
definition of key polynomials, there exists a key polynomial Q of degree less than or equal than those of P and such that € (P)
< € (Q)Contradiction. This completes the proof.

2.2 Immediate successors

Definition 2.1 Let O, and Q, be two key polynomials. We say that O, is an immediate successor of O, and we write
0,<0,ife(Q)) <€(0Q,) and if O, is of minimal degree for this property.

Remark 2.2 We keep the hypotheses of Example 1.8. Then we have z < z* — x°y.

Definition 2.3 It will be useful to have simpler ways to check if a key polynomial is an immediate successor of
another key polynomial. This is why we give these two results.

Proposition 2.4 Let O, and O, be two key polynomials. The following are equivalent.

(1) The polynomials Q, and O, satisfy O, < Q,.

(2) We have vy, (Q,) <v(Q,) and Q, is of minimal degree for this property.

Proof. First let us show that

6(Q1)< E(Qz):> Vo (0,) <v(Q,).

We set b:= b(Q,) =min{h € N" such that "2 %%) — (0, )}.
We have

Q) <e(Q) < be(Q) <v(Q,)-v(0,0))
= be(Q) <v(0,) vy (6,0,)
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because for every polynomial g, we have v, (g) <v (g).
But by Lemma 1.15, v, (Q,) = v, (6, 0,) < be (), so

Vo, (O Vo, (6,0, <v(0Qy) - Vo, (6, 0,).

Then Vo, (0 <V (0.
Now let us show that v, (Q,) <v(Q,) = €(Q,) <€(Q,). Assume, aiming for contradiction, that € (Q,) = € (Q,). Then

deg(Q)) > deg(Q,).
If we have deg(Q,) > deg(Q,), then v, (Q,) = v (Q,) and this is a contradiction. Hence we assume that O, and Q, have

same degree.
Let O,= 0, + (0, - O,) be the Q,-expansion of O,.
Ifv(Q)#v (0, 0)), then

v(Qy) = min{(v (Q)), v (Q: ~ Q)} = vg, (o)}

and again we have a contradiction.

Sov(Q)=v(0,-0)~= Vo, (Q)) <v (0.
But v (0,) = vy, (05) < vy, (Q,) by Proposition 1.20. Again, this is a contradiction.

So we showed that €(0,) < €(0,) < v, (Q,) <v(0,).

Let O, be of minimal degree for the first property.

Assume the existence of O, of degg strictly less than O, such that v, (Q;) <v (Q5). So € (@) < € (0O5), which is in
contradiction with the minimality of the degree of Q, for this property.

So we have O, <0, = Vo, (Q,) <v(0Q,) and Q, is of minimal degree for this property.

Take O, such that v, (Q,) <v (Q,) and O, is of minimal degree for this property. Assume the existence of Q5 of
degree strictly less than deg (Q,) and such that € (Q,) < € (Q5)). By this last property, we have v, (Q;) <v (Q,), which is in
contradiction with the minimality of the degree of Q, for this property.

This completes the proof.

Proposition 2.5 Let O, and Q, be two key polynomials, and let

0, = Z ‘I_/'Qlj

j€O

be the Q,-expansion of Q,.
The following are equivalent:
(1) The polynomials Q, and Q, satisfy O, < O,.
(2) We have ZQ )inv (q lej ) =0 with O, of minimal degree for this property.

J€80, (O
Proof. First, let us show that

0<0,= Y in(q0)=0

J€Sg(0)

Assume O, < Q,. By Proposition 2.4, we know that v, (Q,) <v (Q,). So by definition

Z in, (%’Q]j ) =0.

J€Sg (22)

Furthermore, if O, < 0,, we have that O, is of minimal degree for this property by definition of immediate successor.

Now let us show that if Z( )inv (q ,-Qlj ) =0 with Q, of minimal degree for this property, then O, < Q,.
J€So (Q2 ’

Assume ¥ in,(¢;0/)=0. Then
j€Sg(©)
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v(Q,) > minv(g 101 =v (D),

and so O, > Q, by Proposition 2.4.

Remark 2.6 Let O, and O, be key polynomials such that O, is an immediate successor of O, and let O, = Z q; Ql be
the Q,-expansion of Q,. We set

sz Z qulj'

Jj€Sp,(22)

We will show that Q2 is an immediate successor of Q,. Then we will always consider “optimal” immediate successor
key polynomials. This means, by definition, that all the terms in their expansion in the powers of the previous key
polynomial are of same value.

Proposition 2.7 Let O, and O, be keg polgnomieds such that O, is an immediate successor of O, and let O, = Z q; Q1
be the Q,-expansion of Q,. We set

0= > 99

J€80,(©)

Then @, is an immediate successor of Q,.

Proof. First, by definition of Q,, we have deg (Q,) < deg (Q,). We are going to show that this inequality is, in fact, an
equality.

We have Y in, (¢ lej )= X in, (q lej ) =0. Since O, is of minimal degree for this property, we know that

JESy, () JeSg, (Qz)

its term of greatest degree appears in this sum. So deg, (Q,) = deg, (0,).

Now let us show that € (Q,) > € (Q)).

Since X in, (qulj) =0, we have Vo, (Qz) < V(QZ), and Q2 is still of minimal degree for this property. Then

JjeSo (&2

SQl(QZ) # {0} and for every non-zero integer b, we have v, (abQ~2) = 1/(617Q~2 ). By Proposition 1.16, there exists a strictly
positive integer b such that v, (P) — v, (6, P) = be (Q). So we can use Corollary 1.19 to conclude that

G(Qz) >€(Q1)'

Assume that we already know that Q2 isa key polynomial. Since deg (Qz) deg (Qz), we have that Q2 is of minimal

degree for the property e(Qz) >¢€(Q,), and so O, < Q2
It remains to prove that Q2 is a key polynomial.

Assume, aiming for contradiction, that O, is not a key polynomial. Then there exists a polynomial P € K[.X] such that

e(P) > e(QZ)

and

deg, (P)<degy (Qz)

We take P of minimal degree for this property. We can also assume that P is monic. Let us show that P is a key
polynomial.

Let S € K[ X] be a polynomial such that € (S) > ¢ (P). Then € (S) > ¢ (Q~2). If degy (S) > deg, (Qz), then degy (S) > deg, (P)
and the proof is finished. So let us assume that deg, (S) < deg, (Qz).

We have € (S) > ¢ (Qz) and degy (S) < degy (Qz). By minimality of the degree of P for this property, we have deg, (S) >
degy (P), and hence P is a key polynomial.

So there exists a key polynomial P such that
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e(P) > E(Qz)

and

deg, (P)<degy (Qz).

Since ¢ (Qz) > € (0,), we also have € (P) > ¢ (Q,). By minimality of the degree of O, among the key polynomials
satisfying this inequality, we have deg, (Q,) < degy (P) < degy (Qz) which is a contradiction by the equality of the degrees
of O, and Q2~ Hence the polynomial Q2 is a key polynomial.

Definition 2.8 Let O, and O, be two key polynomials such that O, < Q,. We say that Q, is an optimal immediate
suecessor of Q, if all the terms of its Q,-expansion have same value.

Remark 2.9 Proposition 2.7 shows how to associate to every immediate successor O, of O, an optimal immediate

successor Q2~
Hence, if O, is not maximal in the set of the key polynomials A, it admits an optimal immediate successor.
Let O € A be a key polynomial. We note

M, ={P e A such that O < P}.

Definition 2.10 We assume that M, does not have a maximal element and that for every element P e M, we have

deg, (P) = degy (0).

We also assume that there exists a key polynomial Q" € A such that €(Q") > e(M ).

We call a limit immediat successor of O every polynomial Q' of minimal degree which has this property, and we write
0<im Q"

Proposition 2.11 Let Q and Q' be two key polgncmidls such that € (Q) < € (Q"). Then there exists a sequence Q, = 0, ...,
0, = Q' where for emry index 7, the polynomial Q,,, is either an immediate successor of O, or a limit immediate successor

of 0,

Proof. If QO'is an immediate successor of O, we are done, so we assume that Q' is not an immediate successor of Q,
and we write this O £ Q.

Let us first look at M, = M,, . If this set has a maximum, we denote this maximum by Q,. We have:

0<0,
€(Q)<€(Q)
0+0'

and by minimality of the degree of O, we know that deg, (0,) < deg, (Q"). But Q'is a key polynomial, so € (Q,) <€ (Q)).
Then we have

{Q:Ql <0
() <€(0,)<€(Q)

and since Q < 0,, we know that deg, (Q) < deg, (0,).
We iterate the process as long as M, has a maximum.
Assume that there exists an index i such that M, does not have a maximum.
Assume that € (M) # € (Q"). So there exists g; € M,, such that € (g;) > € (Q"). Since Q" is a key polynomial, we know

that deg, (g;) = degy (Q).
We have:

€(0)<e(Q)

0 <g
deg (Q') Sdegy (gi)
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By definition of immediate successors, we have O, < Q' and we set Q,., = Q'. This completes the proof.

Now assume that € (Q") > € (M,)).

Since degy (Q) < degy (Q)) < deg, (Q") for every index i, there exists a natural number N such that for every index j >
N we have

degy (Q,) = degy (Qj+1) <degy (Q).

Let P e M, . By constmction, € (P) < € (Oy:) < € (Q). If Q" is not of minimal degree for this property, then there
exists a key polynomial P’ limit immediate successor of Q,, of degree strictly less than the degree of Q. So

degy (Oniy) < degy (P) < degy ().

Then we replace QO,., by P’and iterate the process, which ends because the sequence of the degrees increase strictly.

Otherwise, Q' is of minimal degree among all the key polynomials such that € (M, ) < € (Q"), so Q" is a limit
immediate successor of O, and the process ends at Oy, = O".

In each case, we construct a family of key polynomials which begins at O, ends at Q" and such that for every index i,
the polynomial O, is either an immediate successor of O,, or a limit immediate successor of Q.. This completes the proof.

Proposition 2.12 Let O and Q' be two key polgnemidls such that € (Q) < € (Q"). Then there exists a sequence O, = O,
..., O, = Q" where for every index i, the polynomial Q.,, is either an optimal immediate successor of Q; or a limit immediate
successor of Q..

Proof. Let O, be an optimal immediate successor of Q. We look at M, = M,,. If this set has a maximum, we denote
this maximum by P.

If € (Q,) = € (P), we set P = (,. Otherwise, € (Q,) < € (P). Since P and (Q, are both immediate successors of O, they
have same degree.

Hence P is an immediate successor of Q,, of the degree as O,. The polynomial P is then an optimal immediate
successor of Q,.

So we set O, =P.

In fact, we have a finite sequence of optimal immediate successors which begins at O and ends at P = max{M,,}.

We iterate the process as long as M, has a maximum. Assume that there exists an index i such that M,,. does not have
a maximum.

Then we do exactly the same thing that we did in the proof ofcProposition 2.11 and this completes the proof.

Lemma 2.13 Let O and Q' be two key polynomials such that O < Q' and we denote by Q' = Z q ij the Q-expansion

of Q. Then ¢, = 1. /=0
Proof. Since € (Q) < € (Q") we know by Proposition 2.5 that Zinv (quj ) =0.
In fact we have i=0
in, (g,,)in, (Q)" +...+in, (¢, )in, (Q)+in, (g,)=0.
Then, since in, (g,,) # 0, we have
" in, (4,) in, (4o)
in,(Q) +...+ in, (Q)+———==0.
©) in, (, ©) in, (4, ) (2)

We set a = degy (Q) and we consider G_, subalgebra of gr, (K [X]) generated by the initial forms of all the
polynomials of degree strictly less than a.

in,, (qi)

in,, (qm)

Hence G_, is a saturated algebra, and all the coefficients of the form
polynomials. We denote by /%, some liftings, of degrees strictly less than a.

The element in, (Q) is hence a solution of a homogeneous monic equation with coefficients in G_, and whose leading
coefficient is 1.

of the equation (2) can be represented by

- m—1 . ~
We consider the polynomial O = 0™ + Z h,Q’, with, by hypothesis, deg (Q) < deg, (Q'). By construction we have

j=0
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and by the proof of the proposition 2.5, we have ¢ (Q) >€(0).

By minimality of the degree of Q' for this property, if we can show that Q is a key polynomial, then we would have

degy (Q") = degy (Q)and so g, = 1.
Let us show that Q is a key polynomial.

Assume, aiming for contradiction, that it is not. Then there exists a polynomial P such that ¢ (P) > ¢ (Q)and deg, (P)
< deg, (Q). We choose P monic and of minimal degree for this property. Let us show that P is a key polynomial.

Let S be a polynomial such that € (S) > € (P). Then € (S) > € (Q).

If degy (S) > deg, (Q), then, since deg, (P) < deg, (Q), the proof is finished.

So let us assume that deg, (S) < degy (Q). Then e (S)>¢€ (Q)and deg, (S) <deg, (Q). By minimality of the degree of P
for that property, degy (S) > deg, (P) and the proof is finished.

So there exists a key polynomial P such that ¢ (P) > ¢ (Q) and deg, (P) < deg, (O).
Since € (Q) > € (Q), we have € (P) > € (Q).
So we have a key polynomial P such that € (P) > ¢ (Q). By minimality the degree of Q' for this property, we know that

deg, (Q") < deg, (P). But deg, (P) < deg, (Q), and this implies that deg, (Q’) < deg, (Q), which is a contradiction.
Thus Q is a key polynomial.
Proposition 2.14 Let Q and Q' be two key polynomials such that:

€(Q)<e(0).

Let c and ¢'be two polgnomials of degrees strictly less than deg, Q' and let j and j' be two integers such that:

vo(e)=(e)
vo () =v(c)

i<
Vo €(Q))svo[e'(0)')
Then:
v(e(@))<v(e(@)):
If, in addition, either j < j' or VQ(C(Q')j) <V, (c'(0")), then
v(e(@))<v(e(@))
Proof. We know that v, (Q") <v (Q"), hence

v(Q) = v (0)20.

Since we assumed that j < j', we have
J(r(@)=v0(2))< 7' (v(2)-v,(2)-

Furthermore, we know that v, (c(Q')") <v,(c'(Q")’"), hence

vo(e(@) )+ i(v(@)-vo(0)) < vo (¢ (@) )+ /' (v(Q) -7, ()
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So we have the inequality
Vo (€)+ v (Q)+ v (Q) = jvo(Q) < v (e')+ o (Q)+/v(Q) = Vo (Q).

Equivalently, v, (¢) + /v (Q") < v, (¢)) +jv (Q).

But v, (c) =v(c) and v, (c') = v(c'), so v(c(Q')) <v(c'(Q)).

If, in addition, either j < ;" or v, (c(Q')) <v,(c'(Q")"), then we have v(c(Q')) <v(c'(Q)).
Lemma 2.15 Let Q and Q' be two polynomials such that

€(Q)<e(@)

and let f e K[X]be a polynomial whose Q"-expansionis Q f'= 2. f; (Q'). Then
J=0 -

vo ()= min fvo(1,(0))}.

0<j<r

If we set

Too ()= {j €{0,...,r} such that v, (fj (Q')‘/) =V, (f)},

then we have

i, (/)= ¥ in,(£(2))

i€l o (f)

Proof. Only for the purposes of this proof, we will write

v'(f) = min {VQ (f, (Q’)j )}

0<j<r

and

T'(f)::{je{O,...,r} such that VQ(fj(Q')j):v'(f)}.

Let us show that v, (f) =v"(f).
First, we have

[\

min v, (fj (Q')j)

JeT'(f)
jg;!(f} )V (f)

v'(f)-

Set b’ =max T'(f) and b = 40 ( f,). In other words

VQ( 2 f (Q')j]

jETTf)

b:max{j €{0,...,n} such that v(anj):vQ (fb)}

n X .
where f,, = ZO a,0’. Hence, the expression TZ/(f) /;(Q') contains the term
J= JE
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b+b'degy O
ahcdegQ Q’Q .

Then for every j €{0,...,r} such that f; # 0, we have:

[\

min fvy (1,(2)')}

v'(f)
Vo (f,- (Q')i)

Yo (f/ (Q')j)

for every index i € T'(f). So in particular,

\%

vol£,@)) = vo(h(0))

vo (fi)+vo((@))
v(@,0")+v ( ’)b')
(

b'degp Q'
via,Q )+V(CdegQQQ © )

b+b' degp [0}
1% (abcdegg Q,Q )

with strict inequality if j & T'(f).
So

b+b'degy O
V(abcdegQQ’Q 9 )= V'(f)

and

b+b'degp O’

b+b'de
20 o' ) V'

By maximality of b and b, the term @Ceq,y 0¥
(/). In other words v, (f) = gnin oS (Q"))}. So we also have
<j<r

cannot be cancelled and so v, (f) = v(abcdegQ 09

T(f)= TéQ’(jj'

Then X inVQ (f; (0")) is a non-zero element of GVQ , equal to inVQ (f). This completes the proof.
JeT'(f)
Corollary 2.16 Let O and Q' be two key polynomials such that

€(Q)<e(@)

and let
F=350) =Ya0
Jj=0 Jj=0

be the O’ and Q-ewpansions of an element f € K[ X]. We set
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6= minTQ’Q,(f):min{j €{0,...,r} such that v, (fj (Q’)j)QO (f)}

and vyﬁlassume that VQ(f5 ()= v(f5 (1)) and that v, (fy) =v(fy).
en:

(1) 49 (f) degy Q"< 40 (1), and s0 4 (f) < 40 (f).
(2)Ifa,(f) =4y (f), we set 4 =4, (f) and then

deg, O'=1,
Too (f) =10}

and

in,,, (/)= (in,, a(;)(inVQQ')d .

Proof. First let us show the point 1.
By the proof of the previous Lemma, we know that

Odeg, 0'<5,(f).

Furthermore,

Yo (faQr(f)) = V(fffgr(f))’
vo(fo)=v(/o)-

By definition of 6 = 6, ( ), we have v(f(;(Q')(s)Sv(fg(Q')g). We know by Lemma 2.15 that v, (f') =
vo(f) = Orgjg{vg (f;(Q'))}. Since 0= minTy, (f), we have

vo(£(@) ) =vo (£)=min{v, (£, ()}

0<j<r

Hence v, (f, "< vo(fs Q).
Then, since v, (f) =v (fy) and v, (f5) =V (f5):

vo (/@) )< vo(£:(Q))

Vo (fp)+0vo(Q)< v (f5)+6vo(Q)
S v(fp)+0v(Q)<v(f5)+0ve (Q).

Assume we have equality on v, it means that v(£,(Q")?) = v(f£5(Q")?). So v(f,) = v(f5)+v(Q)—Ov(Q’) and
VQ(fa( )<VQ(f6 )

S v(f5)+ov(Q)=0v(Q)+0vy () <v(f5)+6v, (C')
< (6-0)r(Q)=<(6-0)vo ().

Since we know that € (Q) < € (Q"), by the proof of Proposition 2.4, we know that v, (Q") <v (Q") and then 6 - § <0,
that is 0 < 0.

Otherwise we have v(f5(Q")°) <v(f,(Q"").
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Then the following four conditions hold:
vo (/o) =v (/o)
vo (f5)=v(/s)
Vo (fe (Q’ 9) <V (f5 (Q’)§)
v(£:(2))<v(%(@)):

>

By the contrapositive of Proposition 2.14, we deduce that J < 6.

In each case, we have J < 0. Then since 6 deg, Q' < J, ( /), we know that 4 deg, Q" <, (f). So in particular é,, (1)
<3, (/).

Now let us show the point 2.

Assume 6, (f) =, (f) = 0. We just saw that d,,, (/) deg, Q"< 4, (f), so we have deg, Q"= 1. Then Q"= Q + b with
b a polynomial of degree strictly less than the degree of Q.

We know by the proof of point 1 that < 6. Furthermore, we know that 6 deg, Q' < J, ( f) = J, in other words 6 < ¢
since deg, O'= 1.

Hence 0 <0 <, hence 6 = d = minT, Q' (/). We now have to prove that for every index j > d, we have j & T, , (f).
Equivalently, that:

vo(£,(0))>vo () =min{v (£ (0))}-
And then we will have T, , (f) = {J}.
So letj > d. By definition of J, (/) and d, ( /), we know that v(f; Q) > vy (f) and V(anj) >vo(f)-

Furthermore, since § € T, ,, (f), we have v, (f5 ©))= Vo (f). We want to prove that v, (f; QY > vo(fs (Q")°) for
every index je{d+1,...,r}.
We know that:

vo (f5)=v(f5) because degy (f5)<degy (Q')=degy (0Q)
VQ(fj)=V(fj) because degX<fj)<degX(Q')=degX (0)
o< j

By the contrapositive of Proposition 2.14, we have

vo(£:(Q) ) <vo(£(Q)):

By Lemma 2.15, we have

in, () = ¥ i, (1))

J€Tp o (/)
ian (f5 (Q')ﬁ)
i, (1,)(in,, (@)

Theorem 2.17 Let O and Q' be two key polynomials such that

€(Q) <)

Contemporary Mathematics 298 | Julie Decaup



We recall that char (k,) = 0 If Q'is a limit immediate successor of Q, then 6, (Q") = 1.

Proof. We give a proof by contradiction. Assume that 6, (Q") > 1. Among all the couples (O, Q') such that Q" is a limit
immediat successor of O and such that J, (Q") > 1, we choose Q and Q" such that deg (Q") — deg (Q) is minimal.

By definition of a limit immediate successor, for every sequence of immediate successors (Q,»)l,eN, with O, = O, we
have Q, # Q' for every non-zero index i. By definition of limit key polynomials and by hypothesis, we know that deg (Q") -
deg (Q) is minimal for this property.

If we find a polynomial O such that

(@ <c@<c(@)
and deg (Q) < deg(Q) < deg(Q") then by minimality of deg (Q") — deg (Q), we know that there exists a finite sequence of

immediate successors between Q and Q and that there exists a finite sequence of immediate successors between O and Q.
Then we have a finite sequence of immediate successors between O and Q', which is a contradiction.

Hence there exists a key polynomial Q such that
Q) <@ <e(@)
and deg(Q) < deg(Q") and so deg (Q) = deg(Q).

Let O be a such key polynomial. We have O := O — a where a is a polynomial of degree strictly kss than the degree of Q.
Since € (Q) < € (Q), by Proposition 2.5 ,we know that in, (Q) = in, (a).

Consider the Q-expansion i a ij of Q'. We may assume that ) oH = 5@ (Q') and we set 6 :=d, (O").

j=0
By Corollary 2.16, we know that in, (Q") =in, (as)in,, (0)°. In other words in,, (") =in, (a,)in, (O~ a)°.
Furthermore, 6Q' = Z [6(a YO/ +a ij '80].

We first show that the terms 0 (g )0’ do not appear in in, (8Q"). So let j € {0,...,n}.
We have

Vo (0a;) = v (Oa;)
>v(a)—€(a).
But Q is a key polynomial and g, is of degree strictly less than the degree of O since it is a coefficient of a O-expansion.

Then € (a)) < € (Q).
So

vo (0a) > v (@) — € (Q) = vy (@) — € (D).

By the proof of Proposition 1.16, we know that, since we are in characteristic zero,
Vo (Q) = v (00) = € (O).

Then v, (0a;) > v, (@) = vy (Q) + v, (0Q). In fact,

Vo (0a)) +vo (Q) > vo (@) + v (00).

It means that v, (Q0a,) > v, (a,00), and adding v, (0’ to each side, we obtain:
v (Q'8a) > vy (0,0"'00) = v, (ja,0"'0Q).

So
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in, (Q')=in,, [Z[ ja ijlaQ]].

Even though the expression >.[ ja ij’lﬁQ] need not be a Q-expansion, since a; and 0Q are of degrees strictly less
j=l

than the degree of Q in characteristic zero, by Lemma 1.11, the vy-initial form of a,0Q is equal to the initial form of its
remainder after the Euclidean division by Q. So we conserve this expression and consider it a substitute of a O-expansion.
Now let us prove that 6, (6Q") =6 — 1.
Replacing Q by Q in the computation of the initial form of Q' with respect to Q (respectively Q) does not change the

problem, and we assume that ¢ stabilizes starting with Q. Then, if 6, (0Q") = 6 — 1, we would also have 5Q~ 00"Y=656-1.
Letj > 0. Let us first show that

Vo ( ja ij—laQ) >V, (5a5Q5—laQ).
It is enough to show that
Vo (janf1 ) >V, (5a5Q571 )
But by definition of . we have v, (¢,0”) > v, (a;0°). So
vo(@;07) > vy(a;0"")

hence v, (ja; o> v (day, oM.
We now have to prove that the value of the term J — 1 is minimal.
Letj < 5. We know that v, (¢;0”) = v, (a,0°), and hence
vo(a;07100) = vy (a;0"'00).

So v, (Ja, 0’'00) = v (da, Q’'60) since we are in characteristic zero.
So we do have 6, (0Q") = % (6Q") = 6 —1. By Corollary 2.16, we have:

in,,, (60")=in,, (Ja,00)in, (0) .
In other words
in, (0Q")=sin, (a,00)in, (Q-a)"".

We know that v, (Q — a) <v(Q — a). Then, since J > 1,

Vo (é‘agaQ(Q—a)aL1 ) < V(5a56Q(Q—a)§7' )

It means that the image by ¢: gr, K [x] — gr, K [x] of

Vo

. 5-1
in,, (5a§6Q(Q—a) )
is zero. Then, the image by ¢ of in, (9Q") is zero, and so

Vo (00") < v (3Q).

By the proof of Proposition 2.4, we have € (Q) < € (0Q"). But we know that deg (0Q') < deg (Q'), and since Q'is a
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key polynomial, we have € (6Q") < ¢ (Q").
More generally, the above argument holds if we replace Q by any key polynomial Q of the same degree as Q.

So for every key polynomial O of the same degree as deg (Q), we have ¢ (0) < € (60)).
In fact, € (Q) <€ (0Q") < € (Q") and deg(0Q") < deg(Q"). So if we show that 00" is a key polynomial, we will have

deg (Q) = deg (00"

Let us show that Q' is a key polynomial. We assume, aiming for contradiction, that it is not. There exists a
polynomial P such that € (P) > € (0Q") and deg (P) < deg (0Q"). We choose P of minimal degree for this property. Using the
same idea as before, we can show that P is a key polynomial.

We have deg (P) < deg (0Q"), hence deg (P) < deg(Q') and since Q'is a key polynomial, we have € (P) < ¢ (Q).

Since € (P) > € (0Q"), we have € (P) > ¢ (Q).

Thus we have another key polynomial P such that € (Q) < € (P) <€ (Q") and deg (P) < deg (Q"). Then deg (P) = deg (Q).
Hence the polynomial P is a key polynomial of same degree as O, and so € (P) < € (0Q"), which is a contradiction.

We have proved that 6Q' is a key polynomial. Then deg (Q) = deg (0Q"). But then € (6Q") < € (0Q") and this in a
contradiction. This completes the proof.

3. Simultaneous local uniformization in the case of rings essentially of finite type

over a field

The objective of this part is to give a proof of the local uniformization in the case of rings essentially of finite type
over a field of zero characteristic without any restriction on the rank of the valuation. The proof of the local uniformization
is well known in characteristic zero. It has been proved for the first time by Zariski in 1940 ([54]) in every dimension. The
benefit of our proof is to present a universal construction which works for all the elements of the regular ring we start with,
and in which the strict transforms of key polynomials become coordinates after blowing up. Thus we will have an infinite
sequence of blow-ups given explicitly, together with regular systems of parameters of the local rings appearing in the
sequence, and which eventually monomializes every element of our algebra essentially of finite type.

To do this, we will proceed in several steps. Let us give the idea.

Let k be a field of characteristic zero, R a regular local k-algebra essentially of finite type, with residual field &. Let u
= (u,, ..., u,) be a regular system of parameters of R, v a valuation centered in R, I" the value group of v and K = & (u,, ...,
u, ). We assume that &k = k,. This property is preserved under blowings-up. Thus every ring that will appear in our local
blowing-up sequence along the valuation v will have the same residue field: k.

We will construct a single sequence of blowings-up which monomializes every element of R provided we look far
enough in the sequence. To do this, we will construct a particular sequence of (possibly limit) immediate successors. We
will show that every element f of R will be non-degenerate with respect to a key polynomial Q of this sequence, in other
words, that we will have v, (/) = v (/). Furthermore, all the polynomials of this sequence will be monomializable. At
this point we will have proved that every element of R is non-degenerate with respect to a regular system of parameters of
a suitable regular local ring R;. Then we will just have to see that every element non-degenerate with respect to a regular
system of parameters is monomializable by our sequence of blow-ups.

We will begin this part by some preliminaries, where we define non-degeneracy and framed and monomial blowing-
up.

Then, we will see that every element non-degenerate with respect to a regular system of paramaters is monomializable.
And then it will be sufficient to prove that it is the case of all the elements of R.

So, after that, we construct sequence of (possibly limit) immediate successors such that every element f of R is non-
degenerate with respect to one of these key polynomials.

In sections 6 and 7 we prove that all the key polynomials of this sequence are monomializable, and that we have
proven the simultaneous local uniformization. To do this we will need a new notion: the one of key element. Indeed,
modified by the blow-ups, the key polynomials of the above mentioned sequence have no reason to still be polynomials.
So we will give a new definition, this one of key element. This notion has the benefit to be conserved by blow-ups. We will
monomialize the key elements and not the key polynomials, and the proof will be complete by induction.

3.1 Preliminaries
Let k& be a field of characteristic zero and R a regular local k-algebra which is essentially of finite type over k. We
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consider u = (u,, ..., u,) a regular system of parameters of R and v a valuation centered on R whose group of values is
denoted by I"'We write f§; = v (u;) for every integer i € {l,...,n}, and K =k (u,, ..., u,,,).
3.1.1 Non-degenerate elements

Definition 3.1 Let / € R. We say that f'is non-degenerate with respect to v and u if we have v, () = v (f), where v, is
the monomial valuation with respect to u.

We need a more convenient way of knowing whether an element is non-degenerate with respect to a regular system of

parameters. It is the objective of the following Proposition.
Proposition 3.2 Let /' € R. The element f is non-degenerate with respect to v and u if and only if there exists an ideal

N of R which contains f, monomial with respect to « and such that
V() =V(N) = min{v(x)}.
Proof. Let us show that if there exists an ideal N of R which contains f, monomial with respect to «# and such that
V() =v(N) = min{v(x)},

then v, () =v (f). Let N be such an ideal. As N is monomial with respect to u, we have v, (N) = v(N) and v,(N) < v, (f)
since f € N.

Sov (f)=v(N)<v,(f), which give us the equality.

Now let us show that if v, ( /) =v (f'), then there exists an ideal N of R which contains f, monomial with respect to u
and such that v(f) =v(N) = mi}/l{v(x)}.

Let us assume that v, (/) =v (/). Let N be the smallest ideal of R generated by monomials in « containing f. So v (N)
=v,(N) = v,(f) and since v, (f) = v (), we have v(N) = v (/).

3.1.2 Framed and monomial blow-up
LetJ, c{l,...,n}, 4, ={l,...,n}\ J, and j, € J,.
We write

u
£ ifgeJ, \{Jl}
q Ji

u, otherwise

and we let R, be a localisation of R' = R[u;l\{jl}] by a prime ideal, say R, = R’,, of maximal ideal m; = m'R,. Since R is

regular, R’ and R, are regular. Let u® = (ul(l),...,ug)) be a regular system of parameters of m,.
We write

B = {q €J,\{Ji} such that u/ & Rlx}

and
C =J\ (B u{ji})
Since u is a regular system of parameters of R, we have the disjoint union
u'=uy Uup Uug U {u;l }
Let 7: R — R, be the natural map. Without loss of generality, we may assume that

Jy=11, .., h}.
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Definition 3.3 We say that 7: (R, u) — (R,, u'") is a framed blow-up of (R, u) along (u,,) with respect to v if there
exists D, < {l,...,n,} such that

' _,, M
uA1U31U{j1} =Up,

and if m’={x e R" such that v(x) > 0}.
Remark 3.4 A blow-up 7 is framed if among the given generators of the maximal ideal m, of R,, we have all the

elements of u', except, possibly, those that are in u'c,. In other words, except, possibly, those that are invertibles in R,.

It is framed with respect to v if we localized in the center of v.

Let 7 be such a blow-up.

Definition 3.5 We say that z is monomial if B, = J; \ {};}.

Remark 3.6 Let 7 be a monomial blow-up.

Thenn,=nand D, = {1, ..., n}.

Definition 3.7 Let z: (R, u) — (R,, u'") be a framed blow-up and T c {1,...,n}.

We say that 7 is independent of u, if TN J, = @,in other words if T < 4,.

Remark 3.8 Since we look at blow-ups with respect to a valuation v, we have blow-ups such that v (R|) > 0. Since
u', e R, for every g ¢ J;, we want V(%) 20,50 v(u,)= v(u;) for every g € J; \ {j;}. So we can set j, to be an element of J;

such that g, = miJn{,Bq}.
qeJy

We have :
B = {qul\{jl} suchthatu; eRlx}
= {qe]l \ {/j, } such that v[u; :u—q]>0}
u.
Ji

a5}

And C, ={g € J,\{jj} such that , = j3, }.
Let k, be the residue field of R, and 4, the transcendence degree of k£ — k. Let us show that i < #C.
We write R = n%" We denote by u, the image of u', in R foreveryge J,\{j;}. SoR = klup ,ﬁérl' ]- We have R - R' —
R, — k,, which induces homomorphisms & — R — n% - k.
1

Wehavem=m N"R=m'R NR=m'NR. LetE:mLI;,.We have

R R,
mR, mR!,

m

R,
MRy

mR'

R—

m

in other words

k=R — R — k. 3)

Since u}y gy, ', for every g € 4 U B, U{ji}, the image of u', in k; is zero. So £, is generated over & by the
images of the u', with g € C;. Hence 7, < 4C,.

But we have C, :=J, \ (B, U {j,}). So #C, +#B, +1 =4J, = h, and:

B +1<t, +#B +1<4C +4#B +1=h<n. (4)
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We will often set J; < {l,...,7,n} where r is the dimension of 2 Qv(y;) inT ®, Q.If J; < {l,...,7}, the family ﬂ,] isa

i=1

family of Q-linearly independent elements, and so B, =J, \ {j,}.

Otherwise n € J;. Then we have B, = J, \ {J;} or B, =J, \ {Ji,¢,} where ¢, € J, \ {J;}. The interesting cases are those
where 7 — 2 <#B,, in other words, those where 4 — 1 <#B, + 1.

Since (4), wehave h— 1 + 1, <#B, +1+¢, <h.

Then we have three cases.

The first one, B, + 1 = h and ¢, = 0, it occurs when the blow-up is monomial.

The second one, B, + 1 =h -1 and ¢, = 1.

The last one, #B, + 1=/ -1 and 7, = 0.

Fact 3.9 In the cases 1 and 3, we have n, = n and in the case 2 we have n, =n — 1.

Remark 3.10 In the rest of the chapter, we will assume that the valuation ring has & as residue field. So k, =k and ¢, =
0. Hence we will have n, = n.

%, we know that A(Z) is a polynomial of degree 1 over £.
3.1.3 Key elements
We need a more general notion than the one of key polynomials. Indeed, after several blow-ups, a key polynomial

might not be a polynomial anymore.

Since k; =

For example, we can have uljun,l, which is not a polynomial.

Definition 3.11 Let P,, P, be two key polynomials for the field extension k(ul(l),. ..,ufffl )(uf,l)) with P, and immediate

successor of P,. Let , = > a ].Plj be the P,-expansion of P,.
JjeSp(B) -
We call key element every element P’, of the form

P, = Z ajbjF{j
JjeSp(P)

where b; are units of R, = k(u,” .. .,uff)) ) The polynomial P, is the key polynomial associated to the key element P’,.

(ufl) e

Remark 3.12 A key element is not necessarily a polynomial. Indeed, for example, ﬁ is a unit of R,
+u
"

Definition 3.13 Let P, and P’, be two key elements. We say that P’, is an immediate successor of P’;, and we write,
P’ < P',, if their associated key polynomials are immediate successors of each other.

Now we define limit immediate successors key elements.

Definition 3.14 Let P, and P', be two key elements. We say that P’, is a limit immediate successor of P’;, and we
write P!, <, P',, if their associated key polynomials P, and P, are such that P, is a limit immediate successor of P,.

3.2 Monomialization in the non-degenerate case
In this section, we will monomialize all the elements which are non-degenerate with respect to a system of parameters.
Let o and y be two elenients of Z", and let d = (min{a;, y;}), <,,. We say that u” | /" if for every integer i, ¢ is less than
or equal to y, , in other words if a is componentwise less than or equal to f.
Let us set

a=a-6=(a,....4,,0,...,0) e N",

The objective is to build a sequence of blow-ups (R, u) — - — (R’, u) such that in R’, we have u” | v/'.
Definition 4.1 We say that & =< y if for every index i, we have a; <7y..

We assume that A & and that & A y. So we may assume that | & |# 0, and &, > 0 for every integer i € {1,...,a}.
Similarly, we set

7= 7—5:(0,...,0,77a+1,...,;7n)e N”.
Interchanging o and y, if necessary, we may assume that 0 < @ <] 7|.

3.2.1 Construction of a stricly decreasing numerical character
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Definition 4.2 Let 7 : Z" x Z" — N? be the map such that
t(a.y)=(all7D.

Let J be a minimal subset of {1, ..., n} such that {l,...,a} = J and X 7, 2lal.
qeJ

Let 7 (R, u) — (R, u'"") be a framed blow—up along (u,). Let j € J be such that R, is a localization of R[ ]
If g e J\{/}, we recall that u; =_*, and u, =u, otherwise.

We now define &, =, for g # j, and &, =0 otherwise. We set y, =7, ifq = j, 7, = qg,] 7,~ | a | otherwise.
And finally we define

8= (808,45 2.0, 4@ 1,6,,1,...,6,).

qeJ

So we have:

I

=
X
<

=

But for every / € J\ {j}, we have u; =u', xu,; and for / ¢ J\ { j}, we have u; =u/,. Hence

n a; n a)
u = H (”'zX”j) x H (u?)
leJ\{j} 1eJ\{j}

Let us isolate the term »,. We obtain:

Za, n

— IEJ\ XH(Z/IZ

and since & = a —J, we have o = & + 6 and then

lfz\:{'}al - @ +6 l/\ “ a+5 aj+0;
a _ leJ\J \%Tor e 17or
u < (u) B N (G C
=1
1¢j
Buta, =a, forq# jand 6'=(9,...,

25+|a| .,0,), SO

jl’ JHlooe

a+5 a;+o;
ut = le./\ XH 11( )11

l¢j

X opta;+s; n

= W ()

We include another time the term / = in the product, and then:
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s s st
X opta;+d;-a;-o; n

a 1eJ\{j} N\ +6]
u = Mj X | |(1/ll)
I=1
Z{ }a,+a +6,-0;-5; s
_ leJ\ n¢
= uj x(u)"77 .

But we have

D ay+a;+5,-a; o, D o+ +5,-5;
1e\{j} leJ\{j}
= Z a,+a;+8,-y 5,~|al
leJ\{Jj} qeJ
= > (@+8)+a,- Y 5,-lal
leJ\{/j} qeJ\{Jj}
= >.a-lal
leJ

0.

So u® = (u")**%", and similarly u” = (u')"*?".
Weseta'=0"+a@" and y'=6"+7".
Proposition 4.3 We have 7 (o, ") <7 (a, ).
Proof. First case: j € {l,...,a}. Then

&' a|-a; al.

Second case: je{a+1,...,n}. Then |@'|= &]|. Let us show that | 7' |<| 7 |. We have

7= Z yq+2yq—\a|— Z 7+ Z 7,-lal.

q= a+l qeJ q= =a+1 qeJ\{Jj}
q#Jj
By the minimality of J, we have X 7, —|a|<0, and so
qeJ\{j}
|7'< Y 7, =171
q=a+l

In every case, we have (| &'|,| 7'[) < (|&|,| 7|) = 7(a, 7).

If| &' |<| 7|, then z(a',y")=( &'|,| 7' |) and this completes the proof.
Otherwise, | @' [>| 7’|, so

ey =(171Lla' ) <(a'LI71),
and the proof is complete.

Renumbering the u', if necessary, we may assume that u; ¢ R forevery g € {l,...,s} and u; € R/ otherwise. Since =«
is a framed blow-up, we have {u/,...,u.} uV, so renumbering again, if necessary, we may assume that u, = uf]l) for every
qe{l,...,s}. We set

aV =(ef,....a},0,...0) € Z"

and
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7O = (7 200.0) e 2

We have 7(a",y") < z(a’, ). By Proposition 4.3, we have

)

7@, yM) <z(a, ).

3.2.2 Divisibility and change of variables
Lets e{l,...,n}. We write u = (w, v) where
W= Wiy ey W) = (1, oo 1)

and

V=V ey Vo)

Let o and y be two elements of Z°.
Proposition 4.4 There exists a framed local sequence

(R, u) = (R, u"),

with respect to v independent of v, such that in R, , we have w" | w" or w' | w".

Proof. Unless y < a, or & = y, we can iterate the above construction, choosing blow-up with respect to v and
independent of v. Since 7 is a vector in N 2 and is stricly decreasing, after a finite number of steps, the process stops. After
these steps, we have w* =U x(u(l))“(l) W =Ux® )7’(1) , with U € R/ and with 7/(1) <a®, ora® < 7/(1). So we do have
w* | worw' | w"inR,,

Let us now study the change of variables we do at each blow-up. We consider i/ and i’ some indexes of the framed
local sequence

(R,u)—>...—>(Ri,u(i))—>...—>(Rir,u("'))—>...—>(R,,u(’)). (5)

Proposition 4.5 Let us consider 0 <i <i'</. We let m be an element of {1, ..., n;} and m'one of {1, ..., n,}. Then:
(1) There exists a vector 6,(”""") e N*2 such that

W _( O\
I i m X
u,’ € (uDl_, ) R

m 1

(@)

(2) If, in addition, the local sequence (5) is independent of v, with T’ c {l,...,n}; and if we assume that u,,

¢ up, then

o sGhi) L M
(ug_?)‘sm is monomial in ug) \ug.
(3) We assume that i” > 0 such that i <i"” <i’. We have D,,= {1, ..., n;.}, and we assume that m' € D,. Then exists a

vector 7" of Z" such that

(i)
M A\
u,(,i,) =(u(’)) '

) is monomial

(4) If, in addition, the local sequence (4.1) is independent of v, and if we assume that uf;:) & uy, then u,(;
inu”\ uy.

Proof. We only consider the case i"— i + 1, the general case can be proved by induction on i — i’. We can also assume
that i = 0.

Let us show (1). By DAeHnitit(;)n 3.3, wehaveu) p o, = ugl)

We denote by D, = D;" U D, where

! —_
Uy =u

4
Dl
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and

' —,, D
UBiotiy THph
If me 4, V{j},sou,=u', and the proof is finished. If m € B, then u,, = u; u', = u’; u’, and the proof'is finished.
If me C,, so u, =u';, u', and by ddinition, u,, € R{', which gives us the result.

Let us show (3). We have m' € D, = D UD and u)y g ;, =up,). If m’ € D" then by definition u

m'

euy =u, and

we have the result. Otherwise m’ € D' . So

u
(1) 2 _ q
' SUgogy T\ 4E B

21

u

This completes the proof of (3).
Now let us assume that the sequence is independent of v, . By definition we have u; Nu; =@ and also

O] —
uDlBl Nuy = 0.
Let us show (2). Assume that u,, & u;.

Ifme 4, thenu, =u! eu', andu, ¢u, and the proof is finished. Otherwise m € J,. We saw in the proof of (1) that
Dt
1(313?1 , and since ugzl Nuy =, this completes the proof of (2).
1 1
It remains to prove (4). We assume that u') ¢ u,, with m' € D, = D uDP.

0 ¢ u,, we have u') eu\u,.

m' m'

m was monomial in u

A .
Ifm' e D*, then u},) e/, =u, . Since u

. B 1) - g .
Otherwise m' € D/ and we saw that «'!) is monomial in U pjyy ©Uy- Since u; Nuy =@, we are done.

m

Remark 4.6 Let T — A4, be a set of cardinality ¢, and s :=n — . We set
v=©,..,V) =Ur

and
w= Wy, .. ,W) = Ugy._anr-

In this Remark, we only consider monomial blow-ups.

We have u' = (v,w') where w' = (w/,...,w) = (w'",...,w"®)) with y(i) € Z*, by Proposition 4.5. By the proof of this
Proposition, the matrix F, = [y (1) ... y (s)] is a unimodular matrix. For every § € Z*, we have w'® = w°%s . In the same vein
w, =w'’? and the s-vectors J (1), ..., d (s) form a unimodular matrix equal to the inverse of F,. Then we have w'” = w” £ ,
forevery y e Z°.

Proposition 4.7 We have:

w [ W in R, < v(w®) <v(w).

Proof. We have u'") = (wl(l),. ..,wﬁll),v).

.. . % 0) 0)
By Proposition 4.5, there exists @), 7" e N and y,z € R’ such that w* = y(w?)*" and w’ = z(w Y.
Foreveryie{l,...,r;}, we have v(wi(l)) > 0 since the blow-up is with respect to v, so centered in R,, By constniction of

R,, we have that y) < o or oV < 4.
So
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(w(l) )a(” |(W(’) )},m = v((w(l) )a“) J < V[(W(l) )7“) j,

hence
W W o vmw®) <v(wh).

3.2.3 Monomialization of non-degenerate elements

Let N be an ideal of R generated by monomials in w. We choose w®,...,w® to be a minimal set of generators of N,
with v(w®) <v(w®) for every i.
Proposition 3.2.8 There exists a local framed sequence

¢:(R,u)—>(R,,u(l))

with respect to v, independent of v and such that NR, = (w*)R,.
Proof. Let

(b, min r(we",wff )) ifb#0
T(N, w) = 0<i<j<b
(0,1) otherwise.

Assume b # 0.
We let (wf"‘ W ) be a pair for which the minimum

min z‘(wﬁf w7 )
0<i< j<b

is attained. By Proposition 3.2.3, (N, w) is strictly decreasing at each blow-up.
Since the process stops, NR, is generated by a unique element as an ideal of R,. By Proposition 3.2.7, this element is

w® (which has the minimal value), which divides the others. Then NR, = (W*)R,.
Definition 3.2.9 An element f'of R is monomializable if there exists a sequence of blow-ups

(R,u)— (R, u'")

such that the total transformed of /s a monomial. It means that in R, the total transform of /'is v] [ (/)" , with v a unit of R".

i=1
Theorem 3.2.10 Let / be a non-degenerate element with respect to u = (w, v), and let N be the ideal which satisfies
the conclusion of the Proposition 3.1.2, generated by monomials in w.
Then there exists a local framed sequence, independent of v,

(R,u) - (R’,u')

such that f'is a monomial in »' multiplied by a unit of R". Equivalently, f'is monomializable.

Proof. Let (R, u) — (R, u") be the local framed sequence of the Proposition 3.2.8. We have NR'= w*R’. Since /€ N,
by the proof of the Proposition 3.1.2, there exists an element z € R’ such that /= w®z. Since v is centered in R’, to show
that z is a unit of R’, we will show that v(z) = 0.

Butv(z)=v(f)—v(w*)=v(N)— v(w®) by Proposition 3.1.2.

Since NR'= w®R', we have v(N) = v(w?), and so v(z) = 0, and this completes the proof.

3.3 Non-degeneracy and key polynomials
Now that we monomialized every non-degenerate element with respect to the generators of the maximal ideal of our
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local ring, we are going to show that every element is non-degenerate with respect to a particular sequence of immediate
successors. We denote by A the set of key polynomials and

M, = {Q € A such that deg (Q)Za}.

Proposition 3.3.1 We consider v an archimedean valuation centered in a noectherian local domain (R, m, k). We
denote by I" the value group of v and we set @: = V(R \ (0)).

The set @ does not contain an infinite bounded strictly increasing sequence.

Proof. Assume, aiming for contradiction, that we have an infinite sequence

a <a,<...

of elements of ® bounded by an element § € ®.
Then we have an infinite decreasing sequence ---c F, C F,

a

such that for every index i, we have Py  F, . And so

1
we have an infinite decreasing sequen of ideals of R .
We set By

S=v(m)= xIEI(})i\IgO} {v(x)}

Since v is archimedean, we know that there exists a non-zero integer n such that # < nd, and so such that m" P,.

. . . . R R . . . . . .. . R
This way, we construct an epimorphism of rings —-— —. Since the ring R is noetherian, —- is artinian, and so is —-.
m Py R m P,
This contradicts the existence of the infinite decreasing sequence of ideals of 7.
[

Definition 3.3.2 Assume that the set M, is non-empty and does not have an maximal element. Assume also that there
exists a key polynomial O € A such that €(Q)>e(M ). We call a limit key polynomial every polynomial of minimal
degree which has this property.

Definition 3.3.3 Let (Qi)ieN be a sequence of key polynomials. We say that it is a sequence of immediate successors if
for every integer i, we have O, < Q..

Proposition 3.3.4 If there are no limit key polynomials then there exists a finite or infinite sequence of immediate

successors O, <...< 0;<... such that the sequence {e(Q[)} is cofinal in €(A) . Equivalently, such that

V Q € A 3i such that €(Q,) 2 €(Q).

Proof. We do the proof by contrapositive.

Assume that for every finite or infinite sequence of immediate successors key polynomials Q,, the sequence {e(Q,.)}
is not cofinal in e(A) . Let us show that there exists a limit key polynomial.

First let assume that for every o e Q= { p such that M ; # ¢} , M, has a maximal element. It means that
VaeQ3R, e M, suchthat VOeM,, e(R,)>€(0).

We set M = {Ra }aE o - All elements in M are of distinct degree, so they are strictly ordered by their degrees. So if a <a’,
then deg(R,) < deg(R,). Since R, is a key polynomial, by definition, we have e(R,) <e(R,) as soon as a <a'. Then in M

the elements are strictly ordered by their values of €.
Let us show that they are immediate successors. Let R, and R, be two consecutive elements of M. We know that

(04 :deg(Ra) <deg (Ra,) =a

and €(R,) <e(R,). We want to show that R, is of minimal degree for the property. So let us set R € A such that
€(R,) <e(R) and deg(R) <deg(R,) . Let us show that deg(R) = deg(R,) = . Since €(R,) <e(R) and since R, is a key
polynomial, by definition,
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deg(R,)=a<deg(R)< .

Since R is a key polynomial, if we had deg(R) = deg(R,), then we should have €(R,) > €(R), which is a contradiction.
Let us set 4 := deg(R), so we have a <A1 <a', R € M, and R, € M. Since the polynomials in M are strictly ordered by their
degrees and that R, and R, are consecutive, then we have 1 = a', and so Ra <R,

So the set M is a sequence of immediate successors. By hypothesis, the sequence €(M) is not cofinal, so there exists
R € A such that €(R) > e(M). But then there exists a such that R € M, and then €(R,) > €(R) > €(R,). It is a contradiction.

So there exists a € Q such that M, does not have any maximal ideal. Then we have a sequence:

e(0) <e(0,)<...<e(0)<...

where Q; is an element of M, for every integer .

Let us show that the Q, are immediate successors. Let R € A such that €(Q;) <e(R) and deg(R) < deg(Q.,,) = «. Since
0, is a key polynomial, by definition, deg(R) > deg(Q;) = a. So deg(R) = deg(Q..,) = a, and Q,,, is of minimal degree for
the property. Then for every integer i, we have O, < Q,,,.

By hypothesis, the sequence of the Q; is a sequence of immediate successors, so the sequence (e(Q[))i is not cofinal.
So there exists a key polynomial O € A such that €(Q) > €(Q,) for every integer i. Let R € M,, since M, does not have
a maximal element, there exists i such that e(R) <e(Q;) <e(Q). So there exists a key polynomial O € A such that
€(Q) >e(M ). Then the polynomial Q is a limit key polynomial.

Theorem 3.3.5 There exists a finite or infinite sequence (Q,);., of key polynomials such that for each i the polynomial
Q.. is either an optimal or a limit immediate successor of Q; and such that the sequence {€(Q,)} is cofinal in €(A) where
A is the set of key polynomials.

Proof. We know that x is a key polynomial. If for every key polynomial O € A, we have €(x)>¢(Q), then the
sequence { €(x)} is cofinal in €(A) and it is done. Otherwise, it exists a key polynomial Q € A such that €(x) < €(Q). If
it exists a maximal element among the key polynomials of same degree than Q, then we exchange Q by this element. By
Proposition 2.12, it exists a finite sequence O, =x < --- < Q, = QO of optimal (possibly limit) immediate successors which
begins at x and ends at Q.

If for every key polynomial Q" € A, there exists a key polynomial of this sequence O, such that €(Q,)>¢(Q’), then
the sequence {€(Q;)} is cofinal in €(A) and it is over.

Otherwise there exists a polynomial Q" € A such that for every integer i € {1,..., p}, we have e(Qi) < e(Q’) . So
e(Qp) < e(Q’) and we use Proposition 2.12 again to construct a sequence of optimal (possibly limit) immediate successors
which begins at O, and ends at Q'. So we have a sequence O, = x,..., O, = Q' of optimal (possibly limit) immediate
successors which begins at x and ends at O".

We iterate the process until the sequence {e(Q,)} is cofinal in €(A). If Q, is maximal among the set of key
polynomials of degree deg,(Q;), then deg,(Q,) < degy(QO..)). If O; <, O:+1, We have again degy(Q,) < degy(Q..,). In fact, the
degree of the polynomials of the sequence stricly increase at least each two steps, so the process stops.

Proposition 3.3.6 Assume that k£ = k,. There exists a finite or infinite sequence (Q,);., of key polynomials such that
for each i the polynomial Q,,, is either an optimal or a limit immediate successor of O, and such that the sequence {e(Q;)}
is cofinal in €(A) where A is the set of key polynomials.

And this sequence is such that: if O, < Q,,,, then the O,-expansion of O;,, has exactly two terms.

Proof. We have Q, = x, and we assume that Q,, Q,,..., O, have been constructed. We note a := deg,(Q;) and recall that

If O, is maximal in A, we stop. Otherwise, Q, is not maximal and so it has an immediate successor.

We set a = min{h € N” such that hv(Q,.)eA<a} where A_, is the subgroup of I' generated by the values of the
elements of G_,
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In fact, there exists a polynomial f'of degree strictly less than a such that av(Q,)=v ( o ) =v(f)=0.
Then, since &, =k, there exists ¢ € & such that in, (Q,-”’ ) =in, (¢f).

We set O = O —c¢f . By the proof of Proposition 2.5, we have €(Q,)<¢(Q).

Let us show that O, < Q. We only have to show that Q is of minimal degree.

So let us set P a key polynomial such that €(Q,) < €(P).

a-1
Assume by contradiction that deg(P) < aa. We set P = ijQ,.j the Q;-expansion of P. Then by the proof of
a-1 j=0
Proposition 2.5, we have Zinv ( pj) in, (Ql.)j =0, which contradijcts the minimality of a.
j=0
Then Q is of minimajl degree and O, < Q. Since it has just two terms in his O,-expansion, it is an optimal immediate
successor of O,.
First case: o> 1. Then we set Q,,,:= O and we iterate.
Second case: a = 1. Then all the elements of M, have same degree than Q,. If M,, does not have a maximal element,
then we do the same thing than in the proof of Proposition 2.12 and we set O,,, a limit immediate successor of Q..
Otherwise, M, has a maximal element Q,.,. This element has same degree as O, so we have Q,,; = O, — h with / of
degree strictly less than the degree of Q.. Then it is an immediate successor of O; which Q-expansion admits uniquely two
terms. So it is optimal, and this completes the proof.
We now assume k = k, and consider Q := (Q,.)i a sequence of optimal (possibly limit) immediate successors such that
(E(Ql-))i is cofinal in €(A) and such that if O, < Q,,,, then the O,-expansion of Q,,, admits exactly two terms.
Remark 3.3.7 We keep the same hypothesis as in Example 1.8. Then Q = {z, Q} .
Corollary 3.3.8 For every polynomial f, there exists an index i such that v, (f)=v(f) .
Proof. By Proposition 1.21, there exists a key polynomial O such that v, (/) =v(f).
The sequence {€(Q,)} being cofinal, there exists an index i such that

€(Q)) 2 €(0).

By Proposition 1.20, v, (f) <V, (f) and since v, () =v(f),we have v, (f)=v(f).

Remark 3.3.9 So, for every polynomial £, there exists a key polynomial O; of the sequence Q such that f is non-
degenerate with respect to Q..

Remark 3.3.10 Let O, € Q. We don't assume here k =k, .

We set g, := deg,(Q,) and I'_, the group V(G<a; \ {O})

If v(Q)el., ®,Q, then €(Q,) is maximal in €(A) and the sequence Q stops at Q..
3.4 Monomialization of the key polynomials

We set K := k(u, ,..., u,_,) and we consider the extension K(u,). We consider also a sequence of key polynomials Q as
in the section 3.3.

In other words, Q = (Q,- )l_ is a sequence of optimal (possibly limit) immediate successors such that (E(Qi))i is cofinal
in €(A).

Let f'be an element of R. We know that this element is non-degenerate with respect to a key polynomial of the
sequence Q. We also know that every element non-degenerate with respect to a regular system of parameters is
monomializable.

Then, to monomialize f, it is enough to monomialize the set of key polynomials of this sequence. We assume in this
part that the residue field is .

3.4.1 Generalities

Let = r(R, u, V) be the dimension of

Y V()0
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in I'®, Q. Renumbering, if necessary, we can assume that V(ul ),..., v(ur) are rationally independent and we consider A
the subgroup of I" generated by v(ul),. e V(ur) .

Remark 3.4.1 Let (R, u) — (R, u"") be a framed blow-up. Then r <7, := r(Rl, u(l),v) )
Remark 3.4.2 We will consider the framed local blow-ups

(R,u)—)...—)(R[,u(i))—>...

Then we write 7, := r(Rl., u(i), v) .
We set £ := {1,..., r,n} and a” :=min {h such that hv(u,) e A} .
heN"

— r
© _ © : : © :
So a™v(u,) = E a;’v(u;) with, renumbering the ¢, if necessary,
=

0 0
a,...,a” >0

and
a,...,a” <0
We set
w=W,..o,w,,w )= Uy,...,u.,u,)
and

V=0 V) = .U, ),

witht=n—-r—1.

We set x, =in u,, and we have that x,,..., x, are algebraically independent over k in G,. Let J, be the minimal
polynomial of x, over k(x,,..., x,), of degree a.
We set:

”

T

y - xj >
J=1

and
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2

z =——
Yy
We have
Ay =X"+c,y

where ¢, € k, and Z + ¢, is the minimal polynomial 4. of z over gr & (xl - ..,x,) .

VA
Indeed, k, =k = L so /. is of degree 1 in Z. Then /, is of degree a”, and so a = o .

(4.)
Definition 3.4.3 We say that Q, is monomializable if there exists a sequence of blow-ups (R, u) — (R, u") such that

,(Zl) multiplied by a monomial in (uf’),. . .,ug)

in R;, O, can be written as u ) up to a unit of R, where 7, := r(Rl,u(l),v) .

We are going to show that there exists a local framed sequence that monomializes all the Q..

We have O, =u,, it is a monomial. By the blow-ups, O, stays a monomial. So we have to begin monomializing Q,.

Since we want to monomialize the key polynomials Q, of the sequence Q constructed earlier by induction on i, we
are going to do something more general here: we consider an immediate successors (possibly limit) key element Q, of O,
instead of immediate successor (possibly limit) key polynomial of Q,.

First, let us consider
— %4 ET)
Q - Wn + aObOy

where b, € R such that b, = ¢, modulo m and a, € R".
A priori, Q is not a key polynomial but we are going to prove that we can reduce this case to the case O, = Q by a

local framed sequence independent of u,.
3.4.2 Puiseux packages
Let

7= n?ny,) =(@?,...,a!”,0,...,0)
and

5=(51,...,5r,5n)=(O,...,O,—a(°) ...,—a(o),a).

s+l

We have
r o
5 5 w
wi=wrl |w/ = =
p
[1w
J=s+1
and
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w‘S w _
So —=—""""=2z2.
7 O

" HW'

Let us compute the value of w’.

v(w’) = av(w,)- Zr: a\"v(w,)
= av(u,)— Zr: a}o)v(uj)
= Za(o)v(u )— z a'v(u,)

_ 0)
= Z a; v(w,)
=

= V(ﬁ wfﬁm)
= ?(w7).

Theorem 3.4.4 There exists a local framed sequence
(Rou) > - (R, u<”)—> —>(R u?) (©)

with respect to v, independent of v, and that has the next properties:

For every integer i € {1,..., I}, we write 'V : (ul(’), . ,(1[)) and we recall that £ is the residue field of R, .

(1) The blow-ups x, ..., 7,_, are monomials.

(2) We have z e R

(3) We set u” :=(wf”,.. (1) ,V, w ) So for every integer j € {l,..., r, n}, w; is a monomial in Wl(l), ..,wf”
multiplied by an element of R;" . And for every integer je{l,...,r}, w\" =w" where 77 € Z’“

(4) We have O =w x y.

Proof. We apply Proposition 3.2.4 to (w’, w') and so we obtain a local framed sequence for v, independent of v and
such that w’ | w’ in R,.

By Proposition 3.2.7 and the fact that w’ and w’ have same value, we have that w’ | w’ in R,. In fact z,Z "' € R’. So we
have (2).

We choose the local sequence to be minimal, in other words the sequence made by x,..., 7,_, does not satisfy the
conclusion of the Proposition 3.2.4 for (w’, w’). Now we are going to prove that this sequence satisfies the five properties
of Theorem 3.4.4. Let i € {0,..., [}. We write w® = (wl(i),..,, w, wf]")), with » = n — ¢ —1 and define J,, 4,, B,, j, and D,
similarly that we defined J, 4, B, j and D,, considering the i-th blow-up.

Since D, c{l,...,n}, we have #D, < n. Hence #(4, U (B, U{j}))<n, so #4, + #B,+1<n. As the sequence is
independent of v, this implies that 7 < 4,, and so #7'< #4,. Then #7+ 1 + 4B, <n,sot+ 1 <n, and so » > 0. By the

minimality of the sequence, we know that if i <1, w’ W in R, and so #B;# 0, hence > 0.
For every integers i € {1,..., [} andj € {l...., n}, we set B = v( (’)) For each i <1, 7, is a blow-up along an ideal

u?
of the form (u b ) Renumbering if necessary, we may assume that 1 € J; and that R, is a localisation of R, { } So we

have g = min{ﬂ(.’)}-
JjeJd; J
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Fact 3.4.5 Let X = (x],...,xn)e Z" be a vector whose elements are relatively prime. Then there exists a matrix
A eSL (Z) of determinant 1 such that X is the first line of 4.

Proof. This proof is made by induction on n and using Bezout theorem.

Lemma 3.4.6 Leti € {0,...,/ — 1}. We assume that the sequence 7, ..., 7; ; of 3.4.1 is monomial.

We set w” = (wm )ym and w’ = (w‘i))ﬁ(i). Then
(1)

Z( @) 6(’)) &) — ™

qeE

(2) pged (71(i) _51«)’“_’ yii) _5’@’ 7/;1) 5(;)) 1,
(3) Every Z -linear dependence relation between B,..., B, B\ is an integer multiple of (7).
Proof.

(1) We have v(w")=v(w"), hence v((w“))ymj: v((wm )5(‘) ) So, since W = (wl(i),... f’),w(’)) :

r

N OV )2 )2
v TTO0)" < ()" [=v TI0) ()

J=1 J=1

in other words

27(1) ( (1))+7 V( (l)):Zr:é‘_,('i)v(wg'i))‘i'éf)v(w;(j))-
j=1

() _

By definition of w"”, for every integer j € {1,..., 7, n}, we have w; u ), s0 V(w(”) ,B(’) Then:

|
SR OB =350+ 3B
j=1

Jj=1

Then (}/f.” I )ﬂ;i) =0.
je{l,..,,r,n}

(2) We do an induction. Case i = 0.
We have

r >/'n n

_ pgcd( O _ 5Oy 05O 0 _ 5(()))

pged (],1(1) 5(1)’ ’7r(l) SH (i)_é‘(i))

r n

0 0 0 0 0
= pged (al( ,a®,a,. . a?,—a )).

s 0 s+l

By definition

a=a" =min {h such that 13, € A}

heN*
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and
<
aB, =Y a"B,.
Jj=1

(0) (0 —
sO1seenr O, ,—a)_l.

Case i > 0. We assume the result shown at the previous rank. We have y” =y "G?, §* =§"""G" and p* = g "F®
where F© = (G(”)_1 and G" eSL,,,(Z) such that

s

So pged (al(o),...,a(,o)
r+l

1 if s=¢q
G;;)= l ifg=jandseJ

0 otherwise.

So (! =" = (""" =6"")G" = (y — §)G where G is a product of unimodular matrixes, and so G is unimodular.
By the case i = 0, (y — J) is a vector whose elements are relatively prime.

By (10) this vecteur can be complete as a base of Z'"', which, by a unimodular matrix, stay a base of Z'"'. The
vector (y” — 0" is then a vector of this base, so its elements are relatively prime.

(3) Case i = 0 is the fact that f8,,..., §,, 5, generate a vector space of dimension .
Let

7= (xl,...,)cHl)EZ”1 such that ijﬂj+x =0%.

r+1/n
J=1

,
But aff, =Y a\” B, so:
1

Z= 3(x,,...,x.,,) € Z"" such that Z(axj+x aﬁ.o))ﬁj =0¢.

r+l
J=1

Since f,,..., p, are QQ-linearly independent elements, we have that Z is a free Z-module of rank 1, so it is generated by

a unique vector. By point (1), the vector (y — ) is in Z, and by point (2), it is composed of relatively prime elements. This
vector generates the free Z-module of rank 1.

Let i > 0. We already know that 8 = ™" F” = BF where F is a unimodular matrix, so an automorphism of Z’.
Let

r
A (Xp5e-X,,) € 7" such that ijﬂj(.’) +xr+lﬁrfl) =0\,

=

So

Z(i) — (xl’.“,x“_l)le+1 such that ijﬂjF+xr+lﬂnF:O ’

J=1
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then
Z(i) - {(X] 50 -’xr+1) € Zr+1 such that ijﬁj * xr+1ﬁ" ) 0}
j=1

Then the set Z"” is a free Z -module of rank 1 by the case i = 0. And we know by (3) that the vector (y”) — §”) is a
vector of Z composed of relatively prime elements, so it generates Z. This completes the proof.

Lemma 3.4.7 The sequence (6) is not monomial.

Proof. Assume, aiming for contradiction, that it is. By induction on i, we have r, = r for every i € {0,..., [ }. We know
that w'") is a regular system of parameters of R, and that w’ and w” divide each other in R,.

We saw that
o (=1 ()
yoo= r G
=y H GY
je{l l}
and
5(1) — 5(1*1)G(1)
= 5[] 6.
je{l,...,l}
So 5" =y".
But (" =9") = (y — §)G where G is a unimodular matrix, hence y = &, which is a contradiction.
Lemma 3.4.8 Let i € {0,..., /— 1} and assume x,,..., 7;_, are all monomials. Then the following assertions are
equivalent:

(1) The blow-up z; is not monomial.

(2) There exists a unique index ¢ € J;\ {1} such that 5 = .

(3)Wehavei=/—1.

Proof. (3) = (1) by Lemma 3.4.7.

(1) = (2) First, we prove the existence. We have B = rjrg}n{ ,Bj(.i’}. So z; monomial < B, =J,\{l} & B\ > " for
every g € J;\ {1}. ’

Since the blow-up is not monomial by hypothesis, there exists ¢ € J;\ {1} such that B\ = 5.

Now let us show the unicity. Assume, aiming for contradiction, that there exist two difierent indexes g and ¢'in J; \{1}
such that ﬂ;’) - B =0and ﬁ;,’) -p"=0. . '

Then we have two linear dependence relations between S,..., 5" and the element
dependent. It is a contradiction by point (3.2) of Lemma 3.4.6.

2) = ()

By Remark 3.2.6, we write w” =w" and w!” = w”" where ¢ and x are two colons of an unimodular matrix. Then € — u is
unimodular, so its total pgcd is one.

So

@)

n

which are not linearly

V(W”) = Zﬂsﬂs = V(W;i)) - ﬁ;i)

sek

and

vv) = e B =viw) = .

seE
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By hypothesis, B = 8" Then > (u,—¢,)B, =0 and by points (3.1) and (3.2) of Lemma 3.4.6, and the fact that the
seE
total pged of  — € is one, we have u — € =+(y — J).

0
w
- +(y-5) _ —tl . — —1
L= =w =7 thencither Ze R, or Z' €R,,.

S0 &
Wl
To show that i =/ — 1, we are going to show that i + 1 = /. And to do this, we are going to use the fact that / has been
R

i+l

chosen minimal such that Z € R;". So let us show that Z € \
Since Z € R, or Z ' € R,,,, we know that w’ | w in R.., or the converse. By Proposition 3.2.7 and the fact that w’
R, and the proof is complete.

and W' have same value, we have w’ | w’ in R, if and only if the converse is true. So Z € R,
Doing an induction on i and using Lemma 3.4.8, we conclude that z,..., 7,_, are monomials. So we have the first

point of Theorem 3.4.4.

It remains to show the points (3.1) and (3.2).
By Lemma 3.4.8 there exists a unique element ¢ € J,, \ {j,_,} such that BV = BV, so we are in the case #B,_, +
1 =4#J,., — 1. Now we have to see if we are in the case 7, =0 orinthe case 7, =1.
We recall that w'™ =w" and w{™" =w* where ¢ and u are two colons of a unimodular matrix such that u — ¢ =
+(y —6). Sowe have x;' " =x* and x!'"" =x*, then
(-1
X J_r(},,g) i(afo),“.,aﬁo) 705)

q =
xl(l—l)

In other words

+1

(0)

-
o
x.’
(-1 H J
X ol

q p—
-1
x X

1) +1

=z =z .
a
n

XU

: (1) - s 4 _
Replacing x,"" and x, " if necessary, we may assume =
1

Since g',..., ™" are linearly independent, we have g = n.
We recall that A, = X + ¢,y where ¢, € k, and Z + ¢, is the minimal polynomial 4. of z on grvk(xl,... xr). By 3.1.9,

zZ .

we have
(-1 (I-1)
D _7 (Y= 7 | U _2 | W 7 (=%
w, =u, —/Io(un)—io LD —ﬂo W —ﬂo(z)—z+a0b0.
1

1

Remark 3.4.9 We know that /1_0(3) =z +b,9, where g, is a unit and b, € R such that b, = ¢, modulo m. Then we

choose g, = a,.

But z=—so

< |§:2

o
0 _ Wa
Wn —T+a0b0 = —

_ Wi tahy 0
y y

as desired in point (3.2).
Let us show the point (3.1). We apply Proposition 3.2.5 at i = 0 and i’ = . By the monomiality of =, ..., 7, ,, we know

that D, = {1,..., n} foreachi € {1,...,]— 1}, and we know that D,= {1,..., n}. We set u, = v.
Contemporary Mathematics
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For every j € {1...., r, n}, the fact that w, = u; is a monomial in w{",...,w", in other words in »",...,u" multiplied
by an element of R, is a consequence of Proposition 3.2.5.
)

The fact that for every integer j € {1,..., r}, we have w;" = w’ is a consequence of the same Proposition. This
completes the proof.

Remark 3.4.10 In the case O, = O, we monomialized Q, as desired.

Definition 3.4.11 " A local framed sequence that satisfies Theorem 3.4.4 is called a n-Puiseux package.

Letj e {r+1,..., n}. A j-Puiseux package is a n-Puiseux package replacing n by j in Theorem 3.4.4.

Lemma 3.4.12 Let P =u_ +c, be the u,-expansion of an immediate successor key element of u,.

There exists a local framed sequence (R, u) — (R, u"”), independant of u,, that transforms ¢, in a monomial in
(uf”,...,uf”) , multiplied by a unit of R,.

In particular, after this local framed sequence, the element P is of the form w! +a,b,y .

Proof. We will prove this Lemma in a more general version in Lemma 3.4.16.

Corollary 3.4.13 Let P be an immediate successor key element of u,. Then P is monomializable.

Proof. If u, << P, we use Lemma 3.4.12 to reduce to the case P = w_ +ayb,y . By Theorem 3.4.4, we can
monomialize P.

Let G be a local ring essentially of finite type over k of dimension strictly less than » that is equipped with a valuation
centered on G.
Theorem 3.4.14 Assume that for every ring G as above, every element of G is monomializable.

We recall that car (k,)=0.1f u, < P, then P is monomializable.

lim
N N
) Proof. We write P= ija u; the u,-expansion of P, with a, e R* and Q = iju,{ a limite immediate successor
of u,. Jj=0 Jj=0
By Theorem 2.17, we have &, (0)=1. Then:

v(b0)=v(b1un)<v(bju,{),

for every j > 1.
The elements a, are units of R, so for every j > 1 we have:

v(ab,)=v(abu,)< v(a b .uj).

JoJyon

In fact, V(a1b1) < v(aobo) and by hypothesis, after a sequence of blow-ups independent of u,, we can monomialize
a,;b; for every index j, and assume that a,b, | a,b, by Proposition 3.2.7.
Then

v(bo)=v(b1un)<v(bj)+jv(un)=v(bj)+j(v(b0)—v(bl)).

So v(b,)<(b,)+i(v(B)-v(h)).

In fact, v(blf ) < v(bjb({" ) So after a sequence of blow-ups independent of u,, we have b/| b.b™". After a n-Puiseux
package (*) (R, u) — -~ — (R, u') in the special case a = 1, we obtain P = Zb]’ (u, )j with b b7 for every index j with
u = %+1 . -

0

P : " !’ ! P .

In fact, m =u, +¢ with pe(u,...,u,). So u":= ul,...,um,y is a regular system of parameters of R'. Then, the
1 1

sequence (R, u) — -~ — (R’, u") given by (*) changing uniquely the last parameter u/ after the last blow-up is still a local

framed sequence. So P is monomializable.
Remark 3.4.15 Since O, is an immediate successor (possibly limit) of u,, this is in particular an immediate successor
(possibly limit) key element of u,. By Corollary 3.4.13, or Theorem 3.4.14, it is monomializable modulo Lemma 3.4.12.
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3.4.3 Generalization

Now we monomialized Q,, but we want to monomialize every key polynomial of the sequence Q. Here the key
elements will be useful. Indeed, modified by the blow-ups which monomialized Q,, we cannot know if Q; is still a key

polynomial.

To be more general, we will show that if O, € @ is monomializable, then Q,,, is monomializable.
Assume that the polynomial Q, is monomializable after a sequence of blow-ups (R, u) — (R,, u'").

Let A, be the group v(k(ul(l),... u!) )\{0}) . We set

> % n-1
o, = min {h such that 13" e Az}-

We set X, =in, (u;')), W, =w! and 4 the minimal polynomial of X, over grvk(ul(l),...,u,(f,)l) of degree a,.
Since k =k, there exists ¢, € grvk(ufl),...,uﬁlfl) such that

L (X)=X"+c,.

Furthermore, we have Q, = @w,” with @ a monomial in W, .., W, multiplied by a unit. We set :=in, (@).
We know that Q,,, is an optimal immediate successor of O, so we denote by

Qi+l = Qz’a/ + bo

the O-expansion of Q,,, in k(u,,..., u,_, )[u,] by Proposition 5.6 with ¢, =in, (b, ) .
Since Q; = oW, and Q,,, =0/ +b,, we have

Qi _ (uw)“' b

—q n —a; °

@

S

We know that both terms of the O-expansion of O,,, have same value. So these two terms are divisible by the same
power of @ after a suitable sequence of blow-ups (*,) independent of u,(,”.
We denote by Q-H the strict transform of Q,., by the composition of (x) with the sequence of blow-ups (x') that
C,) 1 1
monomialize O,. We denote this composition by (c;). We write (R,u)—)(R,,u” )) .
We know that Q,, the strict transform of O, by (¢,), is a regular parameter of R,. Indeed, by Proposition 3.2.5, we know

that every u, of R can be written as a monomial in wf’),...,w;’) . In fact, the reduced exceptional divisor of this sequence of
blow-ups is exactly V(a_))re .- Then, since O; =W, @, we have that the strict transform of Q,is O, =W, = Wfll) = ufl” . So it
is a key polynomial in the extension k(ul(”,. oul, )(u,(f)) .
Let us show that QH = _l;] .
a) 1
We have

_ = "\
o =a" (u)

and also u!” t @ . Thus @“ divides Q' and all the non-zero terms of the Q,-expansion of Q,.,. Furthermore, it is the
greatest power of @ that divides all the terms, so Qi is Q.H , the strict transform of O, | by the sequence of blow-ups.

—a,

Let G be a local ring essentially of finite ty%)e over k of dimension strictly less than n equipped with a valuation
centered in G whose residue field is k.

Lemma 3.4.16 Assume that for every ring G as above, every element of G is monomializable.

Assume that Q; <Q,,, in Q..
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"l;here exists a local framed sequence (R, u")) — (R,, 1) such that in R,, the strict transform of Q,,, is of the form
(uie)) ' +7,17, where 7, € R} and 7 is a monomial in ul(e),...,uf).
Q)

n

Proof. By hypothesis, after a sequence of blow-ups independent of u

a monomial in (ul(l) yer .,ufffl) multiplied by a unit of R,.

, we can monomialize b, and assume that it is

Forevery g e {rl +1,...,n— l} we do a g-Puiseux package, and then we have a sequence
() > (R,

0 ; o1 ) Q)
such that every u,’ is a monomial in (u1 sl ) .

In fact, we can assume that b, is a monomial in (uf’ ). ..,u(”) multiplied by a unit of R,

4
@)
n

. . ~ o b, . . . ~ .
Since the strict transform Q,,, = (u ) ' +_—‘;/ is an immediate successor key element of Q,. This completes the proof.
w

Remark 3.4.17 Lemma 3.4.12 is a special case of Lemma 3.4.16.

Let G be a local ring essentially of finite type over £ of dimension strictly less than n equipped with a valuation
centered in G whose residue field is k.

Theorem 3.4.18 Assume that for every ring G as above, every element of G is monomializable.

We recall that car (kv) =0. If O, is monomializable, there exists a local framed sequence

711 4 M-

(R’u)ﬁ)(Rnu(l))g"'—)(Rl,um)—)m—)(Rm,u('”)) ®)

that monomializes Q...

Proof. There are two cases.

First: O, < Q..,. Then we just saw that the strict transform QH of Q,,, by the sequence (R, u) — (R, u"”) that
monomializes O, is an immediate successor key element of O, = u'", and that we can reduce the problem to the hypotheses
of Theorem 3.4.4 by Lemma 3.4.16. So we use Theorem 3.4.4 replacing O, by Q,- and Q, by QH .

Then we have constructed a local framed sequence (8) that monomializes Q,,,
Second case: Q; <j, Oi.1-

Then we saw that the strict transform QH of 0,,, by the sequence (R, u) — (R,, u"") that monomialize Q = uff) . Then
we apply Theorem 3.4.14 replacing O, by O, and O, by O,.,.

We have constructed a local framed sequence (8) that monomializes QH.
Theorem 3.4.19 There exists a local sequence

7o s s

(R,u)—)---—)(Rs,u(”)—)--- 9)

that monomializes all the key polynomials of Q .

More precisely, for every index i, there exists an index s, such that in R_, O, is a monomial in ‘) multiplied by a unit
of R . ’

Proof. Induction on the dimension » and on the index i and we iterate the previous process.
3.4.4 Divisibility

We consider, for every integer j, the countable sets

= {ﬁ(u,m )a,f” , with o) € Z}

i=1
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and

= {(sl,sz) €./, x./,, with v(s)<v(s, )}

with the convention that for every i € {1,...,n}, u\” =u,.

The set 7; being countable for every integer j, we can number its elements, and then we write 7; = {sfnj )} o We
consider now the finite set "

= {anj), méj}u{s(.”‘), mﬁj}.

Then U (/] x. ) = U A/]J = U ;" is a countable union of finite sets.
JjeN JjeN JjeN
Now we fix a local framed sequence

(R, u) —e > (Ri, u(i)).
Theorem 3.4.20 There exists a finite local framed sequence

)2 :(Rl.,u(i))—>---—>(R

i+q;

u(”‘l{))

such that for every integer j < i and for every element s of .”/;", the first coordinate of s divides its second coordinate

itq;

Proof. Consider an integer j < i and an element s = (s, ,s2) €.7,". We want to construct a sequence of blow-ups such
that at the end we have s, | 5,.

in R

We know that s € 7; with m < j . All cases being similar, we may assume s € ///v and then we have

n

@\
S :H(ui )

i=1

and

By Proposition 3.2.4 applied to R, instead of R, there exists a sequence (R,, u"”) — --- — (R,,,, """ such that in R,,,,
s, | s, 018, |s,. By definition v(s,) <v(s,), so we have s, | s, by Proposition 3.2.7.

By point 4 of Theorem 3.4.4, we know that ./, € R, ./, . In other words every element of ./; can be written z;,s;,

. X vz
with z,, e R}, and s, €.7,,.

Let (s;,5,)€ /", be another pair of ./’ let us say that it is still in ./, . We just saw that s;,s, € R/, Units
don't have an effect on divisibility, so we can only consider the part of s, and s, which is in ./, ,. Hence we can iterate the

Proposition 3.2.4 applying it to (R,.,, u“™"). So we constructed an other sequence of blow-ups

i+l

(i+1) (i+h)
(Ri+l’u )_)“'_)(Rnh’u )

such that R,., we have s; | 5, or s, | 55. Since v(s;) <v(s,), we know that s; divides s,.
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We iterate the process for all the pairs of ./}, and for every j < i. This is a finite number of times since ;" has a
finite number of elements for every j and since we consider a finite number of such sets. Then we obtain a finite sequence

of blow-ups

(Rl.,u("’)—»--—)(R‘

i+q;

u<i+q,-))

such that for every integer j <i and every s in ./", the first coordinate of s divides the second coordinate in R,.,,.
The goal of the next theorem is to construct an infinite local framed sequence

(Rou)—>...—> (R, u™)... (10)

that monomializes all the key elements, as well as other elements specified below, and to ensure countably many
divisibility conditions, also specified below. We will use the notation

_k|: (i) . (l)]
Theorem 3.4.21 We recall that car(kv) =0 . There exists an infinite sequence of blow-ups
(R.u)—>--—>(R,,u™ ) (11)
that monomializes all the key polynomials, all the elements of B, for every index i and that has the following property:
VjeN Vs=(s,s,) € /" 3ieN,; suchthatin R, we have s,/ s,.

Proof. The first key polynomial is a monomial, so for it we do not need to do anything. For j = 0, the elements of
'=.4 are just pairs of monomials in u. Let us consider s =(s,,s,) €./ " and apply Proposition 3.2.4. We construct a
sequence Po: R — R, such that in R, we have s, | s, or s, | s,. Since v(s,)<v(s,), we have s, | 5, We do the same for all
the elements of ./, (recall that the set ./," is finite), and by abuse of notation we still denote by p, : R — R, the sequence
obtained at the end. Now we have a sequence of blow-ups p, : R — R, such that the first key polynomial is a monomial
and such that for every s = (s, s,) € ., we have s, [ s, in R, .
We denote by (P”))_ the sequence of the generators of the v-ideals of the B,. For the moment we only monomialize
P(O) and still denote by 1/;0 R — R, the sequence of blow-ups that monomializes the first key polynomial P” and such that for

every s = (s, 5,) € ., we have s | s2 inRk,.
Arguing exactly as in the proof of Theorem 3.4.19, we show that there exists a sequence 7z ‘R, — .. — R, that

monomializes the second key polynomial.

We have a sequence ¥ © p, : R — R, — R, that monomializes the first two key polynomials, the element P, and
such that for every s = (s, s,) € ., we have s, | 5, in R, . Now, again by Proposition 3.2.4, we construct a sequence
pi: R, — R, such that for every s = (s),s,) € .4, we have s, |s,in R, .

Now we monomialize all the P(i) for i, j < 1 and still denote, by abuse of notation, by p, : R, — R, the sequence of

blow-ups that monomializes these P(') and such that for every s = (s, s,) € ,wehaves, |s,inR,.
Arguing exactly as in the proof of Theorem 3.4.19, we show that there ex1sts a sequence of blow -ups 7° ‘R, — .

— R, that monomializes the th1rd key polynomlal

So we have a sequence 7 o p, o 7”0 p, : R — R, — R, — R, that monomializes the first three key polynomials,
the elements P/.(” for i, j < 1, and such that for every s = (sl, s;) € ., or .4", we have s, | s, in R, or in R, . Now, again by
Proposition 3.2.4, we construct a sequence p, : R, — R, such that for every s = (s,, 5,) € .»,', we have s, | 5, in R, .

Now we monomialize all the Pj(” for 4, j < 2 and still denote, by abuse of notation, by p, : R, — R, the sequence of
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blow-ups that monomializes these Pj‘” and such that for every s = (s, 5,) € .4, we have s, | s, in R, .

Then we have a sequence p, © 7 o p, o 7
q P> P

° p, that monomializes the first three key polynomials, the elements Pj@
for i, j < 2, and such that for every s = (s, s,) € ., fori € {0, 1,2} we have s, | 5, in R,. We iterate this process an infinite
number of times. Hence we construct a sequence of blow-ups (R, u) — -+ — (R,,, u"”) — --- that monomializes all the key
polynomials, all the generators 1-';.(” (and so all the elements of the B,) and that has the last property of the statement of the
Theorem.
3.5 Conclusion

Now we can prove the main result of this chapter, namely, simultaneaous embedded local uniformization for the local
rings essentially of finite type over a field of characteristic zero.

A local algebra K essentially of field type over a field & that has & as residue field is an étale extension of

K' = k[ul,...,un ](ul,n-,un) .

Let f € K be an irreducible element over k and

1= (f)ﬂk[ul,...,un].

’

~ K K
The ideal / is a prime ideal of height 1, so [ principal. We consider a generator f of /. Then m = m and each local

. K" . . K
sequence in —— induced a local sequence in (T‘)
So it is enough to prove local uniformization in the case of the rings k[u,,..., u,]
algebras essentially of finite type over a field .

Theorem 3.5.1 Let us consider the sequence

»,) to prove it in the general case of

(7

(Rote) s> (R ™ )

of Theorem 3.4.21.

Then for every element f of R, there exists i such that in R;, f is a monomial multiplied by a unit.

Proof. Let /'€ R. By Theorem 3.3.5, there exists a finite or infinite sequence (Q,). of key polynomials of the extension
K(u,), optimal (possibly limit) immediate successors, such that (€(Q,)). is cofinal in €(A) where A is the set of key
polynomials.

Then by Remark 3.3.9, f'is non-degenerate with respect to one of these polynomials Q.. But we saw in Theorem 3.4.21
that there exists an index / such that in R, all the Q; with j < i are monomials, hence f'is non-degenerate with respect to a
regular system of parameters of R,.

Let N = (w,,..., w,) be a monomial ideal in #” such that v(N) = v(f) with w j monomials in " such that
v(w;) = min{v(w,)}. By construction of the local framed sequence, there exists /"> / such that in R,,, w, | w; for all j. So in
R,, fis equal to w, multiplied by a unit of R,..

Theorem 3.5.2 (Embedded local uniformization). Let & be a zero characteristic field and f = (f..... f,) € k[u,,..., u,]’

in R such that k= k,.

We consider the sequence (R, u) — -+ — (R,,, u"”) — -+ of Theorem 3.4.21.

Then there exists an index j such that the subscheme of Spec(R;) defined by the ideal ( f\,..., f;) is a normal crossing
divisor.

Proof. Renumbering, if necessary, we may assume

V(fl): min {V(f/)}
By Theorem 3.4.21 there exists an index j, such that in R; , the total transform of f; is a monomial in u?, and so
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defines a normal crossing divisor.

Now we look at the equation f, in R;. By Theorem 3.4.21, there exists an index j, such that in R, , the total transform
of £, defines a normal crossing divisor.

In R,, the total transforms of f; and f, define normal crossing divisors.

We iterate the process until the total transforms of f,,..., f; define normal crossing divisors in R;.

By construction of the local framed sequence (R, u) — -+ — (R,,, u'™) — ---, there exists j > j, such that in R, we
have f, | f; for every index i.

Corollary 3.5.3 We keep the same notation and hypotheses as in the previous Theorem.

Then R, = liin R.

mo

4. Simultaneous local uniformization in the case of quasi-excellent rings for

valuations of rank less than or equal to 2
4.1 Preliminaries

Let R be a local noetherian domain of equicharacteristic zero and v a valuation of Frac(R) of rank 1, centered in R
and of value group I';. We are going to define the implicit prime ideal H of R for the valuation v, which is a key object
in local uniformization. Indeed, this ideal will be the ideal we have to desingularize. We are going to prove in this part
that to regularize R, hence to construct a local uniformization, we only have to regularize Ru and & . At this point, the
hypothesis of quasi excellence is very important: if R is quasi excellent, the ring Ru is regular. So we will only have to

monomialize the elements of % .

4.1.1 Quasi-excellent rings and the implicit prime ideal

Definition 4.1.1 Let R be a domain. We say that R is a G-ring if for every prime ideal p of R, the completion
morphism R, — IAQP is a regular homomorphism.

Definition 4.1.2 Let R be a local ring. Then R is quasi-excellent if R is a G-ring. More generally, if 4 is a ring, then 4
is quasi-excellent if 4 is a local G-ring whose regular locus is open for all 4-algebra of finite type.

Proposition 4.1.3 " A local noetherian ring R is quasi-excellent if the completion morphism R — R is regular.

Remark 4.1.4 Let R be a local ring. If R is a G-ring, then its regular locus is open. Since the class of G-rings is stable
under passing to algebras of finite type, for every R-algebra A4 of finite type, the set Reg(A) is open.

Deflnltlon 4.1.5 We call the implicit prime ideal H of R the ideal H = ﬂ P, R. The ideal H is composed of the
elements of R whose value is greater than every element of I',. p EV(R\A{ ')

Furthermore, the valuation v extends uniquely to a valuation v centered in R 4,

Proposition 4.1.6 Let R be a quasi-excellent local ring. Then Ry is regular.

Proof. The ring R is a G-ring. Then for every prime ideal p of R, we have the injective map K(p) — K(p) ®, R such
that the fiber K(p) ®, R is geometrically regular over K(p), where K(p) :=—2 Since R is a domain, (0) is a prime
ideal of R. PR,

We write K := Frac(R), then we have the injective map K '— K ®, R such that the fiber K ® R R is geometrically
regular over K. In other words the morphism K — K ®; R is regular

But R\ {0} and R\ H are two multiplicative subsets of R such that R\ {0} < R\H since R N H = {0}. Then, Ry
is a localisation of RR\,O} If we show that RR\ is regular, then Ry will be also regular as a localization of a regular ring.

By the universal property of tensor product, the ring Ry, is isomorphic to K ®,, R which is regular by hypothesis. This
completes the proof.

4.1.2 Numerical characters associated to a singular local noetherian ring

Let (S, q, L) be a local noetherian ring and u a valuation centered in S. We write u = u, © u, with y, of rank 1. The
valuation , is trivial if and only if u is also of rank 1. We denote by G the value group of u and by G, the value group of

u,. In fact G, is the smallest isolated subgroup non-trivial of G. We set 1= {x € S such that u(x) ¢ G, } and then y, induces

a valuation of rank 1 over ? Let J be the implicit prime ideal of E for the valuation x, and J its preimage in S.
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Definition 4.1.7 We set

e(S,,u) = emb.dim (;J

We assume that / = q°. Let v=(v,,...,v,) be a minimal set of generators of q. We have ,u(vj) € G, for every index j.
Definition 4.1.8 We have ) Qu(v,)< G, ®Q and we set

r(S,v, )= dimQ[jZ:Q,u(vj)].

Remark 4.1.9 We have r (S, v, u) < e (S, w).
Now we consider M < {1,..., n} and

(8.v) > (807 = ("))

a framed blow-up along (v,,). We set C'= {1,..., n;} \ D, where D, is as in 3.1.3.

If the elements of v,, are L-linearly independent in then there exists a partition of 4 that we denote by

qS
J+q’S”° A
A" A", This partition is such that v,, U v, are L-linearly independent modulo J +q°S and v,. is in the space generated by

v, U v, over L modulo J +g°S. As we know that V;UBu{j} = Vgl)’

Now we set [, = {x € S, such that y(x) ¢ Gl} and we consider 7] the implicit prime ideal of LL with respect to u,

we can identify 4’ U B U {j} with a subset of D,.

and J, its preimage in S,. We call g, the maximal ideal of S, and L, its residue field. LS|
Remark 4.1.10 We have e (S, u) = n if and only if the elements of v are L-linarly independent in as .
Theorem 4.1.11 If e (S, 1) = n, then: J+q'S
e(S, u)<e(S,u).
M a5,

This inequality is strict once the elements of v , are L,-linearly dependent in

A'UBU{jluC Jl +q12$'1 : §

Proof. By definition, ' generates the maximal ideal g, of S,, and so induces a set of generators of g, 7‘ Since n, <n,
by definition of a framed blow-up, we know that #C'< #C. :

Furthermore, we have e (S, ) = $M + $4'. We also know that v

N D\(4'uBU{j})
modulo J, +¢’S, .

)

is in the L-vector space of v LUBU{)UC

So:

e(S, 1) <A +4B+ #{j}+#C’
< $A'+4B+1+4C
=#4"+ tM
=e(S,,u).

If in addition the elements of vil,L Ul jjuc 1€ L,-linearly dependents in Llf then we have e (S|, u) < #4'+ B +

${j} +#C and so e(S,, u) <e(S, u). Ji+aS,
Theorem 4.1.12 We have (S, v'", 1) > (S, v, u).
Proof. This is induced by the two last points of Proposition 3.2.5.
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Corollary 4.1.13 Once e (S, 1) = n, we have
(e(Sl,,u),e(Sl, ,u)—r(Sl, v(]),,u)) < (e(S,,u),e(S,,u)—r(S, v,,u)).

The inequality is strict if e (S, u) <n.

Remark 4.1.14 We are doing an induction on the dimension n. We saw that this dimension decreases by the sequence
of blow-ups.

If it decreases strictly, then it will happen a finite number of time and the proof is finished.

Then, after now, we assume this dimension to be constant by blow-up. In other words for all framed sequence S — S|,
we assume that e (S, u) =e(S,, u) =n.

Similarly, we may assume that 7(S, v, u) = r (S,, V", u).
4.2 Implicit ideal

Let (R, m, k) be a local quasi excellent ring equicharacteristic and let v be a valuation of rank 1 of its field of
fractions, centered in R and of value group I';. We denote by H the implicit prime ideal of R for the valuation v.

By the Cohen structure Theorem, there exists an epimorphism ® from a complete regular local ring 4 = k[[u,,...,u,]]

of field of fractions K into R . Its kernel 7 is a prime ideal of 4.
We consider 4 a monomial valuation with respect to a regular system of parameters of 4,. It is a valuation on 4
centered in / such that k, = x(/) where x([/) is the residue field of /. Then we set Vi=vo M, hence we define a valuation on

A. Let T be the group of v.
Then, I, is the smallest non-trivial isolated subgroup of I and we have:

I = {feA suchthat/l;(f)gél"l}.

Definition 4.2.1 Let z: (4, u) — (4', u’) be a framed blow-up and 6: 4" — 4" be the formal completion of 4". The
composition ¢ ° 7 is called formal framed blow-up.

A composition of such blow-ups is called a formal framed sequence.

Let (4, u) — (4,, u"") — -+ — (4,, u"”) a formal sequence, that we denote by ().

Definition 4.2.2 The formal sequence(4, u) — (4,, u"") — -+ — (4,, u"”) is said defined on T, if for every integers
i€ {0,..1- 1} andg € J, wehave v(u”)el,.

Now we consider 4, =k, [[”,...,ul"]] and we denote by " the strict transform of / in 4,.

Definition 4.2.3 We call tormal transformed of 7 in 4,, and we denote it by /,, the preimage in 4, of the implicit ideal

i

strict
]i

Let v, be the greatest integer of {r,..., n} such that

I, Nk, [[ul(i),...,uﬁli)]] =(0)
and we set
B =k [[uf’),,ui’)]]

Definition 4.2.4 Let P be a prime ideal of 4. We call ¢ -th symbolic power of P the ideal P = (P”AP) NnA4.
Equivalently, we have P = {x € A such that 3y € 4\ P such that xy € P/'} .

It is the set composed by the elements that vanish with order at least ¢ in the generic point of V(P). N
Let G be a complete ring of dimension strictly less than n and let 6 be a valuation centered in G, of value group I

We consider l~"l the first non trivial isolated subgroup of T and g:= {g € G such that 9( g) el 1} .
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The next result will help us to prove the simultaneous local uniformization by induction.
Proposition 4.2.5 Assume that:
(1) In the formal sequence (4, u) — (4, u") — -+ — (4,, u"”), there exists a formal framed subsequence

ﬂ:(A,u)—)(A,.,u“))

such that v, <n — 1.
(2) For every ring G as above, every element in G\ g is monomializable by a formal framed sequence defined on

r..
Then for every element f of 4 \ 7, there exists a formal sequence
(A,u) —> (A,,u(”)
defined over I'; such that f can be written as a monomial in %" ,...,u"" multiplied by an element of 4.
Proof. We assume that there exists a formal framed sequence
m:(Au)—> (Al.,u(i))
such that v; < n — 1. It means that v, + 1 < . By definition of v, we know that g, =1, Nk, [[u",...,ul", ]] #(0). So we
consider an element g in g,\g> < C,\ g®, where C, =k, [[u(’) i’ll]] Since v, + 1 < n, the ring C; is of dlmensmn

strictly less than . So we can use the second hypothesis on the element g in the ring C,.
Hence there exists a formal sequence defined over I’

(Cl,(ul(’),.. 3111))_) —>(S'(u1',...,ul,))

where v' < v, + 1, and such that g can be written as a monomial in u/,...,u/, multiplied by an element of S".
Since g eg,, there exists a regular parameter of S’, say u/,, such that v(ué) ¢I',. Indeed, g €g, =1, N C,s0g9 € [,
hence it belongs to 1. Equivalently, itsatisfies V(g) / ¢ T,. Since g can be written as a monomial in the generators of the

maximal ideal of S’, one of these generator which appears in the factorization of g must be in /. Hence e(S ',T/\‘S, ) <v, +1.
Replacing every ring O which appears in

(Co () - > (87 (1] 18))

by O[[u” u”]] , we obtain a formal sequence

s
7' (Ai,u(i)) - (A,,u(l))

independent of u),,...,u", with 4, =S'[[u,....,u{"]] . But we know that e(S’,f/\‘S, ) <v,+1, and so e(4,v)<n.
Let /' be an element of 4 \ /?. Its image under 7’ o 7 is an element of 4;, whose dimension is strictly less than 7. Since
all the 4, are quasi-excellent, we have f ¢ 4, \Ii(z) and we can use again the second hypothesis. Hence we constructed a
formal sequence z' © 7 such that f can be written as a monomial in the generators of the maximal ideal of 4, multiplied by a
unit of A,. This completes the proof.
Now, we assume that for every formal sequence (4, u) — (4,, u""”) — -+ — (4,, u"”) and for every integer i, we have

v,e {n—1,n}.
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So for every integer i, we have I, Nk, [[u”,....ul", ]| = (0) .

We consider a complete local ring G of dimension strictly less than n and a valuation 6 of rank 1 centered in G.

Lemma 4.2.6 Assume that for every ring G as above, there exists a formal framed sequence that monomializes every
element of G.

Then 7 is of height at most 1.

Proof. If 7 = (0), the proof is finished. So we assume / # (0) and we consider f € I\ {0}. We write

with a; € k[[u,,..., u,,]]. We consider an integer N big enough such that every g, with j > N is in the ideal generated by
(ay, ..., ay). Now let us consider

S:= min{je{O,...,N} such that v(aj)z min {v(as)}}.

0<s<N

We set u = (“1:---3“,171) andB::k[[LT]] . Since B is a complete local ring of dimension strictly less than n, by

hypothesis we can construct a formal sequence (B,u)—>(B',it") such that for every j € {0,..., N}, the element q; is a

monomial in #'. By Propositions 3.2.4 and 3.2.7, we can construct a local framed sequence (B',u') —(B",u") such that
a; | a;for every j € {0,..., N} in B", since a; has minimal value. So we have a sequence

(B.7)— (B.T) - (B".T").
We compose with the formal completion and obtain
(B.)—>(B"")

in which we still have a; | a; for every j € {0,..., N}.

We replace again all the rings O of the sequence (B,L_l ) - B”,LT”) by O[[u,]], and obtain a sequence (4, u) — (4", u")
independent of u, and in which we still have a; | g, for every j € {0,..., N}.

We recall that for every index i, we have

Lok [[u®,...,u”]] = (0).

If we denote by /' the formal transform of 7 in 4’, we obtain I' N B'= (0) . We know that L el', and by Weierstrass

a
preparation Theorem, L. xy where x is a unit of 4, and y is a monic polynomial in u, of degfsee 0. Then the morphism

—~ ! )

B"— i, is injective and finite.

! (AN L o N vt e [ A

Hence dim == dlm(B”) =n-1. Since dim(4')=n, we have ht(I)<ht(/")=dim(A4')-dim —|=n -(n-1=1.
This completes the proof.

Corollary 4.2.7 (of Lemma 4.2.6). We keep the same hypothesis as in Lemma 4.2.6. Let = (/).

There exists a formal framed sequence (4, ) — (A4', u") such that in 4’, the strict transform of / is a monic polynomial
of degree 0.

From now on, we assume that / is a monic polynomial of degree J.

Proposition 4.2.8 We keep the same hypothesis as in Lemma 4.2.6. Let / = (/). The polynomial / is a key polynomial.
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Proof. By definition, / = { f € A such that f/\( I ) & Fl} , SO T/\(h) ¢ I',. Further-more, for every non-zero integer b, we
have ;(abh) eI, since £ is a generator of /, hence has the smallest degree among all the elements of / and so 0,k ¢ I .

Then €e(h) T, .

Let P be a polynomial such that deg(P) < deg(k). To show that % is a key polynomial, it remains to prove that
€(P) < e(h).

By the minimality of deg(h), we still have P ¢ I and so v(P) € I',. So for every non-zero integer b, we also have
v(8,P)eT, . Then €(P) € T,

Assume, aiming for contradiction, that e (P) > e (h).

Then — € (P) < e (h) < e(P) and since ', is an isolated subgroup, I', is a segment and so € (k) € I',. Contradiction.

Hence, € (P) < €(h) and / is a key polynomial.

Now we are going to monomialize the key polynomial 4.

As in the previous part, we construct a sequence ((Q;);.; of key polynomials such that for each i the polynomial Q,,,
is either an optimal or a limit immediate successor of O, that begins with x and ends with /4. So since € (4) is maximal in
€(A), we stop. Then we have a finite sequence (Q,),., of key polynomials such that for each i the polynomial Q,,, is either
an optimal or a limit immediate successor of O, that begins with x and ends with /.

In the case / = (0), we construct again a sequence ((;),-, of key polynomials such that for each i the polynomial Q,,,
is either an optimal or a limit immediate successor of Q; such that € (Q) is cofinal in € (A).

Since we don't assume k = k, in this part, we need a generalization of the monomialization Theorems of the Part 3,
paragraph 7.

4.3 Monomialization of key polynomials

Here we consider the ring 4 = [[u,,...,u,]] and a valuation v centered in 4 of value group I'. For more clarity, we
recall some previous notation.

Let 7 be the dimension of Zn“@v(ui) inT®, Q. Renumbering if necessary, we may assume that v(u,),..., v(u,) are
rationaly independent and we consider A the subgroup of I" generated by v (u,),..., v(u,).

We set £ := {1,..., r, n} and

(0)

a'” :==min{a such that av(u,) € A}.

aeN"

So av(u,) =) a\"v(u;) with
Jj=1

© 0)
Q ),...,as( >0

and

al,...,a <0.

NI
We set
w=W,...,w.,w )= U,...,uu,)

and

V=)=, ..U, ),
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witht=n—r—1.

We write x, =in u,, and so x,...., x, are algebraically independent over & in G,. Let 4, be the minimal polynomial of
x, over k[x,,..., x,], of degree a. If x, is transcental, we set 4, := 0.

We consider

)

.
_ a;
y=[]x",
J=1

(0)

»

- _ a,

y_l ij 5
j=1

2=t
y
and
O]
z=1u
Y

(04
Let dO ==—¢cN.
(Z(O)

If 4, # 0, we have
Lo wo)
_ -4 yqa
)‘0 - z €Y X
q=0

dO
where ¢, €k, ¢, =1and Zc ,Z" is the minimal polynomial of z over G,.

q=0
We are going to show that there exists a formal framed sequence that monomializes all the O,. We have O, = u, so we

have to begin by monomializing Q,.
First, let us consider

where b, € R such that b, = ¢, modulo m and a, € 4.
Then we will show that we can reduce the problem to this special case.
Let

7:(7/1:'-"7r’7n):(al(O)a"'ﬂaS])’Os---aO)
and

§=(5,..,8.,8)=(0,...,0,~a?,...,~a®,a™).

s+
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We have

(0)
r o
wo =W wh = W
- i = r o
S i O
w;
J=s+1

and

)

S
o
w' = Hw.’
J

j=1

w’ o —
So —=—="—=7.

n

W o
J

[1w]

j=1

Let us compute the value of w’.

_— r
Y — o, © (0)
v(w’) = av(w,) - z a;v(w,)
J=s+1

—_— r
0 0
= av(u,)- > av(u,)

J=s+1

r r
= o)=Y, av(u,)
=1

J=s+1
s (0)
= > v,
j=1

S
— (0)
= 2 av(w)
j=1
= v(w).
Theorem 4.3.1 There exists a local framed sequence
71

(4,) > (4,u”) 55 (4,u®) (12

with respect to v, independent of v, that has the following properties:
For every integer i € {1,..., [}, we write u"” = (ul(i),...,uif)) and denote by £, the residue field of 4,.
(1) The blow-ups x,..., 7,_, are monomial.
(2) We have z € 4, .
(3) We have

n it 4,20

n, = )
n—1 otherwise..
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(4) We set

(wf”,...,wﬁ”,v,wf)) if 4,#0
u =
(wl(”,. e w,(,l), v) otherwise.

For every integer j € {1,..., r, n}, w; is a monomial in w",...,w" multiplied by an element of 4*. And for every

integer j € {1,..., r}, w\" =w” where n e Z™".

(5) If 4, #0, then Q W x

Proof. We apply Proposition 3.2.4 to (w’, w") and obtain a local framed sequence for v, independent of v, such that
w | w’in A,

By Proposition 3.2.7 and the fact that w’ and w’ have same value, we have w’ | w” in R,. In fact Z,Z ' € 4" . So we
have the point (2).

We choose the sequence to be minimal, it means that the sequence composed by =,..., 7,, does not satisfy the
conclusion of Proposition 3.2.4 for (w’, w’). We are now going to show that this sequence satisfies the conclusion of

Theorem 4.3.1. Let i € {0,..., [}. We write w” (wf‘), ) w(’)) with 7, =n, —t—1> 0. For every integers i € {0,...,}

and je {1,...,ni} , We write ﬂ@ = V(u(.i)). For all i </, z; is a blow-up along an ideal of the form ( u; ) Renumbering if
o)

necessary, we may assume that 1 € J; and that 4,,, is a localization of 4,| =~ a/ . Hence, B = mln{ ,B(”}
l

Lemma 4.3.2 Leti € {0 —1}. We assume that the sequence ..., 7,_, of (12) is monomial.
We write w’ ( (')) and w —( (”) . Then:
(1) ri = ra
(2)
Z( (@) _5<i)) M~

7 g Jq ’ (13)
qeE

(3) ng ( i) _5(1') (i) —§(i) (i) _5(1')) =1,
(4) Every Z-linear dependence relatlon between B”,..., 5, B is an integer multiple of (13).
Proof.

(1) It is enough to do an induction on i and use Remark 3.1.6.

) X 7(;) B 5(/) . . . . .
h(2) We have V(w7):v(w§) , in other words V((w(’)) ):v((w(’)) j . Since w"” = (wl('),...,wiv’),wf,’,)) ,
we have:

i i

7 ) ygj) i 7,(:) 7 ) 551)
v H(wﬁ.’)) x(wfj))’ =v (w}’)) X

J=1 J=1

So we have

S ()7 (o) = S0 (o v o),

By definition of w", for every integer j €{L,..., 7, n,}, we have w!” =u!’ . So V( (’))z B Then:

2

SO R BY =S 00 R
j=1

Jj=l
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Hence z ( % 5(’) @ =

je{l,.“,ri,ni}
Butr,=nm,—t—1=r,son,=r+t+1=n,and:

S G- = X (el

je{l,...,ri,n,-} je{l,...,r,n}
_ 2(7,51) 50))/)’}”
JeE
= 0.

(3) Same proof as in Theorem 3.4. 4

Lemma 4.3.3 The sequence (4, u) (A u“))—> —>(A u(”) of Theorem 4.3.1 is not monomial.

Proof. Same proof as Lemma 3.4.7.

Lemma 4.3.4 Leti € {0,...,/ — 1} and we assume that =,,..., 7,_, are all monomial. Then following properties are
equivalent:

(1) The blow-up =, is not monomial.

(2) There exists a unique index g e J, \ {1} such that " = "

(3) Wehavei=1-1.

Proof. Same proof as Lemma 3.4.8.

Using induction on i and Lemma 4.3.4, we conclude that z,..., 7,_, are monomial. This proves the first point of the
Theorem.

It remains to prove the last three points.

By Lemma 4.3.4 we know that there exists a unique element g € J,, \{j_,} such that " = ™" hence we are in
the case #B, , +1=4J,, — 1. We now have tosee if 7, =0 or .

We recall that w{'™ =w and w)™” = w" where ¢ and u are two columns of a unimodular matrix such that
u—e=(y—5).So x"" =xand xfIH) =x", then

(l 1 O
i(alw) ena® ’,aw))

(l n

In other words

at®

D Hx '

“  _ _ (Z—l )il _
x(H) 2
n
(1 D
So we can assume —;—=z .
1
The case 7, =1 corresponds to the fact that z is transcendantal over £, in other words 4, = 0. The case 1, =

0 corresponds tc’) the fact that z is algebraic over k, in other words 4, # 0. The third point of the Theorem is then a
consequence of 3.1.9.
Since B'™,..., ™" are linearly independent, we have ¢ = n. By 3.1.9, if 4, # 0, we have
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1

(-1 d
O _ () _ 7 y_ | U _a W (= _Z —i
Wn —Mn _AO(M")_lo[ﬁj_%[%j_%(z)_ aibiz.
i=0

— d ,
Remark 4.3.5 We have 4,(Z)=) cbZ" where c, are units. Then we choose to set ¢, = g, for every index i.

e i=0
But since z =—— we have
y
dy —\!
N —do—i [, a®
d, o ' Zaibiy (Wn Q
1 w =
W( ) Za b n _ =0 —
- v oyl
i=0

and the point (3.3) is proven.

So it remains to prove the point (3.2).

We apply Proposition 3.2.5 to i = 0 and i' = [. By the monomiality of x,..., 7,_,, we know that D, = {I1,..., n} for every
ie{l,..,[—1}.

We know that D, = {1,...,n} if A# 0 and D,= {1,..., n — 1} otherwise. Here we set again u,=v.

By Proposition 3.2.5, for every j € {1,..., r, n}, w; = u; is a monomial in w,...,w" (or equivalently in uf”,...,uy))
multiplied by an element of 4.

Same thing for the fact that for every integerj € {1,..., 7}, we have wj.” =w" . This completes the proof.

Remark 4.3.6 In the case O, = O, we constructed a local framed sequence such that the total transform of Q, is a
monomial. We will bring us to this case.

Definition 4.3.7 ** A local framed sequence that satisfies Theorem 4.3.1 is called a n-generalized Puiseux package.

Letj € {r+1,..., n}. A j-generalized Puiseux package is a n-generalized Puiseux package replacing »n by j in Theorem
4.2.1.

Remark 4.3.8 We consider (4, u) — -+ — (4, u'”) — ... a j-generalized Puiseux package, with j € {r +1,....n}.
We replace each ring of this sequence by its formal completion, hence we obtain o formal framed sequence that we call a
formal j-Puiseux package. So Theorem 4.3.1 induces a formal n-Puiseux package that satisfies the same conclusion as in
Theorem 4.3.1.

Since we want to do an induction, now we will assume until the end of Theorem 4.3.14, that we know how to
monomialize every complete local equicharacteristic quasi excellent ring G of dimension strictly less than n equipped with
a valuation of rank 1 centered in G by a formal framed sequence. This hypothesis is called H,.

Lemma 4.3.9 Let P= Z c juj the u,-expansion of an optimal immediat successor key element of u,.

Jjes, (P

There exists a formal frgrr)led sequence (4, u) — (4,, u"”) that transforms each coeficient ¢; in a monomial in
(u".....,u!") , multiplied by a unit of 4,. 4 .
Hence, after this sequence, P can be written like Z aby® (WZ(D) ) .
Proof. We will prove a more general result in 4.3.1 102.

Theorem 4.3.10 If u, <, P, then P is monomializable.
Proof. Same proof as Theorem 3.4.14.

Lemma 4.3.11 There exists a formal framed sequence
(A,u) - (Al,u(l))

such that in 4,, the strict transform of the polynomial O, is a monomial.

Proof. If u, < Q,, we use Lemma 4.3.9 and Theorem 4.3.1 to conclude. Otherwise, u, <;,, O, and so we use Theorem
3.4.14.

We constructed a formal framed sequence that monomializes Q,. But we want one that monomializes all the key
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polynomials of Q.
Now we are going to show that if we constructed a formal framed sequence (4, u) — (4,, ") that monomializes O,
then we can associate another (4,, u”) — (4,, u") such that in 4, the strict transform of Q,,, is also a monomial.

Let A, be the group v(kl (ufl),...,uﬁl)l)\{o}) and
@, = min h such that 2B\ e A,}.

We set X, =in, (u;’)), W, =w!" and , the minimal polynomial of X, over gr,k, (ul(l),... ul” ) of degree ;.

. > n-1
We know that O, = @w!"” with @ a monomial in W,,..., W, multiplied by a unit. We set @:=in, (@).
If O <.,
successor of O,. .
We write O,., = Z a; Qij = Zaj Qj the O;-expansion of Q,., in £, (ul(l),...,uf,l_)l)(ufll)) .
J€Sp, (0r1) Jj=0
We have Q,., =0’ +a, 0" +++-+a, and since Q, = aw'"”

0.1, we use Theorem 4.3.10 and the proof is finished. So we assume that Q,,, is an optimal immediate

, we have

. s a s—1 a
O _ (0 48 () s o
(0] w

We know that for every index j such that g, # 0, we have

V(anij) = VQ, (Qi+1)-

So all non-zero terms of the O-expansion of Q,,, have same value. Then, by hypothesis H,, all these terms are

divisible by the same power of @ after an appropriate sequence of blow-ups (*,) independent of ufl’) .
We denote by Q,,, the strict transform of O,,, by the composition of (*,) with the sequence (*}) that monomializes
0,. We denote this composition by (c,).

We know that Q,, the strict transform of Q, by (c,), is a regular parameter of the maximal ideal of 4, Indeed, by

Proposition 3.2.5, we know that each u; of 4 can be written as a monomial on w",...,w!". In fact, the reduced exceptional

divisor of this sequence is exactly V(a_))re ,- Hence, as we know that O, = wfl”a_) , we do have that the strict transform of O,
is O, =w" =u". So it is a key polynomial in the extension %, (uf“,...,u,ﬂl)l )(ufl”)
Let us show that O, = %

s

0]
We have a, = 1 and Q' =@’ (uf,”)s and also u”{@, so @ divides the term a,Q’ and so all the non-
zero terms of Q;-expansion of Q,,,. Furthermore, it is the biggest power of @ that divides each term, hence

Q_;:l(uf,’) )S +as—_’1(uf,’) )H +~-+‘i—‘l is 0,., the strict transform of O,., by the sequence of blow-ups, that satisfies 0, < O,.,
by hypothesis.w @

Let G be a complete local equicharaceristic ring of dimension strictly less than n equipped with a valuation centered
in G.

Lemma 4.3.12 We assume that for every ring G as above, every element of G is monomializable.

Assume that 0, < Q,,,in Q.

Then there exists a local framed sequence (4,, u”) — (4,, u'”) such that in A,, he strict transform of Q,,, is of the form
Zqu]qX ', where 7, € R} and 77, are monomials in .
q=0
Q)

n

Proof. By hypothesis, after a sequence of blow-ups independent of u
they are monomials in (uf” yeees ) ) multiplied by units of 4,.
For every g € {r +1,..., n — 1}, we do a generalized g-Puiseux package as in Theorem 4.3.1, hence we have a

sequence

, we can monomialize the a; and assume that
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(A,,u”))—>(At,u('))

such that each « is amonomial in (uf’),...,uff’ ) .
In fact we can assume that the a; are monomials in (uf”,...,uﬁ”) multiplied by units of 4,.
Since the strict transform

~ . s a s—1 a

QHI:QzH:(u(l)) 4 8 (u”)) e B
— n — n -—s
w w

is an immediate successor key element of Q-, this completes the proof.
Remark 4.3.13 Lemma 4.3.9 is a particular case of Lemma 4.3.12.

Theorem 4.3.14 We still assume H,.
We recall that car (kv) =0 If Q, is monomializable, then there exists a formal framed sequence

=

(Au) (A u(l))—> —>(A u(”)—> —)(A ("‘)) (14)

that monomializes Q...

Proof. There are two cases.

The first one: O; < Q...

Then the strict transform QH of Q,,, by the sequence (4, u) — (4,, u"”) that monomializes Q, is an immediate
successor key element of Q = u(l) and by Lemma 4.3.12 we just saw that we can bring us to the hypothesis of Theorem
4.3.1. So we use Theorem 4.3.1 replacmg 0, by Q and O, by Q,H

The last one: O; <, Q-

We apply Theorem 4.3.10 replacing u, by Q. and P by QH .
As in the previous part, we consider, for every integer j, the countable sets

i=1

I

and

= {(SI,SZ) €./, x./,, with v(s)<v(s, )}

assuming that for every i € {1,...,n}, u” =u,

The set . / is countable for every j, so we can number its elements, and set . / = { U )} . Now we consider the finite
set "

= { () mﬁj}u{s(.’”), mSj}.

Hence U (// X /j) = U = U 7, is a countable union of finite sets.
jeN JjeN JjeN .
Since we consider all the elements according uniquely to the variable u,, and more generally according to ”f,l)» and
since we do an induction on the dimension, we have to know how to monomialize the elements of B, := k[ . uf,[_)l] .
Theorem 4.3.15 Let A = k[[u,,...,u,]] equipped with a valuation v centered in 4.

We recall that car (k,)=0. There exists a formal sequence
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7o Ts-1 7Ty

(A,u)—)---—)(AS,u“))—»-- (15)

that monomializes all the key polynomials of @ and all the elements of the B, for all i. Furthermore, the sequence has the
property:

VjeN Vs=(s;,s,)e.7,' JieN,; suchthat 5| s, in 4.

In other words for every index /, there exists an index p, such that in 4, , O, is a monomial in ul?) multiplied by a unit
of A

Iz
Proof. To show that we can choose the sequence (15) such that

VjeN Vs=(s,,s,)e./,' JieN_, suchthat 5] s, in 4,

and that all the elements of the B; are monomialized, we do the same thing than in Theorem 3.4.21.
Then we do an induction on the dimension n and on the index i and we iterate the above process.
Corollary 4.3.16 Let 4 = K[[u,....,u,]] equipped with a valuation v centered in 4, of value group I'. We assume

I:{aeA such that lj(a)eérl}:(h)i(O),

where I, is the smallest isolated subgroup of I. We recall that car (kv) =0.
There exists a formal framed sequence

(A,u)—)...—)(A,,u(’))—>...

such that in 4,, the polynomial / can be written as a monomial multiplied by a unit.
Proof. The sequence Q has been constructed to contain /4, so we just have to use Theorem 4.3.15.

4.4 Reduction

Let (R, m, k) be a local quasi excellent equicharacteristic ring and let v be a valuation of its field of fractions, of rank 1,
centered in R and of value group T',.

We denote by H the implicit ideal of R. ?

We are going to see that in this case, we just have to regularise T

We consider F:={f,,...,f.}cm, ‘and assume that f; has minimal value.
_Remark 4.4.1 We consider R — R — R, — R, a formal framed blow-up and we denote by H' the strict transformed
of H inR,. . R R
Then we define H, as the preimage in R, of the implicit ideal of ——=—.
We iterate this contruction for every formal framed sequence. !

Theorem 4.4.2 We recall that car (k, ) =0. There exists a formal framed sequence

(R,u,k) =(R0,u(0),k0) - —)(Rl.,u(i) =(ul(i),...,u(i)),ki)

n

such that: 7
(1) The ring ?’ is regular, R
(2) For every index J» we have that f; mod (E) is a monomial in u” multiplied by a unit of % ,

(3) For every index j, we have f; mod (ﬁl) | f;mod (F,) in B,
H,

i

i
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Proof. Set n .= e(R, v) and u := (y, x) with

Y= (yl""’yﬁ—n)

and

x=(x,...,x,)

~

. . R . .. m —
such that the images of the x; in 7 induce a minimal set of generators of 7l and such that y generates H .
We do an induction on (n,, n; — r;, v,).

~

R
We saw the existence of the surjection @ from 4 = k[[u,,...,u,]] to i of kernel ; ={feA such that ?(f)efl}
eSpec(4) where v is defined as in section 4.2. We denote by L the field of fractions of 4. R
If vy <n—1, then we do the same thing as in Proposition 4.2.5 and we strictly decrease e(4, v).
The we can assume v, € {n—1, n}.
Assume vy=n—1.

Then we know that / = () and that there exists a formal framed sequence (A,x) - (Af,x(/‘)) that monomializes / by

Corollary 4.3.16. So one of the generators that appears in its decomposition must be in 7,. Hence there exists x(p[) such

that f/\(xﬁf)) ¢I';. So by Theorems 4.2.5 and 4.1.11, there exists a local framed sequence that decreases strictly e(4, v), so
this case can happen a finite number of time, and we bring us at the case /= (0). It means the case where ? is regular.

Case I = (0). For every f, we have ;/\( /;) € I'1. So the element f; is a non-zero formal series and by Weierstrass
preparation Theorem, we know that we can see it like a polynomial in x, with coeffcients in k[[x,,..., x,_,]]. We construct
a sequence of key polynomials in the extension k((x,,..., X, ,))(x,) as in previous section. In other words this sequence is a
sequence of optimal (possibly limit) immediate successors which is cofinal in €(A), where A is the set of key polynomials.
So the element f; is non-degenerate with respect of one of these polynomials that all are monomializable by the above part.
Hence there exists a local framed sequence (4, x) — (4,, x) such that in 4, the strict transform of £, is a monomial in x"
multiplied by a unit of 4,.

If there exists a formal framed sequence such that v, < — 1, then by Proposition 4.2.5, we can conclude by induction.

Iterating the case / = (0), we assure the existence of a local framed sequence such that all the strict transforms of the
J; are monomials multiplied by units. Doing another blow-up if necessary, we assume that there exists of a local framed
sequence (4, x) — (4', x') such that all the strict transforms of the f; are monomials only in x,...,x;.

-

By Proposition 3.2.4, we can assume that for every j and every p, we have either f; | £, or f, | f.
So we have a local framed sequence

1

(A, K) > (A X0 ) S>eve 55 (4,6, )

that monomializes the f; and such that for all j and g, we have f; | £, or the converse.
By the minimality of v( £}), in 4,, we have f, | f; for every ;.
We have also two maps

~

(R,u,k)a[%,x,k}e(A,x,k),

d we k thtA~IA2
and we know that — ==

{ Pj} 0<j< Ve obtain a local framed sequence

A
since / = Ker(®). Hence, looking at the strict transform of 7 at each step of the sequence
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R Py R PR
{ﬁ,x,k]—)(Rl,x(l),kl)—)---—)(Ri,x(’),ki).
So we have the diagram:

P

T T T 0

P P

(A,x,k) —0> (Al,x(”,kl) -

Pi

- (A,x(i),kl.)

Similarly, either ? is regular, or the sequence {p;} can be chosen such that e(R, u) strictly decreases.

So after a finite sequence of blow-ups, we bring us to the case where i is regular. Hence we can assume ?’ regular
and consider f,,..., /; elements of R\ {0} such that v(/;)= gl/lgl}{v( fj)} We know that the J/; are all monomials in the u® and
that f; mod (E) | f;mod (F,) . This completes the proof. &

Theorem 4.4.3 Let R be a local quasi excellent domain and H be his implicit prime ideal. We assume that 7 is

regular.
We recall that car (k ) = 0. There exists a sequence of blow-ups defined over R that resolves the singularities of R.

Proof. The ring Ru is regular by Proposition 4.1.6. So we know that there exist elements (;l,...,;}g ) of HRy that
form a regular system of parameters of Ry .
By definition of HRu, it means that there exist y,,..., y, elements of H and b,,..., b, elements of R\ H such that for
_ Vi

every index i, we have y, = 5

The b, are elements of !R;, , SO

~ ~

(;’1:-'-55@)}%1{ = Z}—j,...,i—g Ru =<yl,...,yg)RH.

g

Then we have some elements (y,,..., y,) of H that form a regular system of parameters of Ru.
Now we consider (xi,..., x,) some elements of R\ H whose images ()Tl,...,)ﬁ) modulo H form a regular system of

parameters of %
If (»y,..., yy) generate H, then Ris regular. Indeed, in this case, (y,,..., Vg, X1,..., X,) generate m=m ®, R , which is the

maximal ideal of R.
So

dim (fz) <g+t.
We know that
g=dim (Rx ) =ht(H)

and
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t =dim =ht

|
SR

Then

dim (R) = ht(m)

| 2)

> ht(H)+ht

= g+t
> dim (?e).

Then dim (?e) =g +tand (y,..., Vg Xp5..., X;) is @ minimal set of generators of m , and so Ris regular.
Now we assume that (y,,..., y,) do not generate H in R. So let us set (V1seees Vg» Vgi15---» Vgis) SOMeE elements that generate
Hin R. ~
We consider V = Hz]iH that is a vector space of dimension g = At (H) over the residue field of H since Ry is regular.
We know that yl,.{l, yg[; generate J and that

g+s>dim(V)=g,
so there exist elements a,,..., ay., of R such that

PN
ay+..+a, v, €H Ru.

in IAQH such that

In other words there exist aj,..., a4, in R and (b,. ])
S I, j<g+s

ay +..tay Vo= Y, by,

1<i, j<g+s

We may assume

V(al) = min {V(ai)}

1<i<s

and also that for every i, the element g, is not in H or is zero.

Since the g, are in IAQ, we look at them modulo H. By Theorem 3.4.21, we know that the classes ;l. of a; modulo H are
. g . R . —
monomialisable in — and that for every i, we have q, | a,.

_ t

Hence after a sequence of blow-ups, we have that @, is a monomial w= fo " in x multiplied by a unit.
i=1

If we can show that a, divides all the b, ;, then we could generate /7 in R by (y,,..., Vg.)-

Iterating, we could generate H in R by g elements, and it would be over.

So let us show that we can do a sequence of blow-ups such that at the end @, divides all the b, ;.
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For every index i€{l,...,g+s}, there exists n, e N_, such that y, e m" \m" We set N:= poax }{”,-} , and then
~ iel{l,...,g+s
forevery ie{l,...,g+s}, y, & m".
We have a map R — R and we know that for every integer ¢, we have m° "R =m*. Hence we have an isomorphism

So for all i e {1,...,g+s}, there exists z, ¢ R whose class modulo m ** is sent on y, by this map. Hence z, mod

N+2

(m ™) =y, Increasing N if necessary, we may assume v (nAxN ) >v(a,).

More precisely y, =z, + h,+¢, where i, e(zl,...,zgﬂ)2 and ¢, e (x,,...,x,)"

After a sequence of blow-ups independent of (z,,..., z,,,), we may assume that w, and so a,, divides all the {.

We do ¢, blow-ups of (z,,..., z4.,, X;). Each z| is transformed in a z/ which is of the form e

1
We do ¢, blow-ups of (z},..., z,,,, X,). Each 2| is transformed in a z/' which is of the form % __ %
C: C C:
X XX,
2 172

We iterate until doing c t blow-ups of

(z=1) (=1)
(z1 Y 1 x).

crrfgrs 0N

z,
So we transformed z, in z\ which is of the form —-.

a

Then a, divides all the z\” , and so all the 4" and the ¥ . The b, , are elements of Ry, so after this sequence
of blow-ups, since the strict transform of H is generated by the yi(’), we have that a, divides all the b, ;,, and the proof
is finished.
4.5 Conclusion

We know are going to give the principal results of this part. First we recall a fundamental result of Novacoski and
Spivakovsky 1.

Theorem 4.5.1 Let S be a noetherian local ring. If the local uniformization Theorem is true for every valuation of
rank 1 centered in S, then it is true for any valuation centered in S.

So we just have to consider valuations of rank 1.

Theorem 4.5.2 Let S be a noetherian equicharacteristic quasi excellent singular local ring of characteristic zero. We
consider u a valuation of rank 1 centered in S.

There exists a formal framed sequence

5 )

(S,u)—)...—)(Si,u(i))—>...

such that for j big enough, S; is regular and for every element s of S, there exists i such that in S, s is a monomial.

Proof. We consider S the formal completion of S and H its implicit prime ideal. By Cohen structure Theorem, there
exists an epimorphism @ from a complete regular local ring R in 5. We consider /1 the preimage of H in R. We extend
now 4 to a valuation v centered in R by composition with a valuation centered in H .

By Proposition 4.1.6 we know that Su is regular, and by Theorem 4.4.3 it is enough to show that % is also regular.

S R
We know that — =—
¢ know that

Now we prove the principal result of this part: the simultaneous embedded local uniformization for local noetherian
quasi excellent equicharacteristic rings.

R
, so we just have to regularize T We conclude withTheorem 4.3.15.

Theorem 4.5.3 Let R be a local noetherian quasi excellent complete regular ring and v be a valuation centered in R.
Assume that v is of rank 1 or 2 but composed of a valuation ( f)-adic where f'is an irreducible element of R. We

assume car (k,)=0.
There exists a formal framed sequence

(R,u)—)...—)(R,,u(”)—>...
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such that for every element g of R, there exists i such that in R,, g is a monomial.

Proof. We consider the ring Az(—f;). The valuation v is of rank 2 composed of valuation ( f)-adic, so v can be

written u © 6 where @ is the valuation ( f')-adic.

So we have a valuation u centered in 4 of rank 1. By Theorem 4.5.2, we can regularize 4, and so there exists a local
framed sequence (R,u) ... (R,., u(i)) such that in R, fis a monomial. In R,, we also have that every element g of R can
be written g = uff) " h where uii) is the strict transform of f'and /4 is not divisible by u,(f) . We apply another time Theorem
4.5.2 to construct a local framed sequence which monomialize 4. This completes the proof.

Corollary 4.5.4 We keep the same notations and hypothesis as in the previous Theorem.

Then lim R, is a valuation ring.

Remark 4.5.5 The restriction on the rank of the valuation was setted to give an autosuffcient proof. Otherwise, there
exists a countable sequence of polynomials y; such that every v-ideal P, is generated by a subset of the y,. Assume the
embedded local uniformization Theorem.

Then there exists a local (respectively formal) framed sequence (R, u) — - — (R, u’) — ... that has following
properties:

(1) For i big enough, R, is regular.

(2) For every finite set { Sisees } < m there exists i such that in R;, every f; is a monomial and f; | £

Then for every element g in R, there exists i such that in R,, g is a monomial.

5. Index
€,(P), 10

Framed blow-up, 37

G-ring, 66
Generalized Puiseux package, 77

Immediate successor key polynomial, 22
Immediate successors key elements, 38
Independent framed blow-up, 37

Key element, 38
Key polynomial, 10

Limit immediat successor key polynomial, 25
Limit immediate successor key elements, 39
Limit key polynomial, 46

Monomial framed blow-up, 37
Monomializable, 51

Non-degenerate elements, 36
Optimal immediate successor key polynomial, 25

Puiseux package, 57
Quasi excellent ring, 66
Truncated valuation, 11
Valuation, 9
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