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Abstract: The aim of this paper is to define the notions of extended fuzzy b-metric spaces, fuzzy rectangular b-metric
spaces and extended fuzzy rectangular b-metric spaces and to establish certain fixed point results in these settings utilizing
Geraghty type contractions. We also furnished an example which illustrates our main result. To show the authenticity of
our results we provide an application involving fuzzy integral equation. The obtained results generalize many existing
results in the literature.
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Abbreviation
bms b-metric space
ebms extended b-metric space
fms fuzzy metric space
fbms fuzzy b-metric space

efbms  extended fuzzy b-metric space

frms fuzzy rectangular metric space

frbms  fuzzy rectangular b-metric space

efrbms extended fuzzy rectangular b-metric space

1. Introduction

The work of Bourbaki [1], Bakhtin [2] and particularly Czerwik [3] motivated many researchers to expand the theory
of fixed points for b-Metric spaces (bms). Czerwik [3] introduced a weaker form of the triangle inequality and formally
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presented a generalization of metric space by defining a bms and established a generalization of the famous Banach
contraction principle [4] in bms. The examples and fixed point theorems in bms can be seen in [5, 6]. Kamran et al. [7]
introduced the notion of extended b-metric space (ebms) and established fixed point theorems in ebms.

In 1965, the definition of fuzzy set was introduced by Zadeh [8]. The concept of fuzzy metric(fms) space was initiated
by Kramosil and Michalek [9] in 1975 by using the idea of fuzzy sets Grabiec [10] proved Banach fixed point theorem
in fms in 1988. Later on, George and Veermani [11] modified the definition of fms given by Kramosil and Michalek in
1994. Hussain et al. [12] introduced the idea of a fuzzy b-metric space (fbms) in 2015. Mehmood et al. [13] introduced
the concept of extended fuzzy b-metric space (efbms) and proved the well known Banach fixed point theorem in 2017. In
2019, Mehmood et al. [14] gave the notion of fuzzy rectangular b-metric spaces (frbms) and established some interesting
fixed point results. In 2020, Ashraf et al. [15] established certain fixed point results for Geraghty-type contraction in the
setting of G-complete fuzzy b-metric space. In 2022, Batul et al. [16] proved certain fixed point results for Geraghty-type
contractions in the setting of G-Complete extended fuzzy b-metric spaces. Sarwar et al. defined the notion of extended
fuzzy rectangular b-metric space(efrbms)which generalizes the notions of fms, fbms, efbms, frms and frbms. Recently,
[17] proved Banach fixed point theorem and Ciric type contraction theorem in the setting of efrbms.

In this article, we establish some fixed point results using Geraghty type contraction in efrbms. Our results generalize
the results of [10, 13—15, 17, 18].

2. Preliminaries

In this section, we recall some basic definitions and results which are related to our main work.

Definition 2.1 [11] A nonempty set M together with a fuzzy set F: M x M x [0, o) — [0, oo) and a continuous /-norm
* is said to be a fms if for all a;, az, a3 € M and p, p > 0 satisfies the following conditions:

F1: F(al, ap, O) =0

F2: F(aj, a2, p)=1<= aj=a

F3: F(al, a, p) = F(ag, ap, p)

F4: F(ai, a3, p+p) > F(ai, az, p) *F(az, az, p)

F5: F(ay, az, .): [0, ) — [0, 1 is left continuous.

Hussain et al. [12] defined the notion of a fbms by generalizing the definition of a fms given in [9].

Definition 2.2 [12, 18] Consider a nonempty set M and a real number b > 1 and let x be a continuous 7-norm. A
fuzzy set Fj,: M x M x [0, ) — [0, o) is called fbms on M if for all a1, az, a3 € M and V p > 0

Fbl: Fy(a1, as, p) >
Fb2: Fb(al, a, p ) & ar=ay
Fb3: Fb<a1, a, p ) Fb(a27 ai, p )

Fb4: Fy(ar, a3, b(p+p)) > Fy(ar, az, p) *Fy(az, a3, p) YV p,p >0

Fb5: Fy(ai, az, .): (0, o) — [0, 1 is continuous, and }Lrilth(al, ay, p)=1.

Then the triplet (M, Fj, *) is called a fbms .

In 2017, Mehmood et al. [13] introduced the notion of efbms as follows:

Definition 2.3 [13] Consider a nonempty set M and a self mapping {: M x M — [1, «). Let x be a continuous z-norm.
A fuzzy set Fg' M x M x [0, ) — [0, o) is called efbms on M if the following conditions hold for all a;, az, a3 € M:

1:

ai, az, )_0

¢(
2l Fe(ar, a2, p)=1,Vp>0 <= a1 =a
F§3] ¢(a1, az, p) = F¢(az, a1, p)
Fe4: Fe(ar, a3, g(al7a3)(P+P))ZFg(Clla027P)*F§(327a3>P)VP7PZO

[F
[Fe
[
[
[F¢s): Fg (a1, az, .): (0, o) — [0, 1] is left continuous, and ,}ﬂFC(dl’ a, p)=1.
In 2019, Mehmood et al. [14] introduced the notion of frbms as follows:

Definition 2.4 [14] Let M be a nonempty set and * be a continuous -norm. A fuzzy set F,: M X M X [0, o0) — [0, o)
is called frbms on M if the following conditions hold for all x1, xp, x3 € X and p, p, ® > 0,
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Frb-1 Fp(x1, x2,0) =0

Frb-2 F,(x1, x2, p) = 1 if and only if x; = x,

Frb-3 Fp,(x1, X2, p) = Frp(x2, X1, P)

Frb-4 Fop(x1, x3, b(p+p +@)) > Fop(x1, X2, p) * Frp(x2, u, p) * Fp(u, x3, @) for all distinct xp, u € X \ {x1, x3}.

Frb-5 Fop(x1, x2, .): (0, o) — [0, 1] is left continuous, and gij‘}oFrb(xl , X2, p) = 1.

Recently, Saleem et al. [17] introduced the notion of efrbms as follows:

Definition 2.5 [17] Consider a nonempty set M, a continuous #-norm * and a self mapping {: M x M — [1, o). A
fuzzy set Fy,e: M X M x [0, ) — [0, o) is called efrbms on M if the following conditions hold for all a1, a2, a3, as € M
and for all p, p, ® > 0:

[Frbcl}l F,bc(al,ag, ) 0

[Frbe2]: Fyp(ar, a2, p) =1,¥p >0ifand only ifa; = a;

[Frbe3): Fyelar, az, p) = Fype (a2, ar, p)

(Frba): Fupg(ar, as, §(ar, as)(p+p +@)) = Fyp(ar, az, p)* Frpe (a2, as, p) * Frpg (a3, as, ©)

[Frbg5): Fyg(ar, az, .): (0, %) — [0, 1] is left continuous and ,}i_I,I}oFrbC (a1, a2, p)=1.

Then (M, F,j¢, *) is an efrbms.

Remark 2.1 If we take {(a;, az) = b for b > 1 in above Definition then the Definition becomes a special case of
efrbms.

Example 2.1 Let M = {0, 1, 2, 3} and a b-metric dy: M x M — R defined by d(a;, ay) = (a; — a>)?. Define
C:MxM—[1,0) by (a1, a) =1+a?+a}. Letamapping Fupg: M X M < [0, 00) — [0, 1] defined by

_la—ap)?
FrbC(a17a27p):e P

where the continuous #-norm  is taken as #] *t; =] Aty = min{z}, £, } then (M, Fopes A) is a efrbms.
Definition 2.6 Let (M, F,;,¢, *) be an efrbms.
1. A sequence {ay } in M is called convergent sequence if there exits @ € M and for all p > O such that ¢ (ay, a, p) =

2. A sequence {ay} in M is called G-Cauchy sequence if lgll Mg (an, anyq, p) =1 forallz > 0and g > 0.
n—oo

3. An efrbms in which every G-Cauchy sequence is convergent is called a G-complete efrbms.

3. Main results

In this section, we will generalize the results of [14, 16, 19, 20] in the setting of efrbms. Following [20], let .%}, be
1
the class of all functions B: [0, o) — [0, B) for b > 1 satisfying the following condition:

. r . . .
11£n_>s::pﬁ(tn) =3 implies ’}glolol‘n =1

Lemma 3.1 Let (M, Fy;¢, *) be a G-complete efrbms. If for two elements a1, ax € M and B(F,¢ (a1, a2, p)) € Fp,

Fyelar, az, B(Fpe(ar, a2, p))p) > Fypg (a1, a2, p) then ay = ay.
Proof. It follows from F rbCS that

f}gl}oFrbC(aba%p):L = FrbC(alﬂa27ﬁ<Frb§(a1aa27p))p):1‘
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It follows from F rb§2 that a; = a». O
Now we prove the result of [10] in this new setting.
Theorem 3.1 Let (M, F;,¢, *) be a G-complete efrbms and 7: M — M be a mapping satisfying

Fyp¢(Tar, Tay, B(Fypg(ar, az, p))p) = Frpg(ar, az, p) (1

forallaj, ay € M, B(F¢(ar, az, p)) € Fp. Then T has a unique fixed point.
Proof. Let ay € M be a fix arbitrary element and for & =0, 1, 2, ..., taking ay; = Tay.
For all ¥, p > 0, by the application of Inequality (1), we get

Frbg(aﬂaaﬁ+17p):FrbC (T019,17Ta137p) ZFrbg (aﬂlaaﬂv ﬁ(Fbg(aﬂpl ay p)>)

2 Fyp¢ <a1927 asg—1, P )
B(Frpe(av—1, as, p)).B(Frpz(av—2, ap—1,p))

p
>Fr n—>» —4)
=i < 302 B(F,maﬂ1,aﬂ,p>>./3<Frbg<aMaﬁ1,p>>.B(F,b;<an3,aMp>)

p
> g (a1 B(Eng(av—r. av. ) B(Fg(as—2, av1. p))--- B (Frog (an. ar. )

So, we have
Fopc(ay, ass1, p) = Fopg (6107 ap, P ) )
B(Fpe(ay—1, as, p))-B(Fpr(ay—2, as—1,pP))---B(Fupe(ao, ar, p))
Since (M, Fyy¢, *) is an efrbms, so for the sequence {a,}, we write p = %Jr % + % and apply Frbg4 on

Fp¢(as, app, p) in the following two cases.
Case-1: If p is odd, say p = 2n+ 1 where n € N, we have
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p p
Fpelas, asiony1, p) 2F, (amaﬂ 1s ) * F, (aﬂ 1, Ay+2, )
rbg( e ) b * 35(“19, ay42n+1) b - - 34(“19» aﬁ\+2n+1)§(aﬁ+1, ay42n+1)

p
* Fry (6119 25 A942n+1 )
e\ T2 TRl 3 (s, aan1)C (@ 1y @9 12001)C (@512, A 12ni1)

>Fpe (dm apgy1, p) * Fopg (al‘Hla ap12, P )
30(ay, agiont1) 38(ay, ayians1)C (@41, assons1)

* Frbg <a19+27 ayg+3, 32C( p >

ay, aﬁ+2n+1)€(aﬁ+1, aﬁ+2n+1)§(aﬁ+2, 019+2n+1)

p
*Fyyp <a19 3, Ay+4 >
e\ T T 32 (g, agrani1)C (a1, avsanin)s C(@p 12, @oant1)C (@913 A iantl)

p
x F, Ay+4, 912041 >
b < I 32 (g, agioni1)C (@911, @9 sant1) - C(ap 14y avi2nt1)

>Fp¢ (am ay1, p) *Frpe (aﬂ—Ha ay42, P )
3(ay, ayiont1) 38(ay, agiant1), 38 (w41, avions1)

p
*Fb <a19 2, Ay13 )
e\ T2 T 3 (g, agrani1), S i1, aviani1)s C(@912, @ rani1)

p
*Fyp (aﬂ 3, Ay 14 )
bt T 324(%‘, ay42n+1), C(%‘H, ay42n+1), C(aﬂ+2a ay1on41)s C(Gﬂ+3a ayiont1)

p
*Fyy <a19+4 ap4s )
e ' 338 (ay, agiont1)G(agst, agiontt) ... C(ayra, apiontn)

P
*..0k (a+2 —2, Ap2m—1 )
bE\ Sram=2 Sl 3 (g, a4 2041) 8 (@941 A912041) - C(Ansam—2 A 1201 1)

p
*Fpy, <a+2—1 ayy2 )
bg \ Srram b G vam 38 (ay, apyoni1)C(avs1, avsontt) - C(ansom—1, Av4ont1)

p
*...xF ay+2n, A9 +2n+1 )
b ( am moE D 3m€(az9’ aﬂ+2n+1)§(a19+17 6119+2n+1) --~C(a19+2n, 6119+2n+1)

Using (1) we get
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Eb{ (a1.97 AY+2n+1, p)

p
38(as, ayionr1)B(Fur(as—1, as, p)).B(Fuc(as—a, as—1, p)) ... B(Fug(ao, ar, P)))

>Fue (6107 ai,

p
ay, a19+2n+l)€(az9+17 aﬂ+2n+1)ﬁ(Frb§(a19’ ay+1, P))ﬁ(Frbg(aﬂ—l, ay, P)) ~-ﬁ(Frbg(007 ap, P))>

*F;b§ Ao, dy,

* Frpg

ap, dy,

p
( 328 (ay, asroni1)E(av i1, avian1)E (a2, avianit) B(Fog(@sirs @iz, p)).B(Fpz(as, asir, p)).-.. B(Fug(ao, ai, P)))

p
32C dm d19+2n+1)C(6119+17 aﬁ+2n+l)7 C(awz» a@+2n+1)C(0ﬂ+37 aﬂ+2n+1))B(Frbg (6119+27 ay+3, P)) . "B(Frbg (ao, ap, P))>

* Frpg

p
aﬁ), 019+2n+1)C(6119+17 aﬁ+2n+l) e C(Gﬂ+47 a19+2n+l)ﬁ(Frh§ (a19+37 aAy+4, P)) . "B(Frhg (am ai, P))>

* Fope | ao, a3

P
3”’C(aﬂ7 aAy2n+1 )C(a19+1-, !119+2n+1) e C(an+2m72> a»+2n+1)ﬁ(Frbg (aﬁ+2n—37 ay2n-2, P)) .. -ﬁ(Frbg (ao: a, P)))

*.ok Py (ao7 ai,

p
* Fope | ao, ay,
r ( o 3'";(%97 aﬂ+2n+1)§:(0ﬂ+17 6119+2n+1) e C(anJer—l: aﬂ+2)l+l)ﬁ(Eb§ (a19+2n727 AY+2n—1 P)) . “B(Frbé’(am ai, P)))

P
38 (ay, apion1)8(avr1, aoyonir) - §(@siom, Aosoni1) B(Frpg (@oson—1, Goian, P))P)) - - B(Frug (a0, ar, P)))

*... *F,bg (610, ap,

bﬂp ) oF ( b19+lp )
EYP T Ao, Ay,
3C(ag, apramrr) ) N\ 3L (ag, apioni1)C(@v1, aoiamsn)

ZFrbg (007 arp,

bﬁ+2
* Fpe (ao, ai, P )

328 (ay, ayioni1)8(ayi1, ayionir)C(asia, ayionin)

b19+3
* Fope (007 ap, P )

32(:(019, aﬂ+2n+])€(az9+lv a19+2n+|)7 C(aﬂ+2, aﬂ+2n+])€(a1§+3a 6119+2n+|))

bﬂ+4p
* Fope | ao, ay,
r ( oo 33C(“197 aﬂ+2n+1)€(a19+|7 a19+2n+l) cee 5(0194-47 aﬂ+2n+1))

bﬂ+2)172p

3"4(0197 al9+2n+l)C(a19+l7 a19+2n+1) cee C(a19+2n—27 019+2n+1))

* ~~*Frhl_f (am ap,

bﬁ+2n71p

378 (ap, agiani1)C(ass1, aoiontr) .- §(asiont, 1119+2n+1)>

* Fpe (007 ap,
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b19+2np
ok Py (ao ap )
b T 38 (ay, agioni1)C(@vts avsontt) - C(@vaan, a9 ons)

Case-2: If p is even, say p = 2n; n € N, then we have

p p
F, t) >F T E— F,
rh{(aﬂv ayg+2n, ) ZLypg (flm ayg+1, 3{(%7 %Hn)) *Lppg <Qﬂ+17 as+2, 3C(a19, 6119+2n)C(a19+17 6119+2n))

p
*Fy <6119 2, A942n, )
D\ T2 T 3 (4, ag 1) (@11, A ian) L (an 12, dpian)

2>Fp¢ aﬂaazﬁrl,L *Fope | av+1, av+2, P
- 38(ap, api2n)) " 38(ap, apron)C(avt1, apon)

P
*Fpe | asi2, agis, )
bt ( TP 30 (ay, agion)C(@s 1, avi20)C (@i, apian)

P
*F, ay+3, Ag44, )
”’5< 3O 2 (ay, agran)C(@n i1, @vran)s C(@n12, @v1an)C(a@n13, Avian)

p
*F, aAy+4, A¥+2n, )
bt ( - 328 (ap, agyan)C(asst, apian) .- C(asid, Ggion)

P p
>F, ays, dy1, ) * F, <a19 ) A942, )
& ( 38 (as, agian) ) I\ T 38 (g, agian), 3 (a1, agian)

p
* F ag4+2, Ady43 )
b ( TR 320 (ay, agyan), C(asit, avian)s C(avia, ayian)

p
*Fpyp (aﬂ 3, A4 )
e\ T B (g, apan), C(@n 11, @91an), S 12, Ao an)s C(@ 13, Ao iom)

p
* Fope | ag1a, agys, )
b < TR 338 (ay, agion)C(av ity avran)--- C(asras apian)

p
*..0k (a 2m—dy n2m—3 )
be \ Frmed SIS 3nE (4, a9 120)C (@n 1, avs2n) - - - C(Ansam—a, Ap120)

p
*Fyp (a 2m—35 An+2m—2 )
rbE \ Frtam =3 SR 3T (g, apy20)C(Ags1s @o12n) -« C (Antam—3s Ao 12n)
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p

ay, 1119+2n)§(019+17 aﬂ+2n) e C(an+2m—27 aﬂ+2n))

*... *E‘b§ (an+2m—27 ay2n, 3,",1 C(

p
38(as, agson)B(Fug(as-1, as, p)).-B(Fuz(as—2, as_1, p))...B(Fur(ao, ai, P)))

>F¢ <a0, ai,

P
$(ap, agiam)C(ass1, Llwzn)ﬁ(Frbg(am ayi1, P))-ﬁ(Frbg(aﬂ—h ag, p)) -~-B(Frb§(a07 ai, P)))

* Frpe | ao, ala

P
$(as, agiam)C(asit, agian)8(asia, agian) B(Fog(asit, asia, P))-B(Fug(as, asii, p)) - .. B(Fue(ao, ai, P)))

ap, al?

F,
"t am aﬂ+2n)c(a19+l7 aﬂ+2n)7 C(a19+27 1119+2n)C(1119+37 aﬁ+2n>)ﬁ(Frb§ (a2, apys, P)) . ﬁ(Frbg (ag, ai, P)))

P

* F,
’e am aﬂ+2n)§(a19+17 dwzn) e C(a19+4> awzn)ﬁ(Fmg (1119+37 ay+4, P)) . "B(FrbC (1107 arp, P))>

(
(
( :
(

p
311 (ay, agion)G(asi1, avion) - - C(asi2p-4a5 @ y2n) B(Frog (@0 4205, o104, P)) - - - B(Fug (a0, ai, P)))

ok Fpr (d(), ai,

p
318 (ay, agson)C(ass1, @osoner) .- §(avion=3, @oson) B(Frpg (o son—s, Api20-3, P)) - - B(Frpc (a0, ar, P)))

* Fope (am ai,

p
3m=18(ay, agson)C(avr1, @vyon) - .- §(@9son—2, Ao120) B(Frog(@42n-3, Avs20—2, P))P)) - - B(Fru¢ (a0, ar, P)))

* Fope (am ap,

b’p ) ( b*+ip )
V% Fy | ao, a1,
3¢ (ay, asiom) et 38(ay, asiom)§(assir, Apian)

>Fae <a0, ar,

bﬁ+2p >

*Fb <(l0 aj
P\ 32 (ay, asran)Cav i, avean)C(@g iz, apian)

b19+3p
* F, ao, Ay,
" < 0 325(5119, a19+2n)C(a19+17 a19+2n)7 C(mwz, 019+2n)C(a19+37 a19+2n))>
b19+4p
338 (ag, agson)E(Aos1, asion) ... §(asia, dmzn))

* Fpe (ao, ap,

po+2—4p

*...xF, ay, ap,
i ( oo 318 (ag, agion)E(asr1, avion) - §(ayion—s, 6119+2n))

b13+2n73p

x F, ay, a
b ( 0 o 3"71C(dﬂ7 aﬂ+2n)§(al9+lt a19+2n+1) -~~C(aﬁ+2n—3: a19+2n))
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b19+2n72p

*Fy (ao, ao, >
b 3n18(ay, asian)§(an i1, ayan) .- §(an 202, @v12n)

By applying (1) in both cases, it follows that for all p € N we have
hm Fbg(aﬂ,alsﬂ,,p) >1xl*...x1=1,
hence {as } is a G-Cauchy sequence. As (M, F,;,¢, *) is a G-complete efrbms, so there exists a point @; € M such that

lim ay = @ .
V—roo

We now show that @ is fixed point of 7.

P P
Fope(, Toy, t) >F, 0] — | xF, To), 07—
201, 701.) 2 (01,00, s (000001 5551 777 ) ¢ (9001700 3505, 7

071, To)

p P

F, T T ————— | % F, Tay, TO|, ———————
* rbC( as—1, Lay, 3C(CD'1,TG)'1)>* rbC( ay, 1, 3C(w],Twl)

>Fp¢ (&'517 ay, 3

e )"
o T)
s )"

p
>F, oy, ay, ag—1, ay,
= bC( b (1’ b 3c<w1,m1>ﬁ<aﬂl,amp>>

071, Twm)

P
3¢8(m, Twr)B(as, @1, p)

*Frbc<a19,w1, ) — 1x1x1=1 as ¥ — oo.

= T®, = O is a fixed point.
Uniqueness
Assume T®, = @, for some @, € M, then

p P
Fpe (0, © =F,(Tw,, TO >F - | =F T T [ —
rbC( 2a s p) rhC( 27 s t) — rhc (a).Za wlv ﬁ(m.27 wl, p)> rbC ( (D.27 wh [3(0'72, wl, p)>

p P 5
> Foe (00, 01, o) 2 Fyy (00,81, o ) = Fy (@, @1, b
’74( o (B(ﬁfz,whp)V) “( . <ﬁ<wz,w1,p>>ﬂ) sc (@ @157

—1 as ¥ — o

Thus @; = @,. Hence the fixed point is unique. O
Remark 3.2
1. If we take B(F,j¢ (a1, a2, p)) = k, we get the main result of [17].

Co iporary Math tics 2948 | Muhammad Sohail Ashraf, et al.




2. If we take (a1, az) = b and B(F,¢ (a1, az, p)) = k, we get the main result of [14].
3. If we take {(a;, az) = 1, we get the same result in frms.

Following example illustrates Theorem 3.1.

Example 3.1 Let M = [0, 1] and define F,;,¢: M x M x [0, ) — [0, 1] by

(@ —a)’

Fypelar, az, p)=4e p ifp>0.
0 ifp=0

It is easy to prove that (M, Fy;¢, ) is a G-complete efrbms with b = 3. Let k € (0, 1) and define 7: M — M by

VBFglar ar, p))a

T(a) = 14+a

Forall p > 0,

\/ﬁ(FrbC(ah a2, P))ar  \Jka,
1+a; "14a’

FrbC(Talv Tay, ﬁ(FrbC (al, as, p))p) = FrbC ﬁ(FrbC(ala az, p))p

(y/B(Eng(ar, az. p))ar =\ /B(Fpg (ar, a2, p))az)®
. (I+a)(1+a2)B(Fpc(ar, az, p))p

B(Fupg(ar; a, p))(ar —a)?
e B(Fyglar,az,p))p

(a1 —ay)?

= e p

= Fyp¢(ar, a2, p)

Since all the requirements of Theorem 3.1 are fulfilled and also a = 0 is a unique fixed point of 7.
Now we establish the main result of [21] in the setting of extended fuzzy rectangular b-metric space.
Theorem 3.2 Let (M, F;,¢, *) be a G-complete efrbms and 7: M — M be a mapping satisfying

Fu(ar, Taz, p) [1+ Fye (a1, Tar, p)]
1+ Fype(ar, a2, p)

FrbC(Tala TaZaﬁ(FrbC(alaa% p))p) Zmln{ >FrbC(a17a2,p)} 3)

Vai, ay € M and B(F,¢(ar, az, p)) € Fp. Then T has a unique fixed point.
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Proof. Let ag € M be any fix arbitrary element and for % =0, 1, 2, ..., taking ay.| = Tay. For all ¥, p > 0, by
the application of Inequality (1), we get

Fye(ap, agyr,t) = Fypp(Tag—y, Tay, t)

P P
- we(ao, Tas, g o ay p))) [1 +Epg(as—1, Tap-y, ﬁ(F,b;mfl,a@,p»)}
- I+ Fopp(as-1, av, ﬁ(FrhC(”ﬁ’ilvaﬂ-P») 7

P
Frbg(aﬂ; as—1, B(Frhc(aﬁ_l’ ay, P)))}

[ Fwclav, o1y g o an ) [1 +Fc (@01, 49, 5 o) o) )}
= min )
1+ Fop (a9, as—1, 5z tay srag o))

p
Foclo-1 40, B (a1, an, p)ﬂ}

p
Frbg(aﬂfla ay, p

p
))), Fopg(ap-1, ay, B(Fpe(as—1, as, P)))} .

= min {Frbg(al?-i-lv ay, ﬁ(

So, we have

P
Frhc (aﬁ—la ay, p

) Ft (o, aser, g P >} 4)

Fopelas, ass1,t) > mins Fpe(as—1, ay,
b (@s, a1, 1) { vg(@v—1, ay B( Foypelap-1,ay, p))

If

p
B(Fpe(as—1,as, p

min {Frbc(aﬁl,aﬁ, )))7Frb§(al97a79+]’ ﬁ( p }

Fypelag-1, as, p))

_ p
- rbg(aﬂaaﬁ+]7 ﬁ(Frbg(aﬂfl,aﬁ,P)) ’

then, from (4), it slides that

p
Fvc o Qo1 )2 P0Gt Gz oy e o))

Since B(Fp¢(ay—1, as, p)) € Fyp, then there is nothing to prove by Lemma 3.
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If

p
B(Fpe(as—1, as, p

min{Frbc(aﬂl,aﬂ, )))7Frbc(aﬂ,aﬂ+]7 B( p )}

Fypelas-1, as, p))

P
Fype(as—1, a9, p))”’

= rbg(aﬁfla ay, ﬁ(

then from (4),

P
Fype(as-1,ay, p))

Frbg(a‘ﬂa ay41, P) > Frb§<al971> ay, ﬁ(

p
>Fpe | ap—2, ap—1,
= “( 02 8l B (Fyr(as 1, as, p))ﬁ(Frbg(a“,aMp)))

p
> F, ap-3, dy—2, )
b ( B(Fp¢(as—1, as, p))-B(Fpe(ay—2, ag—1, p))-B(Fpe(an-3, ap—2, p)
> --ZFrbC (Cl(),al, P )
B(Fp¢(as—1, as, p))-B(Fpg(ay—2, ay—1,p))-..B(Fupg(ao, a1, p))
By adopting the same procedure after inequality (2) as in Theorem 3.1, we can complete the proof. O
Remark 3.3

1.If we take §(ay, ap) = 1, we get the same result in frms.

2. If we consider efbms instead of efrbms we get Theorem 3 of [16].

3. If we take B (Fyp¢ (a1, a2, p)) = k and (a1, az) = 1 we get the main result of [19].
Theorem 3.3 Let (M, F;,¢, ) be a G-complete efrbms and 7: M — M be a mapping satisfying

Fop¢(Tar, Taz, B(Fype(ar, ar, p))p)

Zmin{FrbC(a2’ Ta, p) [1+Frb§(a17 Ta, p>+Frb§(a27 Tay, p)]

E 5
2+Frb§(a1,a2,p) ) rbC(al;a27p)} &)

Proof. For agp € M, we choose a sequence {ap} in M such that Tay = ap4 (VO € N). Now we prove {as} is a
Cauchy sequence. We take ay = ay_; and a; = ay, then
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EbC (aﬂ, ay+1, p)

=Ippg (Taﬁfla Taﬁa p)

Pt ( Tas. Btan s p))) {1 it ( e p)))

p
Zmin +Frb£_,' (aﬁ, Taﬁ—la B(Fbi_f(aﬁ*I‘ ag, p))):|

p bl
2+ Fyp¢ (aﬁfl’ ay, B(Fpe(as—y, as, P)))

Fut (aﬁflﬂ as, B(Frbc(“ﬂljl’ as, P))) }

P P
e ( W B(Fag(asr, ag. p))) {1 g ( “ B(Frog (g1 o, p)))
=min +Frb§' (aﬁ,aﬁ, p ):|

B(Fup(as—1, as, p)) ’
a ap, p |
2+ Fy ( B-1) &5, B(Fue(as—1, as, P)))

Fot (a,H, ay B(F,bg(a;jla as, P))) }

=min

. ( 0 BlFrelanan p))) R ( “ BlFlasora p))) o |

p
2+Fy (aﬁ—la o, B(Fue(as—y, as, P)))

Fout (aﬂ,l, s, B(Frbc(“:h as, P))) }

S G v e ) R G e ey

So we have,

p
Fope(as—1,ay, p

p
Fope(as—1, ay, P)))} ©

Fye(ag, api1, p) > miH{Frbg(aﬂ—l, @ B )))7 Fype(ay, api1, Bl
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If

. p P
mm{F’bC(““’ “ BlFaglan 1 a0 p)) P O BEclar 1, an, p>>}
_ P
- rbg(aﬂa ay+1, ﬁ(Frbé’(aﬁfl, as, p))
then from (6),
P

F,

Frvglao: G012 P2 Fnc 002 001 BUE Gy g P)

Since B(Fp¢ (ay—1, as, p)) € Fp, then there is nothing to prove by Lemma 3.

If
min g Fe ( ay—1, ap P Fope | as, api P
T B(Fyg(as 1 ag, p)) )TN Y BBy (a1, ag, p))
= rb¢ (aﬂlaal% P )
B(Fpe(as—1,as, p))
then from (6),

Frbg(aﬁ’ ag+1, P) > Frbg <a1917 v, ﬁ(Fbg(aﬁlil ay p))) .

Continuing in this way, we have

Frbc(aﬁ, api1, P) > Frpg (aﬂ_l’ a9, ﬁ(Fbg(az:il ay P)))

> Fyr (%—27 ay—1, P )
B(Fpc(as—1, as, p))-B(Fpc(as—2, as—1, p))

p
>Fr n—>s —4)
= (a B ﬁ(Frbé’(aﬁ‘—laaﬂap))'B(FrbC(aﬁ—Zaaﬁ—hp))'ﬁ(FrbC(an3»“19—271)))

)
22 Bt (“”’ N B Fpglan—1, ap. P)) B Frg (@n2r a1, p))-B(Fyog (v ar, p>>>

Volume 5 Issue 3|2024| 2953 Contemporary Mathematics



By adopting the same procedure after inequality (2) as in Theorem 3.1, we can complete the proof.
Remark 3.4

1.If we take §(ay, ap) = 1, we get the same result in frms.
2. If we consider efbms instead of efrbms we get Theorem 4 of [16].

3. If we take B(Fyp¢ (a1, a2, p)) = k and {(ay, a2) = 1 we get the same result in frms
Following result is analogue to main result of [20].
Theorem 3.4 Let (M, F;,¢, ) be a G-complete efrbms and 7: M — M be a mapping satisfying

Fy¢(Tay, Tay, B(Fopz(ar, a2, p)), p)

> min FrbC(ala Tay, p) [1 +FrbC(a27 Tay, p)] Frb§<a27 Tay, P) [1 +Frb§(a17 Tay, p)]
- 1+ Fye(Tar, Taz, p) ’ 1+ Fype(ar, az, p) ’

Frbg(ala Tal,P) [2+Frbg(a17 Tay, p)]
1+Frb§(a17 Tay, p)+FrbC(a27 Tay, P)

7Frh§(a1a027p)}

Vay, ay € M and B(F,¢(ar, a2, p)) € Fp. Then T has a unique fixed point.
Proof. Let agp € M be an fix arbitrary element and for ¥ =0, 1, 2, ..., taking ay.| = Tay.
For all ¥, p > 0, by the application of Inequality (1), we get

Fype(ag, ayi1, O) =Fype(Tas 1, Tay, ©)

P

P
Fopelag—1, Tay—1, 14+ Fpe(ays, Tay,
>min{ et ﬁ(F,bg(aMaﬁ,p»’[ 5¢{e, Tos ﬁ(FrbaaMaﬁ,p)))}

P
1+Frbc(TCl1971, Taﬂ, B(Frbg(aﬂ717 ag, P))

P
Fype (a1, ay, p))

Fy(ay, Tay, B ) [1 + Fpe(as-1, Tag-1, P )}

B(Frpe(as—1,as, p))
D

B(Fupg(ay—1,as, p))

L+ Fype(ap-1, ay,

b

)

)

p p
Fg (o1 Tao, g aw i p)) [“F’“ @01 Tas. G Tap 1 an, p))ﬂ
p p

1+ Fype(ap—1, Tay, )+ Fyp(ay, Tag 1,

B(Fp¢(ay—1, as, p)) B(Fyp¢(ay—1,as, p))

p
Frng(@o-1, a5, B(Fp¢(ay—1, ay, P)))}

)

Co iporary Math tics 2954 | Muhammad Sohail Ashraf, et al.



) p
{Frbc(%l’ " B(Fpe(as—1, as, P))) [1+Frbc(aﬂ7 o B(Frpg(an-1, av, p)))}

p )
1+F,
+ rbg(aﬁ),aﬁ+la B(Frhg(aﬁ—l’aﬂ’p»

=min

o P
Foglay, g1, L+ Fro (a1, av,
pelao: aosd ﬁ(Fmaﬂl,aﬁ,p»)[ peldor a0 ﬁ(FrbdaMaﬂvP”)}
p )
B(Fpe(ay—1, as, p))

L+ Fype(as-1, ay,

» p
Fr 1, , 2+Fr —1 )
ve(as-1, av ﬁ(Frbg(dﬁlaaﬂaP)))[ oo, ao- ﬁ(FrbC(al""“l""p»)}
P p )

)))JrFrhC(at% as, B(

1+Fr ayg—1,a )
hg( 91, Ay+1 B Frbg(aﬂfhaﬂvp))

Fypelay—1, as, p

P
Fopelas—1,ay,
w0t do ﬁ(FrmaMaﬂ,p)))}
:min{FrbC(aﬂhaﬂa P )aFrb§<al9aal9+17 P )}
B(Fyp¢(ay—1, as, p)) B(Fpe(ay—1,as, p))

So we have,

Frbg(aﬂ,aMl,P)Zmin{Frh;(aﬁ1,019, P )s Fpg(ag, ap, P )} (®)

ﬁ(FrbC(aﬂflaaﬂvp)) ﬁ(FrbC(aﬁfhaﬂvp))

If

. p p
o {Frbg(aﬂl’ W B Frpglan 1y a, ) P O B ey s, P>)}

B p
=y <a197a19+17 B(Frbg(aﬂ_haﬁ,[)))

then from (8),

p
Fpc(as, asi1, p) = Fg (aﬁ’a’”" B(Fpc(as—1, as p))>

Since B(Fp¢(ay—1, as, p)) € Fp, then there is nothing to prove by Lemma 3.
If
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P
Fypelay-1,as, p))

), Frvg(as, ap1, Bl P }

min{ Fue(as—1, as,
{ bC( v—1, 4y ﬁ( Frbé’(aﬂflvaﬂ7p))

) p
vbC <a19_1, ay, ﬁ(prbg(aﬂ,h ay, P)))

then from (8),

Frbg(al% aAy+1, p) > Frbg (dﬂ_l, as; ﬁ(FbC(aﬂlil ay p))>

Continuing in this way, we have

Frbg(al% ay41, p) 2 FrbC (aﬂh a3, ﬁ(Fbg(az:il ay p)))

2> Frpe (6115—2, ag—1, p )
B(Fp¢(av-1,as, p)).B(Fpg(as—2, ap-1,p))

p
>Fr n—>, —4)
= (a B ﬁ(FrbC(aﬁ‘—lval?ap))'ﬁ(FrbC(alﬁ‘—Zaaﬁ—l»p))'ﬁ(FrbC(an3»“15‘—27/)))

P
2o 2 g (ao’ “ B(Fp¢(as—1, as, p))-B(Fpg(ay-2, as—1,p))...B(Fupg(ao, ar, P))>

By adopting the same procedure after inequality (2) as in Theorem 3.1, we can complete the proof.
Remark 3.5

1.If we take §(ay, ap) = b, we get the Theorem 2.3 of [14] .

2. If we consider efbms instead of efrbms we get Theorem 5 of [16].

3. If we take B(Fyj¢ (a1, a2, p)) =k and C(ay, a) = 1 we get the same result in frms.

4. Application

Fixed point theory turns out to be a powerful tool for the existence of solution of various kinds of integral and
differential equations, for instance see [20, 22]. In this section, a non-linear integral equation has been studied for the
existence of the solution as an application of our main fixed point result. Consider,

5
a(8) =T(8) +/0 (5, k, a(K))dK, )
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V8 €10,d]and E € C([0, @] x [0, a] xR, R) where a > 0. Let C([0, a], R) be the space of all continuous functions and
t-norm is defined as axb =ab ¥V a, b € [0, 1] and define the G-complete efrbm on C([0, a], R) by

sup |a;(8) —az(8)[*
_ 8efo.q)

Frbg(alaaLp):e p

Vp >0andai, a; € C([0, a], R).
The solution of the integral equation (9)is given in next result.
Theorem 4.1 Let 7: C(]0, a], R) — C(]0, a], R) be the integral operator given by

T(a1(8)) :r*(5)+/055(5, k, a1 (x))dx, T*ec([0,d],R)

where E € C([0, a] x [0, a] xR, R) satisfies the following condition:
there exists I'*: [0, a] x [0, a] — [0, +oo] such that for all k, § € [0, a], T*(§, k) € L!([0, a], R) and Va,, a» € C([0, a, R),
we have

28, k, a1(k)) — E(8, &, az(x))* <T(8, K)|ar (k) — az (k)

where

5
sup [ T8, k)dKk < B(Fpe(ar, a, p)).
5¢[0,a] /0

Then the integral equation has the solution a} € C([0, 4, R).
Proof. For all a, ap € C([0, a], R), we have

sup |T(a1(8)) —T(a2(8))?
6€(0,4q]

Foo (T(ar(8)), T(@x(8)), B(Fpg(ar, an, p))p) =¢  PUnglar.az. p))p

Se B(Fp¢(ar, az, p))p

)
sup | (8, k)|ai (k) —az () [*dx
5¢[0,a] /0

>e B(Frp¢(ar, az, p))p
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é
ar(K)— () sup [ T3, K)dx
5€(0,a]/0

> ei B(Fpg(ar, az, p))p

B(Fp¢(ar, az, p))lai (k) — ax(x)|?

>e B(Fp¢(ar, az, p))p

ai (1) — ax(K)2

sup a1 (k) —ax(k)[?
k€0, a]

>e p

= Fy¢(ar, az, p)

Hence af € C([0, a, R) is a fixed point of T, which is the solution of integral equation (9). O
Example 4.1 Consider the differential equation

d"(8)+d (8)=¢°, a(0)=0, d'(0)=1

which gives the integral equation

a(8) :e5—l—/6(6—K)a(K)dK (10)
0
Now

sup |T(a1(8)) —T(ax(8))?
756[0,11]

Fooe (T(a1(8)), T(a2(8)), B(Fupe(ar, az, p))p) =e  PFwglar, azp))p

sup |T(a1(8)) —T(az(8))
756[0,(1]

Fouc(T(a1(8)), T(ax(8)), B(Fy(ar, az, p))p) =¢  PlEwclar,az p))p
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sup [ 18 = K)ar (x)) — (8 — K)aa (k)P
_se[O,a] 0

> e B(Fp(ai, az, p))p

sup 6(8 — K’)2|a1(K‘) —az(K)|2dK

5¢[0,a]/0
>e IB(FrbC(alv az, p))p
s
a1 (k) —ax(k)[* sup [ (8 —«)*dk
5¢[0,q] /0
>e B(Fp¢ (a1, az, p))p
Clearly
5
sup (6 —x)2dx < 1.
5€[0,a) /0
So
(k) — )P swp [ (52
a1 (K)—ax(K sup —K)“dx
) 5€[0,a] /0 (k) —aa(0)?
¢ B(Fu¢(ar, az, p))p > ¢ B(Fuglar, az, p))p

- rbC(a17 az, p)

Since all the conditions of Theorem 3.1 are satisfied so integral equation 10 has a unique solution.
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