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Abstract: In this article, a novel higher order iterative method for solving nonlinear equations is developed. The new 
iterative method obtained from fifth order Newton-Özban method attains eighth order of convergence by adding a single 
step with only one additional function evaluation. The method is extended to Banach spaces and its local as well as 
semi-local convergence analysis is done under generalized continuity conditions. The existence and uniqueness results 
of solution are also provided along with radii of convergence balls. From the numerical experiments, it can be inferred 
that the proposed method is more accurate and effective in high precision computations than existing eighth order 
methods. The computation of error analysis and norm of functions demonstrate that proposed method takes a lead over 
the considered methods.
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1. Introduction
In numerical analysis, higher order iterative methods have acquired foremost significance for solving nonlinear 

equations that arise in numerous branches of science and technology [1, 2]. Various researchers have developed a 
plethora of iterative methods [3-13] for solving nonlinear equations given in the form

( ) 0,f x =

where f : D ⊂ R → R is a continuously differentiable nonlinear function and D is an open interval. Most widely used 
iterative method is quadratically convergent Newton’s method given by
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Numerous applications in fields of chemical speciation, transportation, chemical engineering, electron theory, the 
geometric theory of relativistic string, queuing models etc. also give rise to innumerable such equations. But most of 
the time the transformed nonlinear equations can not be solved using analytical approach. Thus, to find the numerical 
solution of such equations, iterative methods are taken into consideration. To have an efficient approximation and 
more accuracy in finding the solution of nonlinear equations of the form (1), current trend is to develop higher order 
iterative methods. Such methods are of utmost importance as a number of applications in multidisciplinary areas need 
faster convergence. But maintenance of an equilibrium between the convergence order and operational cost is another 
important issue at the same time. In order to improve the convergence of Newton’s method, various higher-order 
methods have been proposed by researchers worldwide.

Neta and Johnson [14] has developed eighth order iterative method (NJ8) which is given for k = 0, 1, 2, ... as:
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An eighth order iterative method (Cordero Torregrosa Vassileva Method (CTVM)) has been developed by Cordero 

et al. [15] given for k = 0, 1, 2, ... as:
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where βj ∈ R( j = 1, 2, 3) and β2 + β3 ≠ 0.
Dzunić and Petković [16] has developed Ostrowski’s type iterative method (Džunić Petković Method (DPM)) 

given as:
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A weighted Newton eighth order method (Sharma Sharma Kalra Method (SSKM)) has been developed by Sharma 
et al. [17] given k = 0, 1, 2, ... as:
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Thukral proposed an eighth order iterative method [18] given for k = 0, 1, 2, ... as:
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Motivated by ongoing research in this direction, the aim of the present work is to propose an eighth order iterative 
methods to solve nonlinear equations. This is done by adding one step to fifth order iterative method developed by Grau-
Sánchez et al. [19]. The order of the proposed method is enhanced from five to eight by only one additional functional 
evaluation which is the driving force behind the present work. Further, the motivation leads to extension of the proposed 
method to Banach spaces where the technique of majorizing sequences is utilized to analyze its local and semi-local 
convergence [20-26]. Various nonlinear equations are solved and comparison results are presented which indicate better 
performance of the proposed method over the existing ones.

(Q1) It is worth noticing that all the aforementioned methods (3)-(7) are defined on the real line. There are common 
limitations in the aforementioned works related to the usage of Taylor series to show the convergence of these methods. 
Moreover, this approach requires assumptions on the existence of higher order derivatives that do not appear on these 
methods. Let us consider the motivational example. Define the function f : D := [−1.4, 1.4] → R by

(5)

(6)

(7)
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2 5 4
1 2 3( ) log ,  if  0,  andf t m t t m t m t t= + + ≠

1 2 30,  if  0,  where {0},   ,t m m m= = ∈ − ∈ 

and satisfy m2 + m3 = 0. Then, clearly t* = 1 ∈ D, and f (t*) = 0. However, f '''(t) is not continuous at t* = 0 ∈ D. Hence, 
the results involving methods (3)-(7) cannot guarantee their convergence because all of them require existence of  f ''' 
and even higher. However, these methods may converge. Furthermore, there are other limitations:

(Q2) There are no computable a priori estimates on ||xk − x*||. That is we do not know in advance how many iterates 
should be computed to reach a predecided error tolerance.

(Q3) The choice of the initial point is hard (i.e. a “shot in dark”). This problem exists, since no radius of 
convergence is found for these methods.

(Q4) No isolation of the solution results are given either.
In particular, these concerns exist for our method studied in Section 1. The limitations (Q1)-(Q4) restrict the usage 

of these methods. The novelty of this method is that we address all these concerns positively in Section 3, where the 
method of Section 2 is extended in the setting of Banach spaces. Notice also that the technique developed in Section 
3 is very general. We simply use it on an eighth convergence order method. However, the same technique can be used 
to extend the applicability of other methods using inverses of linear operators. Hence, this is the motivation and the 
novelty of this paper. This is the direction of our future research.

The contents of the paper are summarized as under. Section 2 includes the establishment of the eighthorder method 
and its convergence analysis is discussed. In section 3, the proposed method is extended to Banach spaces and its local 
and semi-local convergence analysis is provided. In Section 4, numerical examples are figured out to ascertain the 
theoretical postulates for comparing the proposed methods with the current methods. Section 5 contains the concluding 
remarks.

2. Development of eighth order method
In this section, we propose a new iterative method for solving the nonlinear equation of the form (1) from fifth-

order Newton-Özban composition given by Grau-Sánchez et al. [19]. This method is given as follows:

1( ) ( ),k k k ky x f x f x−′= −

( )1 11 ( ) ( ) ( ),
2k k k k kz x f x f y f x− −′ ′= − +

1
1 ( ) ( ).k k k kx z f y f z−
+ ′= −

Extension of fifth order method (8) to obtain an eighth order iterative method is done by adding a step in the 
following manner:

1( ) ( ),k k k ky x f x f x−′= −

( )1 11 ( ) ( ) ( ),
2k k k k kz x f x f y f x− −′ ′= − +

1( ) ( ),k k k kw z f y f z−′= −
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( )1 1 1
1
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where, k = 0, 1, 2, ... and the initial approximation x0 is suitably chosen. The foremost aim of our study is to develop a 
novel and efficient eighth-order iterative method. The convergence analysis of the eighth-order method (9) is established 
in the next theorem.

Theorem 2.1 Let f : D ⊂ R → R be a sufficiently differentiable function in an open interval D and x0 is a close 
approximation to its simple root x* ∈ D. The iterative method (9) satisfies the following error equation:

( )5 3 2 8 9
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Proof. Let ek = xk − x* be the error in kth iterate. Applying Taylor expansion of f (xk) and f '(xk) about x*, we get

2 3 4 5 6 7
* 2 3 4 5 6( ) ( )( ( ),k k k k k k k kf x f x e a e a e a e a e a e O e′= + + + + + +

2 3 4 5 6
* 2 3 4 5 6( ) ( )(1 2 3 4 5 6 ( ).k k k k k k kf x f x a e a e a e a e a e O e′ ′= + + + + + +

Substituting (11) and (12) in first substep of (9), we get

2 2 3 3 4 2 4 2 5
* 2 3 2 2 2 3 4 3 2 2 4 2 3 52( ) (4 7 3 ) 2(3 4 5 10 2 )k k k k ky x a e a a e a a a a e a a a a a a a e= + + − + − + − + + − −

5 2 3 2 6 7
2 2 3 2 3 2 4 3 4 2 5 6(16 33 52 28 17 13 5 ) ( ).k ka a a a a a a a a a a a e O e+ + − + − − + +

Again, using Taylor expansion about x* gives,

2 2 2 3 3 4
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5 3 2 2 6 7
2 2 3 2 4 2 3 3 4 2 5 6(28 73 34 37 17 13 5 ) ( ) ,k ka a a a a a a a a a a a e O e + − + + − − + + 
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2 2 2 3 3 4
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3 3 4 5 2 6 7
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Substituting (11), (12) and (14) in second substep of (9) renders

(9)
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Expanding f(zk) about x* using Taylor expansion, we get
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1 3 15 3( ) ( ) 4 3 2
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Substituting (14) and (16) in the second last substep of (9), we obtain

2 5 5 3 2 2 6
* 2 3 2 2 3 2 3 2 4

1 (8 20 7 8 )
4k k kw x a a e a a a a a a a e= + + − + +

6 4 2 2 3 2 7
2 2 3 2 3 2 4 2 3 4 2 5( 12 26 16 8 6 3 ) ka a a a a a a a a a a a e+ − + − − + +

7 5 3 2 3 4 2
2 2 3 2 3 2 3 2 4 2 3 4

1 (156 444 369 36 128 200
4

a a a a a a a a a a a a+ − + − + −

2 3 2 8 9
2 4 2 5 2 3 5 2 620 44 34 16 ) ( ).k ka a a a a a a a a e O e+ − + + +

Expanding f(wk) about x* using Taylor expansion, we get

2 4 2 2 6
* 2 3 2 2 2 3 3 2 4

1( ) ( ) (8 20 7 8 )
4k kf w f x a a a a a a a a a e′= + − + +

5 3 2 2 7
2 2 2 3 2 3 2 4 3 4 2 5( 12 26 16 8 6 3 ) ka a a a a a a a a a a a e+ − + − − + +

6 4 3 3 2 2 2
2 2 2 3 3 2 4 4 2 3 5

1 (156 444 36 128 20 (369 44 )
4

a a a a a a a a a a a+ − − + + + −

8 9
3 5 2 3 4 634 8 (25 2 )) ( ) ,k ka a a a a a e O e + − − + 

Substituting (12), (14) and (18) in the last substep of (9), we obtain

( )5 3 2 8 9
1 2 32 2 2 3 ( ).k k ke a a a a e O e+ = − +

Thus, the proof is completed.
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□
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3. An extension
There are certain limitations with the local convergence analysis of the previous section.
(L1) The analysis is provided only for nonlinear equations defined on the real line.
(L2) The Taylor series expansion technique requires the existence of derivatives such as f ( j ),  j = 2, 3, ..., 7 which 

are not present on the method.
Let us consider the function f : [−2, 1.5] → R defined by 3 5 4( ) ln 2 2f t t t t t= + −  for t ≠ 0 and f (t) = 0 for 

t = 0. It follows by this definition that f ''' is unbounded on the interval [−2, 1.5], since f ''' is not continuous at t = 0. 
Notice also that t* = 1 solves the equation f(t) = 0. Therefore, the results of the previous section cannot guarantee the 
convergence of the method to t*. But the method converges to t* say for t0 = 0.9.

(L3) There are no error estimates on the distances ||xk − x*|| which can be computed a priori. Hence, we do not know 
in advance how many iterations should be carried out to obtain a desired error tolerance.

(L4) There are no results on uniqueness of the solution x*.
(L5) The more interesting semi-local convergence of the method is not given.
The limitations (L1)-(L5) constitute the motivation for writing this section. These problems are positively addressed 

as follows:
(L1)' The convergence analysis is carried out for Banach space valued operators.
(L2)' The convergence conditions involve only f ' which is the only derivative appearing on the method.
(L3)' Upper bounds on the error distances ||xk − x*|| are provided which can be computed in advance. Therefore, we 

do know the number of iterations required to achieve a certain error tolerance.
(L4)' A certain neighborhood of x* is determined with only one solution.
(L5)' The semi-local convergence the method is developed based on majorizing sequences [22]. Both type of 

analyses rely on the concept of generalized continuity of the derivative [20, 22].
In order to achieve the extensions (L1)'-(L5)'  the method has to be rewritten in a Banach space as follows:
For φ : D ⊂ B1 → B2, where the letters B1 and B2 denote Banach spaces, D an open and convex set, and φ a 

continuously differentiable operator in the Fréchet sense. Then, we approximate a solution x* ∈ D of the equation

( ) 0xϕ =

using the extension of the method for x0 ∈ D and each k = 0, 1, 2, ... by

1( ) ( ),k k k ky x x xϕ ϕ−′= −

( )1 11 ( ) ( ) ( ),
2k k k k kz x x y xϕ ϕ ϕ− −′ ′= − +

1( ) ( ),k k k kw z y zϕ ϕ−′= −

( )1 1 1
1

1 ( ) ( ) ( ) ( ) ( ) ( ).
2k k k k k k k kx w I x y x y x wϕ ϕ ϕ ϕ ϕ ϕ− − −

+ ′ ′ ′ ′ ′= − +

Clearly, if B1 = B2 = R and φ = f , the method (20) reduces to method (9) for solving the equation f(t) = 0.
Next, we first study the local convergence analysis of the method (20) based on conditions for T = [0, +∞):
(H1) There exists a continuous as well as nondecreasing function (continuous and nondecreasing functions (CNF)) 

P0 : T → R so that the equation P0(t) − 1 = 0 has a smallest solution (SS) R0 ∈ T − {0}. Set T0 = [0, R0).
There exist CNF P : T0 → R, q1 : T0 → R so that the equation q1(t) − 1 = 0 has an SS r1 ∈ T0 − {0}, with

(19)

(20)
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q t

P t

θ θ−
=
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∫

The equation P0(q1(t)t) − 1 = 0 has a SS R1 ∈ T0 − {0}. Set T1 = [0, R1).
Define the function
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((1 ( )) )
( ) or

( ) ( ( ) ).

P q t t
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P t P q t t

+
= 
 +

The equation q2(t) − 1 = 0 has an SS r2 ∈ T1 − {0}, where q2 : T1 → R is defined by

1

0
2

0
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P t d
q t

P t

θ θ−
=

−
∫

1
00

0 0 1

( )(1 ( ) )
.

(1 ( ))(1 ( ( ) ))

P t P t d

P t P q t t

θ θ+
+

− −
∫

The equation P0(q2(t)t) − 1 = 0 has an SS R2 ∈ T1 − {0}. Set T2 = [0, R2).
Define the function

1 2

0 1 0 2

(( ( ) ( )) )
( ) or

( ( ) ) ( ( ) ).

P q t q t t
P t

P q t t P q t t

+
= 
 +

The equation q3(t) − 1 = 0 has an SS r3 ∈ T2 − {0}, where

1
20

3
0 2

((1 ) ( ) )
( )

1 ( ( ) )

P q t t d
q t

P q t t

θ θ −=  −


∫

1
0 20

2
0 1 0 2

( )(1 ( ( ) ) )
( ).

(1 ( ( ) ))(1 ( ( ) ))

P t P q t t d
q t

P q t t P q t t

θ θ + + − −


∫

The equation P0(q3(t)t) − 1 = 0 has an SS R3 ∈ T2 − {0}. Set T3 = [0, R3).
Define the function
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The equation q4(t) − 1 = 0 has an SS r4 ∈ T3 − {0}, where

1
30

4
0 3

((1 ) ( ) )
( )

1 ( ( ) )

P q t t d
q t

P q t t

θ θ −=  −


∫

1
0 30

0 0 3

( )(1 ( ( ) ) )

(1 ( ))(1 ( ( ) ))

P t P q t t d

P t P q t t

θ θ+
+

− −
∫

( )1
0 3 30

0 0 1 0 1

1 ( )( ) 2 1 ( ( ) ) ( ).
2(1 ( ))(1 ( ( ) )) 1 ( ( ) )

P tP t P q t t d q t
P t P q t t P q t t

θ θ
 

+ + +  − − −   
∫

Define the parameter

* min{ },  1, 2,3, 4.ir r i= =

The parameter r* is shown to be a radius of convergence for the method (20) in Theorem 3.1. However, some more 
conditions are needed. Let S(x, ρ), S[x, ρ] denote respectively, the open and closed balls in B1 with center x ∈ B1 and of 
radius ρ > 0.

(H2) There exists an invertible linear operator M so that for each x ∈ D

( )1
0 *( ( ) ) . M x M P x xϕ− ′ − ≤ −

Set S0 = S(x*, R0) ∩ D.
(H3) For each x, y ∈ S0

( )1( ( ) ( )) .M y x P y xϕ ϕ− ′ ′− ≤ −

and
(H4)

*[ , ] .x r D⊂

The conditions (H1)-(H4) are sufficient for the local convergence analysis of the method (20).
Theorem 3.1 Suppose that the conditions (H1)-(H4) hold. Then, for x0 ∈ S(x*, r*) − {x*}, the sequence {xk} 

generated by the method (20) exists in S(x*, r*), stays in S(x*, r*) and is convergent to x* so that for each k = 0, 1, 2, ...

( )* 1 * * * * ,k k k ky x q x x x x x x r− ≤ − − ≤ − <

( )* 2 * * * ,k k k kz x q x x x x x x− ≤ − − ≤ −

( )* 3 * * * ,k k k kw x q x x x x x x− ≤ − − ≤ −

(21)

(22)

(23)

(24)
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and

( )1 * 4 * * * ,k k k kx x q x x x x x x+ − ≤ − − ≤ −

where the functions qi are as given previously, and the radius r* is as defined in (21).
Proof. Mathematical induction is employed to validate the assertions (22)-(25). Let u ∈ S(x*, r*). Then, the 

condition (H2) and (21) give

( )1
0 * 0 *( ( ) ) ( ) 1.M u M P u x P rϕ− ′ − ≤ − ≤ <

The estimate (26) and the celebrated Banach Lemma on linear invertible operators imply the invertability of φ'(u) 
and

( )
1

0 *

1( ) .
1

u M
P u x

ϕ −′ ≤
− −

If u = x0, then by the first substep of the method (20) the iterate y0 exists, since x0 ∈ S(x*, r*) − {x*}. Then, we can 
write

1
0 * 0 * 0 0( ) ( )y x x x x xϕ ϕ−′− = − −

1 1
0 * 0 * 0 0 *0

( ) ( ( ( ) ( )) ( ).x x x x x d x xϕ ϕ θ ϕ θ−′ ′ ′= + − − −∫

It follows by (H4), (21), (27) (for u = x0) and (28) that

( )
( )

1
0 * 0 *0

0 *
0 0 *

(1 )

1
 

P x x d x x
y x

P x x

θ θ− − −
− ≤

− −
∫

( )1 0 * 0 * 0 * * ,q x x x x x x r≤ − − ≤ − <

showing (22) if k = 0, y0 ∈ S(x*, r*), and (27) for u = y0. Hence, the iterate z0 exists, and

1 1 1
0 * 0 * 0 0 0 0 0

1( ) ( ) ( ( ) ( ) ) ( )
2

z x x x x x y x xϕ ϕ ϕ ϕ ϕ− − −′ ′− = − − − −

1 1 1
0 * 0 0 0 0 0 0 0

1( ) ( ) ( ) ( ( ) ( )) ( ) ( ).
2

x x x x y x y x xϕ ϕ ϕ ϕ ϕ ϕ ϕ− − −′ ′ ′ ′= − − − −

Then, as in (29), we get

( )
( )

1
0 *0

0 *
0 0 *

(1 )

1
 

P x x d
z x

P x x

θ θ − −− ≤  − −


∫

(25)

(26)

(27)

(28)

(29)

(30)
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( )
( )( ) ( )( )

1
0 0 0 *0

0 *
0 0 * 0 0 *

1 ( )

1 1

P P x x d
x x

P x x P y x

θ θ + − 
+ −

− − − − 


∫

( )2 0 * 0 * 0 * ,q x x x x x x≤ − − ≤ −

where we also used

( )1
0 0 0 0( ( ) ( ))M x y P x yϕ ϕ− ′ ′− ≤ −

( )0 * 0 * 0P x x y x P≤ − + − ≤

or

1 1
0 0 0( ( ) ( )) ( ( ) )M x y M x Mϕ ϕ ϕ− −′ ′ ′− ≤ −

1
0 0( ( ) ) ,M y M Pϕ− ′+ − ≤

and

0 0 *( ) ( ) ( )x x xϕ ϕ ϕ= −

1
* 0 * 0 *0

( ( )) ( )x x x d x xϕ θ θ′= + − −∫

( )11 1
0 * 0 * 0 *0

( ) ( ( ))M x M x x x d M M x xϕ ϕ θ θ− − ′≤ + − − + −∫

( )( )1
0 0 * 0 *0

1 .P x x d x xθ θ≤ + − −∫

Thus, the iterate z0 ∈ S(x*, r*), the assertion (23) holds if k = 0, the iterate w0 exists by the third substep of the 
method (20), and

1 1 1
0 * 0 * 0 0 0 0 0( ) ( ) ( ( ) ( ) ) ( ),w x z x z z z y zϕ ϕ ϕ ϕ ϕ− − −′ ′ ′− = − − + −

leading similarly to (31) to

( )
( )

1
0 *0

0 *
0 0 *

(1 )

1

P z x d
w x

P z x

θ θ − −− ≤  − −


∫

(31)

(32)
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( )( )
( )( ) ( )( )

1
0 0 0 *0

0 *
0 0 * 0 0 *

1

1 1

P P z x d
z x

P y x P z x

θ θ + − 
+ −

− − − − 


∫

( )3 0 * 0 * 0 * .q x x x x x x≤ − − ≤ −

Hence, the assertion (25) is valid if k = 0, the iterate w0 ∈ S(x*, r*), x1 exists by the fourth step of the method (20), 
and

1 1 1
1 * 0 * 0 0 0 0 0( ) ( ) ( ( ) ( ) ) ( )x x w x w w w x wϕ ϕ ϕ ϕ ϕ− − −′ ′ ′− = − − + −

( )1 1 1
0 0 0 0 0 0

1 ( ) ( ) ( ) ( ) ( ) ( ),
2

I x y x y x wϕ ϕ ϕ ϕ ϕ ϕ− − −′ ′ ′ ′ ′ ′+ −

1 1 1
0 * 0 0 0 0 0 0 0( ) ( ) ( ) ( ( ) ( )) ( ) ( )w x w w w x w x wϕ ϕ ϕ ϕ ϕ ϕ ϕ− − −′ ′ ′ ′ ′= − − + −

( )1 1 1
0 0 0 0 0 0

1 ( ( ) ( ) ) 2 ( ( ) ( ) ) ( ) ( ),
2

y x I I y x I x wϕ ϕ ϕ ϕ ϕ ϕ− − −′ ′ ′ ′ ′− − + −

so

( )
( )

1
0 *0

1 *
0 0 *

(1 )

1

P w x d
x x

P w x

θ θ − −− ≤  − −


∫

( )
( )( ) ( )( )

1
0 0 0 *0

0 0 * 0 0 *

1 ( )

1 1

P P w x d

P x x P w x

θ θ+ −
+

− − − −

∫

( )( ) ( )( ) ( )
0 0

0 0 *0 0 * 0 0 *

2
12 1 1

P P
P y xP x x P y x

 
 + 
 − −− − − −  

( )( )1
0 0 * 0 *0

1 P w x d w xθ θ × + − −∫

( )4 0 * 0 * 0 * .q x x x x x x≤ − − ≤ −

So, the assertion (25) is valid for k = 0, and the iterate x1 ∈ S(x*, r*). The induction for the assertions (22)-(25) 
holds for k = 0, and the iterates y0, z0, w0, x1 ∈ S(x*, r*). But the calculations can be repeated if xk, yk, zk, wk, xk+1 replace 
respectively x0, y0, z0, w0, x1. Thus, the induction for the assertions (22)-(25) holds for each k = 0, 1, 2, ... . Then, from the 
estimate

(33)

(34)

(35)
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1 * * *k kx x x x rλ+ − ≤ − ≤

for 4 0 * * 1(|| ) [0, 1),  implies that lim  and the itera| te | k kk
q x x x x xλ +→+∞

= − ∈ = ∈(x*, r*).

Next, a region is determined inside which x* is the only solution of the equation φ(x) = 0.
Proposition 3.2 Suppose:
The condition (H2) holds on S(x*, r5) for some r5 > 0 and there exits r6 ≥ r5 so that

1
0 60
( ) 1.P r dθ θ <∫

Set S1 = S[x*, r6] ∩ D.
Then, the only solution of the equation (19) in the region S1 is x*.
Proof. 1  with ( ) 0x xϕ∈ = . Consider the linear operator 

1
* *0

( ( ))x x x dϕ θ θ′= + −∫ . It follows by (H2) and (37) 
in turn that

( )11
0 *0

( )M M P x x dθ θ− − ≤ −∫

1
0 60
( ) 1,P r dθ θ≤ <∫

which implies the invertability of the operator Q. Then, from the identity

1
* *( ( ) ( )) (0) 0,x x x xϕ ϕ −− = − = = 

we conclude *x x= .
Next, the semilocal analysis of the method (20) is developed in an analogous way to the local case but the role of x* 

and the “P” functions is exchanged by x0 and the “h” functions as follows:
(A1) There exists a (CNF) ψ0 : T → R so that the equation ψ0(t) − 1 = 0 has an SS ρ0 ∈ T − {0}. Set T4 = [0, ρ0).
There exists a function ψ : T4 → R. Define the sequences {ak}, {bk}, {ck} and {dk} for a0 = 0, some b0 ≥ 0 and each 

k = 0, 1, 2, ... by

0 0

( )
or

( ) ( ),

k k

k

k k

b a

a b

ψ
ψ

ψ ψ

−
= 
 +

0

( )
,

1 ( )
k k k

k k
k

b a
c b

b
ψ

ψ
−

= +
−

( )1
00

1 ( ( )) ( )k k k k k kb c b d c bλ ψ θ θ= + + − −∫

1

0
((1 )( )) ( ),k k k kb a d b aψ θ θ+ − − −∫

(36)

(37)

□

□
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0

,
1 ( )

k
k k

k

d c
b

λ
ψ

= +
−

( )1
00

1 ( ( )) ( ) ,k k k k k k kc d c d d cµ ψ θ θ λ= + + − − +∫

2

1
0 0 0

21 2 ,
2 1 ( ) 1 ( ) 1 ( )

k k k
k k

k k k

a d
b b a

ψ ψ µ
ψ ψ ψ+

   = + + +   − − −  

1
1 1 1 0 10

((1 )( )) ( ) (1 ( ))( ),k k k k k k k ke a a d a a a a bψ θ θ ψ+ + + += − − − + + −∫

and

1
1 1

0 1

.
1 ( )

k
k k

k

e
b a

aψ
+

+ +
+

= +
−

The sequence {ak} is shown to be majorizing for {xk} in Theorem 3.3. But first a convergence condition for it is 
needed.

(A2) There exists ρ ∈ [0, ρ*) so that for each k = 0, 1, 2, ...

0 0( ) 1,  ( ) 1,  and .k k ka b aψ ψ ρ< < <

The conditions and (38) imply that 0 ≤ ak ≤ bk ≤ ck ≤ dk ≤ ak +1 < ρ, and that there exists a* ∈ [0, ρ] so that *lim kk
a a

→+∞
= = 

a*.
(A3) There exists invertible operator M so that for each x ∈ D

( )1
0 0( ( ) ) . M x M x xϕ ψ− ′ − ≤ −

It follows that ||M −1(φ'(x0) − M)|| ≤ φ0(0) < 1. Thus, φ0(x0)
−1 exists, and when we can choose b0 ≥ || φ'(x0)

−1φ(x0) ||.
Set S2 = S(x0, ρ0) ∩ D.
(A4)

( )1( ( ) ( ))M y x y xϕ ϕ ψ− ′ ′− ≤ −

for each x, y ∈ S2.
(A5)

0 *[ , ] .x a D⊂

The semi-local convergence analysis of the method (20) is developed in next result.
Theorem 3.3 Suppose that the conditions (A1)-(A5) hold. Then, the sequence {xk} produced by the method (20) 

exists in S(x0, a*), stays in S(x0, a*) for each k = 0, 1, 2 ... and is convergent to some x* ∈ S[x0, a*] solving the equation (19), 
and so that

(38)
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* * .k kx x a a− ≤ −

Proof. As in Theorem 3.1 mathematical induction shall establish the assertions for each k = 0, 1, 2 ...

,k k k ky x b a− ≤ −

,k k k kz y c b− ≤ −

k k k kw z d c− ≤ −

and

1 1 .k k k kx w a b+ +− ≤ −

The assertion (40) holds by the definition of a0, b0 and the first substep of the method (20), since ||y0 − x0|| = 
||φ'(x0)

−1φ(x0)|| ≤ b0 = b0 − a0 < a*. We also have y0 ∈ S(x0, a*). Then, by subtracting the first from second substep of the 
method (20), we get as in local case

1 11 ( ) ( ( ) ( )) ( ) ( )
2k k k k k k kz y y x y x xϕ ϕ ϕ ϕ ϕ− −′ ′ ′ ′− = − −

11 ( ) ( ( ) ( ))( ),
2 k k k k ky x y y xϕ ϕ ϕ−′ ′ ′= − −

so

( )0 0

1
2 1

k k k
k k

k

y x
z y

y x
ψ
ψ

−
− ≤

− −

0

( )
,

1 ( )
k k k

k k
k

b a
c b

b
ψ

ψ
−

≤ = −
−

0 0 0 * ,k k k k k k k kz x z y y x c b b a c a− ≤ − + − ≤ − + − = <

( ) ( ) ( ) ( ),k k k kz z y zϕ ϕ ϕ ϕ= − +

( )( )11
0 00

( ) 1k k k k k kM z y x z y d z yϕ ψ θ θ− ≤ + − + − −∫

( )1

0
(1 ) k k k ky x d y xψ θ θ+ − − −∫

( )1
00

1 ( ( )) ( )k k k k kb c b d c bψ θ θ≤ + + − −∫

(39)

(40)

(41)

(42)

(43)
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1

0
((1 )( )) ( ) ,k k k k kb a d b aψ θ θ λ+ − − − =∫

1( ) ( )k k k kw z y zϕ ϕ−′− = −

1( ) ( ( ) ( ) ( )),k k k ky z y yϕ ϕ ϕ ϕ−′= − − +

1 1( ) ( )k k k kw z y M M zϕ ϕ− −′− ≤

( ) 00 0

,
1 ( )1

k k
k k

kk

d c
by x

λ λ
ψψ

≤ ≤ = −
−− −

0 0k k k kw x w z z x− ≤ − + −

0 * ,k k k kd c c a d a≤ − + − = <

1
1

1 (2 2( ( ) ( ) )
2k k k kx w I y x Iϕ ϕ−

+ ′ ′− = − + −

1 2 1( ( ) ( ) ) ) ( ) ( ).k k k ky x I x wϕ ϕ ϕ ϕ− −′ ′ ′+ −

But

( ) ( ) ( ) ( ),k k k kw w z zϕ ϕ ϕ ϕ= − +

( )11
00

( ) 1 ( ( )) ( ) , k k k k k k k kM w c d c d d cϕ ψ θ θ λ µ− ≤ + + − − + =∫

2

1
0 0 0

21 2
2 1 ( ) 1 ( ) 1 ( )

k k k
k k

k k k

x w
b b a

ψ ψ µ
ψ ψ ψ+

   − = + +   − − −  

1 ,k ka d+= −

1 0 1 0k k k kx x x w w x+ +− ≤ − + −

1 0 1 * ,k k k ka d d a a a+ +≤ − + − = <

1 1 1 1( ) ( ) ( ) ( )( ) ( )( ),k k k k k k k k kx x x x x x x x yϕ ϕ ϕ ϕ ϕ+ + + +′ ′= − − − + −

( )11
1 1 10

( ) (1 )k k k k kM x x x d x xϕ ψ θ θ−
+ + +≤ − − −∫
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( )0 0 1(1 k k kx x x yψ ++ + − −

1
1 10

((1 )( )) ( )k k k ka a d a aψ θ θ+ +≤ − − −∫

0 1 1(1 ( ))( ) ,k k k ka a b eψ + ++ + − =

1 1
1 1 1 1( ) ( )k k k ky x x M M xϕ ϕ− −
+ + + +− ≤

1
1 1

0 11 ( )
k

k k
k

e
b a

aψ
+

+ +
+

≤ = −
−

and

1 0 1 1 1 0k k k ky x y x x x+ + + +− ≤ − + −

1 1 1 0 1 *.k k k kb a a a b a+ + + +≤ − + − = <

Hence, the induction for the assertions (40)-(43) is completed, and xk, yk, zk, wk ∈ S(x*, a*). Moreover, we have

1 1 .k k k kx x a a+ +− ≤ −

Thus, the sequence {xk} is Cauchy in the Banach space B1, and as such it is convergent to some x* ∈ S[x0, a*]. By 
letting k → +∞ in (44), we deduce φ(x*) = 0.

Furthermore, by (45)

k m k k m kx x a a+ +− ≤ −

for each m = 1, 2, ....
By letting m → +∞ in (46), we conclude that (39) holds.
The uniqueness result result for a solution of the equation (19) follows.
Proposition 3.4 Suppose:
There exists a solution x  ∈ S(x0, ρ3) of the equation (19). The condition (A3) holds in the ball S(x0, ρ3), and there 

exists ρ4 ≥ ρ3, so that

1
3 40

( (1 ) ) 1.dψ θρ θ ρ θ+ − <∫

Set S3 = S(x0, ρ4) ∩ D.
Then, the only solution of the equation (19) in the region S3 is x .
Proof. Let 3  with ( ) 0x xϕ∈ = . Define the operator 

1
1 0

( ( ))Q x x x dϕ θ θ′= + −∫   . Then, by (A3) and (47), we get

( )11
1 0 0 00

( ) (1 )M Q M x x x x dψ θ θ θ− − ≤ − + − −∫ 

(44)

(45)

(46)

(47)

□
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1
0 3 40
( (1 ) ) 1.dψ θρ θ ρ θ≤ + − <∫

Thus, we conclude again as in the local case that x x= .
Remark 3.5 (i) If all conditions of Theorem 3.3 hold, then take ρ3 = a* and x* = x .
(ii) A popular choice but not the most flexible is M = φ'(x*) for the local, and M = φ'(x0) for the semi-local case.

4. Numerical applications
This section comprises of several numerical examples to show the efficiency of our proposed method for 

approximating the solution by comparing with existing methods. The comparison is made with eighth order methods 
given by Neta and Johnson (NJ8), Cordero et al. (CVTM) (taking β1 = 0, β2 = 1, β3 = 0), Dzunić and Petković (DPM), 
Sharma et al. (SSKM), Thukral (TM) and existing fifth order method by Grau-Sánchez et al. (GSM) (8). In Table 1, 
the considered test functions with initial approximation and the corresponding root are displayed. To compare the 
computational performance, the number of iteration indexes (k), norms of the functions (| f (xk)|), error between two 
consecutive iterates ||xk+1 − xk|| and computational order of convergence given by formula [27]:

1

1 2

ln ( ) / ( )
ln ( ) / ( )

k k

k k

f x f x
f x f x

ρ −

− −

=

are mentioned. Further, the theoretical results proved in Section 3 are verified and numerical experiments are performed 
in Banach spaces in Examples (4.2) and (4.3) but on the real line in Example (4.1).

Table 1. Test functions

f(x) x0 Root (α)

f(x) = sin2x − x2 − 1 3 1.404491648215341

f2(x) = ex2+7x −30 − 1 3.3 3.000000000000000

f3(x) = x2 − ex − 3x + 2 3 0.257530285439861

f4(x) = e−x2+x+2 − cos(x + 1) + x3 + 1 -2 −1.000000000000000

f5(x) = x2ex − sin(x) + x -2 −1.499393096901409

f6(x) = log(x2 + x + 2) − x + 1 2 4.152590736757158

f7(x) = e−x + cosx -0.5 1.365230013414097

f8(x) = arcsin(x2 − 1) − x/2 + 1 1 0.5948109683983692

Example 4.1 Set D = B1 = B2 = R. Then, the method (9) is applied on the test functions given in Table 1.
The numerical experiments are stimulated by using Mathematica 8 on Intel(R) Core(TM) i5 - 8250U mCPU @ 

1.60 GHz 1.80 GHz with 8 GB of RAM running on the Windows 10 Pro version 2017. The comparison results for all 
considered examples for |xk+1 − xk |, | f (xk)| and ρ are displayed in Tables 2-9 up to the third iteration. For every method, 
the stopping criterion used is |xk+1 − xk | + | f (xk)| < 10−100. It can be observed that proposed method has higher accuracy 
in numerical values of approximations to the root than the existing methods in all the considered examples.

□
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Table 2. Comparison of the performances of methods for f1

Methods k |xk+1 − xk| | f (xk+1)| ρ

M8

1 1.61e - 000 2.62e - 004

7.99919812 1.06e - 002 3.81e - 017

3 1.54e - 017 7.39e - 136

NJ8

1 1.60e - 005 1.01e - 002

8.00059082 4.10e - 003 1.60e - 017

3 6.44e - 017 5.74e - 136

CVTM

1 1.60e - 000 2.12e - 002

8.00137502 8.61e - 003 2.57e - 017

3 1.04e - 017 1.08e - 136

DPM

1 1.58e - 000 2.99e - 002

7.99909262 1.19e - 002 1.81e - 016

3 7.30e - 017 3.64e - 130

SSKM

1 1.57e - 000 5.20e - 002

7.96860932 2.06e - 002 7.19e - 012

3 1.62e - 383 3.47e - 384

TM

1 1.57e - 000 6.84e - 002

7.99058822 2.70e - 002 5.30e - 012

3 2.13e - 012 1.01e - 092

GSM

1 1.63e - 000 9.27e - 002

4.98501762 3.85e - 002 8.87e - 009

3 3.57e - 009 7.80e - 044

Table 3. Comparison of the performances of methods for f2

Methods k |xk+1 − xk| | f (xk+1)| ρ

M8

1 1.90e - 001 3.19e - 000

6.494952 1.07e - 001 3.17e - 002

3 2.40e - 003 1.42e - 014

NJ8

1 1.78e - 001 3.89e - 000

6.003382 1.15e - 001 8.11e - 002

3 5.99e - 003 5.67e - 011

CVTM

1 2.20e - 001 1.81e - 000

6.992682 7.89e - 002 1.03e - 003

3 7.94e - 005 7.10e - 014

DPM

1 2.40e - 001 1.17e - 000

6.999092 5.93e - 002 8.13e - 006

3 6.25e - 007 1.56e - 014

SSKM

1 1.67e - 001 4.73e - 000

6.968602 1.12e - 001 1.86e - 001

3 1.31e - 002 1.17e - 008

TM

1 1.71e - 001 4.37e - 000

5.208992 1.18e - 001 1.37e - 001

3 9.93e - 003 1.47e - 008

GSM

1 1.62e - 001 5.11e - 000

4.397372 1.20e - 001 2.59e - 001

3 1.77e - 002 2.77e - 005
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Table 4. Comparison of the performances of methods for f3

Methods k |xk+1 − xk| | f (xk+1)| ρ

M8

1 2.73e - 000 4.32e - 002

7.99986472 1.14e - 002 4.07e - 021

3 1.08e - 021 2.51e - 173

NJ8

1 2.62e - 000 4.75e - 001

8.00443002 1.27e - 001 5.06e - 013

3 1.34e - 013 6.73e - 109

CVTM

1 2.67e - 000 2.82e - 001

8.00095262 7.52e - 002 1.16e - 013

3 3.06e - 014 8.46e - 113

DPM

1 2.48e - 000 9.80e - 001

7.97544962 2.65e - 001 7.79e - 010

3 2.06e - 010 1.77e - 082

SSKM

1 2.54e - 000 7.65e - 001

8.05596992 2.06e - 001 1.24e - 010

3 3.27e - 011 1.43e - 089

TM

1 2.62e - 000 4.69e - 001

7.99217052 1.25e - 001 2.69e - 012

3 7.11e - 013 3.52e - 102

GSM

1 2.45e - 000 1.07e - 000

4.98525202 2.90e - 001 3.20e - 006

3 8.46e - 007 8.18e - 034

Table 5. Comparison of the performances of methods for f4

Methods k |xk+1 − xk| | f (xk+1)| ρ

M8

1 1.00e - 000 2.12e - 003

8.00004122 3.53e - 004 2.00e - 030

3 3.34e - 021 1.29e - 246

NJ8

1 1.00e - 000 9.91e - 003

7.99996312 1.65e - 003 2.20e - 030

3 3.66e - 034 1.28e - 245

CVTM

1 9.96e - 001 2.40e - 002

7.99968222 4.00e - 003 6.64e - 021

3 1.11e - 021 2.31e - 169

DPM

1 9.96e - 001 2.65e - 002

7.99896722 4.41e - 003 3.39e - 021

3 5.65e - 022 2.55e - 172

SSKM

1 1.00e - 000 2.59e - 002

8.00054902 4.31e - 002 3.76e - 021

3 6.26e - 022 7.37e - 172

TM

1 1.00e - 000 1.61e - 002

8.00330692 2.68e - 003 2.63e - 023

3 4.38e - 034 1.15e - 189

GSM

1 9.98e - 000 1.49e - 002

4.98525202 2.48e - 003 6.45e - 015

3 1.07e - 015 9.95e - 077
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Table 6. Comparison of the performances of methods for f5

Methods k |xk+1 − xk| | f (xk+1)| ρ

M8

1 5.01e - 001 7.71e - 005

7.99989082 1.01e - 004 4.50e - 034

3 5.92e - 034 6.11e - 268

NJ8

1 5.00e - 001 2.10e - 004

7.99996262 2.76e - 004 6.41e - 029

3 8.43e - 029 4.81e - 225

CVTM

1 5.00e - 001 1.39e - 004

7.99997442 1.82e - 004 1.36e - 030

3 1.78e - 030 1.13e - 238

DPM

1 5.00e - 001 1.59e - 004

7.99997872 2.09e - 004 2.94e - 030

3 3.87e - 030 4.10e - 236

SSKM

1 4.99e - 001 9.43e - 004

7.99863872 1.24e - 003 2.12e - 022

3 2.78e - 022 1.47e - 171

TM

1 4.99e - 001 9.27e - 004

7.99968082 1.22e - 003 1.22e - 022

3 1.60e - 022 1.10e - 173

GSM

1 4.99e - 001 8.69e - 004

4.99738652 1.14e - 003 2.37e - 017

3 3.11e - 017 3.86e - 085

Table 7. Comparison of the performances of methods for f6

Methods k |xk+1 − xk| | f (xk+1)| ρ

M8

1 2.15e - 000 3.34e - 004

8.00001072 5.536e - 004 2.18e - 036

3 3.61e - 036 7.03e - 283

NJ8

1 2.15e - 000 1.99e - 004

7.99999392 3.30e - 004 1.96e - 036

3 3.25e - 036 1.73e - 282

CVTM

1 2.15e - 000 1.00e - 003

7.99995852 1.66e - 003 1.79e - 030

3 2.98e - 030 1.90e - 244

DPM

1 2.15e - 000 4.46e - 004

7.99998502 7.14e - 004 5.49e - 033

3 9.12e - 033 2.91e - 264

SSKM

1 1.47e - 000 3.92e - 001

7.99999722 6.80e - 001 2.68e - 007

3 4.46e - 007 1.20e - 059

TM

1 2.17e - 000 1.09e - 002

7.99923962 1.80e - 002 5.23e - 021

3 8.69e - 021 1.60e - 167

GSM

1 2.16e - 000 4.68e - 003

4.99980242 7.78e - 003 4.08e - 016

3 6.78e - 016 2.07e - 081
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Table 8. Comparison of the performances of methods for f7

Methods k |xk+1 − xk| | f (xk+1)| ρ

M8

1 2.25e - 000 2.36e - 005

7.99999892 2.04e - 005 4.45e - 042

3 3.84e - 042 7.02e - 336

NJ8

1 2.25e - 000 2.07e - 004

7.99999032 1.79e - 004 8.90e - 035

3 7.68e - 035 1.03e - 277

CVTM

1 2.25e - 000 8.46e - 005

8.00000032 7.30e - 005 1.76e - 037

3 1.51e - 037 6.02e - 299

DPM

1 2.25e - 000 1.53e - 004

8.00000972 1.32e - 004 2.65e - 035

3 2.29e - 035 2.10e - 281

SSKM

1 2.25e - 000 1.43e - 004

7.99999892 1.23e - 004 2.87e - 035

3 2.48e - 035 7.75e - 281

TM

1 2.25e - 000 2.05e - 004

8.00001722 1.77e - 004 2.15e - 033

3 1.86e - 033 3.14e - 265

GSM

1 2.25e - 000 1.05e - 003

4.99994212 9.08e - 004 1.89e - 018

3 1.63e - 018 3.49e - 092

Table 9. Comparison of the performances of methods for f8

Methods k |xk+1 − xk| | f (xk+1)| ρ

M8

1 4.05e - 001 2.42e - 006

7.99999992 2.29e - 006 7.59e - 049

3 7.17e - 049 7.05e - 389

NJ8

1 4.05e - 001 1.20e - 005

8.00000082 1.13e - 005 3.50e - 043

3 3.31e - 043 1.89e - 343

CVTM

1 4.05e - 001 1.12e - 005

8.00000042 1.06e - 005 4.72e - 043

3 4.46e - 043 4.68e - 342

DPM

1 4.05e - 001 6.44e - 006

8.00000032 6.08e - 006 1.44e - 045

3 1.36e - 045 8.83e - 363

SSKM

1 4.05e - 001 1.85e - 005

7.99999892 1.75e - 005 7.97e - 041

3 7.53e - 041 9.41e - 324

TM

1 4.05e - 001 5.22e - 006

8.00000022 4.93e - 006 2.76e - 046

3 2.61e - 046 1.69e - 368

GSM

1 4.05e - 001 4.76e - 004

5.00002292 4.49e - 004 3.36e - 019

3 3.17e - 019 5.91e - 095
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The next two examples demonstrate the extension of proposed method in Banach spaces presented in Section 3.
Example 4.2 Let B1 = B2 = R3 and D = S(0, 1). Define the operator φ on D for s = (s1, s2, s3)

T by

1 2
2 2 3

1( ) 1, , .
2

T
s es e s s sϕ − = − + 

 

This definition implies that

1

2

0 0
( ) 0 ( 1) 1 0 .

0 0 1

se
s e sϕ

 
 

′ = − + 
 
 

Clearly, s* = (0, 0, 0)T solves the equation φ(s) = 0 and φ'(s*) = I. Then, for M = φ'(s*) the conditions (H1)-(H3) hold, 

if we take P0(t) = (e − 1)t, and 
1

1( ) eP t e t−= . The radius of convergence r* for the method (20) using the formula (21) is 
given by r* = 0.159254648631897 ··· < 1. Hence, the condition (H4) also holds. Therefore, all the conditions of Theorem 
3.1 hold.

Example 4.3 Let B1 = B2 = R3 and D = S(0, 1). Define the operator φ on D by

1 3
0

( )( ) ( ) 8 ( ) .u x u x x u dϕ θ θ θ= − ∫

By this definition, we calculate the derivative φ' to be

1 2
0

( ( ))( ) ( ) 24 ( ) ( ) .u l x l x x u l dϕ θ θ λ λ′ = − ∫

Clearly, x* = 0 solves the equation φ(x) = 0, so φ'(x*) = I. Then, for M = φ'(x*) the conditions (H1)-(H3) hold if we 
take P0(t) = 12t and P(t) = 24t. The radius of convergence for the method (20) using again formula (21) comes out to be 
r* = 0.022092906375511003 ··· < 1. Therefore, all the conditions of Theorem 3.1 hold.

Thus, the novelty, applicability and theoretical results of the current work are corroborated by numerical 
experiments.

5. Conclusion
The construction of higher order iterative methods is at topmost importance in numerical analysis now a days due 

to its numerous applications in various fields. The present study consists of designing of a new eighth order method 
which is obtained from a fifth order by method by adding one step for which only one additional function evaluation 
is required. The method is extended to Banach spaces and is analyzed with local and semi-local convergence using 
generalized conditions. Based on the numerical findings, it is clear that the proposed method performs the best in terms 
of accuracy in error and norm of the function in all the considered examples as compared to other existing methods. 
As already noted in the introduction the methodology developed in Section 3 is applicable on other methods. This 
is the direction of our research which shall establish our approach further. We start with this paper. That will be an 
improvement of our work.

(48)

(49)



Contemporary MathematicsVolume 5 Issue 1|2024| 253

Conflict of interest
The authors declare that they do not have conflict of interests.

References
[1]	 Argyros IK, Magreñán ÁA. Iterative Methods and their Dynamics with Applications. New York: CRC Press; 2017.
[2]	 Argyros IK. The Theory and Applications of Iteration Methods. Engineering seiers, 2nd ed. Taylor and Francis 

Publishing Group, Boca Raton, Florida: CRC Press; 2022.
[3]	 Awawdch F. On new iterative method for solving systems of nonlinear equations. Numerical Algorithms. 2010; 54: 

395-409. Available from: doi: 10.1007/s11075-009-9342-8.
[4]	 Behl R, Sarria F, Gonzalez R, Magreñán ÁA. Highly efficient family of iterative methods for solving nonlinear 

methods for solving nonlinear models. Journal of Computational and Applied Mathematics. 2019; 346: 110-132. 
Available from: doi: 10.1016/j.cam.2018.06.042.

[5]	 Cordero A, Hueso JL, Martínez E, Torregrosa JR. Generating optinal derivative free iterative methods for nonlinear 
equations by using polynomial interpolation. Mathematical and Computer Modelling. 2013; 57: 1950-1956. 
Available from: doi: 10.1016/j.mcm.2012.01.012.

[6]	 George S, Kanagaraj K. Derivative free regularization method for nonlinear ill-posed equations in Hilbert scales. 
Computational Methods in Applied Mathematics. 2019; 19(4): 765-778. Available from: doi: 10.1515/cmam-2018-
0019.

[7]	 Shakhno SM. On an iterative algorithm with superquadratic convergence for solving nonlinear operator equations. 
Journal of Computational and Applied Mathematics. 2009; 231: 222-235. Available from: doi: 10.1016/
j.cam.2009.02.010.

[8]	 Shakhno SM. Convergence of the two-step combined method and uniqueness of the solution of nonlinear operator 
equations. Journal of Computational and Applied Mathematics. 2014; 261: 378-386. Available from: doi: 10.1016/
j.cam.2013.11.018.

[9]	 Sharma JR, Arora H. A novel derivative free algorithm with seventh order convergence for solving systems of 
nonlinear equations. Numerical Algorithms. 2014; 67: 917-933. Available from: doi: 10.1007/s11075-014-9832-1.

[10]	Cordero A, Hueso JL, Martínez E, Torregrosa JR. A modified Newton-Jarratt’s composition. Numerical Algorithms. 
2010; 55: 87-99. Available from: doi: 10.1007/s11075-009-9359-z.

[11]	Deep G, Argyros IK. Improved higher order compositions for nonlinear equations. Foundations. 2023; 3(1): 25-36. 
Available from: doi: 10.3390/foundations3010003.

[12]	Potra FA, Pták V. Nondiscrete Induction and Iterarive Processes. Boston: Pitman Publishing; 1984.
[13]	Chun C. A simply constructed third-order modifications of Newton’s method. Journal of Computational and 

Applied Mathematics. 2008; 219: 81-89. Available from: doi: 10.1016/j.cam.2007.07.004.
[14]	Neta B, Johnson AN. High order nonlinear solver. Computers and Mathematics with Applications. 2008; 8: 245-

250. Available from: doi: 10.1016/j.camwa.2007.09.001.
[15]	Cordero A, Torregrosa JR, Vassileva MP. Three-step iterative methods with optimal eighth order of convergence. 

Journal of Computational and Applied Mathematics. 2011; 23: 3189-3194. Available from: doi: 10.1016/
j.cam.2011.01.004.
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