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Abstract: The main objective of this study is to make a linkage between Bernoulli’s differential equations and graph
theory using simple technique. Firstly, we transform an Orthogonal Double Cover (briefly, ODC) to metric graph. Then,
we use the Generalized Fibonacci Polynomials (GFP) to transform the non-linear differential equation into a system
of equations with undetermined constants. As a conclusion, some numerical examples were solved and the error was
evaluated which prove the accuracy of the studied method.
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1. Introduction

Throughout this work, we make use of usual notations: As the following K, , denotes the complete bipartite graph
with m-vertices that are labeled by ay,,, a,, ..., an, in one partite set and n-vertices that are labeled by ay,, ay,, ..., ay,
in the other partite set [1].

For the complete bipartite graph K,, , with 2n vertices, the family ¥ = {Gy, Gy, ..., G(Zn,l)} of 2n subgraphs
(briefly, pages) of K, ,. This family is an Orthogonal Double Cover (ODC) of K, , if it fit the following properties:

1. Every edge of K, , is contained in exactly two pages in & (double cover property).

2. For any two distinct pages G, and G, in ¢, |E(G.) NE(G,)| = 1 if and only if ¢ and d are adjacent in
K, » (orthogonality property).

If Ge=Gforallce {0, 1, ..., 2n—1}, then ¢4 is an ODC of K, , by G [2].

Recently, the spectral methods evaluate the approximated solution of the differential equations. These methods
have a lot of advantages such as small error and small number of unknowns. The algorithm of these methods depends
on the solution which can be expressed as the expansion of the polynomials. In addition, theses methods investigate
different kinds of differential and integral equations in the form of fractional differential equations such as: solving
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fractional pantograph differential equation, multi-term initial value problems and Volterra-Fredholm integral equation
using generalized Lucas polynomials [3—7]. Different attempts of solving the variable order Space-Fractional diffusion
equations, system of fractional differential equations, Volterra-Fredholm integral equations and Volterra-Fredholm integral
differential equations where performed via Generalized Fibonacci Polynomials (GFP) [8—13]. The framework of our study
is to reformulate an ODC graphs to metric graphs, then transform it to matrices which are used to solve the non-linear
differential equations. Also, we present and analyze a spectral algorithm for solving these equations. Finally, the numerical
solutions are evaluated in a series of Fibonacci polynomials, then we apply the spectral collocation method.
Consider the following differential equation

POV () +00)v(y) = g(3)v" () (1)

Where v(y) is an unknown function. P(y), O(y) and g(y) are continuous known functions. The organizations of
the next sections are summarized as follows: section 2 aims to solve the differential equations using the graph theory
as a unique technique away from the exact and the numerical ones. In section 3, the recurrence relation, properties of
generalized Fibonacci polynomials and the algorithm of the methods are explored in details. Section 4, we satisfied our
theorem for different function of the right-hand-side. In addition, we give some examples which prove the accuracy and
efficiency of our method in section 5. At the end, some conclusions are introduced in section 6.

2. The method of the problem

Let us suppose that G = (V, E) where V(G) = {ai, ay, ..., ay} and E(G) = {ey, ey, ..., ey }. If G represents an ODC
graph, then one can reformulate this ODC in the following way. Define the outgoing incidence matrix (mapping) - by

Y 0 otherwise.

- :{ 1 ifx(0) =a @

and the incoming incidence matrix (mapping) ®* by

+_ 1 1fx,(l]) = da; (3)
H 0 otherwise.
Obviously, ®t = (¢J) and @~ = (¢,;) are m x n matrices, and they have exactly one nonzero entry in each column
if G has no isolated vertex.
If G; is one of the pages. The new suggested formula for this page takes the vertices a,, of G; as ay;, ay;, ..., ay,

[14].
Now, look at each one of this vertices and edges between them in G;. If one of them is connected to itself, this will
make a loop, and if it connected to another vertex, we can draw a directed edge starting from the first to the second.
When a vertex is not connected to any other vertex so we shall call it isolated vertex.
The following example illustrates the above discussion in Figure 1.
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Figure 1. Convert of an ODC of K3, 3 by K, 3 to new suggested graph Gy
Now, let us turn our attention to impose the non-linear differential equation (1). Where

v(1)=(97)"d, v(0)=(97)"d 4)

and

y
v() = S0, 00(0)+ [ S0, )P (Ms(r)dr

where

1) = [ )

From conditions in (2). Then, we have

[(07)" =5(1, 0)(¢7)"]d = §(1) (6)

The function g(y) and S(y, r) are given by the information ¢ and ¢ . The solution becomes

1 0 0 . 0 K di 81
01 0 . 0 K, d> &
001 .0 a | | . -
00 1 K, A &

We can choose the right hand side is one of the following basic functions:
1. Polynomial function.

2. sine or cosine functions.
3. Exponential function.
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3. Properties and used formulas

In this section, some definitions and properties for the generalized Fibonacci polynomials are stated [9]. These
relations have been used in the following section [15—-18].
If o and B are non zero real numbers. The recurrence relation for generalized Fibonacci:

Py =ay P o)+B ¢ F o) k=2 ®)

with the initial condition

PPy =1, Py =ay.

it has the Binet’s form:

(y+ /022 148) — (ay— /ah? 1 4p)
2/oy? + 4P

k
&) = ; k=0. €)

We evaluate v(y) as terms in generalized Fibonacci polynomials which has the following form

vo) = ¥ el ()
k=0

Which has the approximate solution

M
v o) =Y a &8P () =" 30), (10)
k=0
Where
_ |raB o.f3 o.f T
36) =& 0, P00, G O]
and the constants which must be determined have the following form

CT = [Co7 Cly «eey CM].

we will discuss the algorithm of the method:

Co iporary Math tics 3876 | Amany Saad, et al.




!

v (y) =AS(y),

{(—1)”2“10:[3 Sy if1>k, (14k) odd,
ag | =

otherwise.

and

1

=, k=0
=4 2 )

1, otherwise.

Substituting these relations in equation (1), —

d M M
- (zck c:’%)) Y G 0)=20).
Y \i=0 k=0

So, we have the following

M
Y w(y) =g().
k=0

where

d> "’ )

ot El o,

u(y) =
By collecting, we have a system of equations
M
Z ck uk(y) = 8g(ve)-
k=0
We have the matrix form of these equations:

vlfc=aG.

So, the constant has the form
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G=(gly)) =[g00), g01)s ..., gyar)]” with the initial condition
c’ 3(0)=0.

Algorithm 1 Coding algorithm for the proposed schema.

Input 1 P(y), O(y) and g(y) continuous functions.

Step 1. Define Fibonacci polynomials by (8).

Step 2. Evaluate the basis function of Fibonacci polynomials by (9).

Step 3. Define the function vector 3(y) by (10).

Step 4. Collocating Eq. (11) in (M + 1) roots.

Step 5. Use Nsolve command in Mathematica software to solve these equations.

In the coming section, we will use the forgoing relations which are defined by the ODC to evaluate the exact of
numerical solutions of the given differential equation.

4. Main result

We shall use the next important theorem in ODC for the coming work [19].

Theorem 1 Let n > 2 be an even integer, n Z 0 (mod 6) and n % 0 (mod 10). Then there is a symmetric starter of an
ODC of K, , by disjoint union of paths.

Theorem 2 By using Theorem 11 in [19], we can explain the solution of (1) using graph theory. We have the form
of D in each case.

Case 1 Suppose that g(y) = y*, then the 1, order differential equation has this form

POV () +0() () =y0" ()
Proof. Using the definition of ¢ ~, ¢ in equations (2), (3) to substitute in equation (7), we conclude that

3+l ((n* =213 +3n% —2n42)e """y -2
3n ! (n® —2n* +n3)

by solving the above matrices, we have conclude that

3(((n* =20 +3n% —2n42)e"(""D) —2)

D=
(3n% —5n* +n3 +n?)

Example 1 Atn =4,V (G) = (0, 0, 1, 2). In the following figure, we convert of an ODC of K4 4 by P, U P» to new
suggested graph Gy in Figure 2.
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Figure 2. The deformed of P, U P, to Gy
1, -1 -1 O 0
0 1 -1 1
0= 0 0 0 -1
0 0 1 0
and then we conclude
1 0 0 O 1 1 0 O
¢+ 01 0 1 o = 0 0 1 0
~loooo0o |’ [o0o0oO01
0 0 1 0 0 0 0 O
from (5),
1 0 0 0
12 1
0O — O 0
S(1, 0) = 2,
0 0O — O
12 1
0 0 0 —
12
85e‘12—1)
5(1) = 1_32 7]2rd :(
g( ) f() rre r 288

then by using equation (6).
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13 (85¢712—1)

pn 000 288
85¢12—1
Loy o offa (85 *-1)
12 d> 288
d =
1 3 12 _
0 — o0 1 d (85e 1)
12 288
1 _
0 1 3 0 (85¢712—1)
288
So, we find that
(85¢~12—-1)

di=dy=d3s=dy = 312

Example 2 Atn =28,V (G)=(0, 0, 5, 2, 7, 4, 1, 6). In the following figure, we convert of an ODC of K3 g by
Py U2P; U P, to new suggested graph G in Figure 3.

a;

[ ] < O O @ &

a, ag ag

Figure 3. The deformed of P, U2P; UP; to G
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and then we conclude

1 000 0 O0OO
1

00 00 O0O0OO0OTO

00 00

0

0

0
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0 00

1 0 0O
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0
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0
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1 0 0O

00 00

from (5),
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So, we find that

iporary Math

S(1, 0)1
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0
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0
0
0
0
0
0

1
/ —Tre % dr =
0

0 0 0
0 0 0
—1
— 0 0
N
0 — 0
%
0o 0 —
24
0 0 0
0 0 0
0 0 0
1,625¢7%0 — 1
12,544
0 0
0 0
0 1 d
d
0 0 ds
dy
o ! %
||
dy
0 0 dy
0 1
1
— 0
24

0 0
0 0
0 0
0 0
0 0
—1

2% _01
O %
0 0

SO O o o o o o

1,625¢7% — 1

12,544

1,625¢7% — 1

12,544

1,625¢7°—1

12,544

1,625¢7%0 — 1

12,544

1,625¢7%6 — 1

12,544

1,625¢756 — 1

12,544

1,625¢76 — 1

12,544

1,625¢7 % —1

12,544
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~3(1,625¢790 — 1)
B 39,200

Case 2 Let g(y) = ¢”, then D has the following form

(n2 _ I’l) (e,n2+n+] _ 1)
2

b= (n?—n—1)(e+n—1)

Proof. Using the definition of ¢ ~, ¢ in equations (2), (3) similarly as case 2, we conclude that

(n—1)(e ™+t 1)
(n2—n-—1)

1
— —1)d
n(e—|—n ) 1

So, if we equal two matrices. Then, we prove this case. O
Case 3 Let g(y) = cosy, as the same.
Proof. We conclude that

(1—n) {e_”2+’1(sin(1) —(n? —n)cos(1))+n*—n
n*—2n3+n?+1

<1+rllsin(1)> di

So,

(1—n) {e‘”zﬂ(sin(l) —(n? —n)cos(1)) +n® — n}
D=

1
(n*—2n3+n2+1) <1 + sin(l))
n

Case 4 Suppose that g(y) = siny, similarly.
Proof. We conclude that
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<l(n+ 1 —coS(l))> d (n—1) efn2+n(cos(1) + (7 —msin(1) - 1}

nt=2n34+n2+1

So

(n2 —n) |e=+(cos(1) + (n® — n)sin(1)) — 1}

D=
(n*=2n3+n%2+1)(n+1—cos(1))

5. Numerical examples

In this section, we solve some numerical examples.
Example 3 We consider the nonlinear differential equation on case (4) when the function g(y) = y?, as follows:

The exact solution of this equation is

v(y) =y*—2y+2-2¢7.

In Table 1, 2, lists the numerical results obtained by the proposed method at n =2, 3, 4, 5, m = 4 and for different
values of a and b. The absolute errors of this method are plotted in Figure 4. We observe from the figure that the
convergence is exponential and the errors are better when the values of n and m are large in Table 3, 4.

Table 1. Maximum absolute errors with various values of n and m = 4

a b n=2 n=3 n=4 n=>5

1 1 7.3%x1073 6.5%x107% 1.1x107* 6.6x107°
2 1 7.3 %1073 6.5%x1074 1.2x107* 6.6x 1073
2 -1 7.3%x1073 6.5%x107% 1.2x 1074 6.6x107°
3 -2 7.3 %1073 6.5%x1074 1.2x107* 6.6x 1073
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Table 2. Maximum absolute errors with various values of n and m = 8

a b n=2 n=3

1 1 53x%x1073 6.1x107%
2 1 53%x1073 6.1x107*
2 -1 53x%x1073 6.1x107%
3 -2 53%x1073 6.1x107*

10”

-3
10 —n=2,m=4
10'4 n=3,m=4

5 n=4m=4
10

. ~—n=5m=4
10 —n=2,m=8
107 —n=3,m=8
10° . ; : : .

Figure 4. Graph of the error at N = 3, 6, 8 and 9

Table 3. CPU timeatn=2, 3, 4, Sandm =4

n CPU time
2 5.812

3 30.875
4 216.249
5 377.344

Table 4. CPU time atn =2, 3and m =8

n CPU time

27
237.219

Example 4 We consider the nonlinear differential equation on case (9) when the function g(y) = siny, as follows:

The exact solution of this equation is

v(y) 1sin 1cos +1 -
=— - = —e .
VTR
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Table 5, 6, there is a comparison between the absolute errors of the present method at different values of m, n, a and
b. Figure 5 displays the absolute errors at the same values. The figure shows that the convergence is exponential. The
values at m = 4 are better than at m = 8 in Table 7, 8.

Table 5. Comparison between absolute errors with different values of n and m =4

a b n=2 n=3 n=4 n=>5

1 1 8.5%x 1073 2.5%x1073 2x1073 3.8%x1073
2 1 8.5x1073 25%x1073 4.7%x1073 3.9% 1072
2 -1 8.5% 1073 2.5%x1073 1.5%x1073 24%1073
3 -2 8.5x 1073 2.5%x1073 1.5%x1073 25%x1073

Table 6. Maximum absolute errors with various values of n and m = 8

Q
S8
3
Il
&}
3
Il
W

W NN =
|
—
&
[\S]
X
—
<
w
w
(95}
X
—_
<
)

—n=2,m=4
n=3,m=4
n=4,m=4

—n=5m=4

—l =2, 1= 8

—n=3m=8

Figure 5. Graph of the absolute error at N = 3, 6, 8 and different values of v; and v,

Table 7. CPU time atn =2, 3, 4, Sand m =4

n CPU time
2 41.438

3 152.624
4 1,319.11
5 2,467.98

Table 8. CPU timeatn =2, 3and m =8

n CPU time
143.844
3 1,990.11
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Example 5 We consider the nonlinear differential equation on case (8) when the function g(y) = cosy, as follows:

The exact solution of this equation is

1 1
v(y) = = cosy+

1
3 3 siny — e

2

In Table 9, 10, we observe that the absolute errors obtained by our method at m = 4 are better than obtained at m = 8.
In Figure 6, we illustrate the results of the present method at n =2, 3, 4, 5and m =4, 8 in Table 11, 12.

Table 9. Comparison between absolute errors with different values of n and m = 4

a b n=2 n=3 n=4 n=>5

1 1 3.5x1072 6.2%x1073 5%x1073 7.1%x1073
2 1 3.5% 1072 6.2%x1073 6.3%x1072 1.6x 107!
2 -1 3.5%x 1072 6.2%x1073 5.6x1073 7.1%x1073
3 -2 3.5% 1072 6.2%x1073 6.9%x1073 3.3x 107!

a b n=2 n=23

1 1 1.5x 107! 1.5% 107!
2 1 1.5%x 107! 1.5%x 107!
2 -1 1.5x 107! 1.5% 107!
3 -2 1.5%x107! 2x 1071

1
D e —n=2,m=4
== n=3,m=4
n=4 m=4
—n=5m=4
—n=2,m=8
—n=3,m=8

0.0 0.2 0.4 0.6 0.8 1.0

Figure 6. Graph of the errorat N =3, 6 and 8
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Table 11. CPU time atn =2, 3, 4, Sandm =4

n CPU time
2 78.14
3 183.64
4 1,419.19
5 2,928.42

Table 12. CPU time atn =2, 3and m =8

n CPU time
211.359
3 2,352.86

When increasing the values of n—steps, the error increases. So, the method is accurate for small values of n. In this
problem

V' () +0(y) = V" (y)

the solution can not be evaluated. So this function is not convergent.

6. Conclusion

In this article, we studied the conversion of ODC graph to a metric graph then represent it in the form of matrices.
From the obtained matrices, we can solve Bernoulli’s differential equations. As a result, some exact and numerical
examples (which modified to a system of linear equation) can be computed using Mathematica software. Due to the
fact that the numerical approximation depends on the generalized Fibonacci polynomials to evaluate errors in each
case.The theoretical analysis and effectiveness of the recently created algorithm are supported by numerical evidence.
As a conclusion, Results proved that the studied method is strong adequacy and viability. We plan to generalize the
offered algorithm to more general differential problems and study the stability in the near future.
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