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Abstract: Let u be an inner function and K> be the model space. For inner function v, the space vH? is the invariant
subspace of the unilateral shift operator on H?. In this article, the relationship between model spaces K> and invariant
subspaces vH? of the unilateral shift operator is discussed from perspectives of the Toeplitz kernels kerTy, (v # u), the
spectrum of u and v, the left invertible property of T3, the minimal isometric dilation and the completeness problem. We
obtain that the Toeplitz operator 7;, on H? is a minimal isometric dilation of A!, defined on the model space K? if and only
if K2 NvH? = {0}. Moreover, K2 NvH* = {0} when (c(u)NT) C (c(v)NT).
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1. Introduction

LetD = {4 € C: |A| < 1} denote the open unit disk in the complex plane C and T denote the unit circle. Ues L? to
denote the Hilbert space with the inner product

1P = [ 1n(e) Pam(), b e 22

and it is finite, where dm is the Lebesgue measure on T. The Banach space of all functions in L? essentially bounded on T
is denoted L. Hardy spaces H? consist of all analytic functions f on D having square-summable Taylor coefficients at 0.
The space H” consists of all bounded holomorphic functions in D with the norm

|2l = sup|h(z)|.
zeD
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An analytic function u is called an inner function if |u| = 1 a.e. on T. Hilbert spaces of the form K> = H?> © uH>
called mode spaces, which are proper nontrivial invariant subspaces of the backward shift $*, given by

(5°g)(z) = £ =8O

Z

on H.
Toeplitz operators are compressions to H> of multiplication operators on L2. For f € L, a Toeplitz operator Ty is
defined on H? by

Trh = P(fh), h € H?,

where P denotes the orthogonal projection from L? onto H?. The function f called the symbol of Ty.
Truncated Toeplitz operators A]”p are compressions of Toeplitz operators 77 to K2. For f € L™, A;fv induced by f and u
is defined by

A%9 =P,(f9), ¢ €K,

where P, denotes the orthogonal projection from L? onto K?2. Clearly, (A‘})* = A%. More additional detail of truncated
Toeplitz operators can be found in the paper initiated by Sarason [1].

Based on the view of operator theory, truncated Toeplitz operators represent the scalar version of the Sz.-Nagy and
Foias general theory of contractions in a Hilbert space [2]. In paper [3], authors proved that 7 — (A‘;,)*Aé has a finite rank n
if and only if the symbol ¢ is a finite Blaschke product B, of degree n, where u is a nontrivial inner function and K2 is
an infinite dimension model space, and ¢ € K2 N L with ||@||. < 1 such that / — (A%)*Ag # 0 and the symbol of A, is

unique. From the proof of this conclusion, we find that if 7 —A§ (Ag)* has a finite rank on K2, then

K, NuKg ={0}.
Since
H*> =K, ® @H* and K, | ugH?,
we get that
Ko NuH* = K¢ Nu(Kg & pH?) = Ky N (uKg & upH?) = {0}

It follows that K(% NuH? = {0} when I — Ay (A%)" has a finite rank on K?2. Therefore, we find that the relationship
between model spaces K2 and invariant subspaces vH? of the unilateral shift operator is a very interesting problem.

Although K? | uH?, but the relationship between K> and vH? (v # u) is complicated. The relationship between K>
and vH? is related to invariant subspaces of truncated Toeplitz operators (see Remark 1 in the Subsection 2.1), kernels
spaces of Toeplitz operators on Hardy space (see Lemma 1 in the Subsection 2.1), the minimum isometric dilation of
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truncated Toeplitz operators (see Theorem 2 in the Subsection 2.4) and the completeness problem which means that a
sequence {kj },cn of kernel functions for Hardy spaces forms a Riesz basis for K> (see Lemma 7 in the Subsection 2.5).
From the above related perspectives, we are devoted to using properties and the structure of inner functions to describe the
intersection of K> and vH?, and discuss which properties of inner functions affect the intersection of K2 and vH?>.

For inner functions u, v with v # u, in our paper, we discuss the relationship between K> and vH? by kernels spaces
of Toeplitz operators, the minimum isometric dilation of Toeplitz operators and the completeness problem. That is, use the
following equivalence relations to discuss the relationship between K2 and vH?.

1. K2nvH? = {0}.

2. kerT;, = {0}.

3. K, = K2, where A C D means a Blaschke sequence and a infinite Blaschke product v with the zero set A. Use K,
to denote the space spanned by

{kl_ I,A.E/\}.
1—2z

4. ranTy, = H?. In fact, (kerTy, )" = ranTy,.

5. The minimal isometric dilation of A? defined on K? is a Toeplitz operator T, defined on H?.

Combining the above research ideas, this paper is organized as follows. In Section 2, we study the relationship between
K,f and vH? and consider the intersection of K,f and vH? in particular. In Subsection 2.1, we obtain that K 3 NvH? = vkerTy,;
In Subsection 2.2, we know that K2 NvH? = {0} when (o (x) N'T) C (o(v) N'T); In Subsection 2.3, use the left invertible
property of Ty, to discuss the relationship between K2 and vH?; In Subsection 2.4, the Toeplitz operator T, on H? is a
minimal isometric dilation of A", defined on K? if and only if K2 NvH? = {0}; In Subsection 2.5, use the completeness
problem to study the relationship between K> and vH>.

2. The relationship between K> and vH>

For kernel spaces of Toeplitz operators, Coburn’s Theorem (see Proposition 7.24 in [4]) claimed that either kerT, = {0}
or kerT,” = {0} for g € L*. Whenever kerT, # {0}, it will switch to some description about kernel spaces of Toeplitz
operators. For the structure of Toeplitz kernels, consider a special case of Toeplitz operators T with symbols of the form
f = 6, where 0 is some inner function. Then clearly, kerTyg = Ké. Does there exist some analogous characterization for
the kernels of Toeplitz operators with general symbols? Hayashi’s results [5] play a crucial role. Whenever ker7, # {0},
then ker7, = (pK,%, where ¢ is an outer function and 7 is an inner function with 17(0) = 0, and further, multiplication by ¢
acts isometrically on ker7,. Not hard to get that the Toeplitz kernel is nearly S*-invariant by $*7,S = T,. Hitt [6] showed
some description about nearly S*-invariant subspaces. Later, Sarason [7] gave some new proof of Hitt’s theorem by the de
Branges-Rovnyak spaces. More research details of Toeplitz kernels can refer to [8].

As we have seen, the class of kernel spaces of Toeplitz operators, which includes the class of model spaces, can
itself be described in terms of model spaces. Moreover, model spaces and Toeplitz kernels have a number of important
connections. Some classical results about the connection between Toeplitz kernels and model spaces are given in [8].

Above introductions, we can discuss the relationship between K,f and vH? with the help of the Toeplitz kernel ker7y,,
and what kind of information on the relationship between K> and vH? can be deduced from the kernels of Toeplitz operators.

2.1 In terms of the Toeplitz kernel kerT;,

As is known to all that K> has a natural conjugation C, antiunitary, involution operator, defined by

Cg:@u,ger.
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Using the conjugation, model spaces have a very important property and it is frequently used in subsequent proofs,
that is,

K2 = H? NuzH?.

For the sake of completeness of the article, we give the following proof of possible well-known conclusion.

Lemma 1 Let u, v be inner functions, then

kerTy, = {g € K2: vg € K>} (1)

Moreover, kerTy, # {0} if and only if vH> N K2 # {0}.
Proof. Setting ¥ = {g € K2: vg € K-}. For a nonzero function ¢ € ¢ C K2, because K> has a conjugation C, there
is ¥ € K2 such that

VO = uzy.

Then
T = P(uve) = P(uuzy) = P(zy) = 0.
It follows that
¢ € kerTy, and ¢4 C kerTy,.

For a nonzero function g € ker Ty, we have that Ty;,g = P(uivg) = 0. There is h € H 2 such that

uvg = zh. ()
From this, we can obtain that vg = uzh € H?. In terms of

K? = uzH> NH?, 3)

we know that vg € K>. By the equality (2), we get that g = uzhv € H>. Then, by the equality (3), g € K> and g € ¢. Thus
kerT;, C 9.
Suppose that vHH> N K> # {0}. There is 0 # ¢ € H? such that

v € K2.
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Because K> carries a conjugation, we can find a nonzero function f € K? such that

v = uzf,
and
T = P(itvg) = P(iiuzf) = 0.
Therefore,
¢ € kerTy, and kerTy, # {0}.

By the equatity (1), we can easy to get that vEI> N K> # {0} when kerTy;, # {0}. The proof is completed. O
Proposition 1 Let u, v be inner functions satisfied kerTy;, # 0, then

K,f NvH? = vkerTy,.

Proof. For any nonzero f € K,f NvH?, there exists a function g € H? such that f = vg. This implies that vf € H?.
Since K2 = CK? = uzK?2 and f € K2, we can find a function 1 € K> such that f = uz7. Then

Ta(vf) = P(wvf) = P(uf) = P(uuzn) = 0.
Thus
K,f NvH? C vkerTy,.
For any nonzero & € kerTy,, by the Lemma 1, we know that vi = y € K>. It follows that
v € K2NvH? and h = vy € %(K>NvH?).
Thus
vkerTy, € K2 NvH?.

The proof is completed. ([l
The greatest common divisor of inner functions 8; and 6, is denoted by GCD(0, 6,), it’s unique if it’s different by a
constant multiple.
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Lemma 2 [Lemma 3.6 in [9]] Let u#, 6 be non-constant inner functions having a nontrivial greatest common divisor,
denoted by GCD(u, 6) = v and u = vuy, then

K2N6OH? CvK?

up’

where v, u; are inner functions.
Remark 1 When GCD(u, 0) = 0, it is not difficult to find that u = Ou; and

K;NOH* = 0K, .

It is an invariant subspace of the truncated Toeplitz operator A defined on K2,
Corollary 1 If u, 0 are nontrivial inner functions with GCD(u, ) = ) and u = nu;, where 7 is a nontrivial inner
function, then

kerTyg C MK, . 4)
Proof. By Proposition 1 and Lemma 2, we know that kerT;¢ # 0 and
_ (K2 2\ = B K2
kerTzg = 6(K, NOH") C 6Nk, .

O
Remark 2 When GCD(u, 8) = 6, the equal sign of formula (4) holds. In fact, by GCD(u, 6) = 0 and u = u; 0, we
get that kerT;;- = kerTyq. Since kerTi = K22, we have that

uy?
kerTy; = kerTzg = K,f] = 591(,3' .

2.2 In terms of the spectrum of inner functions u and v

For a inner function u = B,S),, where B is a Blaschke product having the zero set A and S, is a singular inner
function with corresponding singular measure U, then the spectrum of u is the set

o(u)=A"U supp U.

Use A~ to denote the closure of the zero set of u and supp u to denote the support set of singular measure g about S, .
More details reference section 6.2 in [10].
R Lemma 3 [Proposition 6.9 in [10]] Each ¢ in K? has an analytic continuation across C \ {% w e o(u)}, where
C =CU{eo}.

Lemma 4 [Theorem 6.1 and 6.2 in [11]] The inner function u can be analytically continued to T \ o ().

Proposition 2 Let v and u be inner functions with v # u. If K2 NvH? # 0, then
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(6(v)NT) C (6(u) NT).

Proof. Since K>NvH? # 0, by Lemma 1, we know that kerTy, # 0. There is 0 # & € kerTy, such that

Tuvh = O

Then P(@ivh) = 0. There is a nonzero function g € H? such that wvh = 7g and

vh = uzg.

Since K2 = H> uzH?, we obtain that vk € K2. By Lemma 3, we have that vk has an analytic continuation across
C\ {% z € o(u)}. The Lemma 4 implies that v can be analytically continued to T\ ¢ (v). Thus, (6(v)NT) C (o(u) NT).

O
Corollary 2 Let v and u be inner functions with v # u. If (6(u) N'T) C (6(v)NT), then K> NvH? = {0}.

Proof. Suppose that K2 NvH? # {0}. By Lemma 1,we know that kerT, # 0, and

kerTy, = {f € K2 vf € K2}

Then vf has the same analytic continuation across T \ o (u). Since v has the analytic continuation across T \ o(v), we
get that (6(v)N'T) C (o(u) N'T). It is the contradiction. Thus we prove that K> NvH? = {0} if (6(u) NT) C (o(v)NT)

([l
2.3 In terms of the left invertible property of T,

We use dist(¢@, H*) to denote the distance between the function ¢ and the set H*. That is,
dist(¢, H”) = inf [[@ — ¢||w.
isi(g. H?) = inf [l¢ ]

Lemma 5 [Theorem 7.30 in [4]] If ¢ is a unimodular in L™, then the operator T}, is left invertible if and only if
dist(@, H*) < 1.

Theorem 1 Let v, u be inner functions with v # u. If K> NvH? # {0}, then

1 3
< sup |Imu(z)| < 1, = < sup|Reu(z)| < 1 and [ <sup|Reu(z) — 1] <2,
zeD 2 zeD 2 zeD

N —

where Reu(z) denotes the real part of u(z) and Imu(z) denotes the imaginary part of u(z).

Proof. Since Kf NvH? # 0, by Lemma 1, we get that kerTy, # 0, and T3, must be not left invertible. Then, by Lemma
5,
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dist(mv, H”) > 1.

That is,
inf [[av—hlle > 1.
heH*
It follows that
|l@v — k|| > 1 for any h € H™. Q)

So ||ty — uv||e > 1. That is,

sup | (uv)(z) — (wv)(z)[ = 1. (©)

zeD

Since B is an inner function and |v(z)| < 1, by (6), we have that

sup [i(z) —u(z)| > 1. (7

z€D

Setting u(z) = Reu(z) + ilmu(z). The inequality (7) follows that sup [[mu(z)| > 1. Since |[Imu(z)| < 1, we prove that
zeD
3 <sup|Imu(z)| < 1.
zeD
By (5), we also obtain that

1< [[av+uvljeo = sup |@v)(2) + (w)(2)| = sup v(2)||(z) + u(2)|-

Since v is an inner function and |v(z)| < 1, we get that sup [1(z) + u(z)| > 1. Then
zeD

1 <suplu(z) + u(z)| = sup|Reu(z) — ilmu(z) + Reu(z) + ilmu(z)|.
zeD zeD

Thus sup|Reu(z)| > 1. Since |Reu(z)| < 1, we prove that 1 < sup [Reu(z)| < 1.
zeD zeD
By (5), we know that

1 < ||y — vl = sup |(@v)(z) — v(2)| = sup |v(z)|[(z) — 1].

zeD z€D

Volume 5 Issue 2|2024| 1481 Contemporary Mathematics



Since v is an inner function and |v(z)| < 1, we have that sup [zi(z) — 1| > 1. Then
z€D

supla(z) — 11> > 1.
z€D

That is,

1 <supla(z) — 1)* = sup [Reu(z) — ilmu(z) — 1|
zeD zeD

= sgﬂg[(Reu(z) —1)2 4 (Imu(z))?]

= sup(Reu(z) — 1) + sup(Imu(z))>.

zeD z€D
By sup [Imu(z)| > %, we know that
z€D
2 3
sup(Reu(z) —1)= > —.
zeD 4
Thus @ < sup|Reu(z) — 1| < 2. The proof is completed. O

zeD

2.4 In terms of the minimal isometric dilation

Let .2 be a Hilbert space. The set of all bounded linear operators on 57 is denoted £ (7). Use P,y to represent
the orthogonal projection onto J#. For an operator A € £ (), an isometric dilation of A is an isometric operator
T € L(X), with & D A, such that

Py T"| = A"
forany n € N. If
A=PyT|pand TH+ C H*,

then T is a dilation. A minimal isometric dilation 7 € £ (%) means that

H=\]T"H.
n=0

It’s uniquely defined that modulo a unitary isomorphism commuting with the dilations. More details can refer to the
book [2].
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Lemma 6 [Proposition 3.18 in [10]] When {uy };>1 may be a finite sequence of inner function such that u = [T uy
k>1
exists, then

n—1
K; =K, oP (H uk> K, .
k

n>2 \k=1
Moreover, if u, 6 are inner functions, then
2 2 2
Ku@ - Ku D ”KG'

Theorem 2 Let v, u be two inner functions. Then the following are equivalent.

1. The operator T, on H? is a minimal isometric dilation of A} defined on the model space K2.

2. K2nvH? = {0}.

3. kerTy, = {0}.

Proof. (2) & (3) See Lemma 1.

(1) = (3). Suppose that ker Ty;, # {0}. There exists 0 # f € H? such that T, f = 0. Then we can find 0 # n € H?
such that

v =uzn.
By K> = H? NuzH?, we know that vf = uzT € K2. Then
Vf:uﬁEK,fﬁsz.
It follows that
(vf, u*g) =0, forgesz7 k=0,1,2,--,

which implies

H?> £ \/ T.K]
k=0

and hence T, on H? is not a minimal isometric dilation of A. It is the contradiction. Thus kerTy, = {0}.
(3) = (1) (see [12] [Theorem 4.1]). For the sake of completeness, we provide a proof.
Claim: For each positive integer n,

K2 +uK>+-- 4+ u"K> = K2, ®)
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For n = 0, equality (8) is right. Suppose that it is right up to n — 1, it is left then to prove that

K2, +u'K: =Ka,. 9)

u

For any g+u"h € Klfn,lv +u"K?, where g € K’fn,lv and h € K2, for any ¢ € H?, we get that

(g+u"h, u"ve) = (g, u"vd) + (h, v) = 0.

Thus

K2, +u'K: C K,

u

On the other hand, by Lemma 6, we have

Kznv = K,fh_]v @un_l‘}KL% = uan @Kz

p i
Suppose that f € K7, orthogonal with K2, as well as to u”K;. It obtains that
fe K2 NK.
Thus, there is g € K2 such that f = vu"~'g, and also f | u"H?, which means
vg L uH? or vg € K,f.
It follows that
0= Ty(vg) = Tiug.

By kerTy;, = {0}, we know that g = 0. Thus f = 0 and we prove the equality (9).
Since

1
(\/K,%) = ﬂu”sz = {0},

it follows that
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H> =\/T]K}.
n

Therefore T, is a minimal isometric dilation of A" defined on K2. |

2.5 In terms of the completeness problem

Let {z,}n>1 be a sequence made up of elements of D\ {0}, repeated based on multiplicity, and satisfies

=

Z(l - |Zn‘) < oo,

n=1

then we call it a Blaschke sequence. If A C D is a sequence, use K, to denote the space spanned by {k; = 1+Iz’ A €N}
Lemma 7 [Proposition 9.1 in [10]] Let A C D be a Blaschke sequence and B be a Blaschke product with the zero set
A, then, for any inner function u, K, # K,% if and only if

kerTp # 0.

Proposition 3 For inner function u and Blaschke sequence A C D, if B is a Blaschke product with the zero set A
having a cluster point in T\ o(u), then

K?NBH? = {0}.

Proof.
When A has a cluster point in T\ & (u), we claim that K, = K>. Suppose that K # K>. There exists 0 # y € K2
such that y | K. Then

(¥, ky) =y(A)=0for any A € A.

That is, the function y vanishes on A. Since w € K2, we can obtain that W can be analytically continued to T\ o (u).
Since y vanishes on A which has a cluster point in T\ ©(u), the analytic continuation of the nonzero function y vanishes
on A having a cluster point in T\ o (u). It is a contradiction. Thus K, = K2. By Lemmas 1 and 7, we prove that
K2NBH? ={0}. O

Remark 3 If K2 does not contain nonzero functions that vanish on a zero set of the Blaschke product B, then K2 N BH?
must be trivial.
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