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1. Introduction

The field of quantum calculus, also known as g-calculus, extends traditional calculus to incorporate the principles
of quantum mechanics. The branch of mathematics known as g-calculus is characterized by the introduction of a novel
parameter, g, which serves to generalize classical calculus concepts and techniques. This field has been observed to
possess a wide range of applications across diverse domains of mathematics, physics, and engineering. The theory of
g-orthogonal polynomials (g-op) is a highly significant and extensively researched domain within the field of g-calculus.

The start of the g-op theory can be traced back to the research conducted by Leonard Carlitz and his contemporaries
during the 1940s and 1950s. In his work, Carlitz [1] introduced a novel class of polynomials referred to as g-polynomials.
These polynomials are characterized by a specific recurrence relation that involves the g-analog of the factorial function.
Askey and Wilson extended the theory of g-op by generalizing the aforementioned polynomials [2].

g-op are a family of polynomials that are orthogonal with respect to a certain weight function that depends on the
parameter g. These polynomials have been found to have many applications in various areas of mathematics and physics,
including number theory, combinatorics, statistical mechanics, and quantum mechanics.

There are several types of g-op, including g-Hermite, g-Jacobi, g-Laguerre, and g-Gegenbauer polynomials, among
others. Each type of g-op has its own recurrence relation, weight function, and orthogonality properties, for comprehensive
study see ([3-8]).
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The study of g-op has led to the development of many important results and techniques in g-calculus, including
the g-analog of the binomial theorem, g-difference equations, and g-special functions. The theory of g-op has also been
used to study g-integrals and g-series, which are important tools in the study of g-calculus. In recent times, Quesne [8]
has reformulated Jackson’s g-exponential as a self-contained series of regular exponentials with well-defined coefficients.
This development carries significant implications for the theory of g-op in the given context and should be duly noted.

The theory of orthogonal polynomials has been extensively studied due to its numerous applications in many fields
of mathematics and physics. In recent years, the use of orthogonal polynomials and their analogs has become an important
tool for studying analytic functions in the complex plane, particularly bi-univalent functions.

2. Preliminaries

Let o7 be the class of functions F of the form
F(O=C+Y aul" (D). (1)
n=2

which are analytic in the disk U= {{ € C: |{| < 1} that satisfy the normalization condition of f'(0) — 1 =0 = F (0).
The subclass of o7 that consists of functions of Eq. (1) and are univalent in U is denoted by .. For every function f
belonging to the set .7, there exists an inverse function denoted by f ~! and defined by

C=r @), o= @) (n()z i lel <n(r ) ¢ €v)

where
W@)=F (@) =0 (1-0(au+50 —500) +@*(—03 +203) + L@ +--+). 2)

A function is regarded as bi-univalent in a given domain U if both £ ({) and its inverse function f ~'({) are univalent,
or one-to-one, within U.

The subclass denoted by X in . is defined by indicating the class of bi-univalent functions in U as given by (1).
Examples of the class X functions include

1 1+
FAE) = o5, Fa(§) = —log(1=§) and F3(&) = +1og (2.
1-¢ 2 1-¢
The inverse functions that correspond to the aforementioned functions:

0] 2% 1 e? —1
I+ 2(0) 20 1| and Ti3(®@) PG

(@)

The utilization of differential subordination of analytical functions can yield significant advantages for the field of
geometric function theory. The initial differential subordination problem was formulated by Miller and Mocanu [9], which
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has been further discussed in [10]. The book authored by Miller and Mocanu [11] presents a comprehensive overview of
the advancements made in the field, accompanied by their respective dates of publication.

This article presents an overview of g-calculus, initially introduced by Jackson and subsequently explored by
numerous mathematicians [12—16]. It focuses on introducing key concepts and definitions within the realm of g-calculus.
Additionally, it highlights the significance of the g-difference operator, widely employed in scientific disciplines such as
geometric function theory. Emphasizing the assumption that ¢ lies within the interval (0, 1), the study extensively relies
on fundamental definitions and properties of g-calculus, as extensively documented by Gasper and Rahman in their work
[7].

Definition 1 Let 0 < ¢ < 1. The symbol [x], represents the fundamental quantity known as the g-number. It is
formally defined as such

1_ K
1_qq’ if keC\{0}
n—1
[y = q"*‘+q"*2+---+q+1=;)ql, if k=n€eN : (3)
pan
1, if g— 0% xeC\{0}
K, if ¢g— 17, ke C\{0}

Definition 2 [17] The g-derivative, also known as the g-difference operator, of a function F is defined by

FO-F@)
7ol , f 0<q<l1,{#0,
%l ©)=13 r10), if ¢=0,
F' (&), if q—=17,+#0.

and 911 (§) = Jq(A11F (£)) for n > 1 where 02F () = 9q(daF ()

In view of Definition 2, for F of the form (1), we have

=)

daf (§) =1+ Z[”]qo‘ngnil

n=2

=

It (£) =9 <1+ iz[n}qané”l) =Y. [nlgln— 1Jqan "

n=2

In 1996, Koekoek and Swarttouw [4] introduced the g-Gegenbauer polynomials (g-gp), also known as the continuous
g-ultraspherical polynomials, and they are related to the g-analogue of the Laplace operator and g-special functions. The
g-gp have been studied in several areas of mathematics and physics, including harmonic analysis, number theory, quantum
groups, and statistical mechanics (see [5, 6]).

The nga) (X, ), referred to as the g-ultraspherical polynomials, are a set of orthogonal polynomials that are defined
on the interval [—1, 1]. These polynomials are defined with respect to the weight function (1 — Rz)a’% on the same
interval, and feature a g-analog. Askey and Ismail [5] identified a category of g-generalized polynomials, commonly

referred to as g-gp, which are essentially the following polynomials
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=

(%, )= Y 67 (x: g)¢", (Re[-1,1], {€). @)
n=0

Chakrabarti et al. [6] in 2006, discovered the initial terms of GP’s g-analog in 2006, which listed below:
o
% (X q) =1
B
77 (X; g) =2[], X ©)

67(x: 9 =2 (Pl +BY) ¥ - Pls

Orthogonal polynomials have played a crucial role in investigating bi-univalent functions, leading to significant
advancements and perspectives in the field of geometric function theory. Recently, there has been a notable surge of
interest in exploring subsets of bi-univalent functions associated with orthogonal polynomials, particularly Gegenbauer
and Chebyshev polynomials. Through this research, estimations for the initial coefficients of these functions have been
derived. However, the exact bounds for the coefficients |a,| for n =3, 4, 3, ... still remain unresolved, as indicated in
various studies [18—22] and more recently in [23-26].

However, in the year 2023, Amourah et al. [27] and Alsoboh et al. [28] developed different classifications of analytic
bi-univalent functions by employing g-ultraspherical polynomials, also commonly known as g-Gegenbauer polynomials.
This current investigation establishes the Fekete-Szegd inequalities and determines the coefficient bounds |o;| and | o]
for functions belonging to the mentioned subclasses.

The primary objective of this study is to initiate an investigation into the characteristics of bi-univalent functions that
are associated with g-ultraspherical polynomials. In order to attain this objective, the definitions enumerated below are
taken into consideration.

3. Definition and examples

Within this section, novel subclasses of bi-univalent functions are presented. These subclasses are subordinate to the
q-8p-

Definition 3 When 8 > 0. A function f in the set X, defined by equation (1), is considered to be a member of the
class %z (B, Qﬁ;a) (X, §)) if certain subordinations are met:

a8 (©) §9r )\ 40
and
@, h(@) oz i(a)) ©)
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1
where X € X 1| and g € (0, 1), the function (@) is defined as the inverse of f ! (@) of the form (2) and 65}9) is the

generating function of the ordinary (gp) given by (4).
Example 1 Let B = 0. We say that a function f € X given by (1) belongs to the class %y (0, 6((,9)(& £)) ifit
satisfies the following subordinations:

EUE) g (x, ¢), and

F(¢)

®I,h@)

©)
ﬁ(w) _<Q5q (Nv w)a

1
where X € 3 1| and ¢ € (0, 1), the function i(®@) is defined as the inverse of f ~! (@) of the form (2) and Qﬁfla) is the

generating function of the ordinary (gp) given by (4).
Example 2 Let 3 = 1. We say that a function f € X given by (1) belongs to the class %x(1, QSE,D)(N, £)) ifit
satisfies the following subordinations:

Lozt (¢)
%t (&)

@I h(m
<& (X, ¢) and 14 2%NO) e (%, m),

b 2,h(@)

1
where X € 3 1| and g € (0, 1), the function A(®@) is defined as the inverse of / ~!(@) of the form (2) and 05519) is the

generating function of the ordinary (gp) given by (4).
Example 3 For ¢ — 1—, we say that a function F € X given by (1) belongs to the class %x(f, @ED)(N, £)) if it
satisfies the following subordinations:

cr'e)
F (&)

cr')
F'(¢)

(1-B) +ﬁ(1+ )wﬁaw, 0),

and

(1-p T4 (14 58 <P, @),

1
where X € 5 1| and the function i(@) is defined as the inverse of / ~! (@) of the form (2) and (’5519) is the generating

function of the ordinary (gp) given by (4).

4. The bounds of the coefficients within the %y (S, QSEID)( N, {)) class

Initially, the estimates for the coefficients of the class %y (3, 6;9) (X, £)), as defined in Definition 4, are provided.
Theorem 1 If F is an element of X defined by (1), it can be said that / is a member of the class Bx (3, QS,(;)) (X, ),
as per the following statement:
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2[[9]g| X /2]y ¥

lon| <

and

s < 4pPJa 2 2|[D]q] ¥

< ) TELBB + (Bl 0B

\/4[915 [PRB+ -] %2 (g+B) (2(Plp+BR) ¥2-Pe).

If F belongs to the class %z (S, 055,3) (X, {)), according to Definition 3, there exist some analytic functions @ and
v such that @(0) =v(0) =0, and |0({)| < 1, |[v(@)| < 1 for all {, @ € U. Under these conditions, we can express [ as

follows

o 89F (©) Cor(0)\ o

and

w@ﬂw)+ﬁ<l+w%Mw)

_®
( 7B) ﬁ(w) aqh(w) )64 (N’ V(w))7

From Definition 2, it is clear that

S () g (1 L Lar(©)

W 10 ) =1+ (q+B)ml+

({BBlg[2lg+ (Blg— 1) (1= B)} os — {[2gB+ (1 = B)g} 03) >+

and

(1-B)

©,h(O) ®I>h(m)
W(@) ”3(” aﬁ(w))

1= (q+B)oso — ({21318 + (Bl - 1)(-B+ 1)}t |
>w2+ .

{2[1314[204B+ (Bl = 1) (=B+1)] = [[22B+(1-B)a] } o3

By utilizing equations (8) and (9), we can derive the following expression.
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2
(g SO g <1+ C%F(C))

F (%) 9F (¢)
(12)
=147 (% g+ [P (% gea+A7 (% 9| -
and
@I, h(m) 0o H(®)
D@ P @)
(13)
=1+ (x; g)di@ + [Cfa)(x; q)ds+C(x: q)d%])w2+~~-
It is generally understood that if
00| = a1+l +al+| <1, ((el)
and
()| =|di®+dbo*+d0°+---| <1, (@el),
then
lcj] <1 and |d;| <1 forall j€N. (14)

In view of (1), (2), from (12) and (13), we obtain
1+ (g+B) ol + ({BB1y 2l + (1Bl —1) (1= B) } oz — {28+ (1—B)g} 03) &+
= 1407 (%: @i d + o (%: glea+57 (%3 gt | 2

and

Volume 5 Issue 2|2024| 2537 Contemporary Mathematics



1= (q+B)onor— ({2318 + (3~ -+ D fon

+{2[Bli21B+ (Bl — 1) (=B + 1) — [[22B+(1-B)a) } oé) W -
:1+d”w;@mw+c@onm@+qmw;@ﬁyf+~-
By comparing the pertinent coefficients in (12) and (13), we arrive at the following.
(a+B)oa =1 (X: g)er, (15)
~(q+B)or =7 (%: g)dh, (16)

({2143leB+ (Bl —1) (1= B) } o — {[23B +4(1—B)} 03)

(17)
=7 (X; @)+ (% g)et,
and
~{2LBlB + (Bl =1) (1= B) pas + {2[1214[314B + (1B, 1) (1- B)
(18)
— |2BB+a1-B)| | od = (%: 9o+ (: g}
It follows from (15) and (16) that
Ccl = 7(11 (19)
and
2
2(q+B)0d = [c” (% 9) (¢t +ad)
(20)
'\ (x; ’ 2
@:[l(ﬁ}@ﬂdﬂ¢éﬁ+ﬁ:%wﬁ)zﬁ.
2(q+B) e (x; q)]
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Adding (17) and (18), we get
_ a1V (— 2 _ ©) . ©) (. 2, 2
2[[2}11( 2l +Blg)B+(Blg—a—D(=B+1)| 0o =C7 (X g)(ca+d2) + G (X: @) (ci +4f). 2D
Substituting the value of (¢? +d?) from (20), we obtain

: [P )] e+ )

ca ([~ s+ Bl - 1-0 -] [P35 0]~ (a8 P )] -
Applying for the coefficients ¢, and d» and using (5), we obtain
onl < 2|[Dly| X /20, X |
\/4[91,3 [22B+a2(1-B)| %2 = (4+8)° (2Pl +P) X2 -2
By subtracting (18) from (17), we get
2{ 214f318 + (13s=1) (1 =B) ploa — o) = €7 (%3 @) (c2 =) +C17 (3 ) (cF — ). 23)

Then, in view of (19) and (20), Eq. (23) becomes

{CED)(N; q)}2

Thus applying (5), we conclude that

PR 2|[Plq |
(q+B)*  R2BlB+(Bl—1)1-B)]

log| <

This completes the proof of Theorem.

5. Fekete and Szego functional

Fekete and Szegd established a precise limit for the functional ’r]()cz2 — a3 in their 1933 publication [29]. The limit
was derived using real values of (0 <1 < 1) and has been commonly known as the classical Fekete and Szeg6 outcome.
Establishing precise boundaries for a given function within a compact family of functions F € 27, and for any complex
7, poses a formidable challenge. The Fekete-Szego inequality for functions belonging to the class %x (3, 6,@ (X, )
is examined in view of Zaprawa’s [30] finding.
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Theorem 2 Given that F is an element of X defined by (1) and belongs to the class %y (S, 65,(19) (X, §)),andn isa
real number, we can state the following

|1—77| < ﬁ(ﬁ7 D, N C]>7

4|l x| ()], 1-n| = 9(B, D, X q),
where

(1-m[cPx: )

2([ip 0 -p) [ 055 ] (018 i)

and

[qz[Z]qﬁ +4*(1 —B)} [Cia)(x; q)}2 —(q+B)* & (x: q)

(2143148 + (131~ 1)(1 - B [0 )]

¥(B, 0, X; q) =

IfF € Bs(B, & (X, ¢)) is given by (1), from (22) and (23), we have

(c2—da)

(1-m) [P (x: )] (e2 4 o)

where
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(1-m e q)

2 ([ip -0 [P0 - (o) e )

A (M) =

Then, we conclude that

)Cia)(x;q)‘ 1
AT, na-p S BB, - DB

’as—noof‘s
1
A BB (B, - (-}

2[el?(x; )| #m)

Which completes the proof of Theorem 2.

6. Corollaries

The following corollaries, which roughly match Examples 1, 2 and 3, are produced by Theorems 1 and Theorems 2.
Corollary 1 If £ is an element of £ defined by (1) and belongs to the class %s (0, Qiq ( {)), then we can state
the following

ool — 2PN VIOLR | APER 2Pl
q\/z([a]qz—[a]zw +Bl, ¢ dl+g
and
121, 2(PE-Ple) X2 +),2
q(1+q)’ [1-m|<gq EIBIE :
‘053—711%2‘ <
lplsfli-ml 2(PE-Plg) xzjqu
¢ 2(PB - Ple ) X2+ ),2] 4(1+q)[D] X

Corollary 2 If F is an element of ¥ defined by (1) and belongs to the class $x(1, QS ( £)), then we can state
the following
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200, % AR
(@03, 3021 1 - 2210),) 2 + 210l

o] <

o] < TR, 2|l ¥
T (g1 PBl

and
2[0]y X
, 1—m| < 9(1, O, X; q),
, [Z]qB]q | 772| ( )
‘%-m%‘ﬁ
PR M), 1-ml =801, 2, % g),
where
CINE
o (1—m) [c”(x: q)|
im) = > ®) 2 2 0 .
2 q[Z]q[Cl (N,q)} —(¢+1)°G7 (R q)
and

22l [P (x: ) (g4 12 (x: g)

21,03l [ (%: )]

9(1, 0, X; g) =

Corollary 3 If F is an element of ¥ defined by (1) and belongs to the class %y (S, 059 (X, §)), then we can state
the following

29| X V20K
\/492 B+11X2— (1+B)° (29(1+a) NZ—E))

lon| <

)

_ 40°N2 N Bl
(1+B)* " [2B+1|

and
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o|N
L ‘1*773|§19(ﬁ797 N)a

2B+1’
‘%-nﬂ%’ﬁ
4PIN|A# ()|, [1-ms| = 9(B. O, ),
where
402 R%(1—m3)
g4 =
() 2[ﬁ+1](2{2a2—a(1+a)(1+ﬁ)}§22+(1+/3)a)
and

¥(B, 0, X) =

8(2B + 1)02X2

4(B+1)22X2— (1+)*(20(1+D) X2 4D) ‘

7. Conclusion

In this study, we have investigated the coefficient problems associated with each of the novel subclasses of
bi-univalent functions defined in Definitions 3 within the disk U. These subclasses include %x (S, 69(&, 8)),
PB(B, Qﬁga)(N, &), B (0, 651(19) (X, §)) and Hx(1, 05519)(& £)). For functions belonging to each of these bi-univalent
function classes, we have estimated the Taylor-Maclaurin coefficients |a;| and | 03, as well as the Fekete-Szegd functional
problem estimates.

Upon the parameter specialization of our main findings, we have identified several additional new results. It
is expected that the g-differential operator will have wide-ranging applications in various scientific fields, including
mathematics and technology.
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