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Abstract: This paper is a numerical study of the bright optical solitons that emerge from the concatenation model which
is considered with power-law nonlinearity. The Laplace-Adomian decomposition scheme is the integration methodology
adopted in the paper. The surface plots are exhibited for a range of values of the power-law parameter.
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1. Introduction

The concatenation model is one of the most innovative and very well-thought models that has been ever reported
in the field of optical solitons. This is a combination of three widely recognized equations, namely the nonlinear
Schrdédinger’s equation (NLSE), the Lakshmanan-Porsezian-Daniel (LPD) model, and the Sasa-Satsuma equation (SSE).
The NLSE portion is considered with power-law of nonlinearity. Such a model with power-law has been well studied
and several forms of preliminary results have been reported [1]. These include retrieval of optical solitons by the method
of undetermined coefficients, enhanced Kudryashov’s approach and the improved extended tanh-function algorithm and
finally locating the conservation laws. Now, it is time to examine this model from a numerical standpoint. The current
paper explores the model with the usage of the Laplace-Adomian decomposition scheme. Several values of the power-
law parameter yielded the surface and contour plots of the bright solitons and they are presented in the rest of the paper
after conducting the Laplace-Adomian decomposition scheme. The subsequent sections of this paper provide an in-
depth examination of the methodology, following a brief introduction to the concatenation model and its associated
concepts.
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2. Model of concatenation with power-law nonlinearity

The concatenation model with power-law nonlinearity has recently been studied in [2-4] and is given in its
dimensional form by:

. 2n 2 % 2 2n 2 % 2n+2
lqt+dqxx+b|q| q+Cl|:O'1qxxxx+O'2(qx) q +O'3|qx| q+O'4|q| qxx+0'5q qxx+O'6|q| q:|

. 2 .
+icy [U7qxxx + 0y |q| " q,+ O'ngq;:| =0,i=+/-1. )

In the present research, a complex-valued function g(x, f) is employed to describe the wave profile. ¢ and x
correspond, respectively, to temporal and spatial coordinates. The parameter n is derived from the power law of the self-
phase modulation (SPM). Specifically, 0 < n < 2 is necessary to prevent wave collapse [5]. In particular, b represents the
coefficient of SPM and a represents the coefficient of chromatic dispersion (CD). Subsequently, the coefficient of ¢, is
derived from the Lakshmanan-Porsezian-Daniel (LPD) model, while ¢, is derived from the Sasa-Satsuma equation (SSE).

The main motivation for this research arises from exhaustive theoretical and experimental inquiries extending over
five decades, which have demonstrated the substantial influence of solitons in the practical realm of nonlinear wave
mechanics. This study presents an algorithm for obtaining optical solitons that are capable of existing within the optical
system as described by the model (1). This paper makes a valuable contribution to the science of nonlinear optics by
investigating the characteristics and dynamics of bright solitons inside a model that incorporates various nonlinear
processes. This find-ing improves our comprehension of intricate optical systems. Previous studies have examined the
nonlinear Schrodinger equation with various potentials, which can be found in [6-10]. Additionally, there are more
publications that address optical difficulties by utilizing fractional derivatives, which may be consulted in [11-15].

Bright solitons for the model (1) will be provided for the first time utilizing the Adomian decomposition procedure
in conjunction with the well-known Laplace transform. The occurrence of solitons can also be guaranteed by several
types of constraint requirements that arise inherently from the system’s structure. In subsequent sections, specific details
are enumerated and displayed.

3. The governing model’s bright soliton

The bright soliton solution to (1), which was recently investigated employing the method of indeterminate
coefficients in [2], is provided by

1

- i(— 2
q(x,t)= Asech”[B(x— vt)]el( KHwHHO), @
where the bright soliton’s velocity v is computed as
V=—2K'(d+4C10'1K'2). (3)
The frequency of the soliton « is connected with some system coefficients as per
C)O

=278 4)

2010'4
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The angular velocity w is also calculated from the system coefficients, as

2K2[(a + 12010'11(2 )0'22 —(a+ 46’10'11('2 )(o3 + 05 )2]
o= .

(0, +03+05)°

The width of the soliton as a function of n» and some coefficients of the model is obtained as follows

30y -03-0
B=nk |—2 3 75
0y +03 + 054
where the restriction must be imposed:

(30'2 — 03 —0'5)(02 +O'3 +O'5) > 0.

In finality, the amplitude of the soliton can be obtained by

>

2
PRpr LS (Bo, —03 —05)[0y +03 +05(n+1)]
(03 +03+05)0%

resulting in the ensuing restriction:

K‘20'6 (Boy —03 —035)[o,y + 03 +05(n+1)](0y +03 +05) > 0.

4. Materials and methods

©)

(6)

)

®)

)

In this part, we will provide a concise exposition of the widely used Adomian decomposition method and its
enhanced version achieved through the integration of the approach with the Laplace transform [16-17]. The proposed
methodology will be employed to acquire bright solitons for the novel concatenation model with power-law nonlinearity

(1).

In general, using operators we can write Eq. (1) as

th(xs t)+Lq(X, t)+Nq(X, t) =0

subject to an initial condition

q(x, 0) = f(x).

In the context of the operational Eq. (10), the operators involved act on a complex-valued function ¢ as:

D,q =iq,,

Lq(x, 1) = aqy, + 101G ey T1C207G x5

(10)

(11)

(12)

(13)
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2 2 2n 2n 2
Ng(x,0)=blq["" q+c102(q,)°q" +c103|q,[" g+ o4 |a]”" 4 + 10507

+c10g |Q|2n+2 g +icy(og |Q|2’1 qy +094°q}). (14)

It is clear that the operator N is nonlinear. Consequently, according to the Adomian decomposition approach, it may
be decomposed into a series:

Ng(x, )= My (o> ---» qx): (15)
k=0
where each of the M, is an Adomian polynomial [18]. Also, by the Adomian decomposition method we have
o0
q(x, 1)= Y q; (x, 1). (16)

k=0

To conveniently represent the nonlinear operator denoted by (15), we may write it as

Nq(x, t) = (Nl +N2 +N3 +N4 +N5 +N6 +N7 +N8)q(x, t), (17)
where
2n 2 * 2 2n
Ng=blql" q, Nyg=c102(¢:)°q" Nyg=co3lq,[ @ Nag=cio4ld]” G
2 2n+2 . 2 . 2
Nsq =c105q" 0, Neq=cogla[""q, Nyg=ic,ox|q[™ q;, Nygq =ic0097qs, (18)
and all nonlinear components N, ..., Ng can be decomposed into infinite series of Adomian polynomials given by:
© .
qu:ZM]{(qO:qla---sqk)sjzl’ 23-“, 8 (19)
k=0

M,‘(i represents the Adomian polynomials for each j =1, 2, ..., 8 in Eq. (19), which can be calculated using the
formulas established in [19], i.¢.

N;(q0), k=0
(20)

Mj(q e gy)=11%d
k anln oqn lz

n—1-i’

(i+1)q,.+1iMf k=1,2,3, ...
i=0 4o

In this context, the symbol _#"will be used to represent the Laplace transform, while “will represent its inverse
operator. Next, we apply the Laplace transform _#"to both sides of the operational Eq. (10) to obtain
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ZADyq(x, 1)+ Lq(x, 1)+ Nq(x, 1)} = 0. (21)
By utilizing the initial condition, which is obtained from the initial profiles of the solitons f, we acquire
1 1
a0 =~ F(0) =~ (A Lg(x D+ (Ng(x, D}). (22)

By substituting the Egs. (15), (16) and (19) into Eq. (22), we get

o) 0 8 o .
A g0} =§f<x)—§(/{L(Z e 0) 3+ S MY (Gor o)} ): 23)
k=0 k=0

j=1k=0

By equating both sides of Eq. (23), we can calculate the Laplace transform of each individual component of the
solution, that is

o 1)} =§f(x) (24)

and for every m > 1, the recursive relations are given by

8 o .
a0 == (AL a5 01+ XS M s )} 25)
j=1lm=0

In order to calculate Adomian polynomials, we will focus on the nonlinear operators N, acting on the function ¢
described in Eq. (18). By applying the formula (20), for example, for n = 1, we may get the following results:

Mg =bggqp.

M =b(qq5 +2050190)-

M3 =b(g>q5 + 4047 +2409290 +241 190):

M3 =b(g3q5 + a1 i +20>0190 + 241 9240 + 2404390 +2404192):

1 2 2 2
My =b(qaqh + 9597 + 909> +2030190 + 2929290 + 241 9390 + 2909490 + 241 1192 +2409193)-

2 2w
My =c10290,40,

2 2
M{ =105 (q) 90, + 290912405 )-
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2 2 2
My = ¢105(9>90x +9091x +29092x90x + 291 91x90x)»

2 2 2
= 10 (43905 + 41 Gix + 2929190+ + 291 925905 + 290935 90x + 2909192 )5

5

2 2 2 2
= 0109(4490x + D2ix + 9093x + 203 01x40x + 292925905 + 291 D3x90x + 2409420+ + 241 G1xd2x

s

+2q8q1xq3x )’

3 *
My =c1039090x90x >

3 * * *
=103(9090x91x + 9091x90x + N190x90x)>

=

3 * * * * * *
M5 =c163(9090x92x + 9091x91x T 9092x90x + N190x91x T 9191x90x + 9290x90x)>

3 * * * * * * * *
=103(9090x93x + 9091x92x + 9092x91x + 9093x90x + N190x92x T D191x91x + D192x90x T 9290x91x

=

* *
+91x90x + 9390x90x )
3 * * * * * * *
M3 = c103(9090x94x + 9091x93x + 9092x92x T 9093x91x +9094x90x + 190x93x + 9191592

Q19551 + N3xd0x + 929025 + D21x1x + 92925905 + 43905915 + D31x90x + 9490x90x)>

N

*
=€1049090490xx >

4 * * *
=104(491 9090xx + 909190xx + 909091xx)>

=

4 * * * * * *
My =104(929090xx + 91 9190xx + 9092905 + 91 9091 T 90919100 T 9090921 )>

4 * * * * * * * *
M3 = c104(939090xx +929190xx + 91 9290xx T 9093905 T 92909 1xx T N D1xx T 909291 xx T 91 9092xx

* *
+909192xx T 909093 xx )’

4 * * * * * * * *

My = c164(949090xx + 939190 T 929290xx + 91 9390xx T 909490xx + D39091xx + D291 91xx + 9 929 1xx

* * * * * * *
+909391xx +929092xx T N N92xx T 90929230 + D D0DB3xx T D091 935 + 90909 43x )
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=€1059090xx>
5 2

= (05 (qO ql*xx + 2q0Q1q(>)kxx )>
5 2 % * * 2 %

=105(q1 90xx +2909290xx + 2909191 xx + 90921 )>
5 2 2

= 0105 (41 Gax + 2019290 5x + 2009390xx + 290929 15x + 290919205 + 90 D30 )»

5 2 x * 2 % * % * *
=105(491 Q2 + 2919291 xx + 92 90xx + 2919390xx T 29094905 T 2909391xx + 2909292 x

2
+ZQOQIQ;xx +qo qj;xx )’

6 23
=C106‘13 90>
6 3 2 2
= 10629091 90 + 390 N1490)-
6 23 3 2 2 2 22
= c106(q1 95 + 2909290 + 6909 0190 +3490 9290 +3490" 91 90)»

6 3 3 2 2 2 2 2 2 2
=106(291 9290 + 2409395 + 3919190 + 6490929190 + 69041 9290 + 390 9390 + 64091 91 o

2 23
+640"q19290 + 90" 97 )>

6 23 3 3 2 2 2 2 2
=c106(g> 40 + 291 390 + 2404949 + 691 0195 + 690939190 + 3491 9290 + 640929240

2 2 2 2 2 2 22 2
+640q1 4390 +3490 9490 + 34191 90 + 6409297 90 +3d0” 9390 + 124091 919290 + 690" 919390

3 22
24041 g7 +340" 97 92)-

7 . *
=162084909090x >

7 . * * *
=1cy05(919090x + 9091 90x + 909091 )>

7 . * * * * * *
=icy03(929090x + 9191 90x + 909290x + 919091x + 9091 91x + 909092x )
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7 .
= icy03(439090x + 9241 Gox + N19>90x + 909390x + 9290%1x + N1 91x + 909291 + N19092x
* *
+4091 92x + 909093 )
7 . * * * * * * * *
My =icy04(q49090x + 9391 90x +929290x T 9193905 T 909490x T 939091x + 92N G1x + D925

+q09391x + 929092 + N1 G2x + 9092925 + N19093x + 9091 D3 + 909094 )s

8 . 2
M =icy09q0,47 s
8 . * 2 *
My =ic;09(91x90 +290x9190)>
8 . x 2 * * * D
M3 =icy09(92:90 +291x9190 +290x9290 + 90291 )>
8 . 2 2
M3 = icyo0(q3:490 + 242,190 + 2019290 + 29059390 + A1x9i + 249059192 )>

8 . 2 2
M3 = ic309(q2.:90 + 2030190 + 2959290 + 241x9390 + 29059490 + 92xdi + 2919192 +200:0193)-

and so on for other Adomian polynomials.
Eventually, when contemplating the inverse Laplace transform ! the components ¢, ¢,, ¢,, and so forth, are
subsequently ascertained through an iterative procedure, which is given as:

qo(x, 1) = f(x),

8
01050 == tRag e, 03+ [ B ()} ).
j=

8 .
02000 =~ G Ry, 01+ {3 B oo )} ), (26)
jal

8
G (X, 1) = —/l(é/{qu_l (x, 1)} +§[c/{z P/ (Gos s i)} ])s m 21
j=1

where g, is referred to as the zero-th component, which is taken as the initial condition in this method.
The solution functions ¢ in the Laplace-Adomian decomposition method are derived as

q(x7 t) = iqz ()C, t)' (27)

i=0

The following is the approximate N-step solution obtained:
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N
ay = q;(x, 1). (28)
i=0

The series solution (28) can be used for numerical purposes. For further detail about the convergence of the
proposed method, we refer [20].

The below flowchart presents a concise visual representation of the algorithm derived from the combined use of the
Adomian approach and the Laplace transform.

‘ Start, taking i = 0 ’

/ Use g,(x, #) as the initial condition /

Calculate M ll., LM ?

Calculate g, ,(x, 1)
using LADM

Calculate the
approximate

solution ¢,(x, ?)

Make i =i+ 1 and
take g, as the

initial condition

Desired accuracy?

Make

N
an = q;(x, 1)
i=0

|

/ Consider ¢, as the approximate solution /

Stop

Contemporary Mathematics 1242 | Yakup Yildirim, ef al.




5. Results

Using the method we discussed in the last part, we will simulate how the bright solitons in the concatenation model
behave when the parameter n has different values.

5.1 Bright soliton simulation for n = 1/3

The coefficients of the concatenation model (1) as presented in Table 1 are to be taken into consideration for the
simulations.

Table 1. Parameters for bright soliton simulation and with N = 13 steps

Cases a b c Cy g, 0, oy oy as O oy g ) [Max Error|
Case 1 2.2 0.5 9.0 0.6 23 6.1 0.1 3.1 0.3 8.9 2.2 0.3 6.2 24107
Case 2 0.8 22 3.4 2.8 0.3 4.8 1.1 6.1 0.8 2.0 8.2 1.1 5.5 82x1077

Consider, for the two cases presented in Table 1, the condition at time ¢ = 0 provided by

q(x, 0) = f(x) = 4 sech3[B(x)Je' ) (29)

Figures 1 and 2 illustrate the results obtained from simulations performed on the scenarios enumerated in Table 1.

lq]

PR T R

Figure 1. (left) 3D optical bright soliton using LADM for the parameters given in Case 1. (right) 2D density graphs represent bright soliton solutions
of Eq. (1)
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Figure 2. (left) 3D optical bright soliton using LADM for the parameters given in Case 2. (right) 2D density graphs represent bright soliton solutions

of Eq. (1)

5.2 Bright soliton simulation for n = 1/2

The coefficients of the concatenation model (1) as presented in Table 2 are to be taken into consideration for the

Table 2. Parameters for bright soliton simulation and with N = 13 steps

0Os %%

o, oy gy [Max Error|

simulations.
Cases a b < Cy o, o,
Case 3 32 0.2 0.4 4.2 53 4.9
Case 4 2.5 1.0 7.7 32 5.7 6.8

0.2 0.1 2.2 1.5 12 72%x10°

0.4 1.8 0.6 2.0 24 55%x 10

Consider, for the two cases presented in Table 2, the condition at time ¢ = 0 provided by

q(x, 0) = f(x) = A sech’[B(x)]e’

(—xx+6p) (30)

Figures 3 and 4 illustrate the results obtained from simulations performed on the scenarios enumerated in Table 2.
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Figure 3. (left) 3D optical bright soliton using LADM for the parameters given in Case 3. (right) 2D density graphs represent bright soliton solutions
of Eq. (1)

Figure 4. (left) 3D optical bright soliton using LADM for the parameters given in Case 4. (right) 2D density graphs represent bright soliton solutions
of Eq. (1)

5.3 Bright soliton simulation for n = 3/2

The coefficients of the concatenation model (1) as presented in Table 3 are to be taken into consideration for the
simulations.
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Table 3. Parameters for bright soliton simulation and with N = 13 steps

Cases a b < Cy o, 0, oy oy o5 O o, oy gy [Max Error|
Case 3 9.2 2.3 7.7 1.1 0.4 7.0 0.4 5.5 0.3 4.4 3.6 0.5 1.9 51x1077
Case 4 0.4 1.8 9.0 6.2 32 4.4 1.9 4.7 1.1 0.1 0.9 29 6.6 6.7x10°

Consider, for the two cases presented in Table 3 , the condition at time ¢ = 0 provided by

2
q(x,0)=f(x)=4 sechg[B(x)]ei(_KHeO). 1)

Figures 5 and 6 illustrate the results obtained from simulations performed on the scenarios enumerated in Table 3.

In this part, we illustrate the graphical representations of some solutions to Eq. (1). Figures 1-6 depict the solutions
derived in the present study. In order to achieve this objective, we choose specific values for the parameters that have
been acquired.

Based on the aforementioned data, it is evident that the retrieved solutions exhibit the presence of brigh soliton
solutions as described in Eq. (1). Furthermore, these plots effectively depict the characteristics of the solutions,
providing readers with a comprehensive understanding of how the solutions behave across various values of 7, in
particular in relation to different values of SPM.

lq]

1

-1.0 -0.5 0.0 0.5 1.0

X

Figure 5. (left) 3D optical bright soliton using LADM for the parameters given in Case 5. (right) 2D density graphs represent bright soliton solutions
of Eq. (1)
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Figure 6. (left) 3D optical bright soliton using LADM for the parameters given in Case 6. (right) 2D density graphs represent bright soliton solutions
of Eq. (1)

6. Conclusions

The concatenation model via the via the Adomian decomposition method combined with the Laplace transform
was addressed in the present study. The bright solitons solutions were examined for some specific values of the power-
law nonlinearity parameter n. These typical values of n are chosen to tacitly avoid the self-focusing singularity issue. It
must be noted that the numerical scheme for the dark solitons is not considered in this paper. This is because the dark
solitons for power-law nonlinearity is possible only when the power-law nonlinearity parameter n collapses to unity.
This means dark solitons are only possible when power-law nonlinearity reduces to Kerr law as established during 2023
[1].

One notable benefit of this approach is in its direct applicability to a wide range of differential equations,
encompassing both linear and nonlinear forms, as well as homogeneous and inhomogeneous variations. Furthermore,
this method can effectively handle equations with either constant or variable coefficients. An further noteworthy aspect
is that the Adomian decomposition method combined with the Laplace transform is capable of addressing non-linear
problems without the need for linearization, discretization, or perturbed parameters.

The future of this paper holds strong in this work. Later, the other form of the concatenation model will be taken
up for its numerical scheme, namely the dispersive concatenation model. The results of these research activities are
currently awaited and would be made visible once recovered.
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