Contemporary Mathematics

http://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

Theorem of Alternative and Scalarization of Optimization Problems in
Topological Vector Spaces

Renying Zeng

Mathematics Department, Saskatchewan Polytechnic, Saskatoon, SK S7L 4J7, Canada
E-mail: renying.zeng@saskpolytech.ca

Received: 22 November 2023; Revised: 20 December 2023; Accepted: 11 January 2024

Abstract: In this paper, we introduce the definitions of affinelike, preaffinelike, generalized affinelike, and generalized
preaffinelike functions by use of “pointed convex cone”, and prove that those definitions of generalized affine functions
are all different. We discuss optimization problems in topological vector spaces and obtain a theorem of alternative and
a scalarization theorem. Our inequalities are given by partial order relations. Our generalized affineness may be used for
many discussions in mathematics or applied mathematics wherever the affineness is a condition.

Keywords: affine functions, affinelike functions, preaffinelike functions, generalized affinelike functions, generalized
preaffinelike functions

MSC: 90C26, 90C30, 90C29, 90C48

1. Introduction and preliminary

There were many generalizations of convexity, most of them are meaningful and useful. However, this paper
has a different approach-generalizes the definition of affine functions and finds out that the affineness and generalized
affinenesses are also interesting, meaningful, and useful. The author is the first one to generalize the affineness.

Let Y be a topological vector space. A subset Y, of Y is called a cone if Ay € Y, forall y € Y, and A > 0. We denote
by Oy the zero element in the topological vector space Y and simply by 0 if there is no confusion. A convex cone is one
for which A1y; + Axyz € Y4 for Vyy, y» € Yy and VA;, A2 > 0. A pointed cone is one for which Y, N (—Y,) = {0}.

A functional on the vector space Y is a real-valued function on Y. The set Y* of all continuous linear functionals on
Y is called the topological dual of Y. The dual cone Y of Y, is defined as

Yi={&er":&(y)>0,VyeY,}.

Let Y be a topological vector space with pointed convex cone Y. We denote the partial order induced by Y. as
follows:
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yi =y iffyr =y €Yy, or, y1 <y iff yy —y» € =¥,
yi =y iff y; —yp €intYy, ory; <<y, iff y; —y; € —intY,,

where int Y denotes the topological interior of the set Y.
It is known that, a function f: X — Y is called linear on D C X if

flaxi+Bx2) = of (x1) +Bf(x2),

whenever x|, x, e DC X, a, B €R,
A function f: X — Y is said to be affine on D C X if

floxi+(1=a)x) = af(xa)+(1-a)f(x)

whenever x1, x € D C X, o € R; and A function f is said to be Y, -convex on D C X if

af (x)+(1—a)f (x2) < f(ax + (1 - a)x2)

whenever x1, x, € D C X, a € [0, 1], Y, is a pointed convex cone of Y.

It is true that linearity = affineness = convexity. A function is linear if and only if it is in the form of f(x) = ax. A
function is an affine function if and only it is in the form of f(x) = ax+ b (a translation of a linear function).

In the next section, we will introduce some definitions of generalized affine functions.

2. Definitions of generalized affine functions

We introduce the definitions of generalized affine functions as follows.
Our generalized affineness can be used for many discussions in mathematics or applied mathematics wherever the
affineness is a condition.

Definition 1 A function f: D C X — Y is said to be affinelike on D if Vx;, xo € D, Vo € R, Ix3 € D such that

af (x1)+(1—a)f (x2) = f(x3).

Definition 2 A function f: D C X — Y is said to be preaffinelike on D if Vx;, xo € D, V& € R, 3x3 € D, 3t € R\ {0}
such that

af (x)+(1—a)f (x2) =1f(x3).

In the following Definitions 3 and 4, Y, is a pointed convex cone of Y and 7 # 0 is a scalar.
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Definition 3 A function f: D C X — Y is said to be generalized Y, -affinelike on D if Vx|, xp € D, Vot € R, Jx3 €

D, Ju €Yy, such that

ut-of (1) + (1—0)f (x2) = £ (x3).

Definition 4 A function f: D C X — Y is said to be generalized Y, -preaffinelike on D if Vx|, x, € D,Va € R, Ix3 €

D, Ju €Y., It € R\{0} such that

utof(x)+(1—a)f(x)="1f(x3).

The following Example 1 shows that our definition of generalized Y, preaffineness is non-trivial. The generalized

Y, -preaffineness is the weakest definition of generalized affine functions introduced in this article.

Example 1 Given the function f(x, y) = (x?, %), x, y € R, and assume that Y, = {(x, —y): x, y > 0}.

Take a = 53, (x1, y1) = (1, 0), (x2, y2) = (0, 1), then

af (xi,y1)+(1—0a)f(x2,y2) = (5, —4).

So, Vu = (x, —y) € Y, one has

utof (xi,y1) + (1 —a)f (x2, y2) = (x+5, =y —4),

where x+5 > 0, —y — 4 < 0. Due to the fact that f (x3, y3) = (x%, y%) >0,V (x3, y3) € R? one gets

utof(xy,y1)+(1—a)f(x2,y2) # tf (x3,y3), Vu € ¥, VT #0.

Therefore, f(x,y) = (xz, y2) , X, ¥ € Ris not a generalized Y, -preaffinelike function.
We are going to present some examples to prove the following diagram.
aftine
not true T/ true

true

affinelike not frue preaffinelike
not true T true not true /' / not true not true T true
. S true . —
generalized affinelike = generalized preaffinelike
not true

Example 2 “Affinelike” does not imply “affine”.
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Given the function f(x) = tanx, x € R.
Since an affine function is in the form of f(x) = ax+ b, therefore f(x) = tanx, x € R is not affine.
However, f is alffinelike. Vx;, xp € R, Vo € R, taking

x3 =tan" ! [atanx; 4 (1 — o) tanxy],

then af (x1) + (1 — ) f (x2) = f (x3).
Example 3 “Preaffinelike” does not imply “affinelike”.
Given the function f(x) = \/x, x € Rt = [0, +o0).
Takex; =0,x2 =1, a =2, then af (x;)+ (1 — o) f (x2) = —1; but

Vx3 € [0, +o0), f(x3) = Vx3 > 0.

Therefore o f (x1)+ (1 — ) f (x2) # f (x3), Vx3 € R. So f is not affinelike.
But f is an preaffinelike function. For Vx;, x € R", Vo € R, taking T = L if af (x1) + (1 — o) f (x2) > 0, 7= —1 if
of (x1)+ (1 —a)f (x2) <0, then

of (xr) + (1= a)f (x2) = 7f (x3),

where x3 = [otf (x1) + (1 — @) f (x2)]*

Example 4 “Generalized affinelike” does not imply “affinelike”.

Consider the function f(x) = x>, x € D = [0, 1], and the pointed convex cone Y, = R". Vxi,x, € D= [0, 1], Vo € R,
take u € Yysuch that 0 < wu—+ o f (x1) + (1 — @) f (x2) < 1, then

utaf(x)+(1—a)f(x)=rf(x),

+(1—a)f (xz)]1/3 Therefore f(x) = x>, x € [0, 1] is generalized Y -affinelike on D = [0, 1].
1] is not affinelike on D = [0, 1]. Actually, fora =—1€ R, x;=1€D,x =0€ D=0, 1], one
(x2) = —1, but

where x3 = [u +af(x
fx)=x*x€lo,
has otf (x1) + ( —a)

fl)=x3#—1,vxelo, 1],

hence

af (x)+(1—a)f(x2) # f(x3), Vxs € D=0, 1].

Example 5 “Generalized preaffinelike” does not imply “preaffinelike”.

Given f(x) =x*>,x € D = (0, +o0),and Y, = R*.

Vx1, x € D = (0, +0), Voo € R, we may take u € Y, large enough such that u+ o f (x;) + (1 — ) f (x2) > 0, and
take T = 1, then
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utof(x)+(1—0a)f(x)=1f(x3),

where x3 = [u4af (x;)+ (1 — a)f(xg)]l/z. Therefore f(x) =x%, x € D = [0, +o0), is generalized Y, -preaffinelike.
However, foroc = —1 € R, x; =1 € D, x, = /1/2 one has

of (x1)+(1—a)f (x) =0,
but f(x3) =x3 # 0, Vx € (0, +o0). Hence

of (x1)+ (1 —a)f (x2) # 1f (x3), Vx3 € (0, +0), VT £ 0.

This shows that the function f is not preaffinelike.

Example 6 “Generalized preaffinelike” does not imply “generalized affinelike”.
Given f(x,y) = (x*,»%),x,y €R,and ¥} = {(x,): x <0,y <0,x,y €R}

Let o =2, (x1,y1) = (0, 0), (x2, y2) = (1, 1), then

af(x17YI)+(1 —a)f()Cz,yz) - (_17 _1)
Therefore, Yu = (x, y) € Y1 one has
u+af(x17YI)+(1 _a)f(XZayZ) = (X— lay_ 1) ;éf(x3ay3) = (év}’?) )

since (x—1,y—1) < (=1, —=1) << 0. And so, f(x, y) = (¥2,)°), x, y € R is not generalized Y, -affinelike.
However, f(x,y) = (x*,°), x, y € R is generalized Y, -preaffinelike.
Vx1, xp € [0, 1], Voo € R, we may choose u = (x, y) € Y, such that

x4 axi 4 (1—a)xd <0, y+ oy + (1 — )y <0.
Let T = —1, then
utof (x, y1)+(1—0a)f (x2,y2)

= (x—l— o} + (1—a)x3, y+ay§ + (1 —(x)yg)

—t(3.»9)
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1e.,

“+af(x1aYI)+(1_O‘)f(xza)’Z) = Tf(x37)’3)7

where

6

1/2 1/6
x3:‘x+ax%+(1—a)x%] / J3=’)’+0‘y(16+(1—0‘))’2 .

Example 7 “Preaffinelike” does not imply “generalized affinelike”.

Given the function f(x, y, z) = (x*, —x*, x?) , x,y, € R, and

Vi ={(%2):x<0,y>0,z<0,x,y,zER}.
Let(x1, y1,21) = (1, 1, 1), (x2, y2, 22) = (0, 1, 1), @ = =2, then
oof (x1, 1, 21) + (1 — @) f (x2, 2, 22)
=(axi+(1—-a)x3, — (a3 +(1— o)), ax + (1 —a)x3).

=(-2,2,-2).

So, Vu = (x, y, z) € Y, one has

u+af(xlayla Z])ﬁ*(l*d)f()@,yz,zz) = (X*27y+2, Zfz) % ()C%, *X%,X%)7

sincex—2<0,y+2>0,z—2<0butx} >0, —y3 <0,z >0.

Consequently, f(x, y,z) = (x*, —x?,x%) , x, y, z € R is not generalized Y -affinelike.

On the other hand, Vx|, x, € R, Va € R, let T =1 if ax% +(1- oc)x% >0;ort=-—1 ifocx%+ (1— Oc)x% < 0, then

oof (xi, yi, 21) + (1 — @) f (x2, 2, 22)
= (axt + (1 —a)x3, — (axi + (1 — a)x3), axt + (1 — @)x3)
=1 (x3, —13, 3)

=Tf (x3, 3, 23)

where x3 = |0} + (1 — a)x%‘l/z.
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Therefore, f(x, y, z) = (x*, —x?, x*), x, , z € R is preaffinelike.
Example 8 “Generalized affinelike” does not imply “preaffinelike”.
Given the function f(x, y) = (xz, y2) , X,y €R,and

Yo ={(x,y):x>0,y>0,x,yER}|
Let (x1, y1) = (1, 1), (x2, y2) = (0, 1), & = —1, then
af (x1,y1) + (1= a)f (2, y2) = (oo + (1 — )3, ayi + (1 —a)y3) = (=1, 1)
ATf (x3,33) =7 (23,33) »

since either ’L'x% and ‘L‘y% are both negative or both non-negative, V7 # 0.
Therefore, f(x, y) = (x?, y?) is not preaffinelike.
However, f(x,y) = (x*,¥%), x, y € R is generalized Y, -affinelike.
In fact, Vx1, x, € R, Vo € R, we may choose u = (x, y) € Y, such that

utoaf(xy,y)+(1—o)f (x2,y2) = (x—i—(xx%—l-(l—oc)X%,Y-ﬁ-Oty%—i—(l—Oc)y%) = 0.

Then,

“+af(xlaYI)+(1_a)f(x27)’2) :f(x37)’3)7

where x3 = (x+ o} + (1 — oc)x%)l/2 and y3 = (y+ oy} + (1 a)y%))l/z.

3. Theorem of alternative and scalarization

This section proves a theorem of alternative and a scalarization theorem in vector optimization, which are examples

of the applications of our generalized affinenesses.

Our generalized affinenesses can be used for not only scalarizations but also many other aspects of optimization. Our
generalized affineness can be used for many other discussions in mathematics or applied mathematics wherever affineness

is a condition.
Consider the following vector optimization problem:

Y, — min f(x)
gi(x)<07i:1725 T, My
VP
( ) hj(x):O,j:I,Z,-u,n;

xeD,

where f: X =Y, g2 X = Z;, and h;j: X — W;, Yy, Z;, are closed convex cones in ¥ and Z;, respectively, and D is a

nonempty subset of X.
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Definition 5 A function f: D C X — Y is said to be generalized Y, -preconvexlike on D if Vu € intY,, Vx|, xp €
D,Va € R, dx3 € D, 3t > 0 such that

utoaf(x)+(1—-a)f(x) <7f(x).

In this section, we assume that f, g; are generalized preconvexlike, /; are preaffinelike (this article introduces the
assumption of preaffinelikeness for the equality constraints /; of an optimization problem), i.e., the following condition
(A) is satisfied.

(A) Yug € intY,, Yu; € intZi, Vxy, x, € D, Yo € [0, 1], 3x', X", ¥ € D, 35, > 0(i =0, 1,2, ---, m), 3t; #0(j =
1,2, -+, n) such that

uo o f (x1)+ (1 —a)f (x2) < 0 f (')
ui+ogi(x1)+ (1 —a)gi(x2) < 78 (xl/)
ahj(x1)+ (1= @)h; (x2) = t;h; (x'1),

where 7;, ¢; are real scalars.
(B)inthj(D)#@,(j=1,2,...,n);
Let F be the feasible set of (VP), i.c.,

F::{xeD:gi(x)-<O,i:1,2,~--,m;hj(x):0,j:1,2,-~~,n}.

Theorem 1 (Theorem of Alternative) Let (i) and (ii) denote the systems
(1) El'XED7S't'7f(x) <<ngl('x) <07 (l: 1,2, 7m)7h]('x):07 (J: 172a ,l’l),
() (&, n, &) € (Y7 xZ7 x W*)\{(0y, Oz, Ow)} such that

E(f(x) +n(gx) +¢(h(x)) >0,VxeD.

If (i) has no solutions then (ii) has a solution.
If (ii) has a solution (&, 1, ¢) with & # Oy then (i) has no solutions.
Proof. It is easy to prove that

B= (U (tf(D)+intY,) x (U(tg(D)+intZ+) X (Uth(D)).

>0 t>0 10

is a convex set. From the assumption (B), int B # &. We also have (Oy, 0z, Oy ) ¢ B since (i) has no solution. Therefore,
according to the separation theorem of convex sets of topological linear space, there exists a nonzero vector (¢, 17, g) €
Y* x Z* x W* such that
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E (of(x) +3°) + i (Tigi(x) +20) + 6 (tjhj(x)) > 0,

forVx € D,¥y? €intY,, V&) €intZy, V5 >0 =0,1, -, m),Vt; £0(j=1,2, -+, n)
Since intY,, intZ;, are convex cones, one gets

& (o (x) + 7Loy0) + i (Tigi(x) + /liZ?) +¢;(1jhj(x)) = 0,

for Vx € D, Vy° € intY,, Vz) €intZi, VA, >0 =0, 1,---,m),Vt; Z0(j = 1,2, -, n).
Letto=1,1—=0i=1,2,---,m),i—0i=1,2,---,m),t; - 0(j=1,2,---, n) one has

£(y°) >0,%° einty,.

Therefore & (y) >0, Vy € Y. Hence & € Y}. Similarly, n; € Z}, . And one has

§(f(0))+n(g(x) +¢(h(x)) 2 0,x €D,

which means that (ii) has solutions.
On the other hand, suppose that (ii) has a solution (£, 17, ¢) with & Oy. If the system (ii) had a solution x € D,
there would hold

f(x) <<0,gi(x)<0,(i=1,2,---,m); hj(x)=0,(j=1,2,---,n),

since (B) states that int B # &. We complete the proof. ]
Definition 6 ¥ € D is said to be a weakly efficient solution of (VP) if there is no x € D such that f (%) >> f(x).
Definition 7 The problem (VP) is said to satisfy the Slater constraint qualification (SC)ifV(n, ¢) € (Z x W*)\{0},
Jx € D such that n(g(x)) < 0 and g(h(x)) < 0.

Consider the scalar optimization problem

(VPS) ming(f(x)).

Definition 8 x € D is said to be an optimal solution of the scalar optimization problem (VPS) if &(f(x)) <
E(f(x),VxeD.

Theorem 2 (Scalarization Theorem) Suppose X € D, and

(a) f, gi, hj satisfy Condition (A) in Theorem 1I;

(b) (VP) satisfies the Slater constraint qualification (SC), then & is a weakly efficient solution of (VP) if and only if
3& € Y \{O} such that X is an optimal solution of the scalar optimization problem (VPS).

Proof. Let 3§ € Y \{O}. If ¥ € D is an optimal solution of the scalar optimization problem (VPS), then & (f(x)) <
E(f(X)), Vx € D. So, there is no x € D such that
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f(®) <=1 ().

Therefore X is a weakly efficient solution of (VP).
On the other hand, suppose that X is a weakly efficient solution of (VP).
From Theorem 1 3% € D such that the following system

f(x) =< f(%), g(x) <0, h(x) =0

has no solutions for x € D. Hence, 3§ € Y, n € Z*, ¢ € W* with (§, 1, ) # O such that

S(f(x) = f(x) +n(g(x)) +¢(h(x)) 2 0, Vx € D.

1.e.,

S(f(x) +n(g(x) +¢(h(x)) = §(%), Vx € D.

If £ = O, then (€, 1) # O, and so

n(g(x)) +¢(h(x)) >0, Vx € D.

This is contradicting to the Slater constraint qualification (SC). Therefore & # O. Therefore, from g(x) < 0, 2(x) =0
one has

E(f(x) > &E(f(®), VxeD.

Which means x is an optimal solution of (VPS). O

4. Conclusion

A function f: X — Y is called affine on D C X if

floxyi+(1=a)x) = af () +(1-a)f (x),

whenever x1, x € D C X, o € R. For the convexity, the above equality will be replaced by an inequality.

Although there are many different generalizations of the convexity (some of them are interesting and useful), the
author is the first one to generalize the definition of affine functions. Our generalizations are not difficult but interesting,
meaningful, and useful.
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In this article, we introduce the following definitions of generalized affine functions: affinelikeness, preaffinelikeness,
generalized affinelikeness, and generalized preaffinelikeness. We demonstrate that definitions of affine, affinelike,
preaffinelike, subaffinelike, and presubaffinelike functions are all different from each other. We also showed that our
weakest affineness-the generalized preaffineness-is non-trivial.

The last section of the article, “Theorem of the alternative and scalarization”, is just an example that our generalized
affineness could be used for vector optimization problems. For the optimization problems discussed here, we required
that the equality constraints are preaffinelike, i.e., Vxi, xo € D,Va € [0, 1], Ix3 € D, 3t; #0(j =1, 2, - - -, n) such that

Olhj (x1)+(1 *Ot)hj (xz) :tjhj (xg).

We might actually assume that the equality constraints are generalized preaffinelike (the proof would be different).
Actually, our generalized affinenesses can be used for not only scalarizations but also many other aspects of optimization,
e.g., generalizing the results about Lagrange multiplier in Donato [1], the results about duality in Guu et al. [2], the results
about constraints qualification in Zhao [3].

Our Theorem 1 is a generalization or a modification of the theorems of alternatives in [4-10], and our Theorem 2 is
a generalization or a modification of the scalarization theorems in [11-14].

Remark 1 This paper introduced the definitions of various generalized affinelikeness by use of “pointed convex
cones”, while [15] used “linear sets” to define generalized affinelikeness, both for vector-valued functions. Moreover,
[16] defined generalized affine maps for set-valued situations by using of “affine cones”. We demonstrated that the
definitions of corresponding generalized affineness by using of different “auxiliary sets” have similar properties and
may have different applications.

Remark 2 Our generalized affineness may be used for many other discussions in mathematics or applied mathematics
wherever affineness is a condition.

Specially, we may discuss generalized affine optimization problems for saddle points, Lagrangian multipliers, proper-
effective solutions, etc., our theorem of alternative and scalarization theorem in this article just two working examples.
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