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Abstract: (1) Background: The ongoing COVID-19 pandemic has posed significant global challenges; its impact in
Africa, in particular, has been a subject of increasing concern. Vaccination against COVID-19 started in many African
countries in 2020. Despite the remarkable progress made by a selected number of countries initiating vaccination
campaigns in 2020, the global vaccination coverage against the targeted disease remains inadequate. This study aimed to
assess the dynamics of COVID-19 in the face of vaccination in Africa. (2) Methods: We used an extended deterministic
Susceptible-Exposed-Infectious-Recovered (SEIR)-type model stratified by vaccination status to mathematically analyze
the effect of vaccination on the dynamics of COVID-19 in ten African countries, namely: Benin, Namibia, South Africa,
Rwanda, Lybia, DRC, Nigeria, Algeria, Gabon and Kenya. We studied some basic properties of the model and derived
the control and basic reproduction numbers R, and Ry, respectively. We further utilized the Castillo-Chavez method
to investigate the global stability of the model at the disease-free equilibrium point under the condition R, < 1. In
addition, we developed the expressions of the sensitivity and elasticity of the control reproduction number (R,) with
respect to vaccination coverage, level of adherence to control measures (Y, and y,), infection probabilities, and relative
infectiousness of different compartments of Infected. The model was fitted using cumulative daily COVID-19 case data
corresponding to each country’s third wave of the pandemic. The unknown parameters are estimated using the non-linear
least square method. We used the resulting parameter values to compute the sensitivity and elasticity indices. (3) Results:
The study demonstrates the importance of sustaining high vaccination coverage and control measures to mitigate COVID-
19 transmission in Africa. Results identify vaccination rates and population compliance to control measures as most
influential based on sensitivity analysis. (4) Conclusions: By generating evidence tailored to the African context, this
research provides crucial insights to inform resource allocation and interventions to combat COVID-19, where needs are
greatest.
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1. Introduction

Humanity has dealt with several diseases over the past years, but health has become, by far, extremely vulnerable in
the world due to the most recent of these: SARS-CoV-2, a new strain of coronavirus that first surfaced in December 2019
in Wuhan, may lead to the Coronavirus Disease 2019 (COVID-19) [1]. COVID-19 patients, according to the medical
corps, suffer from mild to intermediate breathing issues, fatigue, flu, fever, and so on. In many areas, the COVID-19
virus spread quickly from one person to another, and the World Health Organization reported it as a pandemic on March
11, 2020 [2]. If the first large-scale COVID-19 outbreaks occurred predominantly in high-income nations in Europe and
North America, with more than 4,170,424 cases as of May 13, 2020, [3], the disease has since spread throughout Africa.
We could count 8,986,322 cases and 174,211 deaths on July 5, 2023 [4]. The World Health Organization (WHO) released
many guidelines that different nations followed to avoid spreading disease. Social distancing, wearing a mask, keeping
rooms properly aired, avoiding crowds, and cleansing hands with an alcohol-based sanitizer or soap and water were among
the Non-Pharmaceutical Interventions (NPIs) [5]. In Uganda, Kenya, Malawi, and Ghana, the containment measures to
curtail transmission of COVID-19 included closing international airports, closing schools, freezing public and private
transportation, prohibiting all extensive gathering activities, and implementing widespread lockdowns [6]. To reduce the
spread of infection, quarantine, and isolation of confirmed COVID-19 cases were also introduced in South Africa, Rwanda,
Benin, and Nigeria [6]. However, vaccines are the most efficient and cost-effective method of preventing and controlling
infectious diseases [7]. The availability of vaccines has represented a unique opportunity to fight the COVID-19 disease.
In the realm of infectious disease research, mathematical modeling has emerged as a powerful tool to understand the
transmission dynamics of epidemics [8—10]. In this context, many scientific works have developed several models to
analyze the effect of vaccination on COVID-19 dynamic [11, 12]. Li et al. [13] used a modified Susceptible-Exposed-
Infectious-Recovered (SEIR) mathematical model to estimate the effect of age-specific vaccine allocation strategies to
reduce the cumulative number of deaths and new infections. They found that priority vaccination to the youngest age
group would reduce the number of new infections most, and priority vaccination to the middle and elderly age groups
would reduce the deaths most. Using a similar model, another study from [14] reveals that the higher the vaccination rate,
the lower the peak reached by confirmed cases and deaths. However, the model did not account for the combined effect
of implementing the routine vaccination program with control measures.

Love etal. [15] came across this gap by providing a valuable tool to evaluate the allocation of a limited vaccine supply,
especially in the context of reduced or relaxing NPI measures. Their results illustrate how COVID-19 dynamics decrease
more effectively when vaccination deployment is paired with strong adherence to NPIs. In [16], the authors formulated
classical and fractional-order SEIR models for COVID-19 and compared their dynamics and stability to provide insights
into the utility of fractional calculus for epidemic modeling. It is found that the fractional model better captures fluctuating
dynamics observed in COVID-19 data and suggests smaller basic reproduction numbers more in line with estimates.

Sivashankar et al. [17] introduced a COVID-19 mathematical model that incorporates the Caputo-Fabrizio fractional
derivative and subjected it to analytical scrutiny. Utilizing eigenvalue methods, they conduct a comprehensive stability
analysis of the model. The key findings indicated that the disease-free equilibrium becomes asymptotically stable when
a defined reproduction number is below the critical threshold of 1. Conversely, the system exhibits an unstable endemic
equilibrium if the reproduction number surpasses this threshold. However, there are certain limitations, including the
simplicity of the model structure and the absence of data fitting and forecasting capabilities. Kumar et al. in [18]
constructed and evaluated SEIR models for COVID-19 using different fractional derivatives and assessed their predictive
performance to determine the optimal fractional modeling approach. The Atangana-Baleanu fractional model provided
the most accurate predictions of the epidemic peak timing in Japan.

However, the results of these studies may not apply to African countries due to significant differences in the data
reported. Factors influencing the pandemic’s dynamics across Africa are multiple, including infection fatality ratios,
limited access to physical health services, vaccine hesitancy, and low testing rates [19]. Since its evolution, many papers
have also investigated COVID-19 in Africa [10, 20-22]. In 2023, the study by Ashraf et al. [23] developed an improved
mathematical model incorporating fear effects on COVID-19 transmission and demonstrated the role of fear in slowing
down the epidemic through model analysis and simulations. The model demonstrates that higher levels of fear slow down
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COVID-19 transmission. Stability analysis provides thresholds related to fear for controlling outbreaks. Model fitting to
data shows the significant role of fear-induced behavioural changes.

In the study conducted by Honfo et al. [24], a simple deterministic susceptible-infectious-recovered (SIR)-type model
was employed to characterize the initial wave of the COVID-19 pandemic and provide future trend forecasts across the
sixteen West African countries. The findings of the study revealed several noteworthy observations. Firstly, a relatively
low proportion of susceptible individuals was observed in the region and across the different countries. Additionally, the
detection rate of the disease was relatively low, except for specific countries such as Gambia, Cape Verde, Mauritania,
and Ghana.

Another study by Yedomonhan et al. [25] focused on expanding a Susceptible-Infectious-Quarantined-Removed
(SIQR) disease-opinion dynamics model to take into account the effects of prophylactic behaviors on COVID-19 dynamics.
The proposed method estimates the basic and time-varying reproduction numbers, the peak infection size of new infections,
and the final epidemic size. The results highlight that the initial proportion of individuals perceiving COVID-19 as a
severe threat and that of the followers of prophylactic behaviors are decisive in controlling the disease’s spread. However,
the model failed to account for the vaccination program. Moreover, it didn’t incorporate the exposed compartment,
representing individuals who have contracted the disease but are not yet contagious. As a result, the model may not
accurately reflect the dynamics of the disease. To address the gap mentioned above in the literature, this study expands
upon the research conducted by Montcho et al. [26], which proposes a novel compartmental model that caters to non-
pharmaceutical measures to analyze the dynamics of the COVID-19 pandemic with vaccination programs in Africa.
However, stability analysis of the model by Montcho et al. [26] is missing. Moreover, sensitivity and elasticity analyses
were performed empirically, limiting the generalization of the results obtained. Thus, the main objective of this paper is
to perform a mathematical analysis of the model used by Montcho et al. [26] and to study its stability. We further extend
the analysis conducted by Montcho et al. [26] to additional African countries that were not addressed and develop the
expression of the sensitivity and elasticity of the reproduction number with respect to various factors.

This expansion in the geographic scope adds a new dimension to the existing body of work, providing a more
comprehensive understanding of COVID-19 dynamics in a total of ten African nations corresponding to different African
regions and offering region-specific insights into COVID-19 dynamics. By acknowledging and incorporating these
region-specific nuances, the research transcends generic analyses and furnishes a tailored perspective on the multifaceted
dynamics of COVID-19 in diverse African nations. Furthermore, the application of the Castillo-Chavez method to assess
global stability in a complex system characterized by multiple variables and substantial matrices adds a significant
dimension to the work. This achievement highlights the research’s ability to navigate the intricacies of large-scale
epidemiological models, making it especially relevant in real-world scenarios. With the proposed model, we aim to (i)
evaluate the effect of vaccination on incidences and mortality due to COVID-19 and (ii) assess the effect of vaccination
on COVID-19 dynamics with different Non-Pharmaceutical intervention (NPIs) levels implemented.

The presentation of the work is structured as follows: The next section provides a detailed exposition of the
compartmental SEIR model framework used to analyze the COVID-19 transmission dynamics model, including the
underlying differential equations and model parameters. In the Results section, the research presents basic model
properties as well as the basic and control reproduction numbers and assesses the global stability of the disease-free
equilibrium. A comprehensive sensitivity and elasticity analysis examines the effect of some parameters on the model’s
dynamics, alongside a sensitivity analysis of incidences and mortalities. The research culminates with a discussion and
conclusion.

2. Methods

In this study, we consider a compartmental mathematical model that was previously developed by Montcho et
al. [26] to describe the dynamics of COVID-19 transmission in Africa. The proposed model is a modified SEIR
model incorporating vaccination and control measures. The interacting human population, N(¢) at the time ¢, is
divided into two subgroups, i.e. vaccinated and unvaccinated, represented by subscript # and v, respectively. That is
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N(t) = N,(t) + N,(t). The subpopulation of unvaccinated people, N,(¢), was split into seven (7) compartments that
are: Susceptible (S, (2)), Exposed ( E,(t)), Pre-symptomatically infectious (Ip,(t)), asymptomatically infectious (I4,(7)),
Symptomatically infectious (s, (¢)), Confirmed cases (C,(¢)) and Recovered (R, (¢)). In addition, we consider the class
D, (t), which comprises the unvaccinated individuals who die due to COVID-19-related complications.

Nu(t) = Su(t) + Eu(t) +Ipu(t) + Iau(t) + Lsu(t) + Cu(t) + Ru(2). (1)

The subpopulation of vaccinated individuals N, (z) is also divided into seven (7) compartments: Susceptible S,(¢),
Exposed E,(t), Pre-symptomatically infectious Ip,(f), Asymptomatically infectious I4,(¢), Symptomatically infectious
Is, (1), confirmed individuals C, (¢), recovered R, (). Similarly, as for the previous group, we define D,,(¢) as the vaccinated
people who died of COVID-19 disease.

No(t) = S(8) + Ey (1) +Ipu (1) + Ins (1) + Isy (1) + G 1) + R 1), &)

At any given time ¢, the unvaccinated and vaccinated people who die due to COVID-19-related complications that
are D, (¢) and D, (t) are not included in the interacting population N,(¢) and N, (). The state variables of the model are
described in Table 1.

Table 1. Model compartment’s description

State Variables Description

Su(Sy) Susceptible unvaccinated (vaccinated) population that is non-infected yet. They can get
vaccinated or exposed.

E,(E,) Unvaccinated (vaccinated) population of exposed individuals. They are newly infected,
do not show any symptoms and can’t infect others.

Ip,(Ip,) Unvaccinated (vaccinated) pre-asymptomatic people: Exposed individuals who can (after
the latent period) start infecting. They transit later to the asymptomatic or symptomatic
class after the incubation period.

I, (I,) Unvaccinated (vaccinated) asymptomatic infectious population: these continue to show
no symptoms of the disease after the incubation period.

I, (Is,) Unvaccinated (vaccinated) symptomatic infectious population: people who start showing
symptoms of the disease after the incubation period.

Cu(Cy) Unvaccinated (vaccinated) confirmed cases: individuals who have been tested and
confirmed positive for COVID-19.

R, (R,) Unvaccinated (vaccinated) population of recovered individuals. They are no longer
infected by the disease and can be susceptible again after losing natural immunity.

D,(D,) Unvaccinated (vaccinated) population who died of COVID-19.
Source: Adapted from Montcho et al. [26]

We adopted the assumption of homogeneous mixing, wherein each individual is presumed to have an equal
probability of encountering and interacting with any other member of the community. This assumption aligns with the
prevalent practice in numerous prior studies conducted in the field [10, 27]. We assume a natural mortality rate y in all
compartments and a recruitment rate A of susceptible individuals. A comprehensive assessment of the recruitment rate for
vaccination necessitates the inclusion of not only natural births and immigration but also young adults who have met the
age requirement for vaccination, which is set at 18 years and above in the African context. We suppose that all unvaccinated
individuals in the compartments can be vaccinated at the same rate, v, except those in the symptomatic infectious and
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confirmed classes. When susceptible unvaccinated individuals make contact with pre-symptomatic, asymptomatic, or
symptomatic infectious individuals, whether they have been vaccinated or not, the infection can occur at the rate of 4,,.
Similarly, because the vaccine is considered imperfect, it only confers partial protection, which implies that vaccinated
individuals can get the disease at the rate A, once in contact with an infected individual. Hence, those populations are
considered exposed: they do not show symptoms and cannot infect others. After the latent period, they become pre-
symptomatic infectious and infect susceptible individuals at the rate . After the incubation period, they move on to
either asymptomatic infectious category at the rate (1 —pj)o, and (1 — ps)e, respectively for the unvaccinated and
vaccinated or symptomatically infectious at a rate p1 o, (p20,). Alternatively, they can be tested positive and join the
confirmed case respectively at the detection rate g,,, (¢p,). The asymptomatic infectious population continues to show no
symptoms. Thus, either they end up as confirmed cases after testing at a rate g, (¢4,) or they recover at a rate of ¥, (a,).
In a study carried out by Wang et al., it was demonstrated that within the cohort of asymptomatic individuals admitted
to Dongxihu Fangcang Hospital in China, more than 90 percent of patients remained without the aggravation of illness
throughout the follow-up period [28]. We, therefore, assume in the model that asymptomatic individuals don’t develop
severe disease or die due to COVID-19. We also assume that exposed and pre-asymptomatic people cannot die of the
disease, since they do not show any symptoms. On the other hand, the unvaccinated (vaccinated) symptomatic infectious
individuals can be tested positive and join the confirmed class at the rate gy, (¢s,), die of the disease at the rate &, (Js,) or
recover at the rate %, (%,). The COVID-19 induced mortality rate for the confirmed class is &, (Jc,). Also, it is assumed
that the disease doesn’t confer permanent immunity; the recovered individuals may become susceptible again. Therefore,
they may join the susceptible compartment at the rate d,, (d,). Also, the vaccine immunity is not lifelong and thus wanes
over time, which implies that the susceptible lose the vaccine-induced immunity and join the susceptible unvaccinated
class at arate @. All the information discussed in this section draws upon the comprehensive study conducted by Montcho
et al. [26].

M 23

t f

a u - Eu
(0] v v

Figure 1. Flow chart of the formulated mathematical model
Source: Montcho et al. [26]
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Table 2. Description of the model parameters

Parameter Description
bij Infection probability of groups i and j per contact (i, j € [1, 2])
% Vaccination rate
u Natural death rate
A Recruitment rate
o Waning vaccine immunity rate
Au(Ay) Force of infection on the unvaccinated (vaccinated)
0, (6,) Relative infectiousness of pre-symptomatic infectious unvaccinated (vaccinated)
04, (64,) Relative infectiousness of asymptomatic infectious unvaccinated (vaccinated)
6;, (6s,) Relative infectiousness of symptomatic infectious unvaccinated (vaccinated)
0., (6.,) Relative infectiousness of confirmed unvaccinated (vaccinated)
1/a Latent period (per day)
1/ap Pre-symptomatic period (per day)
p1(p2) Probability of developing symptoms for the unvaccinated (vaccinated)
qs, (gs,) Per capita rate at which unvaccinated (vaccinated) from the symptomatic infectious class
test positive
Ga, (9ay) Per capita rate at which unvaccinated (vaccinated) from the asymptomatic infectious class

1/%a, (1/Yay)
1%, (1/%,)

test positive
Recovery rate of asymptomatic unvaccinated (vaccinated) cases (per day)

Recovery rate of confirmed unvaccinated (vaccinated) cases (per day)

dy(dy) Rate at which recovered unvaccinated (vaccinated) individuals from COVID-19 lose
acquired natural immunity

&, (8,) COVID-19 death rate of symptomatic infectious unvaccinated (vaccinated) individuals

O, (8c,) COVID-19 death rate of confirmed infectious unvaccinated (vaccinated)individuals

Source: Montcho et al. [26]

The schematic diagram of the model is shown in Figure 1 as well as an overall description of the parameters in Table
2. The transfer rates between compartments are expressed mathematically throughout the following non-linear differential
equations in (3) and (4), respectively, for the unvaccinated and vaccinated population. A dot represents differentiation
with respect to time 7.

Su=A— A +u+v)S,+d,R,+ oS,
E,=S A — (0t +V+u)E,,
I.p“ =o.E,

—(0p + 1 +V+qp )Ip,

jAu = (1 _pl)aPIPu - (“+v+,}/ﬂ] +qa1)IAu,
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Is, = proplp, — (L + %, +4s, + ))Is,,

Cu = dayla, + s Is, +ap Ip, — (8 + Y, +1)Cus

D, = &1s, + 6,,Cy,

Ry = Yo, Ia, + Vs, Is, + Ve, Cu — (du+ L+ V)R, 3)
Sy =VSu+dR, — (A + 1+ ©)S,,

E,=VE,+S,A, — (0, + 1) E,,

Ip, = VIp, + 0 E, — (0t + L +qp, ) Ip,,

In, = via, + (1= p2)otplp, — (U + Yay + Gay )y s

Is, = proplp, — (U + Y5, + G5, + O, s,

Co = qayIa, +qs,Is, + dpyIp, — (8ey + Ye, + 1)C,

D, = 6,15, + 6,C,,

Ry = VR, + Yap I, + Yo Is, + ¥e, Co — (dy + )R, 4)

The initial conditions are:

The force of infection quantifies how much the infectious individuals can transmit the virus when they come in
contact with the susceptible individuals in the population. The model’s infectious compartments interacting with the
susceptible individuals comprise the pre-symptomatic, asymptomatic, and symptomatic individuals. Even though the
confirmed people are supposed to be isolated after testing positive and, therefore, do not make any contact with the
susceptible, we still assume in this study that people tend not to respect this measure when the vaccination program has
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begun fully. They might be mixed into the population and participate in the infection dynamic. This justifies why the
confirmed compartment is also considered in the force of infection.

They might be mixed into the population and participate in the infection dynamic. This justifies why the confirmed
compartment is also considered in the force of infection. We subdivide the overall force of infection into two: the force
of infection rate A, and A,. A, quantifies how an infectious individual in the overall population can transmit the virus to
unvaccinated susceptible individuals. Following the approach of Mancuso et al. [29], the force of infection rates A, is
given by:

)Lu = ;Luu + ;lfvu (5)

where

(1 — Wu) buu (epuIPu + eauIAu + QSuISM + ecucu)

Auu = N

A, = (1 — l[/v) by (Op‘,lpv + GuvIAv + esvlsv + chcv)
u N N

The model accounts for implementing Non-Pharmaceutical Interventions that reduce this force of infection. v, (y)
is the proportion of unvaccinated (vaccinated) individuals who respect the control measures. On the other hand, b, is the
infection probability of a susceptible individual in group 1 to get the disease per contact with an infectious individual in
the same group. Also, in a mixed population of vaccinated and unvaccinated individuals, the susceptible individuals in
group 1 are likely to make contact with individuals in group 2. If the contracting individual in group 2 is infectious, then
the susceptible individual in group 1, S, is infected based on the probability by,. 6,,, 6,,, 05, and 8, are, respectively,
the transmission rates of pre-symptomatic, asymptomatic, symptomatic infectious and confirmed unvaccinated. Similarly,
0y,, 04,, 05, and 6, are respectively the transmission rates of pre-symptomatic, asymptomatic, symptomatic infectious
and confirmed vaccinated. N is the total population, equivalently N = N, + N,,.

Similarly, A, related to the capacity of an infectious individual in the overall population to transmit the virus to the
vaccinated susceptible individuals is defined as follows:

)Lv = zfvv + luv (6)
A, = (1 =) by (B, IR, + 64,14, + 05,15, + 6,C,)

b N
A, o (1 - III“) buV (GPMIPM + GuttlAu + GSuISu + ecucu)

uy — .

N

On the other hand, b, is the infection probability of a susceptible individual in group 2 to get the disease per contact
with an infectious individual in the same group. The susceptible individuals in group 2 are also likely to make contact
with individuals in group 1. If the contracting individual in group 1 is infectious, then the susceptible individual in group
2, S,, will be infected based on the probability b,,.
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3. Results

3.1 Theoretical analysis of the model
3.1.1 Positiveness of the model solutions

It is primordial for any mathematical model to show that the solutions of the system of equations are positive.
In the following, we demonstrated that if the initial conditions of the system (3)-(4) are positive, then the solution set
Su(t), Ey(t), Ip, (1), 14, (t), Is, (£)(t), Cu(t), Ru(t), Dy(2), Sy(t), Ev(t), Ip, (1), Ia,(t), Is, (1), Cy(t), R\ (¢), Dy () of the model
consists of positive members for all ¢ > 0.

Referring to the differential equations in (3)-(4), we respectively have for:

® Su(t)

das,
dt

=A—(A+u+V)S,+d,R,+ ©S,.

Then % > A — (A + 1+ V) Sy or B + (A, + L +v) Sy > A.
Multiplying each part of the inequality by e(A« V) gives:

[% + (A + L4 V) Syt iVt > Aplhututvie

%e(%ﬂ‘”)’ + (At 4 v) et g, > Aplhurt v

d
_ (Autptv)e > (Autu+v)e
I (Su(t).e ) > Ae ,

t t
/Oi(gu(y)_e(lﬁwvw)dyz/o Aet vy gy,

dy
[Su(y).e“u*””)y}t > / Aelata gy,
0 Jo

!

Su(t).e(lﬁrlﬂrv)t _Su(o) > / Ae(lququv)ydy7
0
!

Su(t).ePut BV > Su(0)+/ Ae btV gy,
0

t
Su(t) > e hutstvie (su(0)+ / Ae(’l“+”+")ydy) > 0.
0

Hence, S, (t) is positive for 7 > 0.

e E, (1)

With the second equation, we got the inequality dj“ +(cte+VvV+U)E, >0.

. . dE,
Solving the equation <

+ (Cte 4+ V+ 1) E, = 0 gives E,(t) = E, (0)e (% Va0,

Hence, E, (1) is positive for all 7 > 0.

Volume 5 Issue 3|2024| 3697

Contemporary Mathematics



From the remaining equations of the system (3)-(4), it can be shown that the set of the solutions is positive for all r >
0. with the same process.

3.1.2 Boundedness of the model solutions

The overall population N(¢) is defined by adding both expressions in equations (1) and (2). Differentiating both sides
with respect to 7, we have:

N=S8,+E,+1Ip, +1Is,+1Is5,+Cy+Ry+S,+E,+1Ip, +Ia, +1Is,+C,+R,. @)
Therefore,
N =A— N — (8,15, + 8 Is, + 8,Cy + 8,C.). ®)
That 1s,
N < A—puN. )

After integration, we get: N(t) < N(0)e ™ + %(1 —e M),
Hence, ast — o0, N(t) < % Then, all solutions of the system enter into the region Q with
Q= {(Sua Eu; IPua IAu7 ISu7 Cua Ru; Sva EV7 IPva IAva Isva CV7 RV) € Rkl: 0< N(t) S A/“}

3.1.3 Control reproduction number

In disease modeling, the control reproduction number, R, is a key parameter used to assess the extent to which the
pandemic will spread. The control reproduction number of an infectious agent, such as the coronavirus, is computed when
the control measures and/or vaccination programs are implemented [30]. It is defined as the average number of secondary
infections generated by one infectious individual when introduced in a mixed population consisting of vaccinated and
unvaccinated individuals. When the control reproduction number R, is less than one, each infected individual, vaccinated
or not, infects less than one susceptible individual. This suggests that the virus will gradually be eradicated from the
population. Otherwise, when R, is greater than one, the number of COVID-19 cases caused by an infected individual
increases exponentially over time, resulting in a growing epidemic.

From the studies, R, is determined as the dominant eigenvalue of the next-generation matrix FV~! where F and V
are the jacobian of the matrix F of all the new infections and the matrix V of the net transition rates of compartments,
respectively. [31, 32]. In the following study, we used the same approach.

Letx = (Ey, Ip,, Ia,, Is,, Cus Ev, Ip,, In,, Is,, CV)T be the vector of all the infected compartments. F and V are defined
as follows:
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AuSy (ae+V+U)E,

. ~CEu+ (0 + 1+ V+4p ) I,

0 _(l_pl)apIPu+(H+V+’)/al—i—qal)]Au

0 —P10lp, + (K + %, + g5 + 8)Is,
P[5 | e vig— | @ RIG dalaninas

0 —Vip, — @ E,+ (0p+ 1L +qp,) Ip,

0 —VIa, — (1= p2)eplp, + (U +Ya, +Gay Ma,

0 —P20plp, + (L + ¥, + s, + 65y,

0

—qarIa, — 4p, 1P, — g5, 15, + (602 F Ve, + p)Cy

Hence, the jacobian matrices F and V are 10 x 10 matrices. In a disease-free state, only the susceptible classes are
non-empty since there is no disease. Then:

(Su; Eu» IPua IAu7 ISuv Cu; Rua Du; Sv; EV» IPm IAva ISN CV, RV7 Dv)
=(s2,0,0,0,0,0,0,0,5%0,0,0,0,0,0,0)

h 0 _Auto) _ __A
with Su = m,anng = m

Fii F2

with,
1 Fx

F(x) = [

Sgbuuep (1-w) SBbuu Bau(1—y4) Sgbuu 05

z (1—ww) Sgbuuecu(l_‘l/ﬂ
N

NO

=

2=

|

I
co oo o
o oo oX

0
0
0
0

c o oo

0
0
0
0

r S9byu8

S

u(1—-y) Ssbvueau(l_ll/v) Sgbvuesu(l_Wv) Sgbvuecu(l_ll/v)
0 NO NO

Fio =

oo oo o
c o o oX

NO
0
0
0
0

0 0
0 0
0 0
0 0
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F =

(= elNelNeNe]

(= eNelNeNe]

by Opu(1=i) SO (1=Wi) S0y O (1=i)  Sbuy B (1— i)
NO NO NO NO
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
SO Bpu(1=91)  SObuBu (1-v) Sy O (1—4) %Dy B (1—5)
NO NO NO NO
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

NY is the initial population at disease-free equilibrium and is given by N° = 59 + 59,

V() =

Co iporary Math tics

0 0 0 0
az 0 0 0 0
op(p1—1) a3 0 0 ©0
—pP10p 0 aq 0 0
—4p —Ya; qs, as 0
0 0 0 ag

-V 0 0 0 —a.
-V 0 0 0
0 0 0 0
0 0 0 0
a =0, +V-+ M

ay =0 +V+Utqp;

a3 =Yy +V+U+qa;

a4:651 +’}/s1 +,u+qS1,

aS == 6(’1 +’)/(,| +IJ,

ag = O+ U3

a7 = Op+H+qp,;

ag = Ya, + 1+ qays

with;

S O O O O O o O
SO O O OO o o oo

N
)

)

N
N}

S
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ag = Oy, + ¥, + L+ gy,
ap = YC2+662 +u.

The control reproduction number R, is computed as the spectral radius p (F X V’l) of the next generation matrix,
ie.

Ro=p(Fx V).
Let’s define:
R.=Re, +R;, +Re;. (10)

We split the Control reproduction number into three contributions. R, is the contribution of the pre-symptomatic,
asymptomatic, symptomatic and confirmed infectious unvaccinated people, respectively, to the control reproduction
number; R.,, the contribution of the pre-symptomatic, asymptomatic, symptomatic and confirmed infectious vaccinated
people respectively, and R,,, the contribution of the interaction of the vaccinated and unvaccinated infectious classes. We
have:

Rey = Reyp, +Reyy, +Repg, +Rey, (11)
where,

_ 0eSybu (1 — Vi) B,
C1Pu 2N0a1 ar

_ e SObuu (1 — V)0 (1—p1)6,,

Cldu ™ 2N asas ’

R _ (XeSng(l - V’u)aﬁpl GS'u .
“18u 2N azas ’

R — S (1— W) a3 (aaqp, +qs5,P10p) + aaqa, & (1 — p1)] B,
ClCu — .

2N%a1arazasas

Similarly, the component R, is the sum of the four components R, , Rc,, , Re,,, and R, , which represent
the contribution of the pre-asymptomatic, asymptomatic, symptomatic, and confirmed infectious vaccinated individuals,
respectively. One has:
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Re, = Reyp, +Reyy, +Reyg, + Reye, (12
where,

_ O‘eS(v)bW(l — )0,

R

c2py 2N0a6a7
R. — 0 SObw (1 = ¥5) 0ty (1 = p3) 64,

C2av 2NOagarag ’
R — O‘eSSbW(l —¥,)0pp26;,

s NOagara ’

6U7d9

R _ aeSQbW(l - ‘VV) [08 (‘19%72 +4s, apPZ) +a9qa, (Xp(l - Pz)} 0,

cacy 2N an dedaragag '

Finally, the quantity, R., is defined as:
2 4Rc
Re; = Reyy, + \/[RC1 +Reyy _Rcz] + m22 (mchl +m2RClV) 13)
where,
buv bVV

yand mp = —.

Reiy = Reyp, TRy, + Reys, +Rey,, 1 b
vu

" bu

We define R, as the sum of four components, i.e. R, , Rc,,,, Rejs,, and Re, ., which represent the contribution
from the interaction of the unvaccinated individuals with the pre-asymptomatic, symptomatic, and confirmed infectious
vaccinated individuals. The components are defined as follows:

VSO (1—,)6,,

‘v 2NOajasagay
k. CeVSibu(1 =) las(1 — po) (s +ag +agar(1 1)) 6,
Clay 2N axazagarag 7
R = aevsgbvu(l _ ‘I/v)apPZ(“Z +a6)es" :
C18v 2N0a1a2060799 ’
R, = 0 VS (1 — W) [a3(az + a) (as(asgp, + Opqs,P2) + a9 Opqa, (1—p2)) +Z] 6.,
c1cy 2NOagayarazagazagag 7
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Z = agasarqa,0p(1 — p1).

3.1.4 Basic reproduction number

When no vaccination and non-pharmaceutical interventions are implemented, the disease’s dynamic is measured by
the Basic Reproduction number. In this case, the parameters related to vaccination rate and the decrease in the disease
due to control strategies, respectively, v and v, (), will be set to zero. That is v = @ = y, = y, = 0. These values are
replaced in the equation (10) to get the basic reproduction number R given by the equation below.

Ro = Roc, +Roe, + Roe,- (14)

Thus, Ry, represents the contribution of the pre-symptomatic, asymptomatic, symptomatic and confirmed infectious
unvaccinated people, respectively, to the basic reproduction number. Ry is the contribution for the interaction of the
vaccinated and unvaccinated infectious classes. By definition, Ry, is equal to 0. Since we are in the absence of vaccination,
there is no contribution of the infectious vaccinated people to the basic reproduction number (S0 = 0)

Roc, = Rocyp, +Rocy, +Rocyg, T Rocg,

where,

RO — aebuuepu .
e 2ag(ap At ap,)

aeapbuueau (1 — pl)

R = ;
Oeta 2a6(0ty + L +qp,) (Yay + 1+ 4a,)
R _ aeapbuupl esu .
015t ™ Dagag(op + 1+ dp,)’
aebuu<1 B qu) [(}’al +lJ' +qa1)a4 +a4CIa1 ap(l _Pl) + (%11 +” +qa1 )%lpl] ecu
Ry =
Clcu — .

2(0t, Jr.u)(ap +H+qp, )(7{11 + U +qq )asas

As well, the quantity, Ry, is also defined as;

ROC3 = ROL‘I °

3.2 Global stability analysis of the model

The model stability is studied around the equilibrium points. There are usually two: the Disease Free Equilibrium
(DFE) and Endemic Equilibrium Point (EEP). In the following, we only focused on the global stability analysis of the
COVID-19 model (3)-(4) at the disease-free equilibrium. The global stability of the disease-free equilibrium holds
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significant implications. Specifically, if the disease-free equilibrium is proven to be globally stable, the disease will
not be able to remain in the population, regardless of the size of the perturbation. An influx of infected cases may cause
a localized epidemic outbreak, but the disease won’t become endemic in the population [33].

We used the Castillo-Chavez method [34] to prove that the model is globally asymptotically stable at the disease-free
equilibrium. Considering the method of Castillo-Chavez, the COVID-19 model can be transformed as the following two
subsystems:

dpy

:Y N
dt I(PI,PZ),
dp>

—= =Y .
dt Z(PI,PZ)

where p; denotes the number of uninfected individuals; thus, p; = (S,, Ry, Sy, R,), and p; represents the number of
infected individuals, with, p» = (Ey, Ip,, I4,, Is,, Cu, Sv, Ev, Ip,, 14, Is,, Cy). The disease-free equilibrium point is given
by P, = (p(l), 0).

The point (YIO, 0) is a globally stable asymptotically stable equilibrium for the model (3)-(4) provided R, < 1, if the
below criteria are satisfied.

1. Given dd% =Y (p1,0), (p?) is globally asymptotically stable.

2. Y2 (pl7 pz) = B.p2 — ?2 (pl7 pz), where ?2 (pl, pg) > 0 for (pl, pz) € Q and is B the Jacobian matrix 0fY2 (pl7 pz)
at the disease free equilibrium with positive off-diagonal entries.

If the model Equation meets the above conditions; then, the following theorem holds.

Theorem 1 The point P, = ( p?, 0) is globally asymptotically stable equilibrium provided R, < 1 and the conditions
1. and 2. are satisfied.

Proof. Let pj = (Su, Ry, Sv, Ry) and py = (Ey, Ip,, In,, Is, Cu, Sv, Ev, Ip,, In,, Is,, C,), and define P, = (p!, 0),
where p? = (59, RY, S9. RY).

By using model system (3)-(4), we have:

A=A +pu+Vv)S,+d,R,+ ®S, A—(U+vVv)S,+d,R,+ @S,
dpi | Yada, W ds, + ¥ G (dut L+ VIR | Yi (p1,0) = —(dy+ 1+ V)R,
dt vS,+d,R, — (A + L+ @)S, ’ ’ VS, +d,R, — (UL + )S,
VRy +YayIa, + Yoy 15, + Yo, Cv — (dv + LR, VR, — (dy+ )R,

Solving the equation dd% —Y1 (p1, 0) =0, partially gives, R, (1) = R, (0)e(duthtv),

R,(t) = KiR,(t) + K (r) with K; = —(d, + 1) and K, (1) = VR, (¢). Using the duhamel formular, in [35] the solution
R, () can be given by:

Ry (1) = o~ +mdrR (0) 4 /[ eJS ~( Ty R (Q)e—ditrVITgq).
0

After some transformation, we can easily get

1

R,(t) = e TR (0)+R,(0)V—
(t)=e (0) + ()Vdv_du_v

[e(*du —pu—v)t e(*dﬂrﬂ)t] ]
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Once the expressions of R, and R, are found, the system is reduced and can be rewritten as follows:

S, \ [ 0S,—(u+Vv)S,+dR,+A (15)
s VS, — (L +®)S, +d,R, ‘

It is possible, by using matrix decomposition properties on this matrix, to obtain:

S, [ —(u+v) ® Su d,R,+A
(3)-07 ) (3) ()

Let’s pose X = Su ’A = B (:u' + V) Y and B = duRu +A )
Sy v o —(uto) d,R,

The equation (16) is therefore on the form X’ (r) = AX (r) + B(t). Using the Duhamel formula, the vector X(t) is given
by: X(t) = € X (0) + [§ "4 B(s)ds.

A is a diagonalizable matrix with A = PDP~!. This will help us compute the exponential expressions in X (z):
e = (tP)e'PP~" and %) = (1 — 5)Pel’~)P P~ with P and D respectively:

oO—pu—/(L—0)2+duw  o—u+\/(L-0)+dpe

2v 2v
P =
1 1
and;
—O—U—2V—1/ (L—0)2+4uw
5 0
D —
(L—)2+dpuo—o—pn—2v
0 2

Once, ¢* and e*(~%) is replaced in X (1), the solution set S,, S, is found. The respective expressions of S, and
S, (Appendix B.1). With the set (S,, Ry, Sy, R,), we can observe that lim, ., ,..S,,(t) = S0(¢); lim, , .. R, (t) = R)(t) = 0;
lim, , .S, (¢) =S%(¢) and lim, , ... R, () = R%(t) = 0. Consequently, we have that p; — p{ ast — c. So p; = p{ is globally
asymptotically stable. Condition 1 is held.

Furthermore, the expression of % is:
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Subu— (Cte +V+1)E,
OE,—(ap+u+V)Ip,
(I=pr)oplp, — (n+Vv+ Yay+qp, T 4a Ma,
P10plp, — (U + Vs, + s, + ),

@ _ Gala, +qs\Is, +qp,Ip, — (501 + Yo +.u)Cu

dt VE, +S,A — (e + 1) E,
VIp, + OBy — (0p + 1+ qp,) IR,
Vig, + (1= p2)0plp, — (U + Ya, + Gay)a,
p20y,Ip, — (/J + Y, G5, + 6S2>[Sv
QaZIAV +QSZISV +LIpZIPV - (602 + Y, +.u)Cv

Now, in determining whether condition 2 would be satisfied, we used the formula > (p1, p2) = B.p2 — )2 (p1, p2)
and we got:

—ar A;n Ap A A 0 A3z A Az Au
o, —ay 0 0 0 0 0 0 0 0 £l 5,
0O &k -a O O 0O 0 0 0 0 n 0
0 0pP1 0 —ay 0 0 0 0 0 0 2 g
% 0 qp1 qal qs1  —das 0 0 0 0 0 C: 0
Bp2=Ta(pr, p2) = v A; Ay Ay Ay —as Ay Ap Ay Ay E | | B
o v 0 0 0 & -a O 0 0 jA g
0 0 \% 0 0 0 ko —ag 0 0 Is, 0
0 0 0 0 0 0 op O —ag O & 0
0 0 0 0 0 0 qp2 qda2 qs2  —ao

with;
By =Aq1lp, +Anls, +A3ls, +A14Cy + Asilp, + Axply, + Assls, + A3aCy, — S, Ay
By = Aglp, + Axaly, +Aosls, +A2sCy — Aslp, +Asnlp, +Assls, +AssC, — S\ A,

After, replacing the expressions of A1, A12, A13, A1, A31, A3z, A33, Asa, Az1, A2z, A2, Aoy, Agt, Aga, Ags, Agg inside
B and B;, we have:

S0 s,
B] = (ZVLO — N) |:buu (1 - WM) (IPM 9pu +IAM eau +Isu esu +Cuecu) +bvlt (1 - WV) (Ipvepv +1Av6(lv +]Sv95v +CV6¢'V):| :

A
BZ = (1\]‘6 — ]\‘;) |:buv (l - llju) (IPL, eﬁu +]Au eau +ISu OX,, +Cu6cu) +bvv (l - II/V) (IP‘, 6]’\/ +IAV ea‘, +ISV GSV +CV9L’V):| .
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The matrix B is a matrix with the off-diagonal entries that are all positive. We know that (S,/N) < (S9/N?), and
(S,/N) < (S9/N9) which implies ¥ (p1, p2) is positive (having each element greater or equal to zero). As a result,
condition 2 is met, demonstrating that the model is globally stable.

3.2.1 Sensitivity analysis

The sensitivity analysis studies the variation of the outputs of a model caused by variations in the inputs, and it
demonstrates how important each parameter is to disease transmission in terms of positive and negative effects [36]. The
sensitivity index, S, of a variable Y with respect to a parameter X is defined by the derivative of Y with respect to X that
is:

oY
S==s (17)

e The sensitivity of R, with respect to the vaccination rate v is given by:

OR. R, 3R, OR.
av v + av + av (18)

where,
OR., OJR.,  OR., IR,  OR..
v v T av " av T av
with,
8RL.1PM_ Oiebuuepu(ﬂ-i-w)(l—l//l) (a1a2+a2+al(u+v+a))).
v 2a3a3 (1 + Vv + 0)? ’
OR.,, 0t b Oa, (1L + @) (W1 — 1) (p1 — 1) (alaza3+(u+v+w)(alaz+a1a3 +aza3))
v - 2a%a%a%(“+v+w)2 )
OR.yy,  %eOPbup18s,(L+ @) (1-y1) (alaz + (a1 +a)(u+v+ w))
v 2a%a%a4(ﬂ+v+a))2 ’
JOR
ﬁ =-A [a1a2a3 + (V+H + 60) (a1a2+a1a3 +aras —B)]
where,

aebuuecu (1 - l1l/1) (‘U, + CO) <a3a4Qpl + azqs1 P1 +as0pqai (1 - P1)>

A =
2a3a3adasas(p+ v+ )2

)
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araraz(asqp1 +qs1p1)

B= )
azasqp1 + azqs P1 +as0pqai (1 —p1)
Also,
IR, — dReyp, | IRey,  IReys, IRy,
av av av av v
with,
aRCZP\/ — aebvvepv(,u + w) (1 — ll/z) .
v 2a6a7 (1 + Vv + 0)?
8Rc2AV _ aeanvveav(l,l —+ (})) (1 — WZ) (1 7p2) .
v 2agazag (U + Vv + )32 ’
aRCZSv _ aeanvvp2 esv (,u + (D) (1 — 1/12) .
v 2agarag(L+v+ )2
IR, Oebyy0c, (L + @) (1 —yp) (Clg (a9gpr + 0pgsap2) +aglpga (1 —p2) )
v 2apagaragas (i + v + 0)? :
Finally,
9 (Rey —Rey +Re,, ) (Re, — Re, + Rey, ) + 2 x 2ot 4 9 %Ren,
BRC3 . BRL.]V I av \ter T ey + cly cp — ey + Cly +T2 X v + v
B 4m(R.
av av \/(RC1 _RCZ +Rc1v)2+ m”llizl+4RClv
with,
JdR;, OJR., OJRc, OR., ORc,,
av v v v ov
where,
8RCIA ayaas ajaxas
v L+V+o v aja; —ayaz —axas | +
0 tpby V8, (1= Y2) (1 + @) (1 -+ v+ ) (as(1 = p2) (a2 + ) +asan(1 - py) )
C= ,
a%a%a%aéamg
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(1—-p2)(az+ax+ag)

D= ;
a3(l—pz)(a2+a6)+a6a7(l—p1)
aRCva B Oebyy 116 V(“""“’)(WZ - 1) (al (,u‘f'v‘i’w) (0 420 _V) +I> _
ov aiasagar

JdR

1 1
ClSv
— =F|aiax | 1+ —+ —ay—az|;
v {12< v a6+ap+2u+qp1> : 2]

_ 00pby, P26y, (1= y2) (1 + @) (1 +V+ @) (a6 + 0p + 20 +qp1)

E
a%a%aéamg

OR,
& —FxG [a1a2a3(H+1+

av U+v+o

F= aebvuvecv (1 — 1[’2) (IJ+(D)(/J + V+0));

(; =

) —dajaz —ayas (12‘13:| 5

aoa%agagaﬁamgag

[as (a9gpr + otpgsap2) +ag0pqar (1 —p2) } K
a3 (ag+ 0p+ 20 +qp1) L+asarasopqan (1—y1)’

I=(ag+ap+2u+qp)(0—at);
J = (1—vyn)asarag0pqas;
K=a3+ag(as+0p+21+qp1);
L = ag(agqp: + 0pqs2p2) +ag0tpqa (1 —p2).
o The sensitivity of R, with respect to the proportion y, is given by:

OR. _ Ry , 3R, R,
é)lﬁﬂl B 69 v’ﬁ éylﬁﬂl 69 qlﬁ

where,
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IR, Otebyy (L + @) (M — 0., (a3aaqp1 + azqsi p1 — as0pgar (P1 — 1)))

oIy, 2arazasas (ags +Vv) (L+V+ @)

with,

M = —azasas6), — azasopp Oy, +asasopb,, (p1 —1);

ORe
ay,

R\ (Re, — Rey + Rey, + 2
OR., T \Ber —Rey T Rey, + 505

J 4m R '
Vi J(Rey —Rey +Rey 2+ 00 4R,
o The sensitivity of R, with respect to the proportion v, is given by:

OR. R,  OR., OR,

= + 20
alIlv aWV a‘l/v a‘l’v ( )
where,
JR., _o;
ay,
OR., CebwV (N — 6., (as (a9qp2 + Opgs2P2) — ag0tpqa (P2 — 1) ))
oy, 2apagaragag (L +V + @) ’
N = —apaggagb),, — apagopp> 6y, +apag0pBy,, (P2 —1);
P} IRy,
JR., _ dR:,, v (Rclu—Rcz) (RCI — R, +R€1v> +2 awi,
o 4miR,
8W‘ 9% \/(Rcl - Rcz Jch']v)Z + nT2l + 4R01v
with,
aIeclv — aRCIAV + aI-\’CIPV 8RCISV + aRCICV
Iy, Iy, 7 Iy, Iy,
where,
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aRClAv _ 0 0pby, VO, (UL + @)P(L+V+ o) )

)

8% ajazasaegarag

IR.\p, _ocebvuve (a2 +ag) (U + @) (U+V+o)

aw, aiarasag

s

aRcls‘, _ aeanvqu29sv<,u + w)(li +V+o)(ass+ap+2u +C]p1) .

s

2y, ajarasaag

ORere,  OebuVOe, (1 + ®)0(+V + 0)
awv apajazazaesaragag

0= a3 (as (aogp2 + atpgsap2) +agOpqan (1 —Pz)) (as+op+2U+qp1)+0;
P=a3(1-p2)(Qe+ap+2u+Vv+gp)+asar(1—p1);

0 = asara90pga (1 —y1).

o The sensitivity index of R, with respect to v and v,

This effect reflects more the reality in the African countries since the control measures were still in place when the
vaccination began. This sensitivity represents the gradient of R, with respect to v and y;,. The gradient of R, with respect
to v and y, is giving by:

JdR, IR,
Ty wiRe = ( Il ) 21
(v, vu) v’ vy, @n
where %’fj and gf;; are respectively given in the equations (18) and (19).

e The sensitivity index of R, with respect to v and y,
This sensitivity index represents the gradient of R. with respect to v and ;. The gradient of R, with respect to v
and vy, is giving by:

oR, 8RC>7 22)

o= (53 G,

IR,
vy,
We also focused on the effect of the variation of transmission parameters linked to the vaccinated people on the

with

given in the equation (19).

control reproduction number. Those parameters are the relative infectiousness of the pre-symptomatic, asymptomatic,
symptomatic, and confirmed vaccinated 68,,, 6,,, 6y,, 6., as well the infection probabilities, b,, and b,,. Below is the
sensitivity index of R, with respect to the relative infectiousness of the pre-symptomatic, asymptomatic, symptomatic and
confirmed vaccinated 6,,, 8,,, 6;,, 6., respectively.
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o The sensitivity of R, with respect to the relative infectiousness 6, is given by:

OR, OR., OR., OR.,

)
= 23
8917»' (9917\1 * aepv * aepv ( )
where,
IR, _o.
96y,
IR,  byv(1—yn)
891,‘, 2a6a7(V+ U+ CO) ’
IR, N IR, IR, v
3RC3 _ 8qu n ( 99;,, - ﬁ) (Rq —R, +Rc1v) +2 aepl‘,
o 4m R,
aepv aepv \/(Rcl 7RC2+RCIV)2+%+4RC|V
with,
aRClv _ Aebyu V(1 — Y1) (a2 +a6) (U + O)
906, aaraga; '
o The sensitivity of R, with respect to the relative infectiousness 6,, is given by:
OR. _ORe IR IR, o
06, 36, 096, 96,
where,
IR, —o.
26,
IR, _ Opbyv(1—yn)(1—p2).
86% 2a6a7ag(v + U+ (1)) ’
IR,  ORc JRc,,
aRC3 aRclv ( 89,1, - ﬁ) (RCI —R., +Rc‘lv) +2 aeal‘,
96, 96, Gk, 7
w a \/(R01 —Re, + R, )* + mz(1 4R,
with,
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IRe;, _ CeOpby v (1—y)) (1 + ) (a3 (1 —p2) (a2 +as) +asar (1—p1)) (L +V + o)
a6, a1a2a3a6a7asg .

o The sensitivity of R. with respect to the relative infectiousness 6y, is given by:

dR. JR., OR., R,

= - 25
26, 26, a6, T 98, =
where,
OR., _o;
26;,
IR, _ ot0pby V(1 —a),
26, 2asarag(V+u+om)’
IR, IR, IR,
ORe; _ IRey, ( 0, aesf) (Rm —Re, +R61v) +25g,
- 4m R,
89&‘/ 895‘/ \/(RL‘I - RCZ +Rc1‘,)2 + I’il’lI: : + 4RL'|‘,
with,

dR.,, _ a.0pby,V (1 —yo) (L + @) (L +V + @) (as + 0y + 21U +qp1)
(963‘, ajaraedrdg '

o The sensitivity of R, with respect to the relative infectiousness 6., is given by:

OR. OJR.,  OJR., OR.,
6., 06, + 26, 96, (26)

where,

R _,
26,

IR, _ bV (1 —¥0) (as(a9gp2 + Apgap2) — a90pgar (P2 — 1))
0 95‘, 2apagaragag (u +v+ a)) ’
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with;

OR. JR. JR
(,1 ) (.2 _ Cl
8RC3 (9Rclv ( c?(-)c‘,L 30, ) (Rcl R, +RL‘1v> +2 86C‘,V

= +
4mR.
\/(RCI _Rcz +R€1v)2+ mnlqz ! +4R61v

20, 06,

aRclv _ aebvttv(S+ T) (l — ll/z) (l’L —+ (D)(lJ, + v+ (D) .
aecv apalazaszaeardgag ’

S = a3 (ag (asgp2 + 0tpgs2P2) +a9Qpqaz (1 — p2)) (a6 + 0tp +2U +gp1) ;
T = asarag0pgm (1 —p1).

Q. Vb, 0p, (UL + @) (1 — )

E = ;
VR P 2a6a7Rc(,u +vVv+ (1))2
E _ Qevapby, 0, (L+ o) (1—y,)(1—p2)
VR A, — 2 ’
2a6a7agRC(,u + v+ (1))
E o aevanvvp2GSv (.u + CO) (1 - IVZ) .
VRS, — 2 ’
2aeara9R. (L +V+ 0)
0, Vb, 0c, (L + o) (1 — yr) <as (a9gpr + atpgsapa) +aglpqan (1 — Pz))
E = ;
VR Gy 2aga6a7a8a9Rc(u +V+ (D)2
IR, IR,
\4 aRclv 3% (RCI 7R02 +Rc’lv) (RCI 7R02 +Rclv) + zr%l * avl +2 avlv
Eyge; = E v 2 amk,,
\/(Rc‘l —R, +Rclv) + Tmy Jr4R01v
e The elasticity of the control reproduction number with respect to v, is given by:
ERc | Yy = E‘I/uRcl + EWMRCZ +EWMRC3 (27)

where,

£ _ % Vbu (i + @) (M — 6, (a3a4qp1 +a3g51P1 — da0pgar (P1 — 1))
YuRey 2ayazasasR, (age+ V) (L+V+ @) ’

EWNRCZ = 0’
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2
aRcl v (Ré‘l —Re, + Ry, + y%l)

4m R,
ad RC\/(Rcl —Re, +R€1v>2+ - +4Rc,,

my

EV’u Re3 =

e The elasticity of the control reproduction number with respect to y, is given by:

ER(‘ ‘ WV = EWL(Rcl + EWMRCZ +EW\’RL‘3 (28)
where,

EWVRz‘l = 0’

AebyyV? (N — 6, (as (aogp2 + Opgsap2) — agOpqar (P2 — 1)))
2apagaragagR, (u +Vv+ (D)

)

EV’VRCZ =

IR 1y
L aRclv . %W‘ (Rclv *Rc2> (Rcl —Re +Rclv) +2T1;,3,

EII/VR(T3 =
RC &llfv \/(Rcl - Rc2 +Rclv)2 + 4;11”1;61 + 4Rclv

o The elasticity of the control reproduction number with respect to 8, is given by:
ER. | 6p, = Eg, R, + Eop R, T E6p,R.5 29
where,
Eq, r, =0;

s _ by V(1 —yn)
OpRer 2aa7R.(V+ U+ @)’

IR, IRe IR,
“lv Q “lv
v |dR, (ae .79 ) (Re; —Rey +Re;, ) + 2551
E _ 1v Py Pv Pv
OnRs = & +

¢ | 96p,

4m

2 R(?
\/(Rcl _R62+R61v) + nlqz F AR,

o The elasticity of the control reproduction number with respect to 6,, is given by:

Eg, ‘ 04, = Eeachl +E9achz +E9ach3 (30)
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where,

Eeﬂ\fRzrl 0’
p o GarhuV ()1 —pa),
OayRe2 2agarasR.(V+u+w)
v aRclv (%Reizl‘v - gg;f) (RCl —Re +Rclv) -+ Z%RTZV
Eeflchf? = Ri +

L% (R~ R+ Ry 2+ B 4Ry,
o The elasticity of the control reproduction number with respect to 6, is given by:
Er. | 05, = Eoy,r,, + Eo,r, +Eo,R,5
where,
Eq g, = 0;

E _ aeanvaZPZ(l — WZ) .
OsvRez 2agara9R.(V+ U+ @)’

IR 1y IRy
B v aRclv N ( aRéYLL — (31;:5) (Rcl _Rc2 +Rclv> +23R97VL

eszd
Re aes" \/(Rcl —Re +Rclv)2 + 74;’"”115(1 +4Rc1y
o The elasticity of the control reproduction number with respect to 6., is given by:

ER(‘ ‘ OCV = EGCVRL‘I + E9(7VR52 +E6 Rc3

where,
Eevacl = O’
£ _ 0eby V2 (1= y0) (as (asgpr + Opgsap2) — asQpgar (P2 — 1))
OcyRe2 2apasazagagR. (U + v + 0))
IR.1y OR,. OR.1,
v [, (G- 52) (Ra - RatRa) <250
ecch3 =y
R aec" \/(Rcl — R +Rclv)2 + 4m,:,7frl +4R.1y
iporary Math tics

(€L

(32)

3716 | Romain Gleélé Kakai, et al.



e The elasticity of the control reproduction number with respect to b,,, is given by:

ERL‘ | bV” = EbvuRc] +EquRL‘2 +EhvuRc3 (33)

where,

EbvuRcl = 0’

EbvuRcZ = 0’

OR.1, IR,

E v 8Rclv alzrvlu‘ (Rcl - RCZ +Rclv) + Ziab\;lu
bywR:3 ~ 5

Rc abvu \/(Rcl _RC2 +RL‘1V)2 + 4mn11§c1 +4Rclv

e The elasticity of the control reproduction number with respect to b, is given by:

ER(- | bVV = Ebvchl +Ebvch2 +E‘bver} (34)

where,

Ebvval :O’

VO (1 —y2)  OpvPaBy, (1—ys)  tapv6s, (Y2 —1)(p2—1)

R T D agar (U v+ @) | 2agara0(U+V + 0) 2agarag(L+V + ©)
VO (y2 — 1) (as (a9qp2 + pg2p2) +asOtpgar (1 —p2)) |
2apagazagag(L+ v+ @) ’
- glgif (Rcl - Rc2 +Rclv)
Ep rs =

3 :
\/(Rcl 7R02 +Rclv)2 + % +4Rclv

3.3 Sensitivity analysis on incidence and mortality

A sensitivity analysis of a dynamical system can yield much qualitative information about how parameters affect the
model’s compartment dynamics over time. Building upon the results in section 3.2, we specifically examined the effect of
the vaccination rate v, the proportions Y, and y, that were identified to have the greatest impact on COVID-19 dynamics.
It’s intriguing to observe how incidence and mortality rates are affected by variations in these parameters is intriguing.
The model compartments of interest include confirmed unvaccinated, vaccinated cases (incidence) and unvaccinated,
vaccinated deaths (mortality). This technique has been widely used in literature, as evident in several studies [37, 38].

Let X = (Sy, Eu, Ip,, Ia,, Is,, Cu, Dy, Ry, Sy, Ev, Ip,, I, Is,, Cy, Dy, R,) be the vector of the model states variables;
P = (v, yv,, ¥,) be the vector of the parameters of interest, and the differential equations expressions in the model (3)-(4)
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is: F = (S, Ey, Ip,, In,, Is,, Cu, Dy, Ry, Sy, Ey, Ip,, In,, Is,, Cy, Dy, R,). Let’s define the sensitivity of the variable’s
function V = 3%. Below is a differential equation system resulting from the total derivative of the function V:

v _doX _ 9dX _OFJX OF
dt  ditoP OPdr 0XOP OP

JF

JX)V + 55 (35)

with J(X), a 16 x 16 Jacobian matrix of the model given as: J(x) = [J1 Ji2 Ji3 J14] with the matrices J;1, J12, J13 and Ji4

(Appendix B.2).

We can count 16 variables and three parameters, then V is a 16 x 3 matrix, and 0F/dP is a 16 x 3 matrix.

Vit Vo
V=1 Vi ¥»
Vis Va3
as,
Vil =5
oD, .
Vi = S0t
dlg,
Vizi = 57
al
Vay = HVIZ;
_dSy.
V92 = 3‘[’; ,

D, .
Visa = Gy

_ 9.

V53 = Gy

__dlp, .

Viz = 5y
R : JF .
egarding, 95, we have:
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dl
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Visi = 5%
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s, Subuu (Cubl, +y,, (193;, +1p, Op, +s,, 65, ) Subyu (Cy 6, +1a,, z, +1p, 6p, +s,, 65,
B, - Subuu (Cube, +a,, (19(;,” Hp, Opu 15, 050)  Subvu(Cy 6o, +a, z/a,‘, +1p, Op, s, 65, )
—Ip, 0 0
—Iy, 0 0
0 0 0
0 0 0
0 0 0
IF —R, 0 0
JP s, Sybuy (Cub, +y,, (195;, +1p, Op, +s,, 65, ) Subyy (Cy Oc, +14, %}, +1p, 0, s, 65, )
E, - Svbuy (Cube, +Ha, %,“ HpOputls,O5)  Sybw (Cy 6y +a, ;a’v +Ip, Op, s, 65, )
Ip, 0 0
Iy, 0 0
0 0 0
0 0 0
0 0 0
R, 0 0

with N' = C, +C, + Dy + Dy + Ey + E,+ I, +1n, +Ip, +Ip, +Is, +Is, + Ry + Ry + S, + S,

3.4 Applications
3.4.1 Model calibration

In the study, we consider ten African countries, namely: Namibia, South Africa, Rwanda, Lybia, DRC, Nigeria, and
Algeria, which were representative of the five (05) regions in Africa. We performed the model calibration to estimate some
parameters varying per country. The data for the fitting were obtained from Our World in Data COVID-19 Data respiratory
(https://github.com/owid/covid- 19-data/tree/master/public/data). This dataset comprises cumulative confirmed COVID-
19 cases corresponding to the third wave of the pandemic. The study period differs from country to country, starting from
the first day of vaccination to the end of the third wave of the pandemic in each respective country. A summary of the
countries with their corresponding study periods is presented in Table 5. To obtain the most accurate, country-specific
parameter values and initial conditions, we employed the nonlinear least square technique with the integrated function
fiminsearchbnd in Matlab (R2021a). We solved, on each training and testing data set, the following optimization problem:

min f(p) (36)
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where f(p) = \/ % Y71 (Vdata — 9prea)? and 1 is the set of parameters to estimate. This optimization problem seeks to
minimize the Root mean square error between the model-predicted cumulative cases over time and the observed data
for each country. In the process of solving the differential equations, we used the following initial conditions: E,(0) =
Ip,(0) =14,(0) = I5,(0) = C,(0) = R,(0) = D,(0) = 0. This is because we assumed that the first day of vaccination is
a short time to consider vaccinated people going from the susceptible stage to the infected stage. We also assumed the
number of susceptible vaccinated individuals S, (0), being the total number of people vaccinated recipients on the first
day of vaccination. This number is specific to each country. The non-varying fixed parameters used in the model fitting
process were obtained from the literature, as presented in Table 4.

The remaining country-specific varying parameters, such as recruitment rate, vaccination rate, natural death rate, and
force of infection, were computed for the same countries of reference as well as the period of study. The values of the
estimated and computed parameters varying per country, as well as the values of the initial conditions, are presented in
Table 6.

3.4.1.1 Recruitment rate

The recruitment rate A considers the birth rate and the net annual immigration. It can be computed using Tovissodé
et al. approach [39]. With the average population size during the vaccination period N, the annual birth rate during the
vaccination period b, the net annual immigration Al during the vaccination period, the vaccination period in days for each
country L, the recruitment rate A can be computed as :

(37

where Al is obtained by subtracting the total number of people emigrating from the total number of people immigrating to
the country during the vaccination period L. This net quantity is negative if the number of people emigrating is greater than
the number of people immigrating, and positive otherwise. The data for the net annual immigration rate for each country
was obtained from Worldometer (https://www.worldometers.info/world-population/population-by-country). The annual
birth rate was obtained on the latest World Bank data (https://data.worldbank.org/indicator/SP.DYN.CBRT.IN) computed
per 1,000 people.

3.4.1.2 Vaccination rate

This parameter is computed using the following formula where L is the vaccination time period for each country in
days, and p is the proportion of individuals vaccinated with at least one dose of COVID-19 vaccine within that period. Data
on the daily vaccination (number of individuals vaccinated with at least one dose) for each selected country was obtained
from COVID-19 Data respiratory by Our World in Data (https://github.com/owid/covid-19-data/tree/master/public/data).

V= (38)

P
L

3.4.1.3 Natural death rate

Following Sileshi et al. [40], the natural death rate of individuals per day is calculated as the reciprocal of the life
expectancy e at the end date (last day of the third wave of the pandemic). It’s given by:

1
~ ex365

It (39)
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Figure 2. Model fitting plots using the cumulative confirmed COVID-19 cases in the ten African countries
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As illustrated in Figure 2, the model fitting results exhibit close concordance between the cumulative confirmed cases
data (green points) and model-predicted cumulative case (blue curve) across the ten examined countries.

3.4.2 Effect of the vaccination rate, control measures and the transmission parameters on the dynamics of COVID-19
Africa

This section aims to explore how different parameters of interest affect the control reproduction number R, and the
potential for controlling and eliminating the disease in Africa. For this purpose, we computed the numerical values of
the sensitivity and elasticity index using the values of the parameters estimated from the model fitting. The findings
from both analyses provide a tool for identifying the key critical model parameters related to vaccination. In line with
the sensitivity analysis presented in Table 3, we observed that the parameters have the same index sign across all ten
countries. The index linked to the vaccination rate v and the percentage of unvaccinated and vaccinated people following
the control measures (y, and Y, respectively) have a negative sign, while the parameters related to the virus transmission,
such as the infection probabilities (byy, by, byy) and the relative infectiousness (8,,, 6q,, 65, and 6.,) have a positive
sign. This demonstrates that vaccination rate and control measures for the vaccinated and the unvaccinated individuals
have a negative effect on the control reproduction number and consequently reduce the number of people infected by
the virus. However, the control reproduction number also increases when the infection probabilities increase. In other
words, in a situation of high parameter values, a single infected vaccinated or unvaccinated individual will be able to
infect more people. A similar interpretation applies to the pre-asymptomatic, asymptomatic, symptomatic, and confirmed
vaccinated relative infectiousness. Moreover, we found that the control reproduction number is much more sensitive to
the vaccination rate v and the proportion y,, of unvaccinated people following the control measures compared to other
parameters in every country. This is due to the highest index values corresponding to those two parameters. The sensitivity
indices of vaccination rate and control measures are negatives, indicating that all the composites of the gradients in (21)
and (22) are negatives. This implies that an increase in the parameters will further decrease the control reproduction
number.

Table 3. Sensitivity analysis of the Reproduction number link to the vaccination rate v, the percentage of unvaccinated and vaccinated people following
the control measures Y, and y, respectively, the infection probabilities b,,, by, and the relative infectiousness 6,,, 8,,, 6;, and 6,

) Parameters
Countries

v Yy ' byy by epv gav 0,

Namibia -279.4815  -3.0511  -0.0021 0.0002  0.1908  0.0015 0.0012  0.0003 0.0001

South Africa  -198.0194  -2.5715  -0.0717  0.0056  0.0572  0.0392  0.0380  0.0012 0.0031

Rwanda -144.5932  -2.2762  -0.1385 0.0306  0.2847  0.1017  0.0934  0.0020 0.0234
Lybia -241.9733  -2.5289  -0.0362  0.0030  0.1351  0.0354  0.0323 0.0009 0.0079
DRC -355.8808  -3.2228  -2.5¢-04 2.6e-06 0.0198  3.8¢-04 3.5e-04 1.9e-05  8.80e-05

Nigeria -112.7085  -2.8234  -0.1406  0.0172  0.2401  0.0945 0.0970  0.0008 0.0111
Benin -417.6732  -3.9468  -0.0145 0.0001  0.0124  0.0208 0.0198  0.0001 0.0046

Algeria -209.2109  -2.7971  -0.1207  0.0122  0.1643  0.1099  0.1170  0.0003 0.0126
Gabon -402.4471  -3.5067  -0.0099  4.8¢-04 0.0688  0.0102  0.0100  3.7e-05 0.0022
Kenya -298.5017  -2.3849  -0.0339  0.0034  0.0684  0.0439  0.0465  0.0008 0.0085

From a quantitative stand, when all other parameters are held constant, increasing the vaccination rate by 0.01 will
decrease the control reproduction number by 2.79 (0.01 x 279.4815), 1.98, 1.44, 2.41, 3.55, 1.12, 4.17, 2.09, 4.02 and
2.98 in Namibia, South Africa, Rwanda, Lybia, DRC, Nigeria, Benin, Algeria, Gabon, and Kenya respectively. Similarly,
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increasing Y, by 0.01 will lower the reproduction number by 0.030 (0.01 x 279.4815), 0.025, 0.022, 0.025, 0.032, 0.028,
0.039, 0.027, 0.035 and 0.023 respectively in the same countries.

Interpreting sensitivities can be challenging because parameters are measured in different units. Infection probabilities
and proportions Y, and y,, are probabilities and can only take values between 0 and 1, while vaccination rate and relative
infectiousness are not subject to such restrictions. Therefore, comparing their sensitivity index may be difficult. This
is where elasticity comes into play. The elasticity analysis performed in Figure 3 presents the results of the elasticity
analysis, which estimates the effect of a proportional change in parameters on the transmission dynamics of COVID-19.
A comprehensive analysis of the results presented in Figure 3 revealed that the parameter y, has the most significant
impact on the R, in all ten African countries, with values ranging from -0.8174 to -0.1741. When the proportion of people
unvaccinated adhering to the control measures decreases by 10%, the control reproduction number increases by 8.174%
in Namibia, 7.980% in South Africa, 6.195% in Rwanda, 5.2% in Lybia, 6.66% in DRC, 7.66% in Nigeria, 4.23% in
Benin, 5.12% in Algeria, 4.27% in Gabon and 1.74% in Kenya. A larger unvaccinated population following the control
measures causes more infected cases. Thus, isolating that population and constraining them to wash their hands, follow
social distancing, or wear a mask is one of the most effective measures to reduce the virus transmission, particularly in
Namibia, where the elasticity index is the highest.

The findings from Figure 3 further reveal that vaccination rate is the second most influential parameter on the control
reproduction number in the studied countries. When the vaccination rate increases by 10%, the control reproduction
number decreases by 1.217% in Namibia, 1.640% in South Africa, 1.230% in Rwanda, 0.92% in Lybia, 0.251% in DRC,
0.424% in Nigeria, 0.127% in Benin, 0.973 % in Algeria, 1.226% in Gabon and 1.74% in Kenya. An effective way
to slow down the outbreak will be controlling the vaccination rate of the susceptible, exposed, pre-asymptomatic, and
asymptomatic individuals. A mass vaccination campaign targeting individuals in these classes could play an important
role in controlling the outbreak.

In contrast, results in Figure 3 show that the proportion of vaccinated people, ¥, has a lesser effect on the control
reproduction number than the proportion of unvaccinated people. A 10% decrease in y, results in a minimal increase
of 1.217% in R, in Namibia, 1.640% in South Africa, 1.230% in Rwanda, 0.92% in Libya, 0.251% in DRC, 0.424%
in Nigeria, 0.127% in Benin, 0.973% in Algeria, 1.226% in Gabon, and 1.74% in Kenya. Even though decreasing this
parameter does have a negative effect, it is not as severe as that of the proportion of the unvaccinated. This means that
even if few vaccinated people adhere to control measures, it won’t increase transmission as much as when unvaccinated
people do not follow control measures. Therefore, a vaccination campaign plays a crucial role in reducing the risk of
disease transmission by unvaccinated individuals who don’t follow control measures. Additionally, from this comparison,
improving the control measures on the unvaccinated more than the vaccinated is of utmost importance to control and
prevent further outbreaks of the pandemic.

Compared to the previous parameters, it can be observed that the control reproduction number increases as the
remaining parameters increase, and the effect is less sensitive. A 10% increase in the probability by, results in a 1.160e-
04% increase in control reproductions in Namibia, 3.73e-03% in South Africa, 0.039% in Rwanda, 1.7864e-03% in Lybia,
8.43e-07% in DRC, 6.44e-03% in Nigeria, 7.02e-05% in Benin, 3.59¢-03 % in Algeria, 1.97e-04% in Gabon, and 1.53e-
03% in Kenya while a 10% increase in the probability b,, generate an increase of 8.1704e-03% in Namibia, 0.123% in
South Africa, 0.546% in Rwanda, 0.137% in Lybia, 8.0965¢-04% in DRC, 0.566% in Nigeria, 0.085% in Benin, 0.377%
in Algeria, 0.020% in Gabon, and 0.072% in Kenya. These results show that vaccinated individuals are more likely to
infect unvaccinated individuals than themselves, suggesting that vaccination reduces the chances of getting infected with
the disease in the overall population.
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Regarding the remaining parameters, that is, the relative infectiousness 6, , 6,,, 6;, and 6., of the vaccinated, the
elasticity index demonstrates negligible significance when compared to the previous parameters. The findings have shown
that a 10% increase in these parameters does not substantially increase the control reproduction number across countries.
This indicates that pre-symptomatic, asymptomatic, symptomatic, and confirmed vaccinated individuals can infect less,
especially the confirmed and the symptomatic communities, whose elasticity values vary from 9.72e-06 to 0.0067 and
3.03e-06 to 6.36e-04, respectively, among the countries, thus their role in disease transmission is not essential. The results
align with the results of the initial sensitivity analysis conducted.

3.4.3 Effect of vaccination rate and control measures on the incidences and mortality in Africa

We conducted sensitivity simulations by numerically solving the differential system equation in (35) using ODE45
in Matlab with the initial values Vy = 016x3 (16 X 3 zeroes matrix). Tables 4 and 6 present the parameter values for
the simulation. Since our main focus was the incidences and mortality, we plotted the matrix elements [V61 + V141];
[V62 + V142]; [V63 + V143], respectively related to the vaccination rate v, the proportions y,,, and y,,. These elements
correspond to both the vaccinated and unvaccinated confirmed case compartments. Additionally, we plotted the elements
[V71 +V151] (v), [V72+V152] (v,) and [V73 + V153] (y,) for the deaths cases. The results are presented per country
in Figure 4 for the incidences and Figure 5 for the mortality. At any given time, we can observe the effect of each
parameter’s changes on each variable. The positivity of the sensitivity values indicates that an increase in the parameter
leads to a higher value of the variable. Conversely, a negative sensitivity value indicates a negative relationship between
the parameter and the variable. A value zero of the sensitivity means that changes in the parameter’s value do not affect
the variable. Globally, the plots show that the sensitivity values start from zero and decrease over time for each of the three
parameters, whether for incidences or mortality. This is the case in all countries. It means that the parameters v, y,,, and
v, affect the incidences and mortality negatively. Consequently, there are more susceptible, exposed, pre-symptomatic,
or recovered people vaccinated, and significantly fewer incidences and dead people of COVID-19 in Africa. Similarly,
with a higher proportion of adherence to the control measures, the number of confirmed cases and deaths was reduced.
Furthermore, of the three parameters, the one that has the most influence on changing incidences and mortality is the
vaccination rate. These results confirm that vaccination associated with high adherence to control measures reduces the
incidence and mortality of COVID-19 in Africa.

. Namibia ; South Africa
, 05710 L o
g —v| &
5 0 —v) 5 -0.5
2 v, =
2 -0.5 g
) El o -1
= =
-1 T 15
= s 2
225 2]
2 (a) 2 (b)
v 3L 1 B 0s -
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160 180 200
Time (in Days) Time (in Days)

Volume 5 Issue 3|2024| 3725 Contemporary Mathematics



Rwanda

—y
1 — Vu
Vs

|

J
'
[\S}

Sensitivity of the incidences

0 20 40 60 80 100

Time (in Days)

Democratic Republic of Congo

L

120

—
— Y
78

=i|

Sensitivity of the incidences
.
(98

50

40 60 80 100 120 140 160

Time (in Days)

Benin

L

.|

180 200

J
'

o4

(=}

Sensitivity of the incidences

10 15 20 25

Time (in Weeks)

Gabon

30

J
'
[\S}

Sensitivity of the incidences

30 40 50 60 70 80 90

Time (in Days)

100

Sensitivity of the incidences Sensitivity of the incidences Sensitivity of the incidences

Sensitivity of the incidences

Lybia

210
O [
-1
2
31
4t
(@)
51
0 20 40 60 8 100 120 140 160 180 200
Time (in Days)
Nigeria
5
1710 :
—y
0 — Yl
i Yy
2t J
-3
-4
®
S5 |
0 50 100 150
Time (in Days)
Algeria
5
1 x10
—
— Y
03 v,
0"
-0.5
o1 4
()
0 10 20 30 40 50 60 70 80 90 100
Time (in Days)
Kenya
4
5 %10
r e
[ — V|
0 Y
-1
2 -
=3 |
4. 7
@
51
0 10 20 30 40 50 60 70 80 90 100
Time (in Days)
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Figure 5. Time-dependent sensitivity analysis of the mortality with respect to the vaccination rate v, the proportion of unvaccinated people and
vaccinated people following the control measures y, and y,. Panels (a-j) are, respectively, for the cases of Namibia, South Africa, Rwanda, Lybia,
the Democratic Republic of Congo, Nigeria, Benin, Algeria, Gabon, and Kenya

4. Discussion

A big challenge in epidemiology is understanding how infectious diseases spread. This is usually investigated
through modeling [41, 42]. Using models, public health decision-makers can make the most efficient use of resources
and reduce epidemic severity [43]. The following paper proposes a compartmental model of the COVID-19 outbreak
constituted of susceptible, exposed, pre-symptomatically infectious, asymptomatically infectious, symptomatically
infectious, confirmed cases, death cases, and recovered populations. We analyzed the mathematical model analytically
and observed that model solutions remained positive and bounded. Additionally, using the Castillo Chevez method, we
have demonstrated that the disease-free equilibrium is globally stable when the control reproduction number R, is less
than one unit. The model was calibrated using COVID-19 cumulative case data for each country for the third wave of
the COVID-19 pandemic. We then derived the sensitivity and elasticity expressions to assess the effect of the vaccination
rate, the control measures, the infection probabilities, and the relative infectiousness on the control reproduction number.

According to the results, vaccination rates and unvaccinated people’s compliance with control measures significantly
impacted the control reproduction number. Similarly, combining control strategies with a high percentage of vaccinated
people will effectively slow the COVID-19 virus spreading in Africa. Based on the parameters with the highest effect on
the COVID-19 transmission dynamics, we examined the numerical sensitivity analysis of the incidences and mortality.
The results were presented regarding the temporal dynamics sensitivity of the confirmed and death cases, illustrating that
the vaccination rate significantly reduces the number of confirmed and death cases as established in the study [44]. The
results also highlight that the parameter representing the control measures for the unvaccinated diminishes the confirmed
cases and fatalities as time progresses. Consequently, when vaccination rates and the proportion of unvaccinated people
wearing masks, washing hands, and following social distancing are low, containing the virus spread can not be effective.
To summarize, maintaining a high vaccination rate and control measures for unvaccinated people are essential to eliminate
the COVID-19 virus.

We incorporated heterogeneity of transmission in the model by dividing the population into two groups: those who
are vaccinated and those who are not. This might not be sufficient to capture the actual dynamics of the transmission of
COVID-19 in the population and could be addressed with other modeling approaches, such as agent-based modeling [45].
Such models, however, introduce many open parameters that need to be estimated using data from different sources (e.g.,
localization data) that may not have been available during the epidemic, particularly in Africa. In light of this, we opted
for a compartmental model that was less complex but with extensions increasing the accuracy of the model by adding
compartments and parameters that could be calculated using the available data. Also, we assume that individuals who
show severe symptoms and those from confirmed cases cannot be vaccinated, as considered in this study [46].

Our model provides estimates of control reproduction numbers (R.) for ten African nations that account for
vaccination effects including Namibia (R, = 1.713), South Africa (R, = 1.500), Nigeria (R, = 1.599), Libya (R, = 1.432),
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DR Congo (R, = 1.682), Rwanda (R, = 1.806), Algeria (R, = 1.902), Kenya (R, = 1.911), Benin (R, = 2.79) and Gabon
(R; = 2.37). South Africa and Algeria exhibit the largest relative drops from an Ry of 3.1 and 3.6 to a R, of 1.50 and
1.90, respectively, representing over a 50% reduction. In assessing our modeling approach’s efficiency, comparative
analyses revealed close concordance between our R, estimations and those from prior modeling studies utilizing different
techniques utilizing techniques such as individual-based stochastic simulations [47].

Also, as an example, the early endemic South-Africa-based model results by Rabiu Musa and Iyaniwura Sarafa [48]
that considers the waning of both vaccine-induced immunity and post-recovery immunity estimated R, up to 1.23 while
maintaining a vaccine waning rate of 0.5. This value is close to what our model estimated. The precise approximation
of the R, for each nation demonstrates our model’s efficiency in capturing heterogeneous transmission patterns. For
instance, our model reliably predicted Rwanda’s lower R, of 1.806, aligning with evidence of effective control policies
from past research [49]. Whereas higher R, valuations for Algeria (1.902) and Kenya (1.911) accurately reflected relaxed
restrictions and elevated disease spread. By generating country-specific R, estimates closely mirroring those derived
via different modeling techniques, our approach displayed its ability to reliably simulate region-particular transmission
dynamics.

Despite the size of the model, which has sixteen state variables and forty parameters, we fail to consider every factor
to represent the dynamics of COVID-19 in the face of vaccination. We assume that both asymptomatic and symptomatic
infectious cases move into the confirmed class, although this may not be true in all countries. For example, this study
from South Africa [50] didn’t include a route for asymptomatic individuals to move into the confirmed class. Also, we did
not include multiple doses that an individual may have received regarding the fact that most of the COVID-19 vaccines
available today need more than one dose to provide adequate protection. Instead, we stated that the vaccinated populations
had been vaccinated at least once.

A possible future approach is expanding the model to include precise infection or immune decline cycles. There will
be sixteen compartments of our current model in each cycle. Individuals who lose their natural immunity and vaccine
immunity will move to the susceptible unvaccinated compartment of the next cycle instead of the susceptible unvaccinated
compartment of their current cycle, as in our current model. One advantageous aspect of formulating the model in such a
structure is that the number of individuals infected during each infection cycle can be easily tracked. In addition, at this
time, variants of the SARS-COV-2 virus had emerged in many African countries. Defining different cycles of infection
can be interpreted as susceptibility to other variants of COVID-19.

Another limitation in our model pertains to the assumption of a homogeneous mixed population. In fact, contact rates
and mixing patterns may exhibit variations among individuals based on age and activity level. Stratifying the population
by age is also an interesting approach to investigate since young people are not allowed to get vaccinated. Despite
these aforementioned limitations, the employed modeling approach has provided valuable insights into understanding
the dynamics of COVID-19 in the face of vaccination, as well as some plausible recommendations on crucial factors to
consider in curtailing the COVID-19 virus.

5. Conclusion and perspectives

The COVID-19 pandemic has emerged as an immensely destructive disease that has profoundly impacted global
populations, and Africa has not been excluded. Businesses closed, schools closed, travel restrictions in place, and
regulations on the limitation of social interaction, among other containment measures. In this research study, we have
developed an expanded SEIR mathematical model to incorporate the vaccination program in the context of Africa. We
performed extensive analytical analyses by checking the positiveness and boundedness of the model solutions. The global
stability analysis for the disease-free equilibrium performed using the Castillo-Chavez method revealed that the model is
globally stable when the control reproduction number is less than 1. Furthermore, both control and basic reproduction
numbers have been derived. We fitted the model using cumulative case data resulting from the third wave of the pandemic.
The study also encompassed numerical sensitivity and elasticity analyses to identify the influential parameters that should
be targeted to reduce the control reproduction number, as well as incidences and mortality rates. Interestingly, it was
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observed that the transmission rate from vaccinated individuals exhibited a minor effect on the control reproduction
number. However, the vaccination rate and the proportion of unvaccinated individuals adhering to control measures
were found to have a substantial influence. Simulation results revealed that the vaccination rate and the percentage
of unvaccinated individuals following control measures were highly effective in reducing the number of COVID-19
confirmed cases and fatalities. To effectively mitigate the transmission dynamics of the pandemic and curb the incidence
and mortality rates in Africa, it is imperative to achieve higher vaccination rates among pre-symptomatic, exposed, or
recovered individuals. Furthermore, a crucial aspect is to ensure a greater proportion of unvaccinated individuals adhering
to control measures compared to vaccinated individuals. It is worth noting that the pandemic continues to spread across
the continent, underscoring the significance of the findings from this study as valuable inputs for policymaking by African
governments. As long as the pandemic persists, it is of utmost importance to implement compulsory mass vaccination
campaigns and enforce personal protective measures to effectively mitigate the devastating effects of the COVID-19
pandemic and safeguard the well-being of African nations. We are investigating possibilities to optimize the model
to fit the COVID-19 evolution in Africa with more accurate methods. Future projects in this field may explore the
integration of behavioral modeling to understand how pandemic dynamics respond to public behavior changes combined
with vaccination campaigns.
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Appendix
A.1 Tables of fixed model parameters; countries names per region and varying per countries
parameters

Table 4. Value of the fixed model parameters

Parameter Value References
dy 1/180 [51]
dy 1/180 [52]
[0} 1/180 [53]
o, 1/5.5 [54]
o 1/3.2 [12]
pi 0.6 [29]
P2 0.1 [55]
Ya; (Ya) 1/5 (1/2.7) [51]
Yoy (¥sr) 1/10 (1/8) [51]

Yo () V11(1/10) [51]

Table 5. Countries selected per region with their vaccination start date

Region Selected Countries Vaccination Start date
Central Democratic Republic of Congo (DRC) 2021-05-25
entra Gabon 2021-03-31
East Rwanda 2021-03-05
astern Lybia 2021-04-21
Kenya 2021-02-19
Northern Algeria 2021-01-30
South Namibia 2021-03-25
outhern South Africa (South A.) 2021-02-18
West Benin 2021-05-12
estern Nigeria 2021-03-15
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Table 6. Value of the estimated varying parameters per country, the computed ones and initial conditions

Countries

Parameters

Namibia South A. Rwanda Libya DRC Nigeria  Benin Algeria  Gabon  Kenya
buu 0.6694  0.7413  0.5268  0.3456  0.5925  0.6308  0.8862 0.7990  0.6977  0.6392
buy 0.4698  0.4048 03296  0.1877 02562  0.4683  0.3658 0.4440  0.1996  0.6995
by 0.4994  0.6343 03447  0.6354 02997  0.5005  0.8170 0.5470  0.1000  0.4969
byy 0.0992  0.0990  0.1871  0.0806  0.0133  0.0880  0.0249 0.0562  0.0618  0.0408
6p, 0.9499 09426  0.4965 09735 09999  1.le-04 0.2065 0.9583  0.4965  0.4616
6a, 0.2462 03275 03610 0.5431 04269  0.1072  0.9893 03630  0.5901  0.2427
0, 1.1e-04  0.1175  0.4358  0.5100  0.0033  0.5197 0.2914 0.2222 04671  0.3168
6., 5.8¢-06 02812 04106 0.8762  0.1070  0.7108  0.7057 0.1791 02670  0.0821
0y, 0.6898  0.6939  0.4820 04907 02284  0.1718  0.7775 0.2346  0.1016  0.4551
0., 0.2790  0.5936  0.4979 04720 0.0172 02692  0.5197 0.4848  0.2940  0.2532
0, 0.1641  0.0050 03727  0.5913 04898  0.0556  0.9498 0.6214  0.1993  0.3950
0., 0.6778 02163  0.0373 03785  0.4097  0.0327  0.8935 0.7306  0.1944  0.0043
ap 0.0022  0.0049  0.0001  0.0048  7.3e-04 53e-06 1.0e-04 0.0016  4.9¢-04  1.9e-04
ap, 6.0e-04  0.0013  9.8e-05 0.0013  2.8e-04 0.0011  9.0e-05 8.0e-05  1.4e-04  5.6e-05
qa, 0.0049  0.0049  0.0025  0.0035  9.5e-04 1.4e-04 1.4e-04 2.5e-04  4.9e-04  0.0028
Gar 0.0039  0.0025  0.0018  0.0025  9.7e-04  0.0031  9.3e-05 2.9¢-05 1.0e-04  0.0019
qs, 0.0086  0.0083  1.7e-04 0.0086  8.5e-06  1.0e-04  4.0e-04 0.0013  7.4e-04  0.0019
qs, 0.0029  0.0035  9.1e-04 0.0043  8.3e-06 0.0048  4.1e-04 0.0034  3.4e-04 0.0019
S, 2.9¢-04 0.1970  2.2e-05 0.0019  2.6e-04 2.8e-04 9.8¢-04 2.4e-04  2.9e-04  2.9e-04
0, 1.9¢e-04  0.0958  1.9e-04 9.9e-04  6.0e-07 0.0085  2.8e-04 1.6e-04  1.8e-04 1.1e-04
&, 3.9¢-04 0.1995  2.0e-04 0.0019  2.9e-04 0.0093  2.9¢-04 5.1e-04  1.9¢-04  1.3e-04
O, 1.9¢e-05  0.0227  1.9e-04 9.9e-04 1.8e-05 0.0073  9.9e-05 2.1e-05  9.9e-05  5.5e-05
u 4.221e-05 4.219¢-05 3.911e-05 3.731e-05 4.445¢-05 4.911e-05 0.0003e-05 3.533e-05 4.085e-05 4.061e-05
v 0.00056  0.00101  0.00125 0.00107 0.00001 0.00015 0.000133 0.00085 0.00075  0.00045
A 264.94  4999.12 14247 43356  17591.2 39787.8 2591.9 6227.6  413.61 10285.0
/A 0.30 0.45 0.45 0.35 0.30 0.45 0.30 0.35 0.30 0.15
78 0.25 0.45 0.25 0.25 0.25 0.25 0.30 0.25 0.30 0.18

Initial conditions

S,(0)(x10%) 166.34  4487.12 133527 41945 714.87  4994.65 589.74 958.35 187.55  432.98
E,(0) 1500.00 4763.61 3191.59 10043.62 69889.75 76207.26 506.92 93208.19 500.37  77571.99
Ip,(0) 700.15 5499.92  1120.60 7097.94 1002.16 39377.52 150.36 434426 50.099  44589.27
I4,(0) 706.06 1322.84 1011.78 5144.0  541.19 12989.71 151.03 530.67  70.85 34186.64
I, (0) 700.00  265.16  741.58  2500.26 784.58  571.77  228.45 581.77  314.67 13641.08
R,(0) 144.62 45528  251.03 1159.89 249.44 24944  99.95 100.51 130.30  962.79

Reproduction numbers
R, 2.569 3.131 2.817 2.586 2.407 3.157 4.04 3.640 3.74 2.438
R, 1.713 1.500 1.806 1.432 1.682 1.599 2.79 1.902 2.37 1.91
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A.2 Analytical expressions of S,(t) and S,(t)

——+—+02—023
2043 2043 043 o43 043 043

5.(1) =S4 (0) (0306(a)—u+c43) | 0105 (u— a)+o43)> _5,(0) (v03c76 B vc405> Ac, Aoy

Awo K>d, o360 K>d, 0360 Kdyo340 Kidyo340 Kidyo360 Kidy 0360
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01 = 041040¢~ V'039 — 1;

—HU—0—2V+0y3
H—— ).
04 =¢ ( 2 >,

2K duvoyge”"" 039034031 .
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037043
o1 — Kidvvooue V03903403 .
10 o ;
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25 o
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ut
O4 =€ 2
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A.3 Analytical expressions of matrices Jyy, J12, J13 and Jy4
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0 0 opP1 0
0 0 qp1 9al
0 0 0 0
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