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Abstract: Among several ideas existing in Summability Theory which deals with assigning finite values to infinite
divergent series of real numbers, Ramanujan Summation is one among them. There is a well known compact formula
for determining number of diagonals in a convex polygon with n sides. In this paper, we will prove a new result
pertaining to determining Ramanujan Summation for the divergent series whose terms are positive integral powers of
number of diagonals in an # sided convex polygon.
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1. Introduction

In the early part of 20" century, the great Indian mathematician Srinivasa Ramanujan provided a wonderful
compact formula for summing positive integral powers of natural numbers which are related to Riemann Zeta Function
with respect to Analytic continuation of real axis to complex plane. Using this formula, we will be proving a new
formula for determining Ramanujan Summation formula for powers of numbers of diagonals in an n-sided convex
polygon beginning with quadrilaterals.

2. Number of diagonals in a polygon

We know that a convex polygon can be constructed using at least three sides. Triangle is the smallest possible
polygon constructed using 3 sides. Since any two vertices in a triangle are adjacent, there would not be any diagonal in
a triangle. In the following section, we will provide a proof for determining number of diagonals in an n-sided convex

polygon.

2.1 Theorem 1

For n > 4, the number of diagonals in an n-sided convex polygon is
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n(n-73)
= M
Proof. In an n-sided convex polygon we have n vertices and n edges (sides). A diagonal is a line segment joining
any two non-adjacent vertices. The edges or sides are line segments formed by joining adjacent vertices. Since any
line segment which is an edge or a diagonal is formed by joining two particular vertices from the total of n vertices the
_ n(n—1) Cpe n(n-3)
2 2
In view of (1), the number of diagonals in a convex polygon for n > 4 , are given by the sequence

n
number of diagonals in the polygon is given by (2j -n proving (1). This completes the proof.

2,5,9,14,20,27, ... (2)

We now formally define the Bernoulli numbers and use them to describe Ramanujan Summation formulas.

3. Bernoulli numbers

n

Bernoulli Numbers are real numbers which occur as coefficients of x_' in the Taylor’s series expansion of xx "
about x = 0. We denote the nth Bernoulli Number by B, . Thus by definition we get €
=8> 3)
e -1 = " n!
We notice that the constant term of — n is 1 and so from (3) it follows that B, = 1.
The first few values of Bernoulli Numbers are given by
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From the above values we observe that except for B,, B, = 0 for all odd values of n.
We now introduce the traditional Ramanujan Summation formulas which were introduced by Srinivasa Ramanujan
in his famous notebooks.

4. Ramanujan summation formulas

Srinivasa Ramanujan proved a formula connecting Riemann zeta function with Bernoulli numbers (for proof see
[1]). The formulas called as Ramanujan Summation were given by

Br+1
r+1

(RS)(1 +27+3 +4"+57+6 +-+-) = (RS)(ik’) =(-r)=— 5)

Here ¢ is the Riemann Zeta Function. Notice in equation (5), Ramanujan has described Ramanujan Summation
formulas for positive integral powers of positive integers in terms of Riemann Zeta function and Bernoulli Numbers.
In the following section, we will be proving Ramanujan Summation formula for powers of numbers representing the
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number of diagonals given by (2). To know more about Ramanujan Summation methods and its connections with
Riemann zeta function, refer [2-17].

5. Ramanujan summation for diagonals
5.1 Theorem 2

For any positive integer r, the Ramanujan Summation of rth powers of number of diagonals in an n-sided convex
polygon is given by

r+l
1 . B
(RS)2 +5 +9" +14" +20" +27 +--)=— > 3t a2 ©)
2" 2m—1 2r-2m+2

m=1

Proof. In view of (2) and (5), and making use of the fact that except for B,, B, = 0 for all odd values of n, the
Ramanujan Summation of rth powers of number of diagonals in a k-sided convex polygon using binomial expansion is
given by

(RS2 +5"+9" +14" +20" +27" +--)

-as[ 242
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r+l
— Zz“ r 32m—1 BZr72m+2
2" =\ 2m—1 2r—2m+2
This proves (6) and completes the proof.

5.2 Corollary

(RS)(2+5+9+14+20+27+---):%

(RS)(2*+5°+9° +14° +20° +27° +---) = 1

80
(RS)(2* +5° +9° +14° +20° +27° +--) = 33
2240
(RS)(2> +5° +9° +147 +20° + 27 4--) = —>—
2240
Proof. Taking »=1, 2, 3 and 4 in (6), we have
1
(RS)(2+5+9+14+20+27+-~-):l 3‘><£:l
2\1 2 8

2
(RS)(2* +5° +9> +14° +20° +27% +---) :2%(1)31 «Bi

(RS2’ +5 +9° +14° +20° +27° +---)
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This completes the proof.

6. Conclusion

In this paper, considering the number of diagonals in a polygon, we had determined the Ramanujan Summation
for powers of such numbers. In particular, the number of diagonals of an n-sided convex polygon is given by the well
known result proved as (1) of theorem 1. Using the usual Ramanujan Summation formula and considering the sum
of rth powers of number of diagonals obtained in (1), we had obtained a nice closed expression in terms of binomial
coefficients and Bernoulli numbers in this paper through (6) of theorem 2. Finally a corollary is established to determine
the Ramanujan Summation of first four powers of number of diagonals through equations (7) to (10). These results will
certainly provide a new dimension to already existing formulas pertaining to Ramanujan Summation methods of various
divergent series.
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