Contemporary Mathematics

http://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

Quiescent Optical Solitons for the Concatenation Model Having
Nonlinear Chromatic Dispersion with Differential Group Delay

Ahmed H. Arnous’, Anjan Biswas™*?, Yakup Yildirim®*”', Asim Asiri’

'Department of Physics and Engineering Mathematics, Higher Institute of Engineering, El-Shorouk Academy, Cairo, Egypt
Department of Mathematics and Physics, Grambling State University, Grambling, LA, USA

*Mathematical Modeling and Applied Computation Research Group, Center of Modern Mathematical Sciences and their Applications,
Department of Mathematics, King Abdulaziz University, Jeddah, Saudi Arabia

“Department of Applied Sciences, Cross-Border Faculty of Humanities, Economics and Engineering, Dunarea de Jos University of Galati,
Galati, Romania

*Department of Mathematics and Applied Mathematics, Sefako Makgatho Health Sciences University, Medunsa, South Africa
Department of Computer Engineering, Biruni University, Istanbul, Turkey

"Department of Mathematics, Near East University, Nicosia, Cyprus

E-mail: yyildirim@biruni.edu.tr

Received: 30 August 2023; Revised: 16 October 2023; Accepted: 24 October 2023

Abstract: This study recovers quiescent optical solitons within a complex concatenation model featuring nonlinear
chromatic dispersion and differential group delay. It employs the sine-Gordon equation approach and the projective
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offering valuable insights for optical communication system design.

Keywords: sine-Gordon equation, birefringence, Kudryashov, Riccati

MSC: 78A60

1. Introduction

One of the most innovative models that has been ever proposed for the transmission of optical solitons across
transcontinental and transoceanic distances through optical fibers, about a decade ago, is the concatenation model [1, 2].
This is made possible with the conjunction of the nonlinear Schrédinger’s equation (NLSE), the Lakshmanan-Porsezian-
Daniel (LPD) model and the Sasa-Satsuma equation (SSE). There are several aspects of this model that has been studied
in the past. A few notable ones are the Painleve analysis, retrieval of optical solitons by the method of undetermined
coefficients and extracting the conservation laws [1, 2]. Later, the model was also studied for bifurcation analysis [1]
and the numerical schemes were also developed [2]. The model with power-law of self-phase modulation was also
studied [3]. Subsequently, the quiescent optical solitons were also recovered with nonlinear chromatic dispersion (CD)
[4]. The model was also later studied with the inclusion of spatio-temporal dispersion in addition to the pre-existing CD
[5]. This yielded a mechanism to control the Internet bottleneck effect. It was also extended to birefringent fibers where
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the 1-soliton solutions were retrieved by the aid of undermined coefficients [6]. All of these developments occurred
during 2023.

It is now time to extend these developments further along. This paper addresses the model with differential group
delay with nonlinear CD along the two components. Thus the quiescent optical solitons along the two components are
retrieved. Two integration schemes have made this retrieval possible. They are the generalized sine-Gordon equation
method and the projective Riccati’s equation approach. A full spectrum of quiescent optical solitons in birefringent fibers
is retrieved with the implementation of the two approaches. The details are listed and the results are exhibited in the
rest of the paper after a quick and succinct introduction to the model along with a rapid recapitulation of the integration
algorithms.

The study has several limitations. They include a specific concatenation model with certain assumptions, heavy
reliance on theoretical mathematical methods, parameter restrictions, and specificity to ertain types of birefringent
fibers.

This study’s significance lies in its exploration of optical solitons within a complex concatenation model,
considering factors like nonlinear CD and differential group delay. Using established mathematical techniques, the
study successfully recovers soliton solutions and identifies crucial parameter restrictions. These findings are valuable
for designing robust optical communication systems, especially in complex scenarios. The study’s novelty comes from
applying these methods to this specific problem, advancing our understanding of optical solitons and their role in optical
communication.

The study’s motivation stems from the need for efficient long-distance optical communication. About a decade
ago, the concatenation model was introduced for transmitting optical solitons through optical fibers, combining various
mathematical models. This model has been extensively explored, addressing aspects like soliton retrieval, conservation
laws, and extending to consider dispersion effects. Notably, it was used to address the Internet bottleneck issue. This
study takes a step forward by considering differential group delay with nonlinear CD, recovering quiescent optical
solitons using two integration schemes. The findings expand our understanding of optical communication and offer
practical insights.

The study’s findings of bright, dark, and singular soliton solutions in birefringent fibers offer a rich understanding
of the optical behaviors achievable in complex fiber optic systems. Bright solitons are optical wave solutions that are
characterized by their localized, peak-like intensity profiles. They are crucial for minimizing signal distortion in optical
communication. Dark solitons are optical wave solutions characterized by localized intensity depressions within a
broader background. They find applications in optical switching and pulse shaping. Singular solitons are unique in that
they have special properties, often involving singular behavior at the center. This singularity represents an extreme point
in the soliton’s intensity profile. They are valuable for creating highly focused optical beams in technologies like super-
resolution imaging and precision laser microfabrication.

2. Governing model

The concatenation model with nonlinear chromatic dispersion reads as [1-6]:

. n
i, +ajuf )

+o,(u)u" +o,lu,

blul 2 2 2 4
+ |u| u+c | o, u+04|u| u, +ouu, +0o; |u| u

XX
. 2 2 % | _
+ic, | oqU,, + Oy |u| u, +oguu, |=0. (1)

Equation (1) is the concatenation model that serves as the conjunction of three well-known equations in nonlinear
optics. The first three terms for n = 0 is the NLSE with Kerr law nonlinearity. The coefficient of ¢, is from LPD model
while the coefficient of ¢, comes from SSE. Thus, equation (1) as it stands is the concatenation model that is used to
model the propagation of pulses through optical fibers across inter-continental distances. The power-law parameter n
makes the CD nonlinear. For n = 0, the CD is rendered to be linear. Here u(x, ) is the wave variable that is dependent on
the spatial and temporal co-ordinates given by x and ¢ respectively. For the NLSE component of the model, the first term
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is the linear temporal evolution while @ and b are the coefficients of CD and self-phase modulation, respectively with i =
V-1

For birefringent fibers, equation (1) would split into two components as:

iq, +a, (|q|n q)xx +(bl |q|2 +¢ |r|2)q

2+ﬂ1
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In order to solve the coupled system (2) and (3), we consider the solution structure:
g(x,0) = U, (k) ™), “)
and
r(x,0) = U, (kx)e ™). 5)

Here, U(kx)(j = 1, 2) represents the amplitude component of the soliton solution, while @ represents the wave
number, and 6, is the phase constant. Substituting (4) and (5) into (2) and (3) and then decomposing into real and
imaginary parts, the real parts give

ak’n(n+)UU” +ak’ (n+DUU+ U, (b1 +c”7/11c2)+c“f1U16 +¢,gU3U;}
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e, k7 (8, + 14 ) ULUT + ¢,k (& + p ) UsUU+ U3 UL (e Ay + ¢y ) — U} =0,
and
a,K’n(n+)ULUL +a,k*> (n+1)US'U + U} (b2 +0127/2K2)+012f2U§ +¢,8,UlU;
+¢,UUS +c,k* 0, USPU, + e,k (ay + 7, )USUS +cpk* (B, + 4, )US U
t+e,0k” (8, + 11, USUS + Cpk” (&, + o, )UTULUS + URUS ek Ay 4+ ¢, ) = 0U3 =0,
while the imaginary parts yield

o, KU U + ey k(& +1,)USU + ¢,k (60, +7,)UUU, =0,

and
7ok ULUS + cpyk (&, +1, ) USUs + ek (6, + 7, ) USU,U, = 0.
Using the balancing principle leads to U, = oU,, ¢ # 0, then Egs. (6) and (7) become
a*n(n+1)UU* +ak* (n+ 1)U U+ U, (b1 +e, K (]/1 + 40 ) +c,0° )
+c,US (f1 +g,0° +th“)+cuk40'HUl(4)U1 +c,k°UU? (al +07 (B +4)+ 7/1)
+c”k2U,3U1"<5, +0° (& + )+ 1 )— Ul =0,
and

a, kK’ n(n+1)0" U U + a,k* (n+1)0"?U'U!'+ 0°U} (bzg2 +epK” (7292 +4, ) +¢, )
+CIZQZU16 (f2g4 + gzg2 + hz)—1—clzk‘tongzUl(‘”U1 +clzkzgzU12U1'2 (Q2 (a2 +;/2)+ﬁ2 +ﬁz)
+clzk292U]3U1"<92 (6, +1,)+&, + pz)—a)gsz =0,
while Egs. (8) and (10) come out as
a,c, K’UUD + 021k(,91 +m,+0° (6, +1, ))UfUl' =0,
and

A Crk’ 0’ U U + ¢, k0” (g2 (&, +m,)+6, +1, )UfUl' =0.
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By comparing Eqgs. (11) with (12) and reducing them to a single equation with setting » = 2 for integrability, we are
able to derive the following parametric restrictions:

b +e, & (1 + 407 ) +60” =b,0” +epi (120 + 4 )+ ¢y (14)
o (fi+g0° +hot)=c, (o' + 20" +h), (15)
(o +0* (B+4)+7)=co(o* (+7)+ B+ 1), (16)
a, = a,0%, (17)
cn(b‘1 +0° (¢ +p1)+/¢l) =, (g2 (6, +1,)+ ¢, +p2), (18)
and
€101, = €0y (19)

From the imaginary parts (13) and (14), we can equate the coefficients of the linearly independent functions with
being zero then we get the following parametric restrictions:

Oy =0y =0, (20)
and
g+m+0° (6,+47)=0" (& +m,)+6,+1, =0. 1)
As a consequence, Egs. (1) and (2) become
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and
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+cy, [O'lzrxm +{0{2 (rx )2 + 5, (qx )z}r* +(7/2 ’ +4, 2)r+(52 |V|2 +7, |‘]|2)”xx
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+ic,, [(772 |r|2 +0, |q|2 )rx + (£2r2 +7,q° )r:} =0,
and Eq. (11) shapes up as
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3. The integration algorithms: a rapid recapitulation

Consider a governing model [7-25]:

F(uauxautau u,\:x""):()a

xt?

where u = u(x, #) denotes a wave profile, while 7 and x depict the time and space variables in sequence.
The relations

u(x,0) =U(&), & = k(x—v1),

(23)

24

(25)

(26)

@7

(28)
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condenses (27) to
PWU,-koU", kU, kK’U",..) =0, (29)
where £ is the wave width, ¢ is the wave variable, and v is the wave velocity.

3.1 The generalized sine-Gordon equation method

The basic steps of the generalized sine-Gordon equation method are as follows:
Step 1 Assume Eq. (29) has the formal solution

U(&) =4, + Y cos[GEY ' (4, sin[G()]+ B, cos[G(£)]), (30)

Jj=1

along with the general sine-Gordon travelling wave reduction equation

G'(&) =y A+ usin[G(E)] . €2))

Step 2 Eq. (31) possesses the following cases:
Casel/l=0,u=1

G'(&) =Fsin[G(S)], (32)
which gives the hyperbolic function solutions
sin[G(£)] = sech[£], and cos[G(£)] = + tanh[£], (33)
or
sin[G(&)] = +i esch[&£], and cos[G(£)] = % coth[£]. (34)

Case2i=1,u=-m

G'(&) =1-m’sin[G()I", (35)

which allows us the Jacobi’e elliptic function (JEF) solutions
sin[G(&)] =sn[&;m], and cos[G(S)] = en[&5m], (36)

or

sin[G(&)] = %HS[é; m], and cos[G(&)] = —idS[se;m]- (37)

Case3 l=m’, u=—1
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G'(&) =\m* —sin[G()T, (38)
which leaves us with the JEF solutions
SIn[G(&)] = msn[&;m], and cos[G(&)] = dn[&;m], (39)
or
SIn[G(&)] = ns[& ], and cos[G(£)] = ~i cs[&;ml, (40)

where i=+/-1and 0 <m<1.

Step 3 Substituting (30) along with (31) into Eq. (29), we get a polynomial in sin[G(¢)] and cos[G(&)] which equal
to zero. The obtained coefficients of this polynomial give the needed parameters in (28) and (30).

Remark The approach of the JEFs toward their hyperbolic function limits as m tends to unity is listed as

limen[&;m] =limdn[&;m] = sech[c],
limsn[¢;m] = tanh[S],
limes[&;m] = lim ds[&;m] = csch[¢],
limns[£;m] = coth[£]. (41)

3.2 The projective Riccati’s equation method

The basic algorithms for the projective Riccati’s equation method are:
Step 1 Assume Eq. (28) has the formal solution

U@ =aq, +Z!//H (&) (ay () +b4(S)), (42)

where (&) and ¢(&) satisfy the following ODEs:
w'(&) =-w(5P),
$'(&)=1-¢"(5) -ty (&), (43)
with
#(&) =1-2tp(&)+ ROy (S’ (44)

Here r is constant and N is a positive integer that comes from the balancing principle in Eq. (14), where a,, a; and b, (i
=0, 1, ..., N) are constants.

Step 2 The solutions of (43) are listed as follows:

Case 1 R(r)=0
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_ L oaels —tanh| £
w(é)= - sech {2} and ¢(¢&) tanh{z}, (45)
or
el —cothl £
v(é)= > csch {2}, and ¢(¢&) coth[z}. (46)
Case 2 R(7) = 23
25
_ 1 S5sech[{] _ tanh[£]
V)= Sseenizrer ™ ) = 15 sechiel” “7)
Case 3 R(7) = grz
_ 1 3sech[{] _ 2
V= Sseeniz1z2” ™ ) = S cothie12 3 eschlZ] “48)
Case4 R(1)=7—1
B 4sech[£] _ Stanh[£]+3
V(&)= 3tanh[&£]+ 47 sech[£]+ 5 and §(c) = 3tanh[&£]+ 47 sech[£]+5 “49)
or
_ sech[£] _ tanh[&]
v(s)= rsech[£]+1 and §(5) rsech[&]+1 (50)
Case5R(1)=7+1
_ csch[£] _ coth[&]
V(&)= esch[&]+1 and ¢(c) T esch[E]+1° 1)

Step 2 nserting (42) along with (43) and (44) into Eq. (29), we get a polynomial of w(¢) and ¢(&) which equal to
zero. The obtained coefficients of this polynomial results in the needed parameters in (28) and (42).

4. Quiescent optical solitons
4.1 Generalized sine-Gordon’s equation approach

Balancing U"" with U’ in Eq. (25) gives N = 1. Thus the solution takes the form

U(&) = 4, + 4, sin[G(&)] + B, cos[G(5)]. (52)

Inserting (52) together with (31) into Eq. (25), we get a system of algebraic equations:
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4 (=42 (10870, +11(Q, +205 )+ 40, +3B (0, +20; ) + SB}O; + 24k" 1” ) =0, (53)
24,48, (10Q3 (B = 47)+ (0, + 40 )) =0, (54)

4 (2A§,uQ5 — 240, =4k (54 + T ) + B} (30450, — 0, B2 +41)— O, BA+511)+30, )
+A? (10Q3 (8] —A§)+Q4(/1+y)+Q5(/1+3y)—Q2)) =0, (55)
24,AB, (10(/102 +4)0, —Q4(/1+y)—Q5(2/1+3y)+3Q2) =0, (56)

4 (Ag (10470, - O, (A+ 1) +30, )+ A7 (4’0, — Qs (A + 1) + O, ) + 54,0,

A+ ) (BYQ, + K (A+5m))+0,) =0, (57)
B, (-4 (10870, +3u(0, +20,))+ 540, + Bl u(Q, +20, )+ BIQ, + 24K 4s* ) =, (58)
Ay (—42 (30820, +14(Q, +40,)) +54/0, + B2 u(0, +40,) +55/0, ) =0, (59)

B} (-104;0, +(Q, + 05 ) (A+24)~ 0, ) 245 Qs +104{ 0, +2Ok2y(/1+2,u))

-B, (Af (10Q3 (34; —Bf)—Q4(3/1+5,u)—Q5(3/1+10,u)+3Q2): 0, (60)
Ay (42 (<100, (4 =3B )+ 0,2+ 1) +20:(A+31) =30, )
+B7 (10450, - (0, +2Q5)(/1+2,u)+3Q2)—10A14Q3) =0, (61)

B, (43 (30470, - Oy(A+2)+30, ) + 47 (20, (A+ 1) = 0,34 +4) +30; )

+5450, + 540y + BIQ,(A+ ) + 7 (22 +164u+164° )+ O, ) =0, (62)
4 (4 (5420, =20,(4+ 1) +30, ) + 40, + 4 (10470, + 0, )+ BIQ, (2 + 1)+, ) = 0. (63)
Solving these equations together yields the following results:
Case 1
Result 1
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4,=0, 4 = /——SQ' +2, B =0, k=4-0,,
0, +0,+0;

(6Q2 +Q4 _4Q5)(Q2 +Q4 +Q5)'

O = 1000,

Plugging (64) with (33) or (34) into (52), we respectively retrieve bright and singular soliton solutions:

q(x,t) =12 —%sech[ —le]e’(w”@o),

r(x,t) = 0q(x,1),

where
0<0,0,+0,+0; >0,
SQ] i(wt+6)
q(x,t)=+2 [———=——csch| /-0, x ["“",
0, +0, +0; o]
r(x,t) = oq(x,1),
where

0,<0, 0, +0, +0s <0.

(64)

(65)

(66)

(67)

(68)

Figure 1 represents the surface plots of quiescent bright optical soliton solutions (65) and (66) in birefringent fibers
with the concatenation model. The parameter values that have been chosen are: w =1, k=1,¢;,=1,0,=1,b,=1,k=1,

yl:lsilzlaclzlsgzz’alzlaalzlsﬁlzlsélz19(1:luulzlsandplzl'

2.0

1.5}
Z 10 =
= =~

0.5}

0.0k, .

4 2 0 2 4
X X

Figure 1. Profile of quiescent bright optical soliton solutions
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Result 2

d—d 0.5 -] L1 2(2-2(0+0))
LU 20,+0,-40,7 0 2\ 2(20,+0,-40;)

0 _(20,+0,-40;)(30, -0, +40;)
’ 250, :

Inserting (69) with (33) or (34) into (52), we respectively obtain dark and singular soliton solutions:

g(x,0) =% —Ltanh 1 —Ql (QZ ~2(0, +Q5))x @)
s \ 20, +0, -40, 2 2(2Q2+Q4—4Q5) ,

r(x,1) = 0q(x,1),

q(x,t)==% |-

>

S—Q]COth l\/_ Ql (Q2 _2(Q4 +Q5 ))x ei(“’t+'90)
20, +0, —40, 2 2(2Q2 +0, _4Q5)

r(x,1) = 0q(x,1),

where

Q1(2Q2+Q4_4Q5)<09 QZ_Z(Q4+Q5)>O'

(69)

(70)

(71)

(72)

(73)

In Figure 2, we observe a numerical simulation for a quiescent dark optical soliton pair (70) and (71) in birefringent
fibers with the concatenation model. In the context of these plots, the parameter values employed are the following: @ = 1,
k=1, cy=Lao,=1,b,=Lk=1,p=1,2=1Lc¢=10=2,a=10=1,5=1,0,=1,{=1,u,=1,and p, = 1.

1.0-

0.8r

0.6+

lg(0)]
[r(x)]

044

0.2-

0.0r

-4 -2 0 2 4

Figure 2. Profile of quiescent dark optical soliton solutions
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Result 3

A():O A = #4_2 B =+id k=2 Ql(_2Q2+Q4+Q5)
o 8Q2+Q4_4Q5_ LT 80, +0, —40; ’

0,- (80, +0, —40;)(120, - 0, +40; ) (74)
4000,

Substituting (74) with (33) or (34) into (52), we respectively arrive at complexion, dark and singular soliton
solutions:

q(x,t) = +2 S—Qlw{sechlz\/g' (-20,+0, +Q5)x]

8Q2 + Q4 8Q2 + Q4 - 4Q5
+itanh [2\/Q1 (_2Qz + Q4 + Qs )x]}ei(mﬂ%)’ (75)
8Q2 + Q4 - 4Q5
r(x,1) = 0q(x,1), (76)
where
Ql (8Q2 +Q4 _4Q5 ) > O, _2Q2 +Q4 +Q5 > 07
g(x,t)==% /——SQ‘ tanh{l\/— el (Q2 —2(0, +QS))x]ei((mgO), (77)
2Q2 +Q4 _4Q5 2 2(2Q2 +Q4 _4Q5)
r(x,1) = 0g(x,1), (78)
(e = /_ 50, coth { 1 \/_ 0, (0, -2(0, +0s ))x} S, (79)
2Q2 +Q4 _4Q5 2 2(2Q2 +Q4 _4Q5)
r(x,1) = 0q(x,1), (80)
where
Ql (2Q2 +Q4 _4Q5)< O’ Qz _2(Q4 +Q5) >0.
Case 2
Result 1
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4204 =52 sm* (m* +1)0,
T (m2+1)((m4—6m2+1)Q4+(m4+14m2+1)Q5)—(m4+14m2+1)Q2’

B Q1(Qz_(m2+l)(Q4+Q5))
(m* +14m* +1)Q, —(m? +1)((m4 —6m? +1)Q, +(m" +14m’ +1)Q5)’

B =0, k=

((m*+1)(2y —4Q5)—6Q2)((m2 +1)((m* —6m* +1)Q, +(m* +14m* +1)Q5)—<m4 +14m’ +1)Q2)

s =

100(m* +1)°

Inserting (81) with (36) or (37) into (52), we secure JEF solutions:

)52 sm* (m* +1)Q,
’ (m? +1)((m* = 6m® +1)Q, + (m* +14m* +1) O, )~ (m* + 14m” +1) 0,
Ql (Qz _(mz +1)(Q4 +Q5 )) “m
xsn| [— >
(m* +14m* +1)Q, - (m* +1)((m4 —6m” +1)Q, +(m* +14m’ +1)0; )

Xei((uHHO) ,

r(x,t) = oq(x,1),

S22 5(m* +1)Q,
’ (m® +1)((m4 —6m? +1)Q, +(m" +14m* +1)Q5)—(m4 +14m* +1) 0,
| |- @) (Qz _(m2 +1)(Q4 +0; )) m
(m* +14m> +1) 0, = (m? +1)((m* ~6m> +1) 0, + (m* +14m’ +1)0;)
Xei(wt+60)’

r(x,t) = 0q(x,1),

where

S(m? +1)Q, (m* +1)((m* = 6m* +1)0,+(m* +1400° +1) 05 )= (m* +14m” +1)0, | > 0,

81

(82)

(83)

(84)

(85)
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0(Q,~(m* +1)(Q:+0.))((m* +14m +1)0, ~(m* +1)((m* ~6m* +1)0, +(m* +14m" +1)0;)) <0.

Result 2
- 2 sm* (2m* -1)Q, |
(1—2m2 (3-4m’) )Q5 +(=16m* +16m* ~1)Q, +(8m° ~12m" +2m* +1)Q,
| 0,((2m*-1)(0,+0,)+0,)
(2m2 (3—4m2)2 —1)Q5 +(16m* —16m” +1)Q, —(8m* —12m* +2m* +1) 0, ’
((2m* -1)(Q, -40.)+ 60, )
((2m2 (3-4m?) —1)Q5 +(16m* ~16m* +1)0, —(8m° ~12m* +2m’ +1)Q4j
4y=4,=0,0y= 2 (86)
100(1-2m") @
Plugging (86) with (36) or (37) into (52), we acquire JEF solutions:
i) =12 I 2 5m’ (Zm2 —1)Q1
\j(l—2m2(3—4m2) )Q5+(—l6m4+16m2—1)Qz+(8m6—12m4+2m2+1)Q4
o ((2m* -1)(0,+0:)+0,)
xcn| |— 5 X, m
(2m2(3—4m2) —1)Q5+(16m4—16m2+1)Qz—(8m6—12m4+2m2+1)Q4
xe! ) (87)
r(x,1) = 0q(x,1), (88)

where

Snr (20 ~1), { 120 - s e J >0,

+(~16m* +16m* =1)Q, +(8m° —12m" +2m* +1)Q,

(2m2(3—4m2 ) —1)Q5 J<o,

Ql ((2m2 _1)(Q4 +Q5)+Q2)
+(16m* —16m” +1)Q, - (8m" —12m* +2m* +1)Q,
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/ 5(1-2m%)Q,
\j(l—Zmz (3—4m2)2)Q5 +(=16m* +16m* ~1) 0, +(8m° —12m" +2m* +1) 0,

q(x,1) ==%2

9 ((2m2_1)(Q4+Q5)+Q2)
xds| [— 5 x;m
(2m2(3—4m2) —1)Q5+(16m4—16m2+1)Q2—(8m6—12m4+2m2+1)Q4
Xei(ngO), (89)
r(x,1) = 0g(x,1), (90)
where
1-2m* (3—4m?)’
5(1-2m*)Q, ( m’ (3-d’) )QS >0,
+(~16m* +16m> =1)Q, +(8m* —12m* +2m” +1)Q,
2m? (3—4m*) ~1]0,
0, ((2m*-1)(Q, +05)+ 0 ( ' (3-4’) )Q <0,
+(16m* —16m* +1)Q, —(8m® —12m* +2m’ +1)Q,
Result 3

sm* (m* -2)0,
B =12 ,
(m? —2)((m4 +4m’ -4)Q, —4(m* —m’ +1)Q5)—8(m4 —m’ +1)0,

k2 |- 0 ((»*-2)(2,+0,)+20,)
8<m4 —-m? +1)Q2 _(m2 —2)((m4 +Am? —4)Q4—4<m4 o +1>Q5),

((m* -2) (0, -40,)+120; )

{(s(m“ —m? +1)Q, - (m® +2m* ~12m* +8)Q, +4(m" ~3m* +3m’ —2)Q5)
4, =0,4 =+iB,, 0, =

. 1)
400(m* -2)" 0,

Substituting (91) with (36) or (37) into (52), we derive JEF solutions:

q(x,t)==%2 s (mz _2)Q1
' (m* —2)((m4 +4m* —4)Q, —4(m* —m’ +1)Q5)—8(m4 ~m*+1)0,
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JoLL 0 ((m*-2)(0,+0)+20,) .
8(m* —m? +1)0, —(m* =2)((m" +4m* ~4) 0, ~4(m* ~m> +1)0;)

Lisn B o) ((m2 _2)(Q4 +Q5)+2Q2)
- 8(m* —m* +1)Q, - (m’ —2)((m4 +4m* ~4)Q, - 4(m* - m? +1)Q5)

X;m

it +6
Xel(w+ 0)’

r(x,t) = oq(x,1),

where
sm* (m* ~2)0, ((m2 =2)((m* +4m* ~4)Q, ~4(m* —m* +1)0, )-8 (m" — s +1)Q2) >0,
i 8(m* —m’ +1)Q,
O, ((m —2)(Q4 +Q5)+2Q2)(_(m2 —2)(("’!4 +4m? —4)Q4 _4<m4 —m? +1)Q5 )J <0,
- 5(2-m*)Q,
)=+
a0en) (m2—2)((m4+4m2—4)Q4—4(m4—m2+1)Q5)—8(m4—m2+1)Q2
o ((m* -2)(Q, +05)+20,)
X4 *ns - X;m
8(m* —m* +1)0, =(m* =2)((m* +4m* —4) 0, =4(m* —m’ +1)0; )
Ql ((m2 _2)(Q4 +Q5)+2Q2)
—ds| 2 |- xsm
8(m* —m?* +1)Q, - (m’ —2)((m4 +4m? -4)Q, —4(m* —m’ +1)Q5)
Xei((ut+90) ,
r(x,t) = 0q(x.1),
where

5(2-m*)Q, (<m2 =2)((m* +4m* ~4)0, ~4(m* —m* +1)0; )-8 (m* —m* +1)Q2) >0,

92)

93)

94)

95)
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2 8(m4—m2+1)Q2
0 ((m -2)(, +Q5)+2Q2)£_(m2 _2)<(m4 +4m’ ~4)0, ~4(m" —m’ +1)Q5) °

Case 3
Result 1

5(m* +1)Q,
(> +1)((m* —6m* +1) 0, +(m* +14m" +1)0; )~ (m* +14m’ +1) 0, ’

A0=BI=O,A1=J_r2\/

| 0,(0, -(m* +1)(0, +0.))
('t +14m 41) 0, (w2 +1)((m* 67 +1) 0, + (m* +14m7 +1)0;)

F@zwm)(@4QS>><<m4+14m2+1>Qz
(7 +1)((m* ~6m* 1) 0, + (m* +14m7 +1)0,)) _

0, = - (96)
100(m’ +1) Q,
Inserting (96) with (39) or (40) into (52), we recover JEF solutions:
s5(m* +1)Q,
a0 = iz\/(m2 +1)((m* =6m® +1) 0, +(m* +14m> +1) O, )= (m* +14m’ +1) 0,
Q1 (Qz _(m2 + 1)(Q4 + Q5 ))
xsn| [— X;m
(m* +14m* +1)Q, - (m? +1)((m4 —6m” +1)Q, +(m* +14m’ +1)Q5)
Xei((utwo)’ (97)
r(x,1) = 0q(x,1), (98)

S22 5(m* +1)Q,
’ (m® +1)((m4 —6m* +1)Q, +(m* +14m* +1)Q5)—<m4 +14m* +1) 0,

o] |- a(e.—(n 1)@ o)
(m* +14m* +1)0, = (m” +1)((m* —6m +1)Q, +(m* +14m’ +1)0;

X, m
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Xei(wnﬂo) , (99)

r(x,1) = 0q(x,1), (100)
where
5(m2+1)Q1((m2+1)((m4—6m2+1)Q4+(m4+14m2+1)Q5)—(m4+14m2+1)Q2)>0,
i+ 14m® +1)0,
QI(QZ‘("’2+1)(Q4+Q5))[_(m2+1)((m4 En61m2+1};1Q4 +ii4+14m2+1)QS) <0
Result 2

5(2-m*)Q,
4, =0,B =+2 :
(m’ —2)((m4 +4m’ —4)Q, +(m* ~16m* +16)Q5)—(m4 —~16m* +16) 0,

4=0k= |- 0/(0: ~(m* ~2)(0. +2,))
L (16wt +16)Q, —(m* —2)((m + 4m* ~4)Q, +(m* ~16m* +16)0; )

((m* -2)(0, -405)-60,)

[ m* =2)((m* +4m*> —4)Q, +(m* —16m> +16)Q, ) - (m* —16m* +16)Q,
o, o2 A o)) o
100(m* -2)" 0,

Plugging (101) with (39) or (40) into (52), we retrieve JEF solutions:

St 5(2-m*)Q,
’ (m* —2)((m4 +4m* ~4)Q, +(m* ~16m’ +16)Q5)—(m4 ~16m* +16) 0,

dnl |- [0} (Qz —(m2 _2)(Q4 + Qs ))
(m* —16m* +16)Q, - (m* —2)((m4 +4m* —4)Q, +(m* ~16m’ +16)Q5)

X;m

ei(wt-%—@o)’ (102)

X

r(x,1) = 0q(x,1), (103)

where
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5(2-m*)Q ((m2 —2)((m4 +4m* —4)Q, +(m* ~16m’ +16)Q5)—(m4 —16m’ +16)Q2) >0,

(m* —16m" +16)Q,

o) (Q2 —(m2 —2)(Q4 +Q5)){_(m2 —2)((m4 + 4m> —4)Q4 +(m4 —16m’ +16)Q5 )] <0

P s5(m*-2)0,
’ (m* =2)((m* +4m* = 4) 0, +(m* —16m* +16) O, )=(m* ~16m" +16) 0,

wes| |- o) (Qz _(m2 _2)(Q4 +0; )) m
(m* =16m” +16)0, —(m* =2)((m* + 4m* —4)0, + (m* ~16m" +16)0; )

Xei(ngO)’ (104)
r(x,t) = 0q(x,1), (105)
where
5(m*-2)0, ((m2 =2)((m* + 4m® = 4) 0, + (m* ~16m* +16) 0 )~ (m* ~16m’ +16)Q2) >0,
(m* —16m* +16)Q,
o2 -(m-2)(e+0)) <0,
—(m* =2)((m* +4m? = 4) 0, +(m* ~16m* +16)0; )
Result 3

5(1-2m*)Q,
(2m* =1)((4m* —4m® 1) Q, +4(m* —m’ +1)0; )= 8(m* —m* +1)Q,

4,=0,4, =+iB,, B, =i2\/

k=2 |- Ql (2Q2 _(2m2 _1)(Q4 +Q5 ))
8(m* —m +1)Q, - (2m” ~1)((4m* —4m* <1)Q, + 4(m* —m* +1) Qs )

(120, - (2m* -1)(0, ~40,))

[(8(m4 —m’ +1)Q, - (8m® ~12m* +2m” +1)Q, +4(-2m" +3m* ~3m’ +1)0; |
Qs = > . (106)
400(1-2m*) 0,

Substituting (106) with (39) or (40) into (52), we arrive at JEF solutions:
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q(x.t) =£2 3(1-207)0
(e —1)((4m4 —4m® 1), +4(m* —m* +1)Q5)—8(m4 —m? +1)0,

«Jdn 3 Q] (2Q2 _(2m2 _1)(Q4 +Q5 )) “m
8(m* —m? +1)0, - (2m” ~1)((4m* ~4m* ~1)Q, +4(m* = m* +1)0;)

0,(20, - (2m*-1)(,+0)))

+ims{ \/_8(m4 —m? +1)Q, —(2m’ —1)((4m4 —4m® =1)Q, +4(m" - m’ +1)Q5)x;m”

i((ut+t90)’ (107)

xXe

r(x,t) = 0q(x,1), (108)
where
5(1-2m*)0, ((2m2 —1)((4m* —am* ~1)Q, +4(m* —m* +1)0; )-8 (m* —m’ +1)Q2) >0,
) 8(m4 —m? +1)Q2
9 (2Q2 -(2m*=1)(0,+ s )){_(2;"2 —1)((4m4 —4m’ =1)Q, +4(m* —m* +1)0 )] -
N 5(2m* -1)Q,
a0 == (2m? =1)((4m* —4m* =1)Q, +4(m* —m* +1)0,)-8(m" —m* +1)Q,
0,(20, - (2m*-1)(,+0)))
x4 Ens - X,m
8(m* —m* +1)0, = (2m” =1)((4m* —4m’ =1)Q, +4(m* —m* +1)0;)
0,(20, - (2m*-1)(, +0)))
—cs| 2 |- xX;m
8(m* —m? +1)0, - (2m” —1)((4m* —4m* 1) 0, +4(m* —m’ +1)0;
Xei(wtﬂgg), (109)
r(x,t) = oq(x,1), (110)
where
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(4m* —4m’ -1)Q,

s(2m* -1)Q, | (2m” 1) -8(m" —m’ +1)Q, |>0,

+4(m4 -m? +1)Q5

2 8(m4—m2+1)Q2
Q1(2Q2_(2m —1)(Q4+Q5)) _(2m2_1)((4m4_4m2_1)Q4+4(m4_m2 +1)Q5) <0.

4.2 Projective Riccati’s equation procedure

Balancing U"" with U’ in Eq. (25) causes to N = 1. Therefore the solution simplifies to the form

U= 0, +O_1V/(§) + Q1¢(ég)

Inserting (111) along with (43) and (44) into Eq. (25), we secure a system of algebraic equations:
O R(z) (24 +50,0! +30,0 + 60507 )+ 77 (230107 +0: )+ 0, | R(z) + Qs =0,
o (R(@) (24K + Q0 + 0,0 +20s07 )+ o7 (100,07 +30, +60; | R(z) + 5Q30'14) =0,
o, R(7) (—10(6k21 +0, (21914 -30,0,00 )) +0, (0'00l ~870; ) +0; (40‘001 1770} ))
40,07 (50407 +0, + 405 ) R(z)’ + 7 (20,7 =305 +50; (0,0, — 4707 )| = 0,
-0 (R(z') (36k22' +20, (Tglz - 0,0, ) +0; (51’912 -80,0, ) +40, (1914 -50,0,0 ))

+o} (4Q42' +70,7+200, (70 - 0,0; ))) -

R(r)(20k201 -200,0,70, +20,0] (al —0'02')+ (02 (20’501 +of (70‘1 —10001))4-10Q30'1gl4

+300,0,0,0] +30,0,07 )+, (301812 +100,0,07 + 0,07 + Qs (~60,0,7 + 07 +102°g] )
+0, (0, (0, ~20,7)+ 5770} ) - 600;0,0,707 +100,57 0F + 20Q312914) -0,
0 (R(r)(Skz +20; (07 +07 ) +20, (5070 +0 )+ 0,07 ) + 6K’ ~80s0,0,7
+30Q30'§O'12 +3on‘12 + 2Q50'12 +0, (al (O'1 —2001)+72912)—40Q30'00'17g12

+100,07 0 +40:70 +20,7°07 ) =0,

(111)

(112)

(113)

(114)

(115)

(116)

(117)
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15K 0,7+ 0,0] R(r) (100, (0 + 0 ) +30, +40; | -30,070,7 + 100,077 +30,0,07 +20:0,07
+200,0,7°0; +4Q,0,77 0] —200,0,70; —600,0; 0,70 —60,0,70, — 100,70
+0, (0'00'12 +70 (0,7 =20, )) +300,0,07 0 =0, (118)
-0 (sz -200,0,0, +200,0,70] +O; (O‘él’ -20,0, +10] ) +20, (TQIZ -30,0, )
-200,0,0,0 +40;70} ) =0, (119)

kKo, +50,0,0, + 0,0, —200,0,70; —200,0,70] + O; (630'1 +o! (61 —20'01))

+0, (30‘50‘1 +o (30‘1 - 6007)) +50,0,0 +300,0,0,07 =0, (120)
0,(Q: (307 +0 )+ 0 (503 +10070” + 0 )+ Q) =0, (121)
o, (Q2 (02 +307 )+ 0y (o4 +10070] +5g14)+Q1) = 0. (122)

Solving these equations together leaves us with the following results:

Case 1 R(1)=0
o, =0, =O,Ql :\/IiZ,k:Z\/QI (_2Q2+Q4+Q5),
8Q2 +Q4 _4Q5 8Q2 +Q4 —4Q5

o - (80, +0,-40,)(120, -0, +40;) (123)
4000,

Plugging (123) with (45) or (46) into (111), we respectively derive dark and singular soliton solutions:

q(x l) —4 |- 5Q| tanh Ql (_2Q2 +Q4 + Qs )x ei(mt+€0) (124)
’ - 8Q2 + Q4 - 4Q5 8Qz + Q4 - 4Q5 ’

r(x,t) = 0q(x.1), (125)

q(x,t)==%2 |- 590, coth 0 (20, +0, + O, )x eflort) (126)
T\ 80,40, - 40 80, +0, 40, ’

r(x,t) = 0q(x.1), (127)
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where

Ql (8Q2+Q4_4Q5)<0’ _2Q2+Q4+Q5 <0.

Case 2 R(7) = 23
25

o,=0, o = —5—Q1+2 k=2 Ql(_2Q2+Q4+Q5)
"N 804040, 80, +0, 40,

o = igl 2\/61' , Q3 _ (SQz +Q4 _4Q5)(12Q2 _Q4 +4Q5). (128)
5 4000,

Substituting (128) with (47) into (111), we catch out combo dark-bright soliton solutions:

5Q1_4Q [tanh{Z\/Ql (_2Q2 +0, +Q5)x}12\/gsech[2\/gl (_2Q2 +0, +Q5)x]J

80, +0, 80, +0, —40; 80, +0, - 40,
q(x,t)=%
1+ 5sech l:2\]Ql (_2Q2 0, + 0, )x}
SQz + Q4 - 4Q5
Xei(wHHO), (129)
r(x,t) = 0q(x,1), (130)

where
Q1(8Q2 +Q4 _4Q5)< 0’ _ZQz +Q4 +Q5 <0.

Case 3 R(7) = grz

o, =0, o =+Qﬁ 0 =42 |- 50, k=2 _Ql(2Q2_Q4_Q5)
0 > Y17 8 3 > 81T 8Q2+Q4—4Q5’ 8Q2+Q4—4Q5 >

0 _ (80, +0,-40,)(120, -0, +40;) (131)
4000,

Inserting (131) with (48) into (111), we retrieve combo bright-singular soliton solutions:

\/§i3sech[2\/— @ (2Q2 —9:0; )x}

5Q 8Q2 +Q4 _4Q5
g(x,t)=%2 }_8Q +Q1—4Q
e 39sech{2\/—g (ZQZ_Q4_Q5)x]i6

8Q2 + Q4 - 4Q5
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2 ei(wt+n90)’ (132)

+
2COthl:2\/— a (2Q2 —9 _QS)x:li?’CSChl:z\/_ o) (2Q2 -0, _Qs)x:l
80, + 0, —40; 80, + 0, —40;

r(x,t) = 0q(x,1), (133)

where
Ql (8Q2 +Q4 _4Q5)< 0: 2Q2 —Q4 —Q5 > 0.

Cased R(r)=17"—1

0,=0, g :\/S—Tiz, k:2\/Q' (_2Q2+Q4+Q5),
80, -0, +40; 80, +0, —40;

o, = iglx/ﬁ, 0 = (8Q2 +0, _4Q;())(()1Q2Q2 -0, +4Q5). (134)

Plugging (134) with (49) or (50) into (111), we acquire combo bright-dark soliton solutions:

SO,

400 =225 0, 440,

+44/72 =1 sech|i2\/Q1 (_2Q2 O, +Qs)x}+5 se:ch|:2\/Ql (_2Q2 O, +Q5)x]+3

8Q2 + Q4 - 4Q5 SQz + Q4 - 4Q5
47 sech {ZJQI (_ZQZ 0.+ 0 )x} +3tanh {2\/Q1 (_2Q2 TO,+0; )x} +5
80, + 0, —40; 80, +0, —40;
Xei(wHHo)’ (135)
r(x,t) = oq(x,1), (136)
or

T N ¢ B
0 = 0~ 0,40,
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tanhP\/Ql (20, +0, +Q5)x]i\/z'2 -1 sech{2\/Q1 (=20, +0, +Q5)x:|

8Q2 + Q4 - 4Q5 8Q2 + Q4 - 4Q5
rsech {2\/Ql (20 +0, + O, )x] +1
8Q2 + Q4 - 4Q5
Xei(ngO), (137)
r(x,t) = 0q(x,t), (138)

where
Q1 (8Q2 +Q4 _4Q5)< 05 _2Q2 +Q4 +Q5 <0.

Case5R(t)=17"+1

o,=0, g =J_rz\/I’ k=2\/Q‘ (—2Q2 +0, +Q5)’
=80, -0, +40; 80, + 0, —40;

o~ sg 711, 0, - B2 —4Q;())§)1Q2Q2 -0, +40,) (139)

Substituting (139) with (51) into (111), we arrive at combo singular soliton solutions:

SO

10 = 0 — 0, +40,

cothlz JQI (20, +0, +Q5)x}_r o CSC}{Z JQl (20, +0, +Qs)x}

80, + 0, —40; 80, + 0, —40;
X
z’csch{Z\/Q' (20 +0, +0; )x] +1
8Q2 + Q4 - 4Q5
Xei(wtﬂgo)’ (140)
r(x,t) = oq(x,1), (141

where

Q1(8Q2+Q4_4Q5)<0> _2Q2+Q4+Q5 <0.
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5. Conclusions

This paper retrieved quiescent optical soliton for the concatenation model in birefringent fibers having nonlinear
CD. Two integration schemes made it possible to recover a complete spectrum of such solitons along the two
components. The results are nice and interesting and therefore carries a stern message. The ground handling staff of the
telecommunication engineers must exercise extreme caution while laying the optical fibers underground or undersea.
Any disruption with the CD would lead to the soliton transmission being stalled. This would lead to catastrophic
consequences. Later, the model would be naturally extended to DWDM systems where the possibility of such quiescent
optical solitons would be investigated. Such studies are under way. The results would be later disseminated upon their
availability after aligning them with some of the pre-existing results [26-31].
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