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Abstract: Planar vector fields can be visualized using their tangent lines. It is shown that orthogonality between these
curves and their associated orthogonal trajectories can be classified as well-ordered or irregular. Criterion for this
taxonomy is the Global Curvature vector K (a quantity involving the local curvatures of the two sets of lines) and
in particular its rotation, V x Kg. The latter, which has been termed Geometric Vorticity I, is an important quantity for
the characterization of a two-dimensional vector field. Depending on the kinematical constraints the field is subjected to,
I' can either vanish (well-ordered orthogonality) or not (irregular case). The main theorem of the study asserts that every
Laplacian vector field is geometrically irrotational (V x Kg = 0) and therefore well-ordered. Conversely, well-ordered
orthogonal nets (which are sets of curves admitting zero geometric vorticity) can always be attributed to a Laplacian vector
field. The necessary and sufficient condition for this behavior is the harmonicity of their angle function ¢ (A@ = 0), which
is defined as the angle of incidence of the field lines. This provides a pure geometric criterion a vector field should fulfill,
in order to satisfy the Laplace conditions. It connects its “appearance” with its “nature”, thus allowing the experimentalist
to study the violation of continuity and irrotationality in physical processes by mere observation.
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1. Introduction

The word “orthogonal” comes from the Greek word “opBoydviog”. The latter derives from the words “op86¢” and
“yovia” meaning “upright” (or “correct”) and “angle” respectively. Therefore, orthogonal is a term used to describe an
upright angle. In mathematics and specifically in geometry the concept of orthogonality is employed to describe a certain
behavior of lines: two isolated curves are said to be orthogonal if they are perpendicular at their point of intersection
(Figure 1a). In mathematical terms this condition is captured by the negative (or opposite) reciprocal nature of their
slopes. In particular, assuming the curves have no parallel slopes to the axis, the orthogonality condition at their point of
intersection reads as:

1
my =——  (orequivalently mymy = —1)
m
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where m; and m; denote the slopes of the two curves. Taking into consideration that a slope m of a curve is the tangent
function of its angle of inclination ¢, the last equation can be equally written as:

tan @ tan @y = —1 (where obviously ¢ — ¢ = g) .

(2) (®)

Curve 1 .
urve Orthogonal lines

'

Curve 2 Tangent lines

Figure 1. Orthogonality between two isolated curves (a) and two vector fields (b)

The concept of orthogonality can be generalized to vector fields as well. In this case we are not interested in the
orthogonality of just two isolated lines but rather two sets of lines as shown in Figure 1b. The blue colored set of lines
can be thought of as the field lines of a vector field F while the red set corresponds to a field that is perpendicular to the
initial one. For any planar vector field F with components F; and F, in the Cartesian coordinate system, there is a new
vector field F ) = (—F,, F;) that is vertical to F. The two fields are said to be orthogonal, or perpendicular, if and only if
their inner product vanishes identically [1]:

F-F, =0. ()

At each point in their domains, the vector fields are pairwise orthogonal and consequently so are their associated
tangent lines (often called integral curves, field lines, lines of forces or streamlines), which are defined as the curves x()
satisfying the following differential equation (in case of the vector field F):

dx
a F(x),
where the variable ¢ is used to parameterize the plane curves.

Yet, no matter how clear and definite equation (1) regarding the mutual orthogonality of planar fields appears to be,
careful examination of the geometric properties of the lines involved reveals further information on the very nature of the
field they belong to. As we are about to show, orthogonality can be further classified as “well-ordered” or “irregular”,
depending on the value of the sum of the rate of change of the streamline curvature (Kjs), with respect to the streamline
dKs JKy
o5 on )’
This behavior can be mathematically captured by a geometric quantity, the so-called Global Curvature vector (K¢g) and
in particular its rotation I' (' = V x K ), a quantity that has been given the name Geometric Vorticity. More specifically,
in the most general case, that is when the field F is not constrained by kinematical conditions such as irrotationality or
incompressibility, geometric vorticity could take either positive or negative values. Accordingly, the orthogonality of
the lines between F and F | will be considered as “irregular”. If the vector field F on the other hand is both solenoidal
(V-F =0) and irrotational (V x F = 0), geometric vorticity must vanish everywhere in the field. This leaves a specific

arclength s, and the rate of change of the orthogonal line curvature (Ky ), with respect to its arclength n
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footprint on the pattern of the lines involved, a certain “signature” which not only can be quantified but also observed
experimentally. In this special case the orthogonality between the streamlines of F and F | will be considered as “well-
ordered”.

In section 5, it will be shown that being well-ordered is intimately related to the harmonicity of the angle of incidence
¢, which is the angle formed between the tangent lines of F and the x-axis. It is well known that scalar functions, which
have continuous second partial derivatives and satisfy Laplace’s equation are called harmonic functions. They occur in
several applications in engineering and physical sciences (ranging from robotics [2] to quantum mechanics [3]) and they
depict a certain notion of “stability”, whenever one point in the interior of a planar region is influenced in terms of its
values on the boundary [4]. Exactly this behavior is captured by the scalar ¢ when Laplacian vector fields are considered
and explains why the term “ordered” was adopted to describe them in the first place. It does not only offer a geometric
interpretation of Laplacian vector fields, but also provides a link between observation of a certain phenomenon and the
underlying physics, thus making it valuable from an experimental point of view. In section 6 we offer a summary of
the main results of the study along with some use cases to demonstrate their applications. Finally, a brief outlook on
interesting possibilities for future work on this subject is presented.

At this point we would like to mention that the majority of the calculations in this manuscript is based on the
streamline, or intrinsic coordinate system, which employs the arc-lengths s and n along the stream and orthogonal lines,
as independent variables. It aligns with both the field-lines and their normal trajectories, thus forming a right-handed
orthogonal curvilinear system, defined by the unit tangent vector ¢ and the unit vector n normal to it, as depicted in Figure
2. The streamlines correspond to the lines of constant n-values, while the orthogonal trajectories correspond to the lines
of constant s-values. The (s, n) system has been chosen on purpose because it is built upon the geometry of the field.
Consequently, it incorporates its geometric footprint, something which is going to be beneficial in our further analysis,
significantly facilitating our efforts in performing mathematical calculations.

. local curvature
4 of the tangent lines

Tangent lines
(lines of constant n)

Orthogonal lines
(lines of constant s)

local curvature
of the orthogonal lines

Figure 2. Schematic representation of the streamline coordinate system and the local curvatures Ky and Ky corresponding to the tangent and orthogonal
trajectories of a planar vector field

In the following section, the definition of global curvature K¢, which builds the foundation for our further study
will be presented (for tracing its origin and exact evolution one would have to chronologically follow some of the studies
presented in the list of references [5—7]). The need for its introduction will later become apparent, thus justifying our
foresighted decision for its conception in 2007 [5].

2. The global curvature vector

Curvature is literally a measure of how much a line “bends” at each point. Leonhard Euler defined curvature K as
the ratio

Volume 5 Issue 3|2024| 6343 Contemporary Mathematics



d
K= d—q) (Definition of curvature) 2)
s

which is the change in the angle of inclination (or “angle function”) ¢ of a curve divided by the change in arc-length in
an infinitely small location (Figure 3a). Obviously, a large change of the angle in a short distance will produce a large
curvature and vice versa. Therefore, a straight line has zero curvature, while a circle has a constant one that is inversely
proportional to its radius. Newton eventually introduced the idea of curvature radius (Figure 3b), as the radius of the
largest possible circle (the so called “osculating circle”), which is tangent to a curve on its concave side and it is inversely
proportional to its curvature [8]:

R= (Definition of radius of curvature).

==

@ (b)

N\
ds

4 \ )
Q > Local curvature Radius of curvature

X-axis

tangent at P

y-axis

o Sl opol
K=" - =
ds K

Figure 3. Definition of the angle function ¢, curvature K and radius of curvature R

Now consider a set of curves that correspond to the tangent lines of a planar vector field. One could uniquely define a
perpendicular set of curves to which we will refer to as the orthogonal trajectories of the initial vector field. Each individual
point of the vector field is defined by the intersection of two distinct curves, one tangent line and one orthogonal trajectory
(see for example point “P” in Figure 2). One could therefore assign two numbers at every point of the field representing
the local curvatures Ky and Ky of these two lines (the scalar function K, also called the curvature function of the field,
gives the local curvature of the streamlines at every point in the plane). Eventually, these curvature functions, can be
combined to form the global curvature Vector K¢ defined as follows:

Definition 1 The global curvature vector K¢ is defined in the streamline coordinate system as,

KG = (—KN, Ks). (3)

Its tangent component is the negative of the local curvature of the orthogonal line Ky, while its vertical component
equals to the streamline curvature K.

For both components of K¢ the signed curvature is implied and therefore one should take into account its correct
sign, depending on the flow topology being investigated. Following the right-hand rule, the sign is positive for an anti-
clockwise sense of rotation, during a hypothetical motion of a point particle along the curve. For the vector field topology
at “P” shown in Figure 4, K and Ky are negative and positive respectively, which explains the specific direction of K.
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orthogonal line

streamline

[At “P”itis Kg <0and K > 0]

Figure 4. Schematic representation of the global curvature vector K¢g

As already mentioned in the introduction the notion of “global curvature” (and eventually that of “geometric vortici
ty”) is crucial in our further enquiry. Based on this, some holistic results regarding the nature of a vector field can be directly
deduced. One of them reveals that there are two types of orthogonality as long as a pair of mutually orthogonal lines is
involved. But before developing the corresponding theorem, we would like to present two methods for the computation
of the curvature functions Ky and Ky, even when an explicit analytical expression of the associated field trajectories is
unknown.

3. Computation of the curvature functions corresponding to a planar vector field
3.1 Vector field geometry based on the components of the vector field

We will first show how the streamline curvature at every point can be found, as long as the vector field components
are known. For the rest of the treatise a unique description of a vector field F in terms of its angle function ¢ will be
assumed. This scalar along with the two vector components F, and F, are supposed to be piecewise analytic with defined
and continuous partial derivatives.

Lemma 1 The curvature function Ky of the tangent lines of a vector field F is equal to the rotation (Curl operator
Vx ) of its normalized vector ¢:

Ks:(th)-k

where k is the unit vector perpendicular to the planar field (refer to Figure 4).
Proof. The total differential of the angle function @ (x, y) that describes F can be written in the Cartesian coordinate
system as:

a—(pdx—k a—q)dy.

g = ox dy

Division of the last equation with the line element the line element ds leads to:
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do _agds dpdr i
ds dxds dyds

4
dodx Jdody
Ks=5-—+=5-—,
dxds dyds
where Ky denotes the streamline curvature. Taking into consideration the following two relations
. dy dx
s1n(p_% and cos(p—%, 5)
which are valid everywhere in the field, equation (4) updates to:
0 d
Kg = a(sm ¢)— jy(COS ). (6)

On the other hand, the unit tangent vector ¢ can be written in terms of the angle function ¢ as:

t = (cos@, sinQ).

By applying the Curl vector operator to ¢ we obtain (we view here ¢ as a vector in R® with a zero component in the
vertical direction k):

Jd ., . d
Vxt= (ax(sm(p) — ay(cos(p)) k.

Comparison between the last equation and equation (6) shows that the curvature of the vector field streamlines in
every point is equal to the algebraic value of the rotation of the corresponding unit vector:

Ks=(Vxt) k. 7

The above method for calculating Kg was first developed in 2007 and is referred to as the “Method of rotation™ [5].
Obviously, if the vector field components are known, one could work out the components of its normalized vector, to feed
equation (7) for the computation of the streamline curvature everywhere in the field. The key in succeeding our goal was
to study the field as a whole. Introducing the angle function ¢ was crucial. It is this scalar which, when combined with the
very definition of curvature, leads to an analytical solution for the field curvature even if the field streamlines are entirely
unknown. We now proceed with the application of Lemma 1 to the set of lines that are orthogonal to the generator field
F.

Lemma 2 The curvature function Ky corresponding to the orthogonal set of lines of a vector field F is equal to the
divergence of its normalized vector ¢:
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Ky=V-t.

Proof. Because of the orthogonality condition, the unit tangent vector n of the orthogonal vector field F; has the
following components:

n=(—sin@, cosQ).

According to the rotation method presented earlier, the curvature function Ky will be given from the following
equation:

KN:(Vxn)-IH:)

0 d
Ky = (ax(cos(p) - ay(—sinq))) =
®)
Ky = (i(comp)—kjy(sin(p)) =

Ky=V-t.

A very interesting aspect associated with Lemmas 1 and 2 is that the two basic operators of vector calculus imply
a strong geometric character when acting on its normalized field. Furthermore, equations (7) and (8) do not rely upon
parametrizations of the curves they describe.

3.2 Vector field geometry based on the angle function

We would now like to present the second method, which allows the computation of streamline curvature based on
the knowledge of the angle function ¢.

Lemma 3 The curvature function Ky of a vector field F is equal to the directional derivative of its angle function,
calculated with respect to the direction of its tangent lines:

KS:V§D~I.

Proof. The directional derivative of ¢ in the field direction is accordingly:

(2o, do _do
V(P't— <ast+ann) 't—g.

But since the change in the angle d¢ of the tangent vector over the change in arc-length ds in an infinitely small
location equals the streamline curvature Ky at that point (equation 2),
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KS = = (9)
equation (7) updates to:
Ks = V(P -t. (10)

We will refer to the equation above as the “Directional Derivative Method” (for further details please refer to [5]),
in order to distinguish it from the “rotation method” presented at the beginning of this section (equation 7). Based on
Lemma 3, it will now be shown how it is possible to compute the curvature function corresponding to the orthogonal
trajectories of the field F.

Lemma 4 The curvature function Ky for the set of lines that are orthogonal to the field’s tangent lines is given by
the directional derivative of the angle function, calculated at right angles (anticlockwise) to the direction of the generator
vector field:

Ky = V(p ‘n
Proof. If ¢ is the angle function of the generator vector field F, the following scalar

T
D=¢+=
P+5

represents the angle function of a vector field F | that is perpendicular to F (Figure 5).

r orthogonal line

2 &
d9
dn
n do
ds x’
=
N o 7\\
» x-axis streamline of F
k

Figure 5. Graphical description of the angle functions corresponding to a 2D vector field F

Taking into account that the unit tangent vector of the new vector field is now n, the corresponding curvature function
Ky can be obtained by making direct use of the directional derivative method. According to equation (10):
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KN=Vﬁ-n=v(¢+§)-n@
(11)
KN:Vgo~n

d . . o
and the Lemma has been proven. The factor a—(p, that is the rate of change of the angle function ¢ along the n-direction,
n

represents the curvature of the orthogonal trajectories, since:

(12)

Lemma 5 Global curvature K¢ is an incompressible vector field:
V-Kg=0
Proof. In virtue of equations (9) and (12) the definition of K¢ (equation 3) can be rewritten as:
do do
Kg=|—, =—|.
¢ ( on’ ds

The Divergence of K¢ can then be calculated in the intrinsic coordinate system as:

_ dp do\  J (do\ 9 (¢
V'KGV'(anuas)as@)*w(as '

After assuming sufficient smoothness, to permit changing the order of differentiation, the above equation leads to
the incompressibility of Kg:

V.Kg=0. (13)

For practical purposes (for example, in order to plot Ks and Ky when a vector field is given), both equation (10) and
(11) can be analyzed in the Cartesian coordinate system. For the vector field F with an angle of incidence ¢ the curvature
function of its tangent lines is given by:
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(99, do. o
Ks_<axl+ay})-(cos<pl+sm(p])<:)

(14)
Kg = (;(gcos(p+aa(£sin(p,
while for the orthogonal trajectories, equation (11) gives:
Ky = <3‘£i+ (?9(5]) (—sin@i+cos@j) <
15)
Ky = _%f sing + g(;)cos(p.

In Figure 6 several plots are depicted, all corresponding to the following vector field v:

v = (e, vy) = x4yt — x4y 2x%y? —2xy
IR (2 +32)? " (2 4y2)?

representing the velocity distribution of an incompressible (V - v = 0) and at the same time inviscid (V x v = 0) uniform
flow over a circular cylinder with unit radius [9]. Such vector fields, satisfying incompressibility (V- F = 0) and
irrotationality (V x F = 0) conditions are often called potential or Laplacian vector fields. In that specific case the
corresponding orthogonal trajectories are usually called potential or equipotential lines (instead of orthogonal). The first
plot (top left, Figure 6a) shows the flow streamlines (blue colored lines) and their orthogonal trajectories (red colored
lines). The next diagram displays the iso-lines of the corresponding angle of incidence ¢ (6b), computed by using the
equation below:

@ =tan"! W) = tan~! 2w
Vy x4 +y4 —x2 _|_y2 + 2x2y2 :

The other two diagrams depict the iso-lines of the curvature functions Ky and Ky (6¢ and 6d), which were generated
with the aid of equations (14) and (15) respectively.
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Figure 6. Stream and potential line plot (a), angle function plot (b) and streamline curvature plots (c for Ky and d for Ky) for the velocity vector field
of an inviscid flow around a circular cylinder

4. The concept of geometric vorticity

Definition 2 Let F be a continuously differentiable vector field. The Curl of the corresponding global curvature
Vector K g, to which we will refer by the symbol I, constitutes the so-called geometric vorticity field of F:

I'=V xKg (definition of geometric vorticity) . (16)

In two dimensions I" has a single component parallel to k (which is the unit vector perpendicular to the planar field),
that is

I' = (Curl,Kg) -k = vk, a7

where 7 is defined as the scalar geometric vorticity. The term “vorticity” is obviously borrowed from the field of fluid
mechanics where the quantity V x v represents the well-established vorticity vector of the flow velocity field v. As a
direct consequence of the definition above we can prove the following Lemma:

Lemma 6 The scalar geometric vorticity y of any plane vector field equals to the sum of the rate of change of the
streamline curvature with respect to s and the rate of change of the orthogonal line curvature with respect to n . In other
words:

oK oKy
" Os on

Proof. In the natural coordinate system, we have:
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I'=V x (—Kyt+Ksn) = —KNth—VKNxt+KSVxn+VKSxng

(18)
I' = —KyKsk — aﬂﬂr aﬂn Xt+KsV xn+ %t+ %n X n.
ds on ds dan
But according to equation (8) we have:
Vxn= (V't)k:KNk
and equation (18) updates to:
JK, dK, JK. dK.
T= KyKsk— [ 2N+ 22V ) ot Kskvk + ( 235t + 22850 ) xne
ds on ds dn
K, K
'=- a—N nxt+ b txn&
dn ds
JdKs JKy
Fr=(——+— |k
< ds + an ) <
JdKs JKy
Fk=—+—.
ds + dan
In virtue of the definition (17) we finally obtain the following formula for the scalar geometric vorticity:
JdKs JKy
=—+—. 19
ds + on (19)

Moreover, it is possible to link ¥ to the angle function of the vector field. The following theorem reveals this
connection:
Theorem 1 The Laplacian of the angle function ¢ of any vector field F equals its geometric vorticity y

Ap =.

Proof. The mathematical expression of the Laplace operator in the intrinsic coordinate system incorporates the global
curvature vector and is given by the following equation (the exact derivation can be found in [10]):

02 92
A=K Vi + 2
Ke-V+ 052 + on?
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Its application on the scalar function @ gives:

’¢ %
A(p——Kg-V(p—kW—FW@

9’ 9% (9)&(12)

A¢:—(—KN,KS)-V¢+W+W
-5 (2) 220
A(p:%—kaa%.

Comparison between equations (19) and (20) yields the following Poisson equation:

Ap =Y. 21)

Equations (19) and (21) have a general character, since they can be applied to all types of fields. In the following
section though we will see how the divergence-free and irrotationality conditions, which are often encountered in the
fields of electrodynamics and fluid mechanics, expose an interesting geometric feature for the vector field to which these
constraints were imposed to.

5. Laplacian vector fields and well-ordered orthogonality

In this section we restrict our focus to the study of vector fields that are incompressible (solenoidal) and conservative
at the same time. Such fields, which are constrained through both incompressibility (V- F = 0) and irrotationality
(V x F = 0) conditions are termed “Laplacian”. Tt can be shown that their geometry is such so that Kg apart from
incompressible (V- K¢ = 0) is also an irrotational (V x K¢ = 0) vector field.

Theorem 2 The global curvature K¢ corresponding to a planar Laplacian vector field F is a Laplacian field itself.

Proof. In general, the Diver gence of a plane vector field F can be developed as:

V.F=F(V-1)+VF-1¥

oF oF
V-F:FKN-I—(ast-i-&nn)-t@ (22)
V-FZFKN+ai.
ds
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If F is solenoidal though (V - F = 0) the last equation updates to:

1 0F
Ky=——2".
N F Js

Furthermore the Rotation of a plane vector field can be developed as:

VxF:VFxt—kFth@

V x F =VF xt+F (Ksk) <

V x F = FKsk + a—FtwL&—Fn Xt &
ds on

VXF = <FKS(31;)I€<:>

oF
IV x F| = FKs — %
on

(23)

Because the examined field is planar, its Rotation has a single component parallel to k: V x F = |V x Flk. If

Fis conservative (V x F = 0), equation (23) simplifies to:

1 0F

ST Fon

Summarizing our results, the two kinematical constraints imply that:

Ky = —2F —K —E{mﬂ
N=TF 9s N7 9s
St
1 0F 0
S=Fon KS:%(IHF)

which means that K can be written as the gradient of a single scalar (potential):

Kg=V(InF).

24

Since the Curl of the gradient of any scalar field (which is continuously twice-differentiable) is always zero, it is:

VXKG:().

(25)
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Together with the solenoidal character of K demonstrated earlier (please refer to lemma 5) it can be concluded that
the global curvature of a Laplacian vector field is Laplacian as well.

We are about to reveal that the two families of curves (tangent and potential lines), corresponding to F, exhibit a
special geometric regularity. Specifically, equation (19) considerably simplifies as the next theorem shows:

Theorem 3 (Geometric Conservation Law of Laplacian flows) The geometric vorticity y of any planar Laplacian
field vanishes identically (y = 0), while its angle function ¢ is harmonic and thus satisfies Laplace’s equation (A@ = 0).

Proof. The vanishing of geometric vorticity follows immediately from theorem 2 and specifically equation (25). Yet,
there is another way to prove that, by calculating the derivatives of equations (24) with respect to n and s respectively. It
is then:

dKy _ 9*(InF)

dn dnds

K5 9*(InF)
ds ~ 9son

After assuming sufficient smoothness to permit changing the order of differentiation, addition of the last two
equations leads to an interesting relation between the two curvatures

0Kg JKy
—_— =0. 26
3s | an (26)
Comparison between equations (19) and (26) directly yields
Y=0. 27

Therefore, the sum of the rate of change of the streamline curvature, with respect to the streamline arc-length and
the rate of change of the potential line curvature, with respect to the potential line arc-length, equals zero. Or shortly,
geometric vorticity vanishes identically. For this reason, ¥ can be seen as a geometric invariant, while equation (27) can
be characterized as a geometric conservation law that Laplacian vector fields must fulfill.

There is even an alternative expression for the aforementioned law, which instead of the two curvature functions Ky
and Ky employs just one scalar, namely the angle function ¢ of the vector field. In the most general case, ¢ satisfies
Poisson’s equation. But according to theorem 2, if the field is Laplacian the corresponding global curvature Vector K¢ is
irrotational (Y = 0) and equation (21) immediately simplifies to:

A = 0. (28)

Concluding, if F represents a Laplacian vector field, its geometry must be such that the scalar ¢ is a harmonic
function.

Definition 3 From now on we would like to refer to orthogonal sets of lines as well-ordered, if these satisfy either of
equations (27) or (28). Analogously, a planar vector field satisfying equations (27) or (28) will be named a well-ordered
field.

It follows to wonder whether the opposite argument holds as well. Specifically, does the vanishing of geometric
vorticity automatically secure the existence of a vector field which is Laplacian, and which could act as the global curvature
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vector Kg? Even more, does the harmonicity of ¢ imply the “Laplacian nature” of the vector field F, to which K¢ is
ascribed to? Before answering the above raised questions it is necessary to rewrite the Cauchy-Riemann (C-R) equations
met in complex analysis (which together with some continuity and differentiability criteria, form a necessary and sufficient
condition for a complex function to be holomorphic), using streamline, instead of Cartesian coordinates. This is presented
in the following Lemma:

Lemma 7 In the streamline coordinate system, the Cauchy-Riemann equations take the following form:

o _a0
ds  on
9P _ 90
on  ds

where P and Q are scalar functions representing the real and imaginary parts of a complex function.

Proof. Firstly, it is assumed that the partial derivatives of both scalar functions over x and y exist, are continuous and
that in the domain of interest there are no critical points for which the angle function of the level-curves is 90° (in such
case the local slope cannot be defined). In addition they satisfy the C-R equations, which in cartesian coordinates (x, y)
are given by the following system of partial differential equations:

P 20
dx Iy
: 29)
P 90
dy  ox

The two scalars P and Q can be expressed in terms of the streamline coordinates (s, n) as well. By using the chain
rule, their partial derivatives over s and n, can be expressed as functions of x and y. For the first scalar it is:

op _apax opay
ds dxds dyds

JP _JP P .
X:gcos(era—ysm(p@ (30)

dP 1 9P 9P

ox cos@ ds  dy ange.

JdP
Similarly, the term —— can be expressed as:

on
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op_opax opoy
on  dxdn Jdyon

8P_8P(_. )+8P
oy = oyl sine a—ycos(p@

or_ 1 or or,
dy cosQdn  Ox ang-

Analogously, following equations are obtained for the scalar Q:

90 _ 1 90 09,
dx cosQ ds dy ane,

s0_ 1 a0 a0
dy  cos¢ on + ox e

By substituting equations (30)-(33) into equations (29), it is:

Lop or 1 00 20,

cos@ ds dy an(picosq) on = ox ne

op op 120 30

cos® dn ox e = cos® ds Bya('o

1 9P 1 00 [(dQ  oP

cos¢5’scos(p<911+<8)c+(9y>tan¢
=

1 JP 1 d0 Jd0 JP

cos(p&n_—cosq)8s+(8y—8x>tan(p

or_ a0

ds  on

9P _ 99

on  Os

€2))

(32)

(33)

(34

The latter represents an alternative expression of the C-R equations in the streamline coordinate system. The

following theorem can then be proven:

Theorem 4 For every well-ordered net of orthogonal lines (Ag = 0), there exists a unique vector field K which is

Laplacian and which describes the net.

Proof. From complex analysis, it is known that a harmonic function P (AP = 0) always admits a conjugate function
0O (AQ = 0), which is unique up to a constant. Furthermore, every harmonic function is the real part of a complex
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differentiable function and thus, together with its conjugate, satisfy the C-R equations [11]. In the present context, the
harmonicity of the angle function ¢ (A@ = 0) implies that there is a harmonic conjugate N (AN = 0), uniquely defined
up to an additive constant. Moreover, the scalars ¢ and N are respectively the real and imaginary parts of a holomorphic
function f(z) of z the complex variable :

f(z) = o +iN,

such as their first-order partial derivatives satisfy equations (34):

20 _on g N
ds on 0)&(12) 57 on

. (35)
dp  ON Ko — JON
an = o V=

As a result, the global curvature vector that could be assigned to the well-ordered net is given by the following
equation:

Kg = (—Ky, Ks) 22 K — (‘?Z, ?;Z) o Kg=VN. (36)

It shows that the scalar NV, the so-called “geometric potential”, serves as a potential function of the geometry of the
field and therefore K is irrotational (V x Kg = 0). In addition, the divergence of K can be written as,

V-Kg=V-VN.

Because N is a harmonic conjugate, the right-hand side of the equation above vanishes and K¢ is incompressible
(V-Kg =0). Consequently, K¢ is a Laplacian vector field.

It is noteworthy that equation (36) immediately follows from equation (16). The assumption that the angle function
is harmonic, automatically implies that geometric vorticity vanishes (V x K = 0) and therefore the global curvature
vector admits a scalar potential N, such Kg = VN, which is in fact equation (36). This way the proof of theorem 4 would
have been much shorter and there would be no need for proving Lemma 7 in advance. Nevertheless, it was intentionally
decided to follow the “complex analysis path”, in order to reveal the uniqueness of K as well as the geometric relation
between the angle function and the geometric potential. Since they represent the real and imaginary parts of a complex
holomorphic function, ¢ and N are related as having orthogonal trajectories, that is their isolines cross at right angles.
The same applies for their gradients (V¢ - VN = 0). In this regard f(z) = ¢ +iN would be identified as the geometric
complex potential. The fact that the C-R conditions hold for both ¢ and N, is a necessary and sufficient condition for the
function f(z) to be analytic. This in turn implies that it is also differentiable with a finite limit, which is independent of
the direction of differentiation.

So far, we have established the existence of a unique expression for K when a harmonic angle function ¢ is given.
Since K¢ is Laplacian, one might think that it could represent the global curvature vector of a Laplacian vector field F
(the converse argument of theorem 2). This is indeed the case as the next theorem shows.

Theorem 5 Well-ordered orthogonality (A@ = 0) can always be attributed to the geometry of a Laplacian vector field
F.
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Proof. It is assumed that the angle function ¢ of a well-ordered net corresponds to a non-vanishing vector field F,
in the sense that the angle of incidence of the unit tangent vector ¢ coincides everywhere with the slope of the lines of one
of the two sets. In virtue of equations (22) and (23), K¢ can be developed as:

Kg = (—Ky, Ks) =

ko (LIF V-F 19F |VxF|\
6= \Fos F "Fon F

(37

dlnF JInF 1
Kg = <c9s’ 8s>+F(V.F’ |V xF|) <

1
Kg=VInF+(V-F,|VxF|

This is the most general expression of K g, because up to this point, no kinematical restrictions have been imposed
to F. Theorem 4 states that the harmonicity of ¢ implies the existence of a well-defined curvature vector K, which
is irrotational (K¢ = VN) with components that are intimately related to the geometry of the net. Considering that if a
potential function exists, it is uniquely defined up to an additive constant, comparison between equations (36) and (37)
leads to the following results:

N=InF+c F=cCé
V.-F=0 <= ({V-F=0 (where c and C are some constants). (38)
VxF=0 VXxF=0

Hence, one possible solution could emerge from the equality between (36) and (37), which demands that the vector
field F is solenoidal (V- F = 0) and conservative (V x F = 0) at the same time. The direction of F is per definition
identical to one of the line-sets of the net. Its magnitude can be derived with the aid of the geometric potential and
appropriate boundary conditions.

Recalling Helmholtz theorem [12], a vector field can be uniquely reconstructed, if its divergence and curl are known
functions. In our case they are both prescribed, so if in addition the field vanishes at infinity, it can be uniquely specified.
Nevertheless, even if certain convergence properties at spatial infinity [13] make F unique, theorem 5 does not assert the
uniqueness of a solution in general. In fact, there is at least one non-Laplacian vector field that fulfills the harmonicity
of ¢ as well. This can be qualitatively demonstrated by imaging a Laplacian vector field F and its normalized one,

t They both have identical tangent and orthogonal lines. Although they are described by the same angle function,

Fak
a sirllp{e calculation shows that they cannot be Laplacian fields simultaneously. Thus, there is at least one additional,
non-Laplacian solution that is consistent with the given geometry. Its multiplication with any constant number would lead
to a new, geometrically equivalent vector field. We can conclude that there is an infinite number of fields with the same
geometric footprint. This is a manifestation of the fact that streamlines alone are not conclusive on the magnitude of the
vector elements that created them. Under these considerations we can formulate the following corollary:

Corollary 1 If the scalar geometric vorticity of a smooth non-zero vector field F vanishes identically (y = 0), then
it is possible to scale F by a positive-valued function into a Laplacian vector field.
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Proof. If the geometric vorticity of F is zero everywhere, then Proposition 1 of [14] guarantees that in the
neighborhood of every point, there exists an analytic function

flo)=U+iv

with the property that the gradient field VU is a positive multiple of F. Since U is the real part of an analytic function, U
must be harmonic, while its gradient VU is a Laplacian function. Hence it is possible to scale F into a Laplacian vector
field within the neighborhood.

The harmonicity of ¢ does not provide a necessary and sufficient condition for the Laplacian character of F. A
well-ordered net does not guarantee this, but at least it provides (via theorem 5 and corollary 1) the possibility to construct
a Laplacian field that perfectly corresponds to the picture of the net. However it is certain that an orthogonal net with
non-zero geometric vorticity (y # 0, or equivalently A@ # 0) can never be assigned to the tangent and potential lines of a
Laplacian field. In such case, global curvature cannot be written as the gradient of a scalar (K # VN) and the arguments
employed in theorem 5 will no longer hold.

6. Discussion and concluding remarks

After extensive research in the existing literature, we believe that equation (26) was first introduced by Bivens
[14]. The author posed in 1992 the question “when does a set of orthogonal lines (also termed “net”) possess a complex
potential?”. He studied the geometric aspects of imaginary valued analytic functions and in the context of complex analysis
he showed a criterion for the existence of such a potential in terms of the arc-length derivatives of the plane curvature
functions for the curves in the net (which in effect is equation 26). Accordingly, “one should be able to make an informed
decision as to whether or not a net is isothermal (such special orthogonal nets corresponding to analytic functions were
termed “isothermal”) based solely upon an accurate picture of the net”. He illustrated this by considering the orthogonal
net of ellipses and parabolas shown in Figure 7.

Figure 7. Demonstration of the non-vanishing geometric vorticity for the orthogonal net of ellipses (x2 +2y? = C) and parabolas (y = sz) [14]

The curvature at point P is greater than in A and assuming a counterclockwise orientation along the ellipse (which here

represents a tangent line) there will be a point in between, for example S, for which the factor 25 s negative. However,

s
for the parabola (which here represents the orthogonal trajectory) passing through , the signed curvature decreases towards
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dK,
the origin for a clockwise sense of rotation, implying that the factor a—N will be negative as well. Therefore, the sum of
n

the respective arc-length derivatives has to be negative and the net cannot be isothermal.

In 2009 [6], unaware of Biven’s work and while studying sets of streamlines that are directly attributed to potential
flow fields, we rediscovered equation (26). Later, in 2017 [7], it was generalized in three dimensions, while in the same
year [10] it took its final form, based on the notion of geometric vorticity (equation 27). The latter offers a criterion to
categorize orthogonal nets and to draw conclusions on the properties of the vector fields which they could represent. There
are two types of orthogonality depending on whether ¥ is zero or not, in other words a “well-ordered” or an “irregular”
one respectively. We would like to illustrate this by depicting the nets of three different vector fields: the “uniform”
field consisting of parallel straight lines (Figure 8a), the “source” field having radial lines originating from a common
point (Figure 8b) and a theoretical field the streamlines of which are straight lines emanating tangentially from a circle
(Figure 8c). Although in all three nets the streamlines are characterized by the same curvature (Kg = 0), not all of them are
well-ordered (geometrically irrotational). It can be easily verified that the sets of lines shown in Figure 8a and 8b fulfill
equation (26). In the first case the corresponding curvature functions Ks and Ky vanish, while in the second example, both
sets of curves have constant curvatures (zero for the streamlines and 1/7 for the orthogonal trajectories). Consequently,
their derivatives with respect to their line elements vanish as well, automatically satisfying the geometric conservation
law. On the other hand, the third field obviously does not fulfill this condition. Its tangent lines have zero curvature and
hence the rate of change of with respect to vanishes. Nevertheless, its orthogonal set of lines, which consists of involutes
of a circle (these lines are traced out by the end of an imaginary thread, tautly unwound from a stationary circular spool).

. dK .
shows a decreasing curvature outward from the center and consequently the factor &—N takes negative values. Therefore,
n
the net depicted in Figure 8c cannot correspond to a Laplacian vector field.
(@ (®) ©

v

v

v

v

Figure 8. Illustration of three sets of mutually perpendicular lines with identical streamline curvature but different geometric vorticities

Whenever a set of field lines together with the associated orthogonal trajectories fulfill either of equations (26), (27)
or (28), it is always possible to assign a simultaneously incompressible and irrotational vector field to it. Inversely, if
these equations are not satisfied, then the field is non-continuous, or it is rotational or both at the same time. Kinematical
conditions such as irrotationality and incompressibility leave a distinctive footprint in the field geometry. This gives us
the means to tell fields apart and to deduce the nature of some observable physical processes. Imagine for example having
a two-dimensional flow visualization. The visible streamlines could be digitalized, in order to evaluate their geometric
vorticity. The angle function of the velocity field can easily be established at every point. It is now numerically possible to
test its harmonicity. Violation of the geometric conservation law would identify the areas where friction plays an important
role. On the contrary if the Laplacian of ¢ vanishes at some flow regions, one could almost be certain that the flow there
is incompressible and free of vorticity.

For the sake of clarity, the obtained results of our study could be combined and summarized as follows: the
streamlines and equipotential lines of any Laplacian vector field F (with F' = |F|) always form a well-ordered net. This
condition is mathematically described by either of the following equivalent statements:

-The global curvature vector K¢ is a Laplacian field,
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-The angle function ¢ is harmonic, A¢ = 0,

-The geometric vorticity  vanishes, y=0( or V x Kg =0),

-The global curvature vector K¢ admits a geometric potential N, such as Kg = VN,

-The geometric potential N is a harmonic function, AN = 0( where N = InF +c).

While every Laplacian vector field F always has a well-ordered appearance, the converse argument is not
automatically satisfied and therefore each one of the statements above provides a necessary but not a sufficient condition
for the existence of a Laplacian field. Fortunately, however, theorem 5 and corollary 1 tell us that a Laplacian vector field
can always be assigned to the geometry of a well-ordered orthogonal net. Inversely, the statement that a net of orthogonal
lines which is not well-ordered (A # 0) can never be attributed to the geometry of a Laplacian vector field F, is always
true.

The geometric conditions obtained in the preceding analysis, associated with well-ordered nets, are graphically
presented in the following diagram (Figure 9). Arrows coming together to the same “box”, denote the simultaneous
possession of the “features” which they come from. For instance, a planar Laplacian field is a well-ordered field, it is
geometrically irrotational and exhibits a harmonic angle function. On the other hand, a well-ordered field is not necessarily
Laplacian, but at least it can be scaled to a Laplacian vector field (this property is depicted by the white arrows).

Laplacian vector field K, is Laplacian

V-F=0
VxF =0

V.-K;=0
VxKg=0

Well-ordered orthogonality conditions

4

|

7=0 <=9 Kg=VN

Angle
function

2
/

Geometric potential N

Well-ordered C—)
vector field

Figure 9. Geometric conditions describing well-ordered nets, or equivalently, Laplacian and well-ordered vector fields

Geometric
vorticity

The validity of the core conditions highlighted in Figure 9, can be demonstrated in some trivial examples met in
fluid mechanics. We recall that the velocity field of a uniform flow over a circular cylinder (with unit radius) is both
incompressible and irrotational (Laplacian field). In polar coordinates (r, ©) it is given by the following equation [15]

1 1Y .
v=(v, vy) = (vm (1 — r2) cos ¥, —Veo (1 + r2> smﬂ) ,

while the corresponding angle function reads as

~ tan! sin2¢
¢= cos20—r2 )’

The first and second derivatives of @ over r and ¥ can be calculated. It is:
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Bl B 2rsin20
dr 144 —2r2cos2®d

2% B 2sin219 —3r*sin2® +2r%sin29 cos 20
ar? (1474 —2r2cos20)?

o 2 —2r2cos2®
Y% 1+r*—2r2¢cos29

929 2r%sin20 —2r2sin20
92 (14 —2r2cos20)*

Substituting the last equations into the Laplacian expression of ¢ in the polar coordinate system

22 19 1 92
_o9 99 | ?

Ao=27 2 o9
¢ 8r2+r8r r2 092

and after carrying some trivial computations it can easily be verified that A¢ = 0. The angle function satisfies Laplace
equation and is therefore harmonic as expected.
The spiral vortex is another example of an elementary flow field that is Laplacian. For this reason, the flow admits

a geometric potential N, which is connected to its velocity magnitude (v = ) , via the formula:
r

1
N=In <) +c.
r

The Laplacian of N can be computed as:

Py w1 ow
T or2 ror  r2ov?

_O (NN TON 9 (0 (1N 19 (1N 9 /1) 1
o \ar) T et a e G)) e \s) T e le) =m0

which demonstrates that the geometry associated with the spiral vortex flow is well-ordered.

AN

Now we consider the following vector field F = (x, y), the streamlines of which are rays originating from a common
point (origin) while the orthogonal curves are circles centered at the origin with a counterclockwise orientation. The
associated curvature functions are:
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Ks=0

1

VR

Ky =

Since Ky is constant along an orthogonal curve it follows immediately that geometric vorticity vanishes identically
(y=0). Furthermore, it can be verified that the angle function (¢ = tan~!(y/x)) is harmonic. It is:

ado  —y Jdo  x
ox  x2+)2 and dy  x24y?

Subsequently, the second derivatives of ¢ over x and y can be calculated:

% 2xy % —2yx
—=——— and —5=—".
Ixr (32442 Iy (22 4)2)
Adding the last two equations together leads to:
92 2
7(/) + M =0
oxz = 0dy?

as expected. Although, F is a well-ordered vector field, it is not a Laplacian one, since it has a non-zero divergence
(V-F =2). Nevertheless, based on theorem 5, F can be scaled by a positive-valued function to form a Laplacian field.
In our case a straightforward verification shows that the field

1 X y
Fp= F= , ,
L=y <x2+y2 x2+y2>

is indeed incompressible and irrotational.

At last, it is important to mention that the application of the findings is not limited only to line sets corresponding to
vector fields. In theory one could equally derive the same results by just studying sets of curves in an analytic manner. The
reason why we ascribed a vector field to them for their description was to overcome the problem of curvature computations,
which typically rely upon parametrizations of these curves. By doing so and by using tools of vector calculus and some
basic results of differential geometry we managed to extract the geometric information needed for our investigation (see
for example equations 7 and 8), even without prior knowledge of their analytic expressions. This fact does not restrict the
validity of the findings, which can be applied to any sets of curves, not necessarily belonging to vector fields.

7. Outlook and future perspectives

Orthogonal sets of plane curves are uniquely defined by the opposite reciprocal nature of their slopes. Because of
this unambiguous definition one would suppose that orthogonality is an “ovtoteAng” concept, meaning it is self-sufficient
and does not demand any further analysis. Yet, as revealed in this manuscript, the nature of orthogonality is twofold and
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depends on whether or not geometric vorticity is zero. The vanishing of geometric vorticity has been demonstrated in the
past in the case of ideal flows [16]. It would be very interesting though to investigate whether the geometric regularity
imprinted in the flow streamlines outside the boundary layer developed on the surface of an airfoil profile (such as the
one considered in [7], left diagram in Figure 6), could also be found in other “lines” or “patterns”, not necessarily related
to fluids. For example, the set of curves that corresponds to the streamlines of the spiral vortex flow is fascinatingly
encountered in nature and art (Figure 10), which encourages us to search for further examples. In each individual pattern
(the sunflower’s core in the middle or the central panel from a tessellated floor of a roman villa on the right), two mutually
orthogonal sets of spiral lines can be distinguished. The geometric vorticity for each pair is zero everywhere (y = 0),
which is equivalent to the irrotationality of the associated global curvature vector. Based on these examples it can be
argued, that if the geometric conservation law is occasionally favored in nature, beauty is perhaps not solely manifested
through symmetry, but also through the vanishing of geometric vorticity. This new parameter might provide an additional
criterion for what is perceived to be aesthetically pleasing to the eye.

Figure 10. Demonstration of the vanishing of geometric vorticity in nature and art

In this study orthogonality was categorized in terms of the vanishing of geometric vorticity. It would however be
interesting to further investigate orthogonal pairs of curves admitting either positive or negative values of 7. Moreover,
the global curvature vector along with its derivative concept (geometric vorticity) were defined in two dimensions. Yet
three dimensional fields are of equal if not of more interest, due to the vast number of real-life examples involving them.
Such fields could encompass more than two, mutually vertical, sets of lines. Hence, research on their geometric properties
might reveal additional information regarding their nature and the constraints they are subjected to. As a next step it would
be logical to extend and generalize the notion of global curvature in three dimensions. This task would demand taking the
concept of torsion into account as well, thus increasing the complexity of the problem. As a consolation, the taxonomy
of orthogonality in three, or even more dimensions could be richer than the “binary” character that plane perpendicular
curves possess.

7.1 Table of variables

The variables found throughout the document are presented in the following list.

7.1.1 Geometrical variables

(x, y): Cartesian coordinate system

(r, ©): Polar coordinate system

(s, n): Streamline coordinate system

s: Arc length along the streamline

n: Arc length along the orthogonal trajectory
Ks: Streamline curvature

Ky: Curvature of the orthogonal trajectories

Kg: Global Curvature Vector
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N: Curvature Potential

I': Geometric Vorticity

¥: Scalar Geometric Vorticity

t: Unit tangent vector

n: Unit vector tangent to the orthogonal trajectories

k: Unit vector perpendicular to the plane of motion

¢: Angle function (denotes the angle between the tangent of a streamline and the horizontal x-axis)
1¥: Angle between the unit normal vector n and the horizontal x-axis

m (or my): slope of a plane curve

7.1.2 Physical variables

v: Velocity vector (vector velocity)

v: Velocity magnitude (scalar velocity)
Veo: Free stream velocity

®: Scalar velocity potential

{: Scalar vorticity

p: Static pressure

7.1.3 Miscellaneous variables

F': Vector field with two spatial dimensions

F;: the x-component of Fin Cartesian coordinates

Fy: the y-component of Fin Cartesian coordinates

F: the magnitude of the vector F

F | : Normal vector to F

P, Q: Scalar functions representing the real and imaginary parts of a complex function respectively
U, V: Scalar functions representing the real and imaginary parts of a complex function respectively
f(z): Geometric complex potential (holomorphic function) of the complex variable z

¢, C: Constants
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