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1. Introduction

In recent years, a new concept in sequences of integer of Balancing numbers was first introduced in the year 1999
by Behera and Panda [1] as solutions of the equation

1424 .. +(n—-1)=n+1)+(n+2)+...+(n+r) (1)

They call n € Z" a balancing number and r, the balancer corresponding to n. For example: the corresponding of the
balancing numbers are 6, 35 and 204 with 2, 14 and 84, respectively.
In [1], Behera and Panda obtained the recurrence relation

Bn+1 =6B,—B, | (2)

and then developed in [1-7] the Binet formula by solving this recurrence relation as a second order linear homogeneous
difference equation. Also, they studied the generating functions and some interesting results.
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By slightly modifying equation (1), Panda and Ray [3, 4, 8] introduced n € Z™ a cobalancing number if

142+..+n=m+1)+On+2)+...+(n+r)

for some r € Z™. r is called cobalancer corresponding to the cobalancing number n. The first three cobalancing numbers
are 2, 14 and 84 with cobalancers 1, 6 and 35, respectively. They developed the recurrence relation

errl =6b,—b,_1+2 (3)

for cobalancing numbers. Using this recurrence relation, they obtained the generating function for cobalancing numbers
and proved some interesting results between balancing and cobalancing numbers.
The family of quaternion arithmetic plays an important role in mathematics such as algebraic systems, skew field or
non commutative division algebras and matrices in commutative rings. We can find studying areas in mathematics in [9].
The real quaternions were first introduced by Irish Mathematician William Rowan Hamilton in 1843 [10]. Hamilton
defined the set of real quaternions which can be represented as

H={q=qoeo+qie1+qer+qzes g €R, i=0, 1, 2, 3}

as the four-dimensional vector space over R having a basis {e, e1, 2, €3} where

e%ze%ze%:—l

ejey = —epe] = e3, €203 = —e3€2 =¢0€], €36] = —€1€3 =€

Note that the set of real quaternions form an associative but non commutative algebra.
The quaternion ¢ is a hyper-complex number and can be written as

3
q=qoeco+qier+qrer+qses =) qie; € H.
i=0

. . — —
Also, g is shown in two parts as g = S, + V, where S; = qoep and V; = q1e1 + g2e2 + g3e3. Here, the first part

Sy is called the scalar part and the second part V, is called the vector part of the quaternion ¢. If two quaternions as
3 3
— — . .
q=3S8,+Vy = qoeo+ Z gie; and p = S, +V, = poeo + ) pie; then the addition and subtraction of them are
i=1 =1

=

gEp=1(q0Epo)eo+(q1 £p1)e1+ (g2 £ p2)ea+ (g3 £ p3)es

w

=) (gitpi)e
i—0
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and the multiplication of ¢ and p is defined by

— T
q'P:Sq'SP+Sq'Vp+7q'Sp_Vq'Vp+VqXVP

= — = —
where V; -V, = q1p1 +qap2 +q3p3 and Vg -V, = (q2p3 — g3p2)er — (q1p3 — q3p1)e2 + (q1p2 — qapi)es.
The conjugate of the quaternion ¢ is defined by g,

_ —
q="S4— V4 =qoe0 —qie1 — q2e2 — g3e3

=4qo0€0 —

3
qiéi

i=1

Also, let g and p be two quaternions, then g = ¢, (gp) = Dq.
The norm of ¢ is defined by N(gq),

3
lgl =N(g)=q-3=q5+ai+a3=Y.4
i=0

If N(q) = 1, the quaternion of ¢ is called a unit quaternion.
The inverse of g is denoted in [11] by g~ ' as

Q
|
=
=
)
S~—"
ES)
L
BN

William Clifford introduced dual numbers in 1873 when dealing with the theory of engines which used a nilpotent
noted €. The dual numbers extend to the real numbers has the form in [12, 13]

d=a+¢€a* with a, a" €R

where ¢ is the dual unit and £> = 0, £ # 0. Their application to the study of kinematics of rigid articulated bodies was
developed by Kotelnikov in [14, 15].
The dual quaternion is shown in the form as

DQ =q+eq”

where ¢ and ¢* are quaternions and € is a dual unit.
Let g and g* be two quaternions such that g = goeg + g1e1 + g2e2 + q3e3 and ¢* = ggeo + gje1 + g3e2 + q3es, then
the dual quaternion DQ can be described as:
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DO =q+eq"

= (qoeo +q1e1 +qre2 +qze3) + €(qpeo +gie1 +qrez +gzes)

= (q0+€q0*)eo + (q1 +€q1+)er + (g2 + €q2+)ex + (g3 + €g3+ )e3

Mw

(qi+&q;)ei.

i=0

Hence, the dual quaternion DQ has eight real parameters. So, DQ can be written as

—
DQ = Spg+Vpgo

. — . —
where Spo is called scalar part as_> Spo = g0 + €95 = Sq+ €Sy and Vi is called vectoral part as Vpo = (q1 + €q1+)er +
(g2 + €g2+)er + (g3 + €q3+ )e3 = V, + €V, respectively.
If two dual quaternions are DQ = g+ €¢* and DP = p + €p*, then the addition and subtraction are defined by the
following:

DQ+DP = (q+p)+e(qg"+p")

and multiplication is given by
DQ-DP=gq-p+e(q-p +q -p)

where g = queln q* _quel) P= szez and p* = Zp,ez

The conjugate of the dual quatemlon DO =q+¢eq* 1s deﬁned as
DQ =q+eq*
= (g0 +€qp)eo — (g1 +€q1)er — (92 + €q3)ex — (g3 + €q3)es
The norm of DQ is written as
|IDQ|| = N(DQ) = DQ-DQ = A% + B* + C* + D?

where A = g0+ €q, B=q1 + €47}, C = ¢2 + €¢5 and D = g3 + £g;. If N(DQ) = 1, the dual quaternion of DQ is called a
unit dual quaternion.
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To explore the vast landscape of quaternion and dual quaternion theory, readers are encouraged to refer to [9, 10, 16],
where a wealth of results and insights on these fascinating mathematical constructs can be found.

Quaternions and dual quaternions have been the subject of numerous studies. Horadam’s pioneering work in [17]
introduced nth Fibonacci and Lucas quaternions in 1963, and later in [ 18] examined the recurrence relations of quaternions
and defined Pell quaternions and generalized Pell quaternions. In [19], many intriguing properties of Fibonacci and
Lucas quaternions were presented. Halici further explored these concepts in [20], providing Binet’s formulas, generating
functions, and various properties. In [21], Halic1 extended the research to complex Fibonacci quaternions, and presented
their generating function and Binet formula. More recently, Torunbalct and Yiice introduced the dual Pell quaternions in
[22], and Torunbalct and Yiice defined generalized dual Pell quaternions in [23]. Patel and Ray’s work in [24] focused on
Balancing and Lucas-Balancing Quaternions. Collectively, these studies have significantly advanced our understanding
of quaternions and their various applications.

This paper delves into the unexplored territory of Dual Balancing and Cobalancing numbers, introducing their
corresponding quaternions. By providing Binet’s formulas, generating functions, and various properties, we present a
comprehensive study of these concepts. Additionally, we showcase matrix representations to offer new insights into the
Dual Balancing and Cobalancing quaternions. The results of this study are poised to make significant contributions to the
field and open up new avenues for research and practical applications.

2. Dual balancing quaternions and dual cobalancing quaternions

Horadam in [17] introduced complex fibonacci numbers as

Cp=Fy+iFp, i#=-1

where F;, is the nth Fibonacci number.
Also Asci and Aydinyuz in [24] defined the nth Balancing and Cobalancing quaternions as follows:

OB, = Bpeg + By 1e1 +Bpyoex + Byyzes 4
Ob, = bpeg+b,1e1 +bpyrer+byi3e3 Q)

where B, and b, are nth Balancing and Cobalancing numbers, respectively.
Clifford introduced dual numbers as

d=a+eéea

where € is the dual unit and €2 =0, € # 0.

Now, with the same logic we can define dual Balancing and dual Cobalancing numbers, dual Balancing Quaternions
and dual Cobalancing quaternions.

Definition 1 The nth dual Balancing and nth dual Copbalancing numbers are defined by
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DB, =B, +€B,+1 (6)
Db, = b, + &b, 1 (7

respectively, where ¢ is the dual unit and €2 = 0, € # 0. Here, B,, is the nth Balancing number and b,, is the nth Cobalancing

number.
Definition 2 The nth dual Balancing quaternion DQB,, and the nth dual Cobalancing quaternion DQb,, are defined,

respectively, as shown

DQBn = QBn + SQBn—H (8)

and

Dan = an + ngn—H (9)

where OB, = B, e + B11€1 + Bp2e2 + By3es is the nth Balancing quaternions and Qb, = byeq + byt 1€ + by0e2 +
bny3e3 is the nth Cobalancing quaternions.
The dual Balancing quaternions and Cobalancing quaternions has four dual elements and can be shown that

DQB,, = OB, +€0By 11
= (Bueo+Byr1e1+By2ex+Byizes3)
+ &(But1€0 + Buioei + Byizes + Byyaes)
= (B, + €Bpy1)eo + (Bnt1 + €Bpin)en
+ (Buy2 +€Byy3)er+ (Buysz +EByya)es
= DB,eo+ DB, 11e1 + DB, 2e2+ DB, 3e3

Now we show the dual Cobalancing quaternions as follows:
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DQb, = Qb+ Qb
= (bpeo+ buri1€1 + butaer +byizes)
+&(bny1€0+byioer +bpizer +byyse3)
= (bn+ €bni1)eo + (bpy1 + €bnia)er
+ (bpi2 +€byyz)er + (buys +€byia)es
= Dbyey+ Dby 111 + Dby 2e5 + Dbyt 3e3.
Also the scalar part of the dual Balancing quaternion is
SpoB, = Bn+ €Bpy1
= DB,
and vectorel part is
VD—QB: = (But1+ €Bnta)er + (Buiz + €Byi3)ea+ (Byis + €Byia)es
= DB, 10+ DB, 12e1 + DB, 13e3.

Let DOB,, and DOM,, be two dual Balancing quaternions such that DOB,, = OB,, + €0B,,+1 and DQOM,, = OM,, +
€0OM,, 1. The addition, subtraction and multiplication of them is shown as

DQB, + DOM, = (OB, + OM,) + €(QBy+1 = OM,.1)
DQBn 'DQMn = QBn . QMn + E(QBn : QMn—H + QBn-H . QMn)

where OB, = Byeo+ Bpt1€1 + Byi2e2 + Byizes, OByt = Byy1€o+ Bni2el + Buyszex + Byyaes, OMy, = Myeo + My 11 +
M, rer + My 3e3 and QM| = My 1e9 + M, 0e1 + My 3e3 + M, 4e4 are Balancing quaternions.
The conjugates of DOB,, is defined by
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DOB,, = OB, + €0B;, 11

= OB, +€0B, 1
= (Bn+€Bny1)eo — (Buy1 + €Byia)e (10)
— (Bny2+ €Byy3)er — (Buyz +€Byys)e3
= SpoB, — VD—QB,,>
and the norm of DQB,, can be shown as
IDQB, || = N(DQB,) = DOB, - DOB, = A> + B> +C*+ D’

where A = B, + €By+1, B=B,+1 + €Byy2,C =Byi2+ €Byy3 and D = B, 3 + €By14. If N(DQOB,)) = 1 then DOB,, is a
unit dual Balancing quaternion.
The inverse of the dual Balancing quaternions DQB,, is given by

pos-! _ DOBx ___DOB,
" Npos, DQB,-DOB,

Proposition 1 For n > 2, we have the following properties:

DOB, +DOB, = 2(B,+€B,1) = 2DB, (11)
DOB? + DOB, -DOB,, = 2DB,, - DOB, (12)
DQB,-DQB, = DB, + DB, +DB; , +DB;_; (13)

Proof. From (8) and (10), we get
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DQBn +DQBn = (QBn + 8QBn—&-l) + (QBn + SQBn+1)

Mw

(Bpti+€Bpiiv1)ei+ (By+€Byii)eo
0

3
— Y (Buyi+€Buiip1)ei
=1

i
=2(By+€Bui1).
Also, from (6), we get
DOB, +DQOB, = 2DB,,.
From (11), we obtain
DQB2 = DQB, - DQB,
=DQB, - (Z(Bn +&Byi1) — DQBn)
=2(B,+€By11) - DOB, — DOB, - DOB,.
We get (12)
DQB..+ DQB, - DQB, = 2(B, + €B,11) - DOB,

=2DB,-DOB,.

From (8) and (10), we get
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DQBn 'DQBn = (QBn + £QBn—&-l) . (QBn + EQBn+1)

3
(Z (Buti+ €Bpyisi )ei>
i=0

3

i=1

X ((Bn + an+l)eO - (Bn+i + an+i+l)ei>

= (B, + £Bn+1)2 + (Bnt1+ EBn+2)2
+ (Bn+2 + an+3)2 + (Bn+3 + an+4>2

~ DB+ DB, + DB, + DB,

Proposition 2 For n > 2, we have the following identities: -
DQb,, +DQb,, = 2(b, + &b, 1) = 2Db,
DQb? + DQb,, - DQb,, = 2Db,, - DQb,,
DQb, -DQb, = Db: +Db2, | +Db>., +Db> 5.

Proof. The proof is made similar to the above. O

Theorem 1 The dual Balancing and dual Cobalancing quaternions have the second order linear recurrence sequence
as forn >0,

DOB,,» = 6DOB,..| —DOB, (14)

DQb,+» =6DQb,1 —DQb, —I—Z(eo +e1+e +e3) . (1 —|—£) (15)

Proof. From (8), we get
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i=0

_<i

and since from the recurrence relation of Balancing numbers [1]

3
6DQBn+1 —DQB,=6 (Z(Bn+l+i + EBn+2+i)ei>

Mw

0

(BnJri +EBpyit1 )ei>

Byi2=6B,11—B,
and from the recurrence of Balancing quaternions [24]
OBz = 608,11 — 0B,.
we obtain (14)
DQB, 1> = 6DQB,.| — DOB,.

Now, we find the recurrence of dual Cobalancing quaternions. From (9), we get

3
6DQbyy1 —DQOb,+2(eg+e1+er+e3)(1+€) =6 (Z(bn+l+i + Ebn+2+i)ei>
i=0

3
- <Z(bn+i +£bn+1+i)ei)

i=0
+2(eg+e1+er+e3)(1+¢)

and since from the recurrence relation of Cobalancing numbers [8] and the recurrence relation of Cobalancing quaternions
[24]

bn+2 = 6bn-&—l —b,+2

and

Ob, 12 =60b, 1 — 0b, + 2(60 +ert+e+ 63)
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we get (15)

DQOby 12 = 6DQ0by 1 —DQby +2(e +e1 +ex+e3)(1+€).

O
Theorem 2 We have the following identities for DOB,, dual Balancing quaternion and DQb, dual Cobalancing
quaternion:

DQb, .1 —DQb
DOB, = M (16)
DOB,+1 —DQB,, =2DQb, 11+ (eo+e1 +ex+e3)(l+¢) (17)
DOB, —DQB,, (11 —DQB,,2e2 — DOB;, 1 3¢3 = 204DB,, ;3. (18)

Proof. From (9), we get

Dan+1 7Dan = (an+] +8an+2) - (anJFSanJrl)

3

3
= (Z(bn+l+i+£bn+2+i)ei> - <Z(bn+i+gbn+l+i)ei> :
i=0

i=0

Also from [2]

b}'l+ - bn
Bﬂ 12
and from [24]
an+ - an
QBH 12

we obtain (16)

DQbyi\ —DQby

DOB, = >

From (8), we have

Volume 6 Issue 1]2025| 197 Contemporary Mathematics



DQB,, 1 —DQB,, = (OBy+1 + €0Byy2) — (OB, + €0By 1)

3 3
= (Z(Bn+l+i+83n+2+i)ei> - (Z(Bn+i+£Bn+1+i)€i>

i=0
and from [4, 5]
Bpy1—B,=2b,41+1

we obtain (17)

DOB,+1 —DQB,, =2DQb, 11+ (eo +e1+ex+e3)(1+¢€).

Finally, from (8), we have

3
DQOB, — DQOB,.11e1 —DQB,2e2 — DOB,3e3 = <Z(Bn+i +E€Bpyir )€i>
i=0

3
—| Y Busrsit 8Bn+i+2)€i> el

i=0

L

Mm

3
<Z n+2+i €Bn+i+3)€i> e

Bpisti+ EBn+i+4)€i> e3.

(=]

i

Since from [1]

Bn+2 = 6Bn+l —B,

and from [24]

3
ZBn+2i =204B,,3

i=0

(18) is obtained by making necessary arrangement. O
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3
Definition 3 Since B_,, = —B,, [25,26],b_, = (—1)""'b,1 [3,8]and OB_,, = —QB,,, Qb_, = Z(—l)"“*’anrHiei
i=0
[24], the dual Balancing and the dual Cobalancing quaternions with negative subscripts are defined by

DOB_, =Q0B_,+€0B_,+
= —0B, —€0B, 1 (19)
= —-DQB,

and

DQOb_,, = Q0b_,+€Qb_p 1

(=) (b1 — €barari)e;

o

Il
o

(20)

(_])n+l+iDbn+1+i

|
™

Il
o

Corollary 1 The following relations are easily seen from the definition of the dual Balancing and the dual
Cobalancing quaternions with negative subscripts:

DQB_,+DQB_, = —2(B,+¢€B, 1) = —2DB,
DQb_,+DQb_, =2(—1)""(byy1 — €bny2)

Theorem 3 [Binet’s Formula for the dual Balancing Quaternions] For n > 0, the Binet’s formula for the dual
Balancing quaternions is as follows

1

DQBn:a_ﬁ

(a’a"—B*B")

where o = 1+ atey + ot?er + ez, a* = /(1 +¢ea) and B’ = 1 + Bey + B2ex + Be3, B* = B/(1 + €B) for taking
a=3++8and B =3—-8.

Proof. We can write the Binet’s formula for Balancing quaternions QB,, in (8) from [24],
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DOB,, = OB, + 0By 11

—(gplarer-pBn) +e (Grplar —pp)

1 ! n 'pn ! N 'nn
:a_ﬁ(aa —B'B"+ea amt —ef/prtt)
1 n ./ nQR!
:a_B(aa(1+£a)—[3ﬁ(l+sﬁ))
_ 1 * N * QN
_a B(aa _ﬁﬁ)

where a* = o/ (1+€a) and B* = B'(1+ €p). Finally, the Binet’s formula for the dual Balancing quaternions as follows:

DQOB,, = aiﬁ ((X*an _B*ﬁn) .

O
Theorem 4 [Binet’s Formula for the dual Cobalancing Quaternions] For n > 0, the Binet’s formula for the dual
Cobalancing quaternions is as follows:

1 1
DOb, = —— (a*o® ' — BB 1) — —(eg+e1 +e2+e3)(1 +€
0Ob, 4\5( g™ 2(0 1+extes)( )

where o = 1+ a?e; + a*es + abe3, B’ = 14 B2e; + Brer + BOes and o = o/ (1 +ea?), B* = B/(1+ &B?) for taking
a=1++v2and B=1-2.

Proof. We can write the Binet’s formula for Cobalancing quaternions Qb, in (9) from [24],
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Dan = an+8an+l
= (1 (06,062"71 —ﬁlﬁznil) — 1(e() +e1+tep +63)>
42 2

8(4\;( o g2t ﬁﬁZrH»l) ;(e0+el+€2+€3))

! ~2n—1

— <4\/§ ((XOC _ﬁ ﬁ2n l+ga/ 2n+1 ﬁ/BZnJrl))

1
—E(eo-l-el+€2+€3)—8§(eo+€1+€2+e3)

:< ! ~2n—1
4

% (@'a® (1 +ea®)— BB (1 +£ﬁ2)))
_%(€0+€1+ez+e3)(1+8)
_Tﬁ( aa? - — ;(@0+€1+€2+e3)(1+8)

where a* = o/ (1 +ea?) and B* = B'(14 £B?). Consequently, the Binet’s formula for the dual Cobalancing quaternions
as follows:

Daniﬁ((X* 2n ! ﬁ an 1) ;(€0+€1+62+63)(1+8).

Theorem 5 The generating function for the dual Balancing quaternions DQB,, is

Glx. 1) = (t+e)eo+(1+e(6—1))er+((6—1)+€(35—61))ex+ ((35—6t) +€(204 —35¢)) e3

1—6t+12

Proof. Let

1) = i DOB,(x) -t"
n=0

be the generating function of the dual Balancing quaternions.
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G(x, t) = DOBy+ DQOB1t + DOB,t* + Y DOB,t"

n=3

= DQBy+DQB\t+DQB,t* + Y (6DQOB,_| — DQB, 2)t"

n=3

= DQBy+DQB\t+DQBt* +6 Y DOB,_it" — Y DOB, 1"

n=3 n=3

oo

=DQBy+DQB\t+DQByt* + 6t Y. DOB,_1t""' —1> Y DOB, ">
n=3 n=3

= DOBy + DOB\t + DOBt* + 6t <Z DQB,J”) —1? (Z DQB,J”)
n=2 n=1

= DQBy + DQB 1 + DOBy* 4 61 (G(x, t) — DOBy — DOB1t) —1* (G(x, 1) — DOBy)
by making necessary arrangement, the generating function of the dual Balancing quaternion is found as follows:

(1) e+ (1+£(6—1))er +((6—1) +€(35 = 61)) ea +((35 — 61) +£(204—351)) e3

G(x, 1) =

1—61+12
O
Theorem 6 The generating function of dual Cobalancing quaternion DQb,, is
2 14¢)?
Glx, 1) = 2eotertertes)l+e)
(1—1)(1—6r+12)
N 2eteq + [2e(1+1) +2t] ey + (2+2t + 14€) ex + (14 + 84e — 12¢t ) e3
1—6t+12
Proof. The proof easily can be done similarly. O
Now we give the matrix representation of dual Balancing quaternions. Throughout this section, ug is a 2 x 1 matrix
1 . —0B B
defined by ug = 0 , Aisa?2 x2matrix definedby A = 0 and Q is a2 x 2 matrix defined by 0 = 0By OB .
1 -1 6 —0B; 0B

In [24], we showed that forn > 1,

—0By1 0B, | _ |—=0Bo 0B
_QBn QBrH—l _QBI QB2
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and S is 2 x 2 matrix defined by § = Q- A" 1.
Theorem 7 Let n > 2 be integer. Then

n—1
0 1 1 6-—¢
-1 6 —£& 1 |

and D be 2 x 2 matrix defined by D = S- E. Then

_DQanl DQBn72 _ _QBO QBI
—DQB, DQB, —0B, 0B

—&

Corollary 2 Let E be 2 x 2 matrix defined by £ = c 6 1

DQB, | =u} -D-up.

Theorem 8 Let n > 2 be integer. Then

DQB? | —DQB,-DOB,_» = (2+ 12€) + (—12 = 72€)e; + (24 12€)es + (—204 — 1224¢ ) es.

n—1

Proof. If | D| is deteminant of matrix D, then from [24],

D] = |S]-|E|
=]Q-A”*1|-|E|
-1
=10 |AI" - |E|

= (—0Bo- 0B, +QB}) - (1+6¢ —€?)

and €2 = 0. So, we get as follows:

—DQB? | +DQB,-DOB, 5= (—2—12¢&) + (124 72€)e; + (—2 — 12€)es + (204 + 1224¢)es.

Consequently; we obtain

DQB>_ | —DQB,-DOB, 5 = (2+12¢) + (=12 —72¢)e; + (2+ 12€)es + (—204 — 1224€)es.
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3. Conclusion

This paper presents a study of the dual Balancing and dual Cobalancing numbers, as well as their corresponding
quaternions. We provide proofs of Binet’s formulas and generating functions, and investigate several interesting results
related to these concepts. In addition, we derive E and D matrices for obtaining DQB,,, and establish various properties
of the dual Balancing and dual Cobalancing quaternions. Finally, we demonstrate Cassini’s identity and its proof using
the derived matrix.
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