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1. Introduction

In 1978, Iséki and Tanaka [1] introduced the concept of BCK-algebras as a generalization of 7-algebras proposed by
Imai and Iséki [2]. After that time, many researchers introduced and studied some proper subclasses of BCK-algebras, for
example, BCI-algebras [3], BCH-algebras [4, 5], BH-algebras [6], QS-algebras [7] and Q-algebras [8]. In particular, Iséki
[9] and Meng [ 10] investigated properties of ideals in BCK-algebras. Meng [11, 12] introduced the notions of commutative
ideals and dual ideals in BCK-algebras and dealt with some of their properties respectively. Moreover, Jun and Roh [13],
Lee and Ryu [14], and Roudabri and Torkzadeh [15] applied BCK-algebras to topology respectively. Mohammed et al.
[16] studied topological structures on BCK-algebras. Also, Jun et al. [17] and Hasankhani et al. [18] and Ahn and Kwon
[19] dealt with topological structures on BCI-algebras.

Recently, Saeid et al. [20] introduced the concept of I'-BCK-algebras and investigated some of its properties. By
modifying a I'-BCK-algebra proposed by Saeid et al., Shi et al. [21] redefined a I'-BCK-algebra and discussed its various
properties. We think it is necessary to study I'-BCK-algebras from the perspective of a topological group.

The purpose of our research is to study topological structures on ['-BCK-algebras and the quotient I'-BCK-algebras
as a preliminary step to research on topological groups. The layout of this paper is as follows. In section 2, we recall some
definitions need in next section. In section 3, we define a topological I'-BCK-algebra and obtain some of its examples and
properties. In section 4, we define a quotient I'-BCK-algebra by ideals of a I'-BCK-algebra and study some of topological
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properties on a quotient I'-BCK-algebra. Finally, we introduce the notion of quotient I'-BCK-algebras by dual ideals of a
I'-BCK-algebra and give uniform structures on quotient I'-BCK-algebras.

2. Preliminaries

We recall some definitions needed in next sections.

Definition 2.1 [1, 3] Let X be a nonempty set with a constant O and a binary operation *. Consider the following
axioms: for any x, y, z € X,

(A1) [(wxy) * (xx2)] % (z%y) =0,

(A) [ (xxy)]+y =0,

(A3) xxx =0,
(Ag)xxy=0and yxx =0 imply x =y,
(A5) 0xx=0.

Then X is called a:

(i) BCI-algebra, if it satisfies axioms (A|)-(A4),

(i) BCK-algebra, if it satisfies axioms (Aj)-(As).

In BClI-algebra or BCK-algebra X, we define a binary operation < on X as follows: for any x, y € X,

x <y ifand only if x*y=0.

Definition 2.2 [22] Let X and I" be two nonempty sets. Then X is called a I'-semigroup, if there is a mapping
f: X xT'xX — X, denoted by f(x, a, y) = xary for each (x, a, y) € X x ' x X, such that it satisfies the following
condition: forany x, y, z€ X and any a, B €T,

xa(yBz) = (xay)Bz. (1)

Definition 2.3 [21] Let X be a set with a constant 0 and let I" be a nonempty set. Then X is called a I-BCK-algebra,
if there is a mapping f : X x I' x X — X, denoted by f(x, a, y) = xay for each (x, &, y) € X x I x X, satisfying the
following axioms: forany x, y, z€ X and ¢, B €T,

(TA)) [(xary) B (xaz)]B(zay) =0,

(TAp) [xa(xBy)]ay =0,

(TAj) ifxoy =0 =youx, thenx =y,

(TAg) xax =0,

(T'As) Oax = 0.

For a I'-BCK-algebra X and a fixed a0 € I', we define the operation * : X X X — X as follows: for any x, y € X,

Xy =XxQY.

Then it is clear (X, *, 0) is a BCK-algebra and is denoted by X,
Definition 2.4 [21] A I'-BCK-algebra X is said to be positive implicative, if it satisfies the following axiom: for any
x,y,z€Xandany a, § €T,
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(xaz)B(yaz) = (xay)Bz. ()

Definition 2.5 [20] A I'-BCK-algebra X is said to be commutative, if it satisfies the following axiom: foranyx, y € X
andany o, B €T,

ya(yBx) = xa(xBy). 3)

Definition 2.6 [21] Let X be aI'-BCK-algebra. Then X is said to be implicative, if it satisfies the following condition:

x=xa(yBx) forany x, y€ X andany a,  €T. @)

Definition 2.7 [20] Let X be a I'-BCK-algebra and let A be a nonempty subset of X. Then A is called a I'-BCK-
subalgebra of X, if it satisfies the following condition:

xoy € A forany x, y € A and for each o € T &)

Definition 2.8 [20] Let X be I'-BCK-algebra and let I be a nonempty set of X. Then I is called a I'-ideal of X, if it
satisfies the following conditions: for any x, y € X and each a € T,

TL)oel,

IT)ifxayelandyel, thenx el

An ideal I is said to be proper, if I # X. It is obvious that X and {0} are ideals of X. In particular, X is called a #rivial
I'-ideal of X.

3. Topological structures on I'-BCK-algebras

We first recall some terms and notations related to a general topology (see [23, 24]). For a subset A of a topological
space (X, 7), we denote the closure and the interior of A as cl;(A), cI(A) or A and int;(A), int(A) or A°. A subfamily %
of 7 is called a base for , if for each U € 7 either U = 0 or there is Z C % such that U = U%/. A subset A of X is called
a neighborhood of x € X, denoted by N(x), if there is U € T such that x € U C A. We denote the set of all neighborhoods
of x as Az (x) or A4 (x) and 4 (x) is called the neighborhood filter of x € X. See [23, 24] for the definitions of a discrete
space and a Hausdorff space.

We next introduce a definition of topological BCK-algebra (briefly, T BCK-algebra) and some examples of TBCK-
algebras .

Definition 3.1 [21] Let X be a set with a constant 0 and let I" be a nonempty set. Then X is called a I-BCK-algebra,
if there is a mapping f: X x I' x X — X, denoted by f(x, &, y) = xay for each (x, &, y) € X x I x X, satisfying the
following axioms: forany x, y, z€ X and a, B €T,

(TAy) [(xay)B(xaz)| B (zety) =0,

(TA2) [xa(xBy)]ay =0,

(TAj) ifxay =0 =youx, thenx =y,

(TAg) xax =0,

(T'As) Oax = 0.
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For a I'-BCK-algebra X and a fixed o € I', we define the operation * : X x X — X as follows: for any x, y € X,

X*y =x0y.

Then it is clear (X, *, 0) is a BCK-algebra and is denoted by Xy.

Definition 3.2 [14] Let X be a BCK-algebra and let 7 be a topology on X. Then X is called a fopological BCK-algebra
(briefly, TBCK-algebra), if x : (X x X, Tx ) — (X, 7) is continuous, i.e., for any x, y € X and each W € N(x*y) there
are U € N(x) and V € N(y) such that U xV C W, where UV = {xxy€ X :x€ U, yeV}.

Definition 3.3 Let X be aI'-BCK-algebra and let T be a topology on X. Then X is called a topological I'-BCK-algebra
(briefly, TT-BCK-algebra), if the mapping f: (X, 7) xI'x (X, t) — (X, 7) is continuous at each (x, ¢, y) € X xI'x X,
i.e., for each a € T, any x, y € X and each W € N(xay) there are U € N(x) and V € N(y) such that UaV C W, where
UaVCcW={xay:xeU,yeV}.

The above definition, it is obvious that if X is a TT'-BCK-algebra, then X, is a TBCK-algebra for each o € T
However, the converse is not true in general (see Example 3.4 (3)).

Example 3.4 (1) LetI'={a, B} and let X = {0, 1, 2, 3, 4} --- be the I'-BCK-algebra given in Example 3.20 (3)
in [21], having the the ternary operation be defined as the following Table 1:

Table 1. The ternary operation 1

o B
o 1 2 3 4 0 1 2 3 4
o 0 0 0o 0 o O o O O0 O
! 1.0 1 0 0 1 0 1 0 O
2 2 2 0 0 0 2 0 O 1 O
33 1.0 0 0 3 1 O O O
4 4 4 4 4 0 4 4 4 4 0

Consider the topology 7 on X given by:

t=1{0, {4}, {0, 1, 2, 3}, X}.

Then we can easily see that (X, 7) is a TT-BCK-algebra. Moreover, Xq and Xg are T BCK-algebras.
(2)ForasetI'=A{a, B, v}, let X = {0, 1, 2, 3} be the I-BCK-algebra given in Example 3.2 (3) in [21] with the
ternary operation defined by the Table 2:

Table 2. The ternary operation 2

o B Y

W N = O
[ S = K=
NN OO
S O O O |
S O O O |w
W NN = O |O
W N OO
(=R - =
S O O O |Ww
W NN = O O
w W o O
(=R -
S N = O | W
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Consider a topology 7 on X given by:

t={0, {0}, {0, 1}, {0, 2, 3}, X}.

Then we can check that (X, 7) is a TT-BCK-algebra.
(3)LetX ={0, 1, 2, 3} and let * and % be the binary operations on X given by the following Table 3:

Table 3. The binary operation 3

’

* *
o 1 2 3 0 1 2 3
o 0 0 O 0 o0 0 o0 O
1 1.0 0 I 1 0 0 1
2 2 2 0 2 2 1 0 2
33 3 3 0 3 3 3 0

Then clearly, (X, *, 0) and (X, *, 0) are BCK-algebras. Consider the topology 7 on X given by:

t={0, {2}, {3}, {0, 1}, {2, 3}, {0, 1, 2}, {0, 1, 3}, X}.

Then we can casily see that (X, , 7) and (X, * , 7) are TBCK-algebras. Now let & = * and B =  and consider
the following ternary operation defined by the Table 4:

Table 4. The ternary operation 3

o B
o 1 2 3 0 1 2 3
o 0 0 O 0 o0 0 o0 O
1 1 0 o0 1 1 0 0 1
2 2 2 0 2 2 1 0 2
33 3 3 0 3 3 3 0

Then [2a:(2B1)]al =2 # 0. Thus X is not a I'-BCK-algebra.

Proposition 3.5 Let X be a TT-BCK-algebra. If {0} is open in X, then X is discrete.

Proof. Let x € X and let o € I'. Then clearly, xoex = 0 € {0} € N(0). Thus there are U, V € N(x) such that
UaV ={0}. Let W =UNV. Then WaW C UaV ={0}. Thus WaW = {0}. Sincexe UNV,x € W. So W = {x} and
W is open in X. Hence X is discrete. O

The following is an immediate consequence of Proposition 3.5.

Corollary 3.6 (See Proposition 2.2, [14]) Let X be a TT-BCK-algebra. If {0} is open in X, for each a € T, then Xy
is discrete.

Theorem 3.7 Let X be a TT-BCK-algebra. Then {0} is closed in X if and only if X is Hausdorff.

Proof. Suppose {0} is closed in X, let x, y € X such that x # y and let a € T". Then xoty # 0 or yax # 0, say
xay # 0. Since {0} is closed in X and xay # 0, {0}¢ is open in X and xay € {0}¢. Thus {0}¢ € N(xay). Since X be a
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TT-BCK-algebra, by Definition 3.3, there are U € N(x) and V € N(y) such that UaV C {0}¢. SoUNV = 0. Hence X is
Hausdorff.

Conversely, suppose X is Haousdorff and let x € {0}¢. Then x # 0. By the hypothesis, there are U € N(x) and
V eN(0)suchthat UNV =0. Thus 0 € U. So U C {0}¢. Hence {0} is open in X. Therefore {0} is closed in X. O

The following is an immediate consequence of Theorem 3.7.

Corollary 3.8 (See Proposition 2.3, [14]) Let X be a TT-BCK-algebra. If {0} is closed in Xy for each o € T, then
X 1s Hausdorff.

Proposition 3.9 Let X be a TT-BCK-algebra and let A be open in X. If A is a ['-BCK-subalgebra of X, then A is a
TT-BCK-algebra.

Proof. Let 7 be the topology on X and let 7, be the subspace topology on A with respect to 7. Let x, y € A and let
a €T Since A is a I-BCK-subalgebra of X, xary € A. Let Wy € N¢, (xay), where Nt (xay) denotes the neighborhood of
xoty in the subspace (A, 7, of (X, 7). Then there is W € N(xayy) such that Wy = ANW. Since X is a TT'-BCK-algebra,
there are U € N(x) and V € N(y) such that UaV C W. Thus Uy =ANU € N (x) and V4 = ANV € N¢ (x). Itis clear
that

UpaVy = (AﬂU)Ot(AﬁV) C W and UpaV, C A.

SoUsaVy CANW = Wy. Hence A is a TT-BCK-algebra. O]

Proposition 3.10 Let X be a TT-BCK-algebra and let I be open in X. If ] is a I'-ideal of X, then / is closed in X.

Proof. Let x € I° and let o € T. Since xax =0 € [ and [ is open, I € N(0). Since X is a TT-BCK-algebra, there
is U € N(x) such that UaU C I. Assume that U ¢ I°. Then there is y € X such that y € UNI. It is obvious that
zay e UaU C I foreachz€ U. Since I isal-ideal of X andy € I, z € I. Thus U C I. This is a contradiction. So U C I,
i.e., I is open in X. Hence [ is closed in X. O

Proposition 3.11 Let X be a TT-BCK-algebra and let I be a ['-ideal of X. If O € int(I), then I is open in X.

Proof. Letx € I and let o € I. Since 0 € int(I) and xox = 0 € I, there is W € N(0) = N(xoux) such that W C I. Since
X is a TT-BCK-algebra, by Definition 3.3, there are U, V € N(x) such that UaV C W C I. Itis clear thatyax e UV C [
foreachy e U. Since I isal-ideal of X andx €I,y € l. Theny € 1. Thus U C I. So [ is open in X. O

In Proposition 3.11, when 0 # x € int(I), I need not open in X (see Example 3.12).

Example 3.12 ForasetI'={a, B},let X = {0, 1, 2, 3} be a I'-BCK-algebra with the ternary operation be defined
by the Table 5:

Table 5. The ternary operation 4

o B

W N = O
[ S = K=
W N OO
S O O O
S N = O | W
w NN = O O
W N O O
S O o O
S NN O | W

Then I = {0, 3} is a I'-ideal of X. Consider a topology 7 on X given by:

7={0, {2}, {3}, {0, 1}, {2, 3}, {0, 1, 3}, X}.
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Then clearly, 3 € int(I). But I ¢ 7. Now consider another topology 7 on X given by:

T ={0, {1}, {2}, {3}, {0, 3}, {1. 2}, {0. 1, 3}, x}.

Then we can easily check that [ is closed in X. Thus we can see that Proposition 3.10 holds.

Proposition 3.13 Let X be a TT-BCK-algebra. Then (YN(0) = {0} and thus N.4"(0) = {0}.

Proof. Assume that 0 # x ¢ (\N(0). Then clearly, there is U € N(0) such that o € U but x ¢ U. Thus x ¢ (\N(0).
This is a contradiction. So (\N(0) = {0}. O

Proposition 3.14 Let (X, 7) be a TT-BCK-algebra and let %, %, be the families of subsets of X given by:

By ={xaU:xeX,acl,Ue N (0)}, Zo={Uax:xeX,acl, Uc #(0)},

where xaU = {xau:u € U} and Uox = {uax : u € U}. Then &, and %, are bases for 7.

Proof. Letx € X. Since 0 € U € .47(0), xa0 =x. Then|J %) = X. Suppose By, B, € %) and z € B] N B,. Then there
are Uy, U, € 4(0) such that By = xaU,, B, = xaU, and B; N B, = xa(U; NU,). Since z € Bi N By, there is y € U NU,.
Since Uy, U, € N(0), Uy NU, € N(0). So there is V € A47(0) such thaty € V. C U} NU,. Hence z = xay € xaV € H).
Therefore A is a base for 7. Similarly, we can prove that %, is a base for 7. O

To give a filter base on X generating a topology on a I'-BCK-algebra, let us define a subset U (a) of X generated by
each a € X and each U € P(X) as follows:

Ul@)={xeX:xaacU,aoxcU, acT}.

Proposition 3.15 Let X be a I'-BCK-algebra. Suppose 4 is a filter base on X satisfying the following condition:

(1) for each u € U € & there is B € # such that B(u) C U,

(2)foreachu € U € & and each o € I if xau =0, then x € U,

(3) for each U € B there is B € % such that B(b) C U for each b € B.

Then there is a unique topology 7 on X such that Z = #7(0) and (X, t) is a TT-BCK-algebra.

Proof. Let 7 = {O € P(X) : for each a € O there is B € % such that B(a) C O}.

Claim 1: 7 is a topology on X. By the definition of 7, it is clear that X, @ € 7. Suppose {Og}q € A C T and let
a € Ugep Oa, Where A is a index set. Then there is & € A such that a € Og. Thus there is B € £ such that B(a) C
Oa C Uger Oa- So Ugen Oa € T. Now suppose O, O, € T and let a € O N O;. Then there are By, By € % such that
Bj(a) C O; and B, (a) C O,. Since 2 is a filter base on X, there is B € £ such that B C B; N B,. On the other hand, we
get

B(a) C (B1NBy)(a) C Bi(a)NBy(a) C 01 NO;.

Thus O; N O, € 7. So 7T is a topology on X.

Claim 2: B(a) € 7. Letx € B(a). Then xoa, aax € B for each a € I". Thus by the condition (1), there are By, By € #
such that By (xaa) C B and By(aox) C B. Since & is a filter base on X, there is U € &% such that U € Bj N B,. Let
xay, yox € U, i.e.,y € U(x). By Proposition 3.6 (2) in [21] , we have

(xaa)B(yowa) < xaty, (yoa)B(xery) < youx.
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Then [(xaa)B (yoa)]| B (xay) =0, [(yaa)B(xay)]B(yax) = 0. By the condition (2), xaty, yax € U. Thus we get

yaa € U(xaa) C Bi(xaa) C B.

So yaa € B. Similarly, we can show that aay € U. Hence y € U(a), i.e., U(x) C B(a). Therefore B(a) € T.

Claim 3: # = .#7(0). Let A € % and let x € A. Since X is a I'-BCK-algebra, by the axiom (I"As), Ocex = 0. By the
condition (2), 0 € A. By the condition (1), there is B € % such that B(0) C A. Then by Claim 2, B(0) € 7. Thus A € N;(0).
So % C N:(0). Hence by the condition (3), Z C 47(0). It can be easily proved that .47(0) C A. Therefore # = .47(0).

Claim 4: A mapping f: (X, 7) xI'x (X, 7) — (X, 7) is continuous at each (x, &, y) € X xI'x X. Letx, y € X, let
a €T andletW € N;(xovy). Since xory € W, by the condition (1), there is W' € % such that W’ (xaty) C W. Since W' e 3,
by the condition (3), there is B € 2 such that B(b) C W' for each b € W'. Let U = B(x), V = B(y) and letu e U, v V.
Then we have

[(xery) B (uov)]B (xou) =] (xou)B (xeus)] B (uewv) [By Proposition 3.5, [21]]
—[xa(xou) By)B (uarv)
<(uoy)B(uawv)
[By Proposition 3.3 and Proposition 3.6, [21]]
<vay. [By Proposition 3.3, [21]]

Thus ([(xoy)B(uow)]B (xau))B(vey) = 0. Since vory € B, by the condition (2), [(xoy)B(uav)|B(xau) € B.
Similarly, we have (xau)B[(xay)B (uav)] € B. So we get

!

(xay)B(uav) € B(xau) C W, ie., (xoy)B(uav) e W .
Similarly, (uowv)B(xory) € W'. Hence we have

uow €W (xay), i.e., UaV = B(x)oB(y) C W (xay) CW.

Therefore f is continuous. The proof of uniqueness for 7 is easy. This completes the proof. O

Example 3.16 (1) Let X be the I'-BCK-algebra and let .# be the collection of all ideals of X. Letx € [ € .#. Then
clearly, I(x) C I. Thus . satisfies the conditions (1) and (3) in Proposition 3.15. Lety € I € .# and suppose xay = 0.
Then xary =0 € I. Thus x € I. So . satisfies the condition (2) in Proposition 3.5. So .# forms a filter base of X satisfying
all the conditions in Proposition 3.15. Hence (X, 7) is a (X, 7) is a TT-BCK-algebra, where 7 is the topology on X
generated by ..

(2) (See Example 3.14 (2), [21]) LetI'={a, B} and let X = {0, 1, 2, 3} be the [-BCK-algebra with the the ternary
operation be defined as the following Table 6:
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Table 6. The ternary operation 5

o B
o 1 2 3 0 1 2 3
o 0 0 O 0 o0 0 0 O
1 1 0 1 1 1 0 1 1
2 2 2 0 0 2 3 0 O
33 3 3 0 3 3 3 0

Consider the family % of subsets of X given by:

# ={{0, 1}, {0, 2}, {0, 3}, {0, 1, 2}, {0, 1, 3}, {0, 2, 3}}.

Then we can easily check that 4 is a filter base on X. Moreover, we have

{07 l}(O) = {Ov l}(l) = {O’ l}’ {07 1}(2) = {2}7 {07 1}(3) = {3}7

{0, 2}(0) = {0, 2}(2) = {0, 2}, {0, 2}(1) = {1}, {0, 2}(3) = {3},

{0, 33(0) = {0, 3}(3) = {0, 3}, {0, 3}(1) = {1}, {0, 3}(2) = {2},

{0> L, 2}(0) = {07 L, 2}(1) = {0’ L, 2}(2) = {07 L, Z}v {07 L, 2}: {3}7

{07 L, 3}(0) - {07 L, 3}(1) :{Ov L 3}(3) - {07 1, 3}3 {07 L 3}(2) = {2}7

{0, 2, 3}(0) = {0, 2, 3}(2) ={0, 2, 3}(3) =10, 2, 3}, {0, 2, 3}(1) ={1}.

Thus A is a filter base on X satisfying al the conditions in Proposition 3.15. So the topology 7 on X generated by %
is given as follows:

=10, {0, 1}, {0, 2}, {0, 3}, {0, 1, 2}, {0, 1, 3}, {0, 2, 3}, X}.

Hence (X, 7) is a TT-BCK-algebra.

Lemma 3.17 Let X be a I'-BCK-algebra and let 7 be the topology on X generated by %, where 4 is a filter base on
satisfying all the conditions in Proposition 3.15. Then for each B € % and each a € X,

(1) B(a) € Ni(a),

(2) B(A) =UueaB(a) € Nz (A) foreach A € P(X) .

Proof. The proof is straightforward. O

Proposition 3.18 Let X be a [-BCK-algebra and let 7 be the topology on X generated by %, where 4 is a filter base
on X satisfying all the conditions in Proposition 3.15. Then for each B € %, cl;(A) = Ngecz B(A).
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Proof. Letx € cl;(A) and let B € . By Lemma 3.17 (1), B(x) € N¢(x). Then B(x) NA # 0. Thus there is a € A such
that aox, xaa € B for each o € I'. So x € B(a) C B(A), i.e., x € (gegB(A). Hence clz(A) C Npeg B(A). Conversely,
let x € Ngez B(A). Then x € U(A) for each U € A. Thus there is a € A such that x € B(a), i.e., xaa, aax € B for each
o €T.Soa€ B(x),ie., B(x)NA # 0. Hence x € cl;(A), i.e., Ngeg B(A) C clc(A). Therefore cl:(A) = NpexzBA). O

4. Quotient I'-BCK-algebras by ideals

We introduce the concept of quotient I'-BCK-algebras by ideals of I'-BCK-algebra and study some of its properties.

Next, we deal with topological structures on quotient I'-BCK-algebras.
Proposition 4.1 Let X be a [-BCK-algebra and let I € .7 (X), where .# (X) is the set of all I'-ideals of X. Define a
relation ! on X as follows: for any x, y € X and each o € T,

x !y ifand only if xay, yox € 1.

Then / is a congruence relation on X, i.e., it satisfies the following conditions: for any x, y, z € X and each a € T,
() x A x, 1e., A is reflexive,
(2)if x A y, theny A x, i.e.,
(3)if x ~ yand y ! z, then x ' z, i.e., A is transitive,

@) ifx ~f wand y ! v, then xory A uarv.

Proof. (1) Since 0 € I, by the axiom (I'Ay4), xax = 0 € I for each x € X and each @ € I". Then x ! x. Thus ' is

! is symmetric,

reflexive.
(2) The proof is easy.
(3) Suppose x ! y and y ' z, and let o, B € T. Then xcty, yoz € I. Moreover, by the axiom (T'A1),

[(xaz)B(xay)]B(yaz) = 0.

Thus by Corollary 4.9 in [21], xaz € 1. Similarly, we get zax € 1. So x ~! z. Hence « is transitive.
(4) Suppose x ~ uand y ! v, and let o, B € I. Then clearly, we get

xou, udx, yov, vay € 1.
Furthermore, by Theorem 3.3 in [21], we have
(xoy)B(xav) <vay and (xow)B(xay) <yav € 1.
By Proposition 4.5 in [21], we get

(xay)B(xav), (xav)B(xey) € 1.

Thus xory ~! xav. On the other hand, by Proposition 3.6 in [21],

Volume 6 Issue 2|2025| 1587 Contemporary Mathematics



(xow)B(uav) < xow € I and (waw)B(xav) <uwox € I

So xav ! uayv. Hence by the condition (3), xay « uav. O
For a congruence relation ' on a I'-BCK-algebra X and each x € X, a subset I[x] of X defined by

Ix={yeX:xy} ={yeX:xay, yox €I for each a € T’}

is called the congruence class in X determined by x with respect to «~/. The set of all congruence classes in X is denoted
by X/I.

Proposition 4.2 Let X be a '-BCK-algebra, I € .# (X) and let -~ be a congruence relation on X. We define a mapping
f:X/IxT xX/I—X/I as follows: for each (I[x], o, I[y]) € X/I xI'xX/I,

FUN, o, 1Y) = I ed[y] = Ixay].

Then X /I is a T-BCK-algebra such that 7[0] = I. In this case, X /I is called the quotient I'-BCK-algebra of X by I.

Proof. It is obvious that f is well-defined.

Let x € I and let & € I'. By the axiom (I"As) and Proposition 3.6 in [21], Ocx € I and xat0 = x € I. Then x ! 0, i.e.,
x € I[0]. Thus I C I[0]. Conversely, let x € I[0] and let & € I'. Then x = xa0 € I. Thus [0] C I. So I =I[0].

Letx, y, z€ X and let o, B € I'. Then by the axiom (I'A1), we get

[(xay)B(xaz)]B(zay) =0

Thus we have

(et [y)BIx|e[z])] B (1]l [y]) = 1[[(xary) B (xz)] B (zary)] = I[0].

So the axiom (I"'A) holds.
Letx, y € X and let a, B € I'. Then by the axiom (['Ay), [xct(xBy)]cty = 0. Thus we have

a(txIBIlyD]ed [y] = I{[xa(xBy)]ey] = 1[0].

So the axiom (I"A3) holds.

It can be easily proved that the axioms (I"'A3) and (I'As).

Now suppose I[x]al[y] = I[y|al]x] = I[0] for any x, y € X and each & € . Then clearly, xcaty ! 0 and yox ! 0.
Thus xory, yox € 1. So I[x] = I[y]. Hence the axiom (I'A4) holds. Therefore X /I is a '-BCK-algebra with the zero element
I[0] = I. This completes the proof. O

Consider the I'-BCK-algebra X and the I'-ideal 7 = {0, 3} of X in Example 3.12. Then we can easily obtain the
quotient I'-BCK-algebra X /I with the following ternary operation (Table 7):
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Table 7. The ternary operation on the quotient set

a B
7o) 1) 1f2) 1oy 1) I2]
7o} fo] f[o] f[o] r[o] z7[o]  1[0]
M) M 7o) i) oMyo1o]
2] 12 12 10] 2] 12 1[0]

We can define a partial ordering < on X /I as follows: for any x, y € X and each @ € T,
I[x] <I[y] ifand only if I[x]al[y] =1[0] =1.

Then from the proof process of Proposition 4.2, we have the following.

Proposition 4.3 Let X be a [-BCK-algebra and let X /I be the quotient I'-BCK-algebra of X by I € .# (X). Then the
followings hold: forany x, y, z€ X and any o, B € T,

(D) (Jedy)BUx]ad[z]) < I[z]ed[y],

@) Ilx]ec(I1x|BI[y]) <11y,

(3) if I[x]leqI[y] and I[y] < I[x], then I[x] = I]y],

) 1] < 114,

) I <Ix].

Lemma 4.4 Let X be a I'-BCK-algebra and let I, J € .# (X) such that / C J. Then

(1) I is an ideal of the subalgebra J,

(2) J/I is the quotient algebra of J by I and J/I is an ideal of X /I.

Proof. (1) The proof is straightforward from Proposition 4.10 in [21] and Definition 2.8.

(2) From (1) and Proposition 4.3, it is obvious that J/I is the quotient algebra of J by I. Let J/I = {I;[x] : x € J} and
lety € I;[x] for each x € J and each y € X. Then y «~/ x. Thus yax € I for each o € I". So youx € J for each o € T'. Since
J is anideal of X and x € J, y € J. Hence I;[x] € X/I. Therefore J/I C X/I.

Since I C J, I[0] =1 € J/I. For any I[x], I[y] € X/I and each a € T, suppose I[x]al[y] € J/I and I[y] € J/I. Then
I[xay] = I[x]al[y] € J/I. Thus xay € J and y € J. Since J is an ideal of X, x € J. So I|x] € J/I. Hence J/I is an ideal of
X/1. O

Lemma 4.5 If J* is an ideal of X /I, then J = J,;« I[x] is an ideal of X and I C J.

Proof. 1t is clear that I = I[0] € J*. Then 0 € J and I C J. For any x, y € X and each a € T, suppose xory € J and
y € J. Then I[x]ad[y] = I[xay] € J* and I[y] € J*. Since J* is an ideal of X /I, I[x] € J*. Thus x € J. So J is an ideal of X.

O

Proposition 4.6 If / is an ideal of a I'-BCK-algebra X, then there is a bijection from .# (X, I) to .# (X /I) where
S (X, I) is the set of all ideals containing / of X.

Proof. We define the mapping f : .7 (X, I) — .#(X/I) as follows:

f(J)=J/IforeachJ € #(X, I).

From Lemmas 4.4 and 4.5, f is well-defined and surjective. Let A, B € .# (X, I) such that A # B. Then there is
x€X suchthatx € A—Borx € B—A,say x € B—A. Assume that f(A) = f(B). Then I|x] € f(A) N f(B). Thus there is
y € A such that I[x] = I[y]. So x 'y, i.e., xary, yox € I. Since I C A, xary € A. Since A is an ideal of X and y € A, x € A.
This is a contradiction to x ¢ A. Hence A = B, i.e., f is injective. Therefore f is bijective. O

Remark 4.7 We define the mapping 7 : X — X /I as follows:
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7(x) = I[x] for each x € X.

Then we can easily check that 7 is a surjective homomorphism. In this case, 7 is called the natural homomorphism.

From Remark 4.7, Lemma 4.5 can be restated as follows.

Proposition 4.8 Let X be a I-BCK-algebra and let 7w : X — X /I be the natural homomorphism, where I is an ideal
of X. If A is an ideal of X /I, then 7! (A) is an ideal of X and I C ! (A).

Now we deal with characterizations of quotient I'-BCK-algebra by commutative [resp. positive implicative and
implicative] ideals.

Theorem 4.9 Let X be a I'-BCK-algebraand let/ € .# (X). Then I is commutative if and only if X /I is a commutative
I'-BCK-algebra.

Proof. Suppose I is commutative. To prove that X /I is commutative, the following identity holds: for any x, y € X
andany a, B €T,

Iye(IyIBI[x]) = I1x]ee(I [x] B ([y] (1Y) BI[x])))- (6)

Letx, y€ X and let @, B €T and let u = ya(yBx). Since I € .#(X), by the axiom (T'A;), ufx =0 € I. Since I is
commutative, by Theorem 4.31 in [21], uf (xa(xBu)) € I. Then I[u]B(I[x]a(I[x]BIu])) = IuP (xo(xBu))] = I = I[0],
1.e.,

1u) < 1o (I[x]B1u]).

Thus we have

Iyla(IyIBIx]) = Iya(yBx)] = Iu] < I[x]a(I[x]BI[ul)-

It is clear that I[x]a(I[x]BI[y]) < I[u]. So we get

IyJe(1y|BIlx]) = Ix]ee(I[x|BI[u]) = I[x]ec(I[x] (I [y]ex(I]y] B[x])))-

Hence (6) holds. Therefore by Theorem 3.18 in [21], X /I is commutative.
Conversely, suppose X /I is commutative. By Theorem 4.18 in [21], {I[0]} is commutative. Suppose xovy € I for any
x, y € X and each a € I'. Then we have

I[x]al[y] = I[xay] = 1[0] € {1[0]}.

Since {I[0]} is commutative, by Theorem 4.31 in [21], we get

Ixa(yB(yow))] = I a(Ily|B(I[ylel[x])) € {I[0]} for each B € T.
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Thus I[xo(yB (yax))] = I[0]. So xa(yB(yox)) € I. Hence by Theorem 4.31 in [21], [ is commutative. O

Theorem 4.10 Let X be a [-BCK-algebra and let I € .#(X). Then [ is positive implicative if and only if X /I is a
positive implicative ['-BCK-algebra.

Proof. Suppose I is positive implicative and for any ¢, y, z € X and any o, B € T, let u = (xBy)az. Then by
Proposition 3.5 in [21] and the axiom (I"'A3), we get

(xBu)ay)Bz = ((xBy)az)Bu=0¢€I.

By Theorem 4.16 in [21], we have

((xBu)az)B(yBz) € 1.

On the other hand, by Proposition 3.5 in [21], we get

((xBu)az)B(yB2)) = (xBz)a(yBz)) B((xBy)oz).

Thus ((xBz)a(yBz))B((xBy)az) € I. So we have

((IIxBIL) ety 1)) B((U X BIDy]) el [2]) = T[((xBz)ee(yBz)) B((xBy) ez)] = 1[0].

It can be easily see that the following identity holds:

((UBID) e 2)B((I[x1BI(]) ex(I]yIBI(z])) = 1[0].

By the axiom (I"'A3), we get

(Ix]B1[])ec(1[y]B1z]) = (Ix]BI[y]) el [2]-

Hence X /I is positive implicative.
Conversely, suppose X /I is positive implicative. By Theorem 4.18 in [21], {I[0]} is a positive implicative ideal of
X/I. Suppose (xay)Bz € I forany x, y, z€ X and any o, § € I'. Then we have

(I[xlad(y])B1[z] = I[(xoty) Bz] = 1[0] € {1[0]}.

Then by Theorem 4.16 in [21], we get

(IiJed(z]) B(I]yled[2]) € {1]0]}-
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Thus I[(xaz) B (yaz)] = (I[x]el[z]) B(I[y]ed[z]) = I[0]. So (xaez) B (yeez) € 1. Hence I is positive implicative. O

Theorem 4.11 Let X be a '-BCK-algebra and let I € .# (X). Then I is implicative if and only if X /I is an implicative
I'-BCK -algebra.

Proof. The proof follows from Theorem 3.21, Proposition 4.26 in [21] and Theorems 4.9, 4.10. O

See section 5 for the definition of a bounded I'-BCK-algebra.

Proposition 4.12 Let X be a bounded I'-BCK-algebra with the greatest element 1 and let / € .7 (X). Then X/I is
bounded with the greatest element /[1].

Proof. Let x € X and let a € T'. Then I[x]al[1] = I[xa1] = I[0]. Thus I[x] < I[1]. So I[1] is the greatest element of
X/I. O

Now we will discuss topological structures on quotient I'-BCK-algebras. We denote subsets of X /I as A, B, C, etc.
and 0 =0,X =X/I.

Proposition 4.13 Let (X, 7) be a TT-BCK-algebra, I € .#(X) and let w : X — X /I be the natural homomorphism.
We define a collection T of subsets of X /I as follows:

te={AePX/I):n"(A) e 1},

where A = {I[a] : a € A} for some A C X. Then

(1) 11 is a topology on X /I,

) m: (X, t) — (X/I, tr) is continuous, open and closed,

(3) 71 is the finest topology on X /I with respect to which 7 is continuous,

(4) (X/I, tz) is a TT-BCK-algebra.

In this case, Ty is called the quotient topology on X /I induced by mw and (X /I, ty) is called a quotient TT-BCK-algebra
and 7 is called a quotient mapping

Proof. (1) It is clear that 7~1(0) = 7~ (0 ) =0, (@) =n""(X/I) =X € 7. Then® € 7. Suppose A, B € 1.
Then ' (A), 77! (B) € 7. Thus ' (AN ) (A)ﬂnfl(B) € 1. S0 ANB € 1. Now suppose (A ;) jej C Tr, where J
denotes an index set. Then clearly, (77! (A ))jej C 7. Thus 7' (Uje;A7) = (Ujes ' (Aj) € 7. So Uje A € Tz Hence

Ty is a topology on X /1.

(2) The proof is straightforward.

(3) Let & be any topology on X /I such that 7 : (X, ©) — (X/I, &) is continuous and let V € §. Then 7~ (V) € 7.
Thus V € 7. So 8 C 7. Hence 7y is the finest topology on X /I which 7 is continuous.

(4) We prove that a mapping f : (X/I, t7) x T x (X/I, tz) = (X/I, tz) is continuous at each (I[a], &, I[b]) €
X/IxTxX/I. Leta, b€ X, let @ €T and let W € Ny, (I[a]al[b]) = Ny, (I[aab]). Then there is W' € 1, such that
Ilaab] € W' C W. Thus aab = n~'(Ifactb]) € 7~ (W) C ' (W). Since 7= (W') € 7, 7~ (W) € Ny(aath). Since
(X, 7) is a TT-BCK-algebra, by Definition 3.3, there are U' € Ny(a) and V' € Ny (b) such that U'aV’ C &~ (W). Since
7 is surjective, U = w(U') € ©(N(a)) and V = (V') € n(N(b)) such that UatV C W. By (2), U, V € ;. Note that
Nz, (I[a]) = ©(N¢(a)) and Ny, (I[b]) = ©(N¢(b)). Thus U € N, (I[a]), V € N, (I[b]) and UaV C W. So f is continuous.
Hence (X /I, 1) is a TT-BCK-algebra. O

Proposition 4.14 Let (X, 7) be a TT-BCK-algebra, I € .#(X) and let © : X — X /I be the natural homomorphism.
If {I} is open in (X /I, T), then X /I is discrete.

Proof. Suppose {/} is open in (X /I, 7z), let a € X and let o € I. Then clearly, I[a]ol[a] = I[aca] = I[0] = I.
Thus by the hypothesis, {I} € N, (I{a]al]a]). So there are U, V € N, (I[a]) such that UtV C {I},i.e., UaV = {I}. Let
W =UnNV. Then WaW = {I}. Thus W = {I[a]}, i.e., {I[a]} is open in X /1. So X /I is discrete. O

The following is an immediate consequence of Propositions 4.13 and 4.14.

Corollary 4.15 Let (X, 7) be a TT-BCK-algebra, I € .#(X) and let @ : X — X /I be the natural homomorphism. If
{0} is open in X, then X /1 is discrete.

Proposition 4.16 Let (X, 7) be a TT-BCK-algebra, I € .#(X) and let 7 : X — X /I be the natural homomorphism.
If (X /I, 1z) is a Ty -space, then {0} is closed in X.
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Proof. Suppose X /I is a Ti-space and let a € X. Then clearly, {I[a]} is closed in X /I. In particular, {I[0]} is closed
in X/I. Since 7 : (X, T) — (X/I, Tz) is continuous, {0} = {7~ (I[0])} is closed in X. O

Theorem 4.17 Let (X, 7) be a TT-BCK-algebra, I € .# (X ) and let 7 : X — X /I be the natural homomorphism. Then
{I} is closed in (X /I, 1) if and only if X /I is Hausdorff.

Proof. Suppose {/} is closed in (X /I, Tz), leta, b € X such that a # b and let & € T". Then clearly, I[a] # I[b], i.e.,
I[a]al[b]) # I or I[blal(a] # I, say I[a]od[D] # I. By the hypothesis, {/}° € T, i.e., {I}¢ € Ny, (I[a]oeI[b]). Thus there are
U € Ny, (I[a]) and V € Ny, (I[b]) such that UaV C {I}¢. So UNV = 0. Hence X /I is Hausdorff.

Suppose X /I is Hausdorff and let a € {I}. Then I[a] # I. By the hypothesis, there are U € Ny, (I[a]) and V € Ny, (1)
such that UNV =0. Thus I ¢ U. So U C {I}¢, i.e., {I} is open in X /I. Hence {I} is closed in X /I. O

The following is an immediate consequence of Proposition 4.13 and Theorem 4.17.

Corollary 4.18 Let (X, 7) be a TT-BCK-algebra, I € .#(X) and let m : X — X /I be the natural homomorphism.
Then {0} is closed in X if and only if X /I is Hausdorff.

Proposition 4.19 Let (X, 7) be a TT-BCK-algebra, I € .# (X) and let 7 : X — X /I be the natural homomorphism.
If A is an ideal of X /T and I € int; (A), then A is open in X /I.

Proof. Let I[a] € A and let o € T. Then I[a]al[a] = I. Since I € int,, (A), there is W € N (I) = N, (I[a]al[a]) such
that W C A. Since 7 is a topology on X /I, by Definition 3.3, there are U, V € Ny, (I[a]) such that UaV C W C A. On
the other hand, I[b]al[a] € UaV C A for each I[b] € U. Since A is an ideal of X /I, I[b] € A. So Ila] € U C A. Hence A is
openin X /I. O

Lemma 4.20 Let X be a I'-BCK-algebra, I € .#(X) and let w : X — X /I be the natural homomorphism. If A is an
ideal of X, then (A) is an ideal of X /I.

Proof. Suppose I[a]al[b] € m(A) and I[b] € m(A) for any @ € X and each o € I'. Then there are ¢, d € A such that
[I(aab] = I[a)ad[b] = I|c] and I[b] = I|d]. Since ¢ ~! aah and d ~' b, ach € A and b € A. Thus by the hypothesis, a € A.
So I[a] = n(a) € m(A). Hence m(A) is an ideal of X /1. O

The following is an immediate consequence of Propositions 4.13, 4.19 and Lemma 4.20.

Corollary 4.21 Let (X, 7) be a TT-BCK-algebra, [ € .# (X) and let & : X — X /I be the natural homomorphism. If
Ais an ideal of X and I € int;(7w(A)), then w(A) is open in X /I.

Proposition 4.22 Let (X, 7) be a TT-BCK-algebra, I € .#(X) and let @ : X — X /I be the natural homomorphism.
If A is an ideal of X /I and is open in X /I, then A is closed in X /1.

Proof. Suppose A is an ideal of X /I and is open in X /I and let I[x] € A¢, o € T. Since I[x]ot[x] = I and A is open in
X/I,A € Ny, (I) = Ny, (I[xoex]). Since (X /I,7,) is a TT-BCK-algebra, there is U € N, (I[x]) such that UaU C A. Assume
that U ¢ A¢. Then there is I[y] € X /I such that I[y] € U NA. Itis clear that I[zaty] = I[z]al[y] € UaU C A foreach I[z] € U.
Since I[y] € A and A is an ideal of X /I, Iz] € A. Thus U C A. This is a contradiction. So U C A¢. Hence A€ is open in
X/Ii.e., Ais closed in X/I. O

The following is an immediate consequence of Propositions 4.13 and 4.22.

Corollary 4.23 Let (X, 7) be a TT-BCK-algebra, [ € .# (X) and let & : X — X /I be the natural homomorphism. If
A is an ideal of X and is open in X, then 7(A) is closed in X /1.

Proposition 4.24 Let (X, 7) be a TT-BCK-algebra, I € .# (X) and let 7 : X — X /I be the natural homomorphism.
If (X /1, Tx) is Hausdorff, then Nyey, (1)U = {I}. Moreover, Nye s, 1y U = {1}

Proof. Assume that I # I[x] € Nyey, (5 U. Then there is V € N, (1) such that I[x] ¢ V. Thus I[x] ¢ Nyep, 1) U-
This is a contradiction. So Nyey, (nU = {1}-

Lemma 4.25 Let (X, 7) be a TT-BCK-algebra, I € .#(X) and let 7 : X — X /I be the natural homomorphism. Then
(AN2(0) = Az, (1).

Proof. From Proposition 4.13, it is obvious that 7£(N;(0)) = N, (I). Let V € Ny (I). Then clearly, z=!(V) € N¢(0).
Thus there is U € N;(0) such that U € 7~ (V). So #(U) C n(x~'(V)) = V. This completes the proof. O

Lemma 4.26 Let (X, 7) be a TT-BCK-algebra, I € .#(X) and let w : X — X /I be the natural homomorphism. Then
If X is Hausdorff, then (X /I, t) is Hausdorff.

Proof. The proof is straightforward. O

The following is an immediate consequence of Propositions 4.13, 4.24 and Lemmas 4.25, 4.26.
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Proposition 4.27 Let (X, 7) be a TT-BCK-algebra, I € .#(X) and let @ : X — X /I be the natural homomorphism.

If X is Hausdorff, then Nye s, (1) U={I}.

5. Quotient I'-BCK-algebras by dual I'-ideals

First of all, we introduce the concepts of dual ideals of a ['-BCK-algebra X and quotient I'-BCK-algebras by dual

I'-ideals, and study some of their properties. Next, we discuss uniform structures on a quotient I'-BCK-algebra.

Definition 5.1 A I'-BCK-algebra X is said to be bounded, if there is 1 € X (called the unit of X) such that xal =0,

i.e., x <1 for each x € X and each o € I'. In a bounded I'-BCK-algebra X, we denote 1cx for each x € X and each o € I
by Nx.

Example 5.2 Let I' = {a, B} and let X = {0, a, b, ¢, d, 1} be the I'-BCK-algebra with the ternary operation be

defined by the following Table 8:

Table 8. The ternary operation 6

a B

0 a b ¢ d 1 0 a b ¢ d 1
o o0 o o0 o0 O O o0 o o o0 o0 o0
a a 0 a a 0 0 a 0 a a 0 O
b b b 0 0 0 O b b 0 0 0 O
c c ¢ b 0 b 0 ¢ ¢ 0 0 b O
d d b a a 0 0 d ¢ a a 0 0
1 1 ¢ d a b 0 1 c d a b 0

Then we can easily check that X is bounded with the unit 1.
Proposition 5.3 In a bounded I'-BCK-algebra X with the unit 1, the followings hold: for any x, y € X and each

a, BeT,

()N1=0,NO=1,

(2) NNx < x,

(3) NxaNy < yPx,

(4) if y < x, then Nx < Ny,

(5) Nxay = Nyox,

(6) NNNx = Nx.

Proof. (1) The proofs are obvious.

(2) By Proposition 3.7 in [21] and the axiom (I'A4), we have

NNxBx=N(lax)Bx=[la(lax)]fx= (lax)B(1ox) = 0.

Then NNx < x.

(3) The proof follows from Theorem 3.3, Proposition 3.6 in [21], and axiom (I"'A4).

(4) The proof follows from Proposition 3.4 in [21].

(5) We can easily prove that (Nxay)B (Nyax) =0, (Nyax)B(Nxay) = 0. Then by the axiom (I'A3), Nxay = Nyox.
(6) The proof is easy. O
For aI'-BCK-algebra X and any x, y € X, let us x Ay define as follows:
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xAy=yo(yBx), foreach o, § €T.

Then we obtain the following.

Proposition 5.4 In a bounded I'-BCK-algebra X with the unit 1, the followings hold: for any x € X,
(D 1Ax=x,

(2) x A1 =NNx.

Definition 5.5 Let X be a bounded ['-BCK-algebra. Then x € X is called an involution, if NNx = x.
We denote the set of all involutions of X by IV (X). Then clearly, 0, 1 € IV (X). Thus IV (X) # 0.
The following is an immediate consequence of Definition 5.5.

Proposition 5.6 Let X be a bounded I'-BCK-algebra. Then for any x, y € IV (X) and each o € T,

XNy = yoNx.

Definition 5.7 Let X be a bounded I'-BCK-algebra and let D be a nonempty subset of X. Then D is called a dual
I-ideal of X, if it satisfies the following conditions: for any x, y € X and any o € T,

(I'Dy) 1 €D,

(I'D,) if N(NxaNy) € D and y € D, then x € D.

We denote the set of all dual I'-ideals of X by 2.7 (X). Then it is clear that {1}, X € 2.7 (X). Furthermore, if
Dy, D, € @f(X), then D1 N D, € @f(X)

Proposition 5.8 Let X be a bounded I'-BCK-algebra, let D € 2.7 (X) and let x, y € X. If y € D and Nx < Ny, then
xeD.

Proof. The proof follows from hypothesis , Proposition 5.3, and condition (I'D;) of Definition 5.7. O

The following is an immediate consequence of Propositions 5.8 and 5.3.

Corollary 5.9 Let X be a bounded I'-BCK-algebra, let D € 2.7 (X) and letx, y € X. If y <xand y € D, then x € D.

Theorem 5.10 Let X be a bounded commutative I'-BCK-algebra and let @ # D C X. Then D € 2.7 (X) if and only
if ND € .#(X), where ND = {Nd : d € D}.

Proof. Suppose D € 2.7 (X). Then clearly, 1 € D. Thus by Proposition 5.3 (1), 0 = N1 € ND. Now suppose
uotv € ND and v € ND for each o € I'. Then there are x, y € D such that uctv = Ny and v = Nx. By commutativity of X
and Lemma 3.16 in [21], we get

N(NNuaNx) = N(uaNx) = NNy =y € D.

Note that Nu € D. Thus Lemma 3.16 in [21], u = NNu € ND. So ND € .#(X).

Conversely, suppose I € . (X). Then we can prove similarly that NI € 2.7 (X). O

Note that if X is not commutative, then Theorem 5.10 need not hold (see Example 5.11).

Example 5.11 Let I' = {o, B} and let X = {0, a, b, ¢, 1} be the [-BCK-algebra with the ternary operation be
defined by the following Table 9:
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Table 9. The ternary operation 7

a B
0 a b ¢ 1 0 a b ¢ 1
o o0 o0 o0 O O O O O o0 o
a a 0 0 O O a« O O 0 O
b b a 0 a 0 b a 0 0 0
c ¢ ¢ ¢ 0 0 ¢ ¢ ¢ 0 0
1 1 ¢ ¢ a 0 1 ¢ ¢ a O

Then clearly, X is non-commutative bounded with the unit 1. Consider the subset D = {c, 1} of X. Then we can
casily see that D is a dual ideal of X but ND = {N¢, N1} = {0, a} is not an ideal of X.

Definition 5.12 (See [12]) Let X be a bounded I'-BCK-algebra and let A be a nonempty subset of X. Then the
intersection of all dual ideals containing A is called the dual I'-ideal of X generated by A and denoted by [A).

It is obvious that [@) = {1}. Moreover, ifA € 2.7 (X), then [A) = A. In fact, [A) is the least dual ideal of X containing
A.

Lemma 5.13 Let X be a bounded I'-BCK-algebra and let A be a nonempty subset of X. Then for each o € T,

[A)={xe€X:3ay, az, ---, a, € Asuchthat (---(NxaNa;)a---)oNa, = 0}.

Proof. The proof is almost same the proof of Theorem 4.2 in [25]. O

Definition 5.14 (See [26]) Let X be a lower I'-BCK-semilattice and let F be a nonempty subset of X. Then F is
called a I'-BCK-filter of X, if it satisfies the following conditions: for any x, y € X,

IF)ifxeFandx<y,theny€F,

(TF,) ifx, y € F, then x Ay € F, where x Ay = max{x, y}.

Example 5.15 In Example 5.11, D is a ['-BCK-filter of X.

In a a bounded commutative I'-BCK-algebra X, it is obvious that N(NxaNy) = N(yax) for any x, y € X and each
o € I'. Then we obtain the following characterization of dual ideals.

Theorem 5.16 Let X be a bounded commutative I'-BCK-algebra and let @ # D C X. Then D € 2.7 (X) if and only
if it satisfies the conditions (I'F) and for any x, y € X and each @ € T,

N(yax) € Dandy € D imply x € D. @)

Proof. The proof is straightforward. O
Lemma 5.17 Let X be a bounded I'-BCK-algebra and let D € 2.7 (X). Define a relation «~? on X as follows: for
any x, y € X and each ¢ € T,

x Py ifand only if Nxay, Nyax € D.

Then «~ is a congruence relation on X, i.e., it satisfies the following conditions: for any x, y, z € X and each a € T,
(D) x AP x, ie., AP is reflexive,

(2)ifx APy, then y AP x, i.e., P is symmetric,

(3)if x ~P yand y AP z, then x ~P 7, i.e., P is transitive,
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@) if x ~P wand y ~P v, then xory ~P uav.

Proof. (1) From the axiom (I"A4) and Proposition 5.3, N(xox) € D. Then x AP x.
(2) The proof follows from the definition of .

(3) Suppose x ~P yand y P z, and let o, B € I'. Then clearly, we have

Nxoay, Nyox, Nyaz, Nzaty € D.

On the other hand, by Theorem 3.3 (1) in [21] and Proposition 5.3 (4), we get

Nzay <N (xoty) B (xoz)

<N[(Nxaz)B(Nxay)].

Since Nzay € D, by Corollary 5.9, N[(Nxaz) f(Nxay)] € D. Since D € 2. (X) and Nxaty € D, Nxaiz € D. Similarly,
we have Nzax € D. Thus x P z. So P is transitive.
(4) Suppose x ~P uand y ~P v and let &, B € I". Then we have

Nxau, Nuox, Nyov, Nvaey € D.

By calculations, we easily obtain the following inequalities:

Nvay < N(xoy)B(xav), Nyow < N(xav)B(xay).

Since Nvay, Nyaww € D, by Corollary 5.9, we get

N(xoy)B(xow), N(xav)B(xay) € D.

Thus xory ~P xav. Also, we obtain the following inequalities:

Nxau < N(xav)B(uav), Nuox < N(uow)p (xav).

Since Nxou, Nuax € D, by Corollary 5.9,

N(xow)B(uav), N(uav)B(xav) € D.

So xav P uov. Hence by the transitivity, xoty P uorv. Therefore P is a congruence relation on X. O

For a congruence relation -~ on a bounded I'-BCK-algebra X and each x € X, a subset D[x] of X defined by
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Dl ={yeX:x"y}

is called the congruence class in X determined by x. The set of all congruence classes in X denoted by X /D.
Proposition 5.18 Let X be a bounded I'-BCK-algebra, D € 2.7 (X) and let ~” be a congruence relation on X. We
define a mapping f : X/D x T x X /D — X /D as follows: for each (D[x], &, D[y]) € X/Dx T x X/D,

f(Dlx, @, D[y]) = D[x]aD[y] = Dlxoty].

Then X /D is a bounded I'-BCK-algebra with D[0] and D[1] as the zero element and the unit respectively. In this case,
X /D is called the T-BCK-algebra by D.

Proof. It is obvious that f is well-defined.

Letx, y, z€ X and let &, B € I. Then by the axiom (['A), we get

((xay)B(xaz))B(zoy) = 0.

Thus we have

[(Dlx]eD[y])BDx|aDz])] B (D[z]eeDly]) = D[((xoy) B (xaz)) B (zary)] = D[0].

So the axiom (I'A) holds.
Letx, y € X and let o, § € . Then by the axiom (I'A), (xct(xBy))ay = 0. Thus we have

(Dx]a(DIx]BDy])) eeD[y] = D[(xx(xBy)) ety] = D[0].

So the axiom (I"A») holds.

It can be easily proved that the axioms (I"'A3) and (T"'As).

Now suppose D[x]aD[y] = D[y]aD[x] = D[0] for any x, y € X and each & € T. Then clearly, xaty ~? 0 and yorx P 0.
Thus Nxay, Nyax € D. So D[x] = D[y]. Hence the axiom (I'A4) holds. Therefore X /D is a '-BCK-algebra.

Finally, we prove that D[1] is the unit of X /D. Since 1 is the unit of X, xa'1 = 0 for each x € X and each o € T". Then
we get

Dlx]aD[1] = Dlxa1] = D[0].

Thus D[1] is the unit of X /D. This completes the proof. O
We can define a partial ordering < on X /D as follows: for any x, y € X and each o € T,

D[x] < D[y] if and only if D[x]aD[y] = D[0].
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Then it is obvious that D[x] < D[1] for each x € X.

Proposition 5.19 Let X be a bounded I'-BCK-algebra, D € 2.7 (X) and let -~ be a congruence relation on X. If X
is commutative [resp. positive implicative, implicative], then so is X /D.

Proof. The proof is straightforward. O

In order to discuss a relationship between ¥.# (X) and 9.# (X /D), we first deal with some properties.

Lemma 5.20 Let X be a bounded commutative I'-BCK-algebra, D € 2.# (X) and let ~P be a congruence relation
on X. Then D[1] = D.

Proof. Let x € D[1]. Then clearly, x P 1, i.e.,, Nlox € D for each a € I'. Since X is commutative and x < 1, by
Theorem 3.17in[21],x= 1B (1ox) = Nlowx. Thusx € D. So D[1] C D. Conversely, letx € D. Thenclearly, Nlox=x€ D
and Dxoc1 € D for each o € T'. Thus x P 1. So x € D[1], i.e., D C D[1]. Hence D[1] = D. O

Lemma 5.21 Let X be a bounded commutative I'-BCK-algebra, D, D* € 2.7 (X) and let D C D*. Then D** = {D|[x] :
xeD}Y € 2.9(X/D).

Proof. It is clear that 1 € D*. Then by the definition of D**, D[1] € D**. Suppose the followings hold: for any
x,yeXandany o, B €T,

D1]B(Dly|eeDlx]), D[y € D™

It is obvious that D[1]B(D[y]aD[x]) = D[1B(yax)] = D[Nyeax]. Since D[1|B(D[y|aD|x]) € D**, D[Nyox| € D**.
Then Nyax € D*. By the hypothesis and the definition of D**, y € D*. Thus by Theorem 5.16, x € D*. So D[x] € D**.
Hence D** € 9.7 (X). O

Proposition 5.22 Let X be a bounded commutative I'-BCK-algebra, D, D* € 9.7 (X), let D C D* and let D[x] € X /D.
If D[x] N D* # 0, then D[x] C D*.

Proof. Suppose D[x] N D* # 0. Then there is y € D[x] N D*. Thus D[x] = D[y] and y € D*. Moreover, N(yoz) € D
for each z € D[x] = D[y] and each a € I". Since D C D*, N(yaz) € D*. So by Theorem 5.16, z € D*. Hence D[x] C D*. O

From Proposition 5.22, we obtain the subset D* /D of X /D defined by

D*/D={D[x| € X/D:x € D*}.

Lemma 5.23 Let X be a bounded commutative I'-BCK-algebra, D € 2.7 (X) and let D** € 9. (X /D). Then the
followings hold:

D*=|J{Dlx] €X/D:D}x] e D**} € 2.9 (X) and D C D*.

Proof. Since D** € 9.4 (X /D), by Lemma 5.21, D = D[1] € D**. Then by the definition of D*, it is obvious that
D C D* and 1 € D*. Now suppose Nyax € D* and y € D* for any x, y € X and each & € I'. Then by the definition of D*,

D[Nyax] = D[1B(yax)] = D[1]B(D]y]aD[x]) € D** for each B € I and Dy] € D*".

Thus by Theorem 5.16, D[x] € D**. So x € D*. Hence D* € 2.7 (X). O

Let 2.7 (X, D) denote the set of all dual ideals of X containing D. Then we have the following.

Proposition 5.24 Let X be a bounded commutative I'-BCK-algebra and let D € .7 (X). Then there is a bijection
from 2.9 (X, D) to 2.9 (X /D).

Proof. Leth: 2.7 (X, D) — 2.7 (X /D) be the mapping defined as follows:
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h(D*) =D*/D foreach D* € 2.9 (X, D).

From Lemmas 5.20, 5.21 and 5.23, h is surjective. Assume that there are A # B € 2.9 (X, D) such that h(A) = h(B).
Then there isx € A— B orx € B—A, say x € B— A. Thus D[x] € h(B). Since h(A) = h(B), D[x] € h(A). So there is y € A
such that D[y] = D[x], i.e., x ~P y. Hence for each & € T, we have

Nxoy, Nyox € D.

Since D C A, we get

Nxoy, Nyox € A.

Since y C A and A is an dual ideal of X, x € A. This contradicts to x ¢ A. Therefore % is injective. This completes the
proof. O

Now we will deal with uniform structures on a I'-BCK-algebra. First of all, let us consider the following notations:
for a nonempty set X and any subsets U, V of X x X,

() UoV ={(x, y) € X x X : there is z € X such that (x, z) € U, (z, y) € V},

(U '={(x,y) eXxX:(y, x) €U},

(i) A={(x,x) eXxX:xeX}.

Definition 5.25 [23] Let X be a nonempty set and let % be a set of subsets of X x X. Then % is called a uniform
structure or uniformity on X, if it satisfies the following conditions:

UNifU e andU CV CXxX,thenV € %,

(Up)ifU, Ve, thenUNV € %,

(Us) A CU foreachU € %,

(Uy)ifU €%, thenU ' e %,

(Us) for each U € 7% thereis V € % such that VoV C U.

In this case, each member of % is called an entourage of the uniformity on X by % and (X, %) is called a uniform
space.

Proposition 5.26 Let X be a bounded I'-BCK-algebra and for each D € 2.7 (X), let Up be the subset of X x X
defined as follows: for each o € T,

Up ={(x,y) €X x X : Nxay, Nyox € D} = {(x, y) €X x X : x ~P y}.

Then #* ={Up : D € 2.7 (X)} satisfies the conditions (U)-(Us).
Proof. Suppose Up, Ug € %*, where D, E € 9.9(X). Let (x, y) € Up NUg. Then clearly, (x, y) € Up and
(x, ¥) € Ug. By the definitions of Up and Ug, we have the followings: for each a € T,

Nxay, Nyox € D and Nxay, Nyox € E.
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Thus Nxay, Nyax € DNE. Since DNE € 2.9 (X), (x, y) € Upne. So Up NUg C Upqg. Similarly, we can prove
that Upng C Up NUg. Hence Up NUg = Upng. Therefore % * satisfies the condition (Uj).

Let Up € % * and let (x, y) € A, where D € 9. (X). It is obvious that Nxax = NO =1 € D for each o € I'. Then
(x, ¥) € Up. Thus % * satisfies the condition (U3).

Suppose Up € % * and let (x, y) € Up, where D € 2.7 (X). By the definition of Up, x ~” y. By Lemma 5.17, y P x.
Then (y, x) € Up. Thus (x, y) € UEI. SoUp C Ugl. Similarly, Ul;l C Up. Hence Up = UEI, ie., UBI € % *. Therefore
 * satisfies the condition (Uy).

LetUp € %* and let A = (D)) je; be a family of dual ideals of X contained in D, where J denotes an index set. Then
clearly, A # 0, i.e., U;je;Dj # 0. LetI = [J;c; D;). Since I € 2.7 (X), Uy € %*. Now let (x, y) € UroUj. Then there is
z € X such that (x, z), (z, y) € U;. By Lemma 5.17, (x, y) € Uy, i.e., foreach a € T,

Nxay, Nyox € 1.

Since U ¢, D;j C D and I is the least dual ideal of X containing ¢, D, I C D. Thus Nxoty, Nyox € D. So (x, y) € Up.
Hence Ujo Uy C Up. Therefore % * satisfies the condition (Us). This completes the proof. O
Proposition 5.27 Let X be a bounded I'-BCK-algebra and let 7* be the class given in Proposition 5.26. Then
U ={U CX xX:3Up € %* such that U D Up} is a uniform structure on X and thus (X, %) is uniform space.
Proof. From Proposition 5.26, we can obtain our result. O
For each x € X and each U € %, let us a subset U[x] of X and a set Z(x) of subsets of X defined as follows:

Uxl={yeX:(x,y)eU}and B(x) ={Ux]: U € % }.

Then we have the following consequence.

Proposition 5.28 Let X be a bounded I'-BCK-algebra and let % be the class given in Proposition 5.27. Then there
is a unique topology 7 on X such that for each x € X, Z(x) is the neighborhood filter of x in (X, 7), i.e., Z(x) = N¢(x).
Infact, 7={V CX:VxeV, 3U € % suchthat U[x] C V} and (X, 7) is a bounded TT-BCK-algebra.

In this case, 7 is called the topology on X induced by U .

Proof. We prove %(x) satisfies the conditions (N1)-(N4) of the neighborhood filter of x € X. The proofs of the
conditions (N), (N2) and (N3) follow immediately from fact that % satisfies the conditions (Uy), (U;) and (U3z). Let
V € % . By (Us), there is W € % suchthat W oW C V. Let (x, z) € circW. Then there is y € X such that (x, y), (y, x) € W.
SinceWoW CV, (x, z) € V. Thus W[y] C V[x] for eachy € Wx]. So V[x] € #(x) for each y € W [x]. Hence A(x) satisfies
all the conditions of the neighborhood filter of x € X. Moreover, it can be easily proved that #(x) = N;(x). This completes
the proof. O

6. Conclusions

We obtained some of topological properties on I'-BCK-algebras. We proposed the concept of quotient I'-BCK-
algebras by ideals and discussed topological structures on quotient I'-BCK-algebras. Also, we defined a quotient I'-BCK -
algebra by dual ideals of a bounded I'-BCK-algebra and gave a uniform structure on quotient I'-BCK-algebras by dual
ideals. In the future, We will study the definitions and properties of various types of I'-algebras. Furthermore, we will
investigate the topological structures on I'-algebras and the quotient I"-algebra by ideals in the sense of Khalaf and Ahmed
[27].
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