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Abstract: The conjugacy class graph of a group G is a graph whose vertices are the non-central conjugacy classes of G 
and two vertices are adjacent if their cardinalities are not co-prime. In this paper, conjugacy class graphs of Dn, Q4n, Sn 

are studied. These graphs are found to be either complete graphs or union of complete graphs. Conjugacy classes of Dn 
× Dm are calculated and the results obtained are used to determine the structure of conjugacy class graphs of Dn × Dm, 
for odd and even values of m and n. Conjugacy class graphs of Dn are non-planar for n = 8 and n ≥ 11. They are non-
hyperenergetic for all n and hypoenergetic only for n = 3, 5. Also, line graphs of these graphs are regular and eulerian 
for n ≡ 1 (mod 2) and n ≡ 0 (mod 4). The conjugacy class graphs of Q4n are non-planar for n = 4 and n ≥ 6. These graphs 
are non-hyperenergetic as well as non-hypoenergetic. The line graphs are eulerian for even values of n. It is conjectured 
that conjugacy class graph of Sn is non-planar for n ≥ 5.
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1. Introduction
Conjugacy classes of a non-abelian group have been studied extensively since years for determining the structure 

of a group. Two elements a, b ∈ G of a group G are said to be conjugate if there exists an element c ∈ G such that b = 
c−1ac. The set of all elements conjugate to a is called the conjugacy class of a and is denoted by Cl(a). The conjugacy 
relation is an equivalence relation that partitions G into disjoint equivalence classes, called the conjugacy classes. The 
study of conjugacy classes of non-abelian groups is fundamental in determining their structure as they influence various 
parameters like coloring of graph, domination number and metric dimension among others. Conjugacy classes of a 
group can be used to show the existence of isomorphism between two groups, if it exists. The concept of attaching a 
graph to a group have proved to be useful in exploring the structural properties of the group. Algebraic methods are 
applied to solve problem about graphs or the other way round. In 1990, one such graph called the conjugacy class graph 
Γg

cl was introduced by Bertram et al. [1]. The conjugacy class graph of a group G, denoted by Γg
cl(G), is a graph whose 

vertices are the non-central conjugacy classes of G and two vertices a, b are adjacent if gcd(a, b) is greater than one. In 
2017, Zulkarnain [2] discussed the conjugate graphs of finite p-groups. Sarmin et al. [3] obtained some graph properties 
of conjugate graphs and conjugacy class graphs of metacyclic 2-groups of order atmost 32. Zamri and Sarmin [4] found 
the conjugate graphs and generalized conjugacy class graphs of metacyclic 3-groups and metacyclic 5-group. Hanan 

Copyright ©2024 Chinmayee Kumar, et al.
DOI: https://doi.org/10.37256/cm.5120243875
This is an open-access article distributed under a CC BY license 
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

http://ojs.wiserpub.com/index.php/CM/
https://orcid.org/0000-0003-4490-8451
https://www.wiserpub.com/


Contemporary MathematicsVolume 5 Issue 1|2024| 431

et al. [5] introduced the non-conjugate graph associated with finite groups and contructed the resolving polynomial for 
generalized quaternion groups.

This paper is divided into three sections. The first section is the introductory section where we give a brief 
definition of conjugacy classes and conjugacy class graph. In the second section, we state some basic definitions and 
results that have been referred to for our study. The third section involves our main results that have been further divided 
into four sections. Throughout the paper, the graphs referred to are undirected and simple graphs.

2. Preliminaries
In this section, we state some basic definitions and results from algebra and graph theory that have been used in 

establishing our main results in the subsequent sections. One of the common graph structure that appears in most of our 
results is the complete graph Kn and hence few results have been stated in connection to Kn.

Consider a simple graph G(V, E). Let v0, e0, v1, e1, ..., vk −1, ek −1, vk be an alternating sequence of edges and vertices 
where vi′s are distinct vertices and ei is an edge connecting vertices vi and vi+1. The number of edges that connects two 
vertices is called the length of the path between them. The graph G is said to be connected if there exists a path between 
any two distinct vertices in the graph; otherwise G is said to be disconnected. A connected graph is said to be eulerian 
if it contains an eulerian circuit, i.e., it contains a trail that visits every edge exactly once and starts and ends on the 
same vertex. A connected graph is eulerian if and only if every vertex has even degree. A connected graph that can be 
embedded in the plane, i.e., it can be drawn without any edges crossing each other is called a planar graph. A graph is 
a planar graph if and only if it contains no subgraph isomorphic to K3,3 or K5. Given a graph G, the line graph L(G) of 
G is a graph whose vertices are the edges of G, with two vertices of L(G) adjacent whenever the corresponding edges 
of G are adjacent. Thus the line graph L(G) represents the adjacencies between the edges of G. Regularity of graphs is 
a fundamental concept in graph theory as such graphs tend to be well-connected and often presents a high degree of 
symmetry. A graph is said to be regular if all its vertices have the same degree. A graph G is said to be k -regular if the 
degree of each vertex in G is k. Apart from graph theory, regular graphs find applications in various fields like network 
topology, cryptography, game theory, coding theory.

Spectral graph theory is another fundamental study concerned with graph parameters in relationship to eigenvalues 
of matrices associated to a graph, such as the adjacency matrix. The adjacency matrix A(X) of a directed graph X is the 
integer matrix with rows and columns indexed by the vertices of X, such that the uv-entry of A(X) is equal to the number 
of edges from u to v which is usually 0 or 1. The set of all the eigen values of a matrix alongwith their multiplicities is 
called the spectrum of the given matrix. The eigen values of the complete graph Kn are n − 1 and −1 with multiplicities 1 
and n − 1 respectively.

The concept of energy of a graph was first introduced by Gutman in 1978 [6]. The energy of a graph is defined as 
follows.

Let G be a graph with n vertices and let λ1, λ2, ..., λn be the eigen values of its adjacency matrix. Then, the energy 
E(G) of the graph G is defined as :

1
( )

n

i
i

E G λ
=

= ∑

Gutman conjectured that among all graphs with n vertices, the complete graph Kn has the maximum energy. This 
was however disproved by Walikar et al. [7] and a new concept of hyperenergetic graphs was defined. A graph G with 
n vertices is hyperenergetic if the energy is greater than that of the complete graph Kn, i.e., E(G) > 2(n − 1). Gutman 
proved that there are no hyperenergetic graphs on less than 8 vertices. The graph G is said to be hypoenergetic if its 
energy is less than the order of the graph, i.e., E(G) < n. Gutman proved that if a graph G is regular with non-zero 
degree then G is hypoenergetic. Two graphs G1 and G2 are said to be equienergetic if E(G1) = E(G2), provided both G1 
and G2 have the same number of vertices.
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3. Main results
This section is divided into four subsections. The first section includes results on structure of conjugacy class 

graphs of the groups Dn, Q4n and Sn. In the second section, we find out the structure of conjugacy class graphs of Dn × 
Dm, Dn × Dn and Dm × Dm, where n is odd and m is even. In the third section regularity of line graphs of the conjugacy 
class graphs of Dn and Q4n are discussed. Lastly, we investigate the nature of conjugacy class graphs of Dn and Q4n in 
terms of their graph energies.

3.1 Conjugacy class graph of Dn, Q4n and Sn

Definition 3.1.1 The dihedral group Dn(n ≥ 3) of order 2n is the group of symmetries of a regular n-sided polygon 
with the group presentation

2 1
2 , : , n

nD a b a b e aba b−=< = = = >

The properties of Dihedral group Dn depend on whether n is even or odd.
We now proceed to find out the conjugacy classes of Dn through the following lemma.

Lemma 3.1.1 The number of conjugacy classes for Dn(n odd) is 
3

2
n +

 and the conjugacy classes are given by

{ } { } { } { }
1 1

2 3 2 1 1 2 2 2 2, , , , ,....., , , , , , , ....., ,
n n

n n n n ne b a ab ab ab ab ab b b b b b b
− +

− − − −   =  
  

and the number of conjugacy classes for Dn(n even) is 
6

2
n +

 and the conjugacy classes are given by

{ } { } { } { } { }4 2 3 5 1 1 2 2 22, , , , ...., , , , ,...., , , , , , ....., 
n

n n n n ne b a ab ab ab ab ab ab ab b b b b b− − − −   =  
  

Proof. Case 1 When n is odd.
We have, bn = e, so bn ∈ Z(Dn).
Therefore, conjugacy class of bn, ie, {bn} consists of a single element.
Consider two elements of Dn of the form abi and ab j where 1 ≤ i,  j ≤ n and i < j.
Case (i) i and j are both odd and j − i = 2. Then

1 1 1i ib ab b b ab− − +=

1 1 1( )iabb aba b ab b a+ − −= = ⇒ =

2iab +=

jab=

Thus abi ~ ab j.
Case (ii) i and j are both even and j − i = 2.
Then there exists α = abi+1 ∈ Dn such that
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1 1 1 1( ) ( )i i i iab ab ab abα α− + − +=

( 1) 1 1i i ib a ab ab− + − +=

1 1ib ab− +=

1 1 1( )iabb aba b ab b a+ − −= = ⇒ =

2iab +=

jab=

Therefore abi ~ ab j.
Case (iii) Let i is odd and j even and j = i + 1.

Then for 
1

2
n

nb Dα
+

= ∈ , we can similarly (like the previous two cases) show that α−1abiα = ab j. Thus abi ~ ab j.
Combining these three cases, we have,

2 3 1.~ ~ . ~.~ ~n nab ab ab ab ab−

and hence they belong to the same conjugacy class.
Let bi and b j be two elements of Dn where 1 ≤ i, j ≤ n, i < j and i + j = n.
For α = ab2 ∈ Dn, we have α−1biα = b j and so bi ~ b j.
Thus we have, b ~ bn−1, b2 ~ bn−2, b3 ~ bn−3 and so on.
Consider the normalizer of an element of the form bi where 1 ≤ i < n.
Then N(bi) = {b, b2, b3, ..., bn}.
Suppose ab j ∈ N(bi) where i ≤ j ≤ n, then

( ) ( )i j j ib ab ab b=

which gives 2i = n, which is a contradiction to the fact that n is odd.
Therefore, ab j ∉ N(bi).
So the number of elements of the conjugacy class {bi} is given by :

| | 2| { } | 2
| ( ) |

i n
i

D nb
nN b

= = =

Thus conjugacy classes containing bi, 1 ≤ i < n, contains only two elements and the number of conjugacy classes 

which contain only 2 elements must be 
1

2
n −

.

Also conjugacy class containing ab is {ab, ab2, ab3, ..., abn−1, abn}.

Thus total number of conjugacy classes will be 1 31 1
2 2

n n− +
+ + =  (for odd n).

Case 2 When n is even.
We have, bn = e, so bn ∈ Z(Dn).
Therefore, conjugacy class of bn, ie, {e} consists of a single element.
Let us consider the element bn/2 of Dn.
Let b j, 1 ≤ j ≤ n, be an element of Dn.
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Then bn/2b j = b(n/2)+ j = b jbn/2, which implies that bn/2 commutes with all the elements of the form b j, 1 ≤ j ≤ n.
Consider an element of the form abi, 1 ≤ j ≤ n.
Then bn/2(abi) = (abi)bn/2.
Thus, αbn/2 = bn/2α ⇒  bn/2 = α−1bn/2α ⇒  bn/2 ∈ Z(Dn), for all α ∈ Dn.
Thus the conjugacy class {bn/2} consists of the single element bn/2.
Consider two elements of Dn of the form abi and ab j where 1 ≤ i < j ≤ n.
Case (i) Both i and j are odd and j − i = 2.
Then b−1abib = ab j so that abi ~ ab j.
Thus, ab ~ ab3 ~ ab5 ~ ... ~ abn−3 ~ abn−1.
Case (ii) Both i and j are even and j − i = 2.
Then there exists an element α = abi+1 ∈ Dn such that α−1abiα = ab j, ie abi ~ ab j.
Thus, ab2 ~ ab4 ~ ... ~ abn−2 ~ abn.
Let bi and b j be two elements of Dn where 1 ≤ i < j < n and i + j = n.
Then there exists α = ab2 ∈ Dn such that α−1biα = b j ⇒  bi ~ b j.
Consider the normalizer of an element of the form bi, where 1  and 

2 2
n ni i n≤ < < < .

Let b j ∈ Dn (1 ≤ j ≤ n).
Then N(bi) = {b, b2, b3, ..., bn}.

Because if abk ∈ N(bi), 1 ≤ k ≤ n, then we must have bi(abk) = (abk)bi which implies 
2
ni =  which is a contradiction 

to the fact that 1  and 
2 2
n ni i n≤ < < < .

Consider an element bi, where 1  and 
2 2
n ni i n≤ < < < .

Then, 
| | 2| { } | 2

| ( ) |
i n

i

D nb
nN b

= = = .

Thus conjugacy classes containing bi, where 1  and 
2 2
n ni i n≤ < < < , contains two elements and the number of 

conjugacy classes with only two elements is 
2

2
n −

. We can also prove that the conjugacy classes containing ab or ab2 

does not contain any element of the form bi where 1  and 
2 2
n ni i n≤ < < < .

Let us now compute the normalizer of abi, where 1 ≤ i ≤ n.
Suppose b j ∈ N(abi) where 1 ≤ i ≤ n.

Then b j(abi) = (abi)b j ⇒  j = 
2
ni =  or j = n.

Hence {bn, bn/2} ⊆ N(abi).
Suppose ab j ∈ N(abi), 1 ≤ j ≤ n,  j ≠ i.

Then (abi)(ab j) = (ab j)(abi) gives j = i + 
2
ni = .

Thus {abi, ab j} ⊆ N(abi) where j = i + 
2
ni = .

Therefore, /2 2( ) { , , , }
nii n n iN ab b b ab ab

+
= .

So 
| | 2| { } |

| ( ) | 4 2
nD n nab

N ab
= = =  and 2

2

| | 2| { } | .
4 2| ( ) |

nD n nab
N ab

= = =

Thus conjugacy class of ab and ab2, contains 
2
n

 elements and they are ab, ab3, ab5, ..., abn−3, abn−1 and ab2, ab4, 

ab6, ..., abn−2, abn respectively. Hence the total number of conjugacy classes will be 2 62 2
2 2

n n− +
+ + =  (for even n).

Theorem 3.1.1 The conjugacy class graph of Dn, n ≥ 3 are given as follows:
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1 1
2

1
2

21
2

  when 1 (  2)

( )           when 0 (  4)

 when 2 (  4)

n

cl
g n n

n

K K n mod

D K n mod

K K n mod

−

+

−


∪ ≡


Γ = ≡

 ∪ ≡


Proof. Clearly the number of vertices in 1( ) are  and 1
2 2

cl
g n

n nD +
Γ +  respectively.

Case 1 n odd.

The 1
2

n −  vertices of the form {bk, bn−k} have cardinalities 2 and hence all vertices are adjacent. The only vertex 

of the form {a, ab, ab2, ab3, ..., abn−2, abn−1} have cardinality n and n being odd, it is non-adjacent to the other vertices. 
Hence, we have a disconnected graph with 1 isolated vertex and a complete graph 1

2
nK − .

Case 2 n even.
The 

2
ni =  −1 vertices of the form {bk, bn−k} have cardinalities 2 and hence all vertices are adjacent. The two vertices 

of the form {a, ab2, ab4, ..., abn−2}, {ab, ab3, ab5, ..., abn−1} have cardinality 
2
ni =  each, so they are adjacent to each other 

and n being even, they are adjacent to the other set of vertices if 
2
ni =  is even and non-adjacent if 

2
ni =  is odd. Hence we have

1
2

21
2

          when 0 (  4)
( )

 when 2 (  4)

n
cl
g n

n

K n mod
D

K K n mod

+

−

≡
Γ =  ∪ ≡


Corollary 3.1.1 Γg
cl(Dn) is non-planar for n = 8 and n ≥ 11.

Definition 3.1.2 The generalized quaternion group Q4n of order 4n is defined by the representation:

2 4 2 1 1, : ,  ,  n nx y x y e x y y xy x− −< = = = = >

for n ≥ 2.
Lemma 3.1.2 The number of conjugacy classes of Q4n is n + 3 and the conjugacy classes are given by {a2n = e}, {a, 

a2n−1}, {a2, a2n−2}, ..., {an−1, an+1}, {an}, {ab, a3b, ..., a2n−1b}, {b, a2b, a4b, ..., a2n−2b}.
The proof of this lemma can be derived similarly just as in the case of dihedral group.
Following results are obtained for Γg

cl(Q4n):
Theorem 3.1.2 The conjugacy class graph of Q4n, n ≥ 2 are given as follows:

1 2
4

1

when 1 (  2)
2

  
   

( )
wh        en 0 (  )

ncl
g n

n

K K n mod
Q

K n mod
−

+

∪ ≡
Γ =  ≡

Proof. Clearly, the number of vertices in Γg
cl(Q4n) is n + 1.

Case 1 n is odd.
The n − 1 vertices of the form {ak, a2n−k} have cardinality 2 and are adjacent to each other. The two vertices {ab, 

a3b, ..., a2n−1b} and {b, a2b, a4b, ..., a2n−2b} have cardinality n each so they are adjacent to each other, and n being odd 
these two vertices are not adjacent to the n − 1 vertices having cardinality 2. Thus we get a disconnected graph with two 
components which are complete graphs K2 and Kn−1.

Case 2 n is even.
The n − 1 vertices of the form {ak, a2n−k} have cardinality 2 and are adjacent to each other. The two vertices {ab, 
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a3b, ..., a2n−1b} and {b, a2b, a4b, ..., a2n−2b} have cardinality n each so they are adjacent to each other, and n being even 
these two vertices are adjacent to the n − 1 vertices having cardinality 2. Thus we get a complete graph Kn+1.

Corollary 3.1.2 Γg
cl(Q4n) is non-planar for n = 4 and n ≥ 6.

Definition 3.1.3 The symmetric group Sn defined over a set X is the group whose elements are all bijective 
functions from X to X, the group operation being composition of functions. The symmetric group on a set of n elements 
has order n!.

Definition 3.1.4 The partition of an integer n is the number of ways of writing n as a sum of positive integers. We 
denote the number of partition of n by p(n).

Proposition 3.1.1 The number of conjugacy classes of Sn in equal to the number of integer partitions of n. The size 
of the conjugacy class |Cl | of Sn is given as: 

Let λ be an unordered integer partition of n such that λ has ai parts of size i for each i.
Then,

!| |
( ) ( !)ia

i

nCl
i a

=
∏

So, each partition of n determines a conjugacy class of Sn.
Following are some results obtained for conjugacy class graph of Sn.
Theorem 3.1.3 Conjugacy class graph of Sn are complete graphs for n = 5, 6, 7, 8. The graph structures are given 

by:

6

10

14

21

  for 5
 for 6

( )
 for 7
 for 8

cl
g n

K n
K n

S
K n
K n

=
 =Γ =  =
 =

Proof. Consider n = 5.
Now,

(5) 5p =

4 1= +

3 2= +

3 1 1= + +

2 2 1= + +

2 1 1 1= + + +

1 1 1 1 1= + + + +

Corresponding to each partition the number of elements in each conjugacy class are respectively 24, 30, 20, 20, 15, 
10, 1. By definition, the conjugacy class graph does not contain the centre of the group, so the 6 vertices are 10, 15, 20, 
20, 24, 30.

Since p(6) = 11, p(7) = 15, p(8) = 22 so there are 10, 14 and 21 vertices respectively in Γg
cl(S6), Γg

cl(S7), Γg
cl(S8). By 

direct calculation, size of the conjugacy classes are found out to be as follows (Table 1):
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Table 1. Size of conjugacy classes of S5, S6, S7, S8

Group Size of conjugacy classes

S5 1, 10, 15, 20, 20, 24, 30

S6 1, 15, 15, 40, 40, 45, 90, 90, 120, 120, 144

S7 1, 21, 70, 105, 105, 210, 210, 280, 420, 420, 504, 504, 630, 720, 840

S8
1, 28, 105, 112, 210, 420, 420, 1,120, 1,120, 1,120, 1,260, 1,260, 1,344, 1,680, 2,520, 

2,688, 3,360, 3,360, 3,360, 4,032, 5,040, 5,760

Clearly, every pair of vertices have a common factor, so each pair of vertices are adjacent and hence we get a 
complete graph.

Theorem 3.1.4 The conjugacy class graph of Sp, where p is prime, is the complete graph Kn(p)−1.
Proof. There are n( p) number of conjugacy classes in Sp. The size of the conjugacy classes are given by

!| |
( ) ( !)ia

i

pCl
i a

=
∏

where ai is the number of times i occurs in the partition of p. So the conjugacy classes will always have p as a common 
factor. Therefore, every pair of vertex is adjacent and since number of vertices in Γg

cl(Sp) is n( p) − 1,

( ) 1( )cl
g p n pS K −Γ =

Conjecture Γg
cl(Sn) is non-planar for n ≥ 5.

3.2 Conjugacy class graph of Dn × Dm

Definition 3.2.1 For two groups G1 and G2, the direct product G1 × G2 is defined as:

{ }1 2 1 2 1 1 2 2( , ) : ,G G g g g G g G× = ∈ ∈

Two elements (g1, h1) and (g2, h2) are conjugate in G × H if and only if g1 and g2 are conjugate in G and h1 and h2 

are conjugate in H.
Theorem 3.2.1 For odd m and n, the conjugacy class graph of Dn × Dm comprises of a maximal complete subgraph 

( 1)( 1)2
4

n mn m
K − −

+ − +
 if gcd(m, n) = 1 and a maximal complete 1 1 3

2 2
n mK − −

+ +
 if gcd(m, n) > 1.

Proof. Conjugacy classes of Dn are

{ } { } { }
1 1

1 2 2 2 12 2{ }, , , , , , . . .,.. , , , , , .
n n

n n ne b b b b b b a ab ab ab
− +

− − −  
 
  

There are 1
2

n −  conjugacy classes of order 2, one conjugacy class of order one and one conjugacy class with n 

number of elements so there will be 
3 3

2 2
n m+ +  

  
  

 conjugacy classes in Dn × Dm. Since conjugacy class graph do 

not contain the centre, there are 3 3 1
2 2

n m+ +   −  
  

 vertices in Γg
cl(Dn × Dm). Orders of the conjugacy classes will be as 
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follows:

1 1 1 1 1 1
2 2 2 2 2 2

2, 2, 2 ,  4, 4, ,. 4 ,  ,  ,  2 , 2 , 2. ., ... . , 2 ,  2 , , ,. 2 ,.. .  .
n m n m n mtimes times times times

m n m m m n n n mn
− − − − − −        +        

        

   

Since both m, n are odd, the graph structure will be either of the two types depending on whether gcd(m, n) = 1 
(Figure 1(a)) or gcd(m, n) > 1 (Figure 1(b)).

Figure 1. Conjugacy class graph of Dn × Dm (for odd values of m and n)

Each vertex represents a set of vertices with same order and adjacent to each other. The adjacency between any two 
pair of vertices indicates that every point in a vertex is adjacent to each point in the other vertex and so on.

Theorem 3.2.2 For even values of m and n, the conjugacy class graph of Dm × Dn is either a complete graph 
6 6( )( ) 4

2 2
m nK + +

−
 or comprises of a maximal complete subgraph 

2 2 ( 1)( 1) 2 2 8 ( 1)( 1)
2 2 2 2

. or m n m nm n m n
K K

+ + − − + − + − −

Proof. Conjugacy classes of Dm are

{ } { } { } { }1 2 2 2 4 2 3 5 12{ }, , , , , , , , , , ..., , , , ,.  ,. . .  . .
m

m m m me b b b b b a ab ab ab ab ab ab ab− − − −  
 
  

There are 1
2
m
−  conjugacy classes of order 2, two conjugacy classes of order 1 and two conjugacy classes of 

order 
2
m

. The number of conjugacy classes of Dm being 
6

2
m +

, there will be 
6 6

2 2
m n+ +  

  
  

 conjugacy classes in 

Dm × Dn. So the number of vertices in Γg
cl(Dm × Dn) is 

6 6
2 2

m n+ +  
  
  

 − 4. There will be m + n − 4 vertices of order 

2, 1 1
2 2
m n  − −  

  
 vertices of order 4, n − 2 vertices of order m, m − 2 vertices of order n, 4 vertices of order 2

m
, 4 

vertices of order 
2
n

 and 4 vertices of order 
4

mn
.

[2] [2][4] [4]

[2n] [2n]

[n] [n]

[mn] [mn]

(a) (b)

[2m] [2m]

[m] [m]
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We have the following cases:

Case 1 Both 
2
m

 and 
2
n

 are even. 

In this case, all the vertices will have even order and so gcd of the orders of any two vertices will be atleast 2. 
Hence we get a complete graph 6 6( )( ) 4

2 2
m nK + +

−
 (Figure 2).

Figure 2. Conjugacy class graph of Dn × Dm (when m, n = 0 (mod 4))

Case 2 One of 
2
m

 and 
2
n

 is odd and the other even.

In either of the cases, we get a complete subgraph 
2 2 ( 1)( 1)

2 2
m nm n

K
+ + − −

 and the graph structures are any one of the 

following depending on whether n = 2 (mod 4), m = 0 (mod 4) (Figure 3(a)) or m = 2 (mod 4) and n = 0 (mod 4) (Figure 
3(b)):

Figure 3. Conjugacy class graph of Dn × Dm (when one of 
2
m 
  

 or 
2
n 
  

 is odd and the other even) 

[2] [4]

[n][m]

2
m 
  

2
n 
  

4
mn 
  

[2] [2]

[m] [n]

[n]

[4] [4]

2
m 
  

2
m 
  

2
n 
  

2
n 
  

4
mn 
   4

mn 
  

[m]

(a) (b)
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Case 3 Both 
2
m

 and 
2
n

 are odd.

In this case, the maximal complete subgraph of Γg
cl(Dm × Dn) will be 

2 2 8 ( 1)( 1)
2 2

.m nm n
K

+ − + − −

In this case we will have three different graph structures depending on whether gcd(m/2, n/2) = gcd(m, n/2) = 
gcd(n, m/2) = 1 (Figure 4(a)) or gcd(m, n/2) = gcd(n, m/2) = 1 (Figure 4(b)) or gcd(m/2, n/2), gcd(m, n/2), gcd(n, m/2) > 
1 (Figure 4(c)).

Figure 4. Conjugacy class graph of Dn × Dm (when m, n = 2 (mod 4))

Theorem 3.2.3 For odd n and even m, the conjugacy class graph of Dn × Dm comprises of a maximal complete 
subgraph 1 12 ( 1)( ) 2 4 ( 1)( )

2 2 2 2

 or .m n m nn m n m
K K− −

+ + − + − + −

Proof. Conjugacy classes of Dn are

{ } { } { }
1 1

1 2 2 2 12 2{ }, , , , , , , , , , ...... ,,  
n n

n n ne b b b b b a ab ab abb
− +

− − −  
 
  

Conjugacy classes of Dm are

{ } { } { } { }1 2 2 2 4 2 3 5 12{ }, , , , , , , , , , ..., , , , ... ..., , 
m

m m m me b b b b b a ab ab ab ab ab ab ab− − − −  
 
  

The number of conjugacy classes of Dn is 
3

2
n +

 and the number of conjugacy classes of Dm is 
6

2
m +

, so there will 

be 
6 3

2 2
m n+ +  

  
  

 conjugacy classes in Dn × Dm and the number of vertices in Γg
cl(Dm × Dn) is 

6 3
2 2

m n+ +  
  
  

 −2. 

Orders of the conjugacy classes will be as follows:

( 1)12 1 1
2 2 2 2

2, 2,..., 2 , 4, 4, , 4 , , , , , , , , 2 , 2 , , 2 , , 
2 2 2 2

... ... ...
n timesm m n mn times times times

m m mn mnm m m n n n n n
−−      + − − −      

      

   

[2] [2] [2][4] [4] [4]

[m] [m] [m][n] [n] [n]

2
m 
   2

m 
  

2
m 
  

2
n 
   2

n 
  

2
n 
  4

mn 
  

4
mn 
  

4
mn 
  

(a) (b) (c)
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We have the following cases:
Case 1 

2
m

 is even.
In this case, all the vertices have even order except the vertex with order n. So Γg

cl(Dm × Dn) will have a complete 
subgraph 12 ( 1)( )

2 2

.m nn m
K −

+ + −

Case 2 
2
m

 is odd.

We have two subcases here: , 1 and , 1
2 2
m mgcd n gcd n   = >   

   
. Here, the vertices with orders 2, 4, m, 2n are 

always adjacent to each other. In any case, we get the maximal complete subgraph 12 4 ( 1)( )
2 2
m nn m

K −
+ − + −

 of Γg
cl(Dm × Dn).

3.3 Regularity of line graphs

The Line graph L(G) of a graph G is another graph that represents the adjacencies between the edges of G. It 
follows without saying that the structure of a connected graph can be completely retrieved from its line graph.

Proposition 3.3.1 [8] The line graph L(Kn) = G of the complete graph Kn has the following properties:

• G has 
2
n 
 
 

 vertices.

• G is regular of degree 2(n − 2)
• Every two non-adjacent points are mutually adjacent to exactly four points.
• Every two adjacent points are mutually adjacent to exactly n − 2 points.
Theorem 3.3.1 For odd n, line graph of Γg

cl(Dn) is regular of degree n − 5.
Proof. For odd n,

1 1
2

( )cl
g n nD K K−Γ = ∪

The number of edges of 
1

2
2( )

n
cl
g nD C

−

Γ = .

Therefore the line graph of 
1

2
2( ) will have 

n
cl
g nD C

−

Γ  number of vertices. These vertices in L(Γg
cl(Dn)) correspond to 

the number of edges of the complete graph 1
2

nK −  in Γg
cl(Dn).

Line graph of a complete graph Kn being regular of degree 2(n − 2), so L(Γg
cl(Dn)) is regular of degree 12 2

2
n − − 

 
 

= n − 5.
Corollary 3.3.1 For odd n, line graph of Γg

cl(Dn) is eulerian.

Proof. From the previous theorem, L(Γg
cl(Dn)) is regular of degree 12 2 5

2
n n− − = − 

 
. 

Since n is odd, vertex degree of each vertex is even. Hence L(Γg
cl(Dn)) is eulerian.

Theorem 3.3.2 For even values of n and 
2
n

, line graph of Γg
cl(Dn) is regular of degree n − 2 and has an euler cycle.

Proof. For n ≡ 0 (mod 4),

1
2

( )cl
g n nD K

+
Γ =

So 
1

2
2( ( )) will have 

n
cl
g nL D C

+
Γ  vertices and is regular of degree n − 2.

n being even, n − 2 is even and L(Γg
cl(Dn)) being regular, degree of each vertex is even.

Hence, L(Γg
cl(Dn)) is eulerian where n ≡ 0 (mod 4).

Theorem 3.3.3 For even n and odd 
2
n

, line graph of Γg
cl(Dn) is disconnected with 1 isolated vertex and a regular 
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graph component of degree n − 6.
Proof. For n ≡ 2 (mod 4),

2 1
2

( )cl
g n nD K K

−
Γ = ∪

The line graph of Γg
cl(Dn) will have one isolated vertex corresponding to the graph K2 in Γg

cl(Dn) and a regular graph 

with 
1

2
2

n

C
−

 vertices, the degree of each vertex being 2 1 2 6.
2
n n − − = − 

 
Theorem 3.3.4 For odd n, the line graph of Γg

cl(Q4n) is disconnected with 1 isolated vertex and a component which 
is regular of degree 2n − 6.

Proof. For odd n,

4 2 1( )cl
g n nQ K K −Γ = ∪

The line graph corresponding to Γg
cl(Q4n) will have one isolated vertex and regular graph with n−1C2 vertices, each 

vertex degree being 2(n − 1 − 2) = 2n − 6.
Theorem 3.3.5 For even n, the line graph of Γg

cl(Q4n) is regular of degree 2n − 2 and hence eulerian.
Proof. For even n,

4 1( )cl
g n nQ K +Γ =

Line graph of a complete graph being regular, L(Γg
cl(Q4n)) will be reular with n+1C2 number of vertices, degree of 

each vertex being 2(n + 1 − 2) = 2n − 2.
Also, n being even, degree of each vertex is even and hence the graph is eulerian.

3.4 Energy: Hyperenergetic and hypoenergetic graphs

The concept of graph energy has its origin in chemistry involving study of conjugated hydrocarbons using a tight-
binding method known as the Hückel molecular orbital (HMO) method. Motivated by its chemical implications, this 
concept was then extended to graphs and thereafter many research articles (see [9, 10]) have been published on energy 
of different types of graph structures. Although the concept loses its chemical meaning when extended to non-bipartite 
graphs, as a graph invariant the energy of a graph provides structural information about the graph. Other applications of 
energy include data mining, quality assessment, network analysis, satellite communications, crystallography, theory of 
macromolecules and biology.

Theorem 3.4.1 Γg
cl(Dn) is non-hyperenergetic for all n.

Proof. From the structure of Γg
cl(Dn) the spectrum can be calculated as:

3
2 30, 1 , 

2

n n− 
 
 

 − − 
  

21 , 
2

n n 
 
 

  − 
  

1
21, 1 , 2

2

n n − 
 

  − − 
  



Contemporary MathematicsVolume 5 Issue 1|2024| 443

for n ≡ 1 (mod 2), n ≡ 0 (mod 4) and n ≡ 2 (mod 4) respectively.
Thus, energy of Γg

cl(Dn).
3

( ( ))
2

cl
g n

n
E D n

n

−
Γ = 
 −

correspondingly.
Clearly, Γg

cl(Dn) is non-hyperenergetic for n ≡ 0 (mod 4) the graph being a complete graph.

The number of vertices in Γg
cl(Dn), for odd n, being 1

2
n +  and

( ( )) 3cl
g nE D nΓ = −

12 2 1
2

n n+ > − = −/  
 

so Γg
cl(Dn) is non-hyperenergetic for odd values of n.
The number of vertices in Γg

cl(Dn), for n ≡ 2 (mod 4), being 1
2
n
+  and

( ( )) 2cl
g nE D nΓ = −

2( 1) 2
2
n n> + − =/

so Γg
cl(Dn) is non-hyperenergetic for n ≡ 2 (mod 4).
Theorem 3.4.2 Γg

cl(Dn) is hypoerenergetic for n = 3, 5.
Proof. E(Γg

cl(Dn)) = n − 3, for odd values of n.
The number of vertices of Γg

cl(Dn) being 
1

2
n +

 and

1( ( )) 3 ,  for 3, 5.
2

cl
g n

nE D n n+
Γ = − < =

for n = 3, 5.
Therefore, Γg

cl(D3) and Γg
cl(D5) are hypoenergetic.

Theorem 3.4.3 Γg
cl(Q4n) is non-hyperenergetic as well as non-hypoenergetic for all n.

Proof. The spectrum of Γg
cl(Q4n) are

{ }( 1)1, 1 , 2n n−− −

{ }( )1 ,n n−

for odd and even values of n respectively.
Clearly, Γg

cl(Q4n) is non-hyperenergetic as well as non-hypoenergetic for even n, the graph being a complete graph.
For odd n,
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4( ( )) 2 2cl
g nE Q nΓ = −

The number of vertices in Γg
cl(Q4n) being n + 1, and 4( ( )) 2 2 2( 1) 2 2cl

g nE Q n n nΓ = − > + − =/ , so Γg
cl(Q4n) is non-

hyperenergetic for all values of n.
Also, 4( ( )) 2 2 1cl

g nE Q n nΓ = − < +/ , so Γg
cl(Q4n) is non-hypoenergetic for all values of n.

Theorem 3.4.4 Γg
cl(Dn) and Γg

cl(Q4n) are equienergetic where m is odd and n = 2m.
Proof. Since m is odd,

4 1 2( )cl
g m mQ K K−Γ = ∪

and n = 2m being even,

1
2

21
2

,           if 0 (  4)
( )

,  if 2 (  4)

n
cl
g n

n

K n mod
D

K K n mod

+

−

≡
Γ =  ∪ ≡


Number of vertices in Γg
cl(Q4n) = m + 1 and number of vertices in ( ) 1 1

2
cl
g n

nD m= + = +Γ , so they have the same 
number of vertices.

From Theorem 3.4.1 and Theorem 3.4.3,

4( ( )) 2 2 2 ( ( ))cl cl
g m g nE Q m n E DΓ = − = − = Γ

Hence they are equienergetic.

Future study
The partition dimension of conjugacy class graphs related to different groups will be an interesting topic of further 

research and bounds can be established if it exists.
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