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Abstract: This study describes how to represent x™ py(x), p¢(x)gm(x) and ] py;(x) in terms of shifted Jacobi polynomials
=1

(SJPs) using computational methods, where py(x) and g, (x) are polynomials of degrees ¢ and m, respectively. The
suggested problems are discussed when py(x) and ¢, (x) are generalized Laguerre, Hermite, and SJPs. In particular, these
expansions are presented for the cases of shifted ultraspherical, shifted Legendre, and shifted Chebyshev polynomials of
the first and second kinds.

Keywords: classical orthogonal polynomials, linearization and connection coefficients, symbolic computation, generalized
hypergeometric functions

MSC: 42C10, 33A50, 33C25, 33D45

1. Introduction

Many fields of applied sciences rely heavily on special functions. Special functions have a crucial role in numerous
domains, including quantum mechanics, numerical analysis, and approximation theory; see, for instance, [1-4]. Among
these functions are the several kinds of orthogonal polynomials (OPs). These polynomials provide the backbone for solving
solutions for distinct issues connected to diverse domains such as science, engineering, and mathematics; see, for example,
[5, 6]. We also note the widespread application of orthogonal polynomials in other fields like signal processing, probability
theory, and statistics; see [7—10]. Additionally, these polynomials are utilized in approximating integrals using techniques
like Gaussian quadrature [11].

Research on the various types of OPs, both theoretical and practical, has attracted the attention of several authors. For
example, Ahmed in [12—14] has studied some classical discrete OPs. Another study on Bessel polynomials was given in
[15]. There are other studies regarding the classical continuous OPs; see, for example, [16, 17]. Some formulas between
orthogonal polynomials and Fibonacci polynomials are developed in [18].

A large number of contributions were devoted to the utilization of the OPs in different applications. For example,
the authors of [19, 20] used an operational technique for handling some differential equations (DEs). The authors of [21]
applied a Galerkin algorithm to handle some partial DEs. In [22], the author used a shifted Jacobi operational matrix
of derivatives to solve some mult-term fractional differential equations. Other fractional DEs were treated in [23] using

Copyright ©2024 W. M. Abd-Elhameed, et al.

DOI: https://doi.org/10.37256/cm.5220244018

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Volume 5 Issue 2|2024| 1867 Contemporary Mathematics


http://ojs.wiserpub.com/index.php/CM/
http://ojs.wiserpub.com/index.php/CM/
https://www.wiserpub.com/
https://orcid.org/0000-0002-5643-8357
https://orcid.org/0000-0002-6102-671X
https://doi.org/10.37256/cm.5220244018
https://creativecommons.org/licenses/by/4.0/

Chebyshev polynomials (CPs). Some generalized CPs were employed in [24] to solve multi-term fractional DES. Hermite
polynomials were used in [25] to treat some optimal control problems. Some fractional-integro-DEs were handled via
Laguerre polynomials in [26]. A finite OPs class was utilized in [27] to solve some fractional DEs.

One of the most influential families of OPs is the family of Jacobi polynomials (JPs). These polynomials were
widely used in different branches of mathematics. They are solutions to particular second-order DEs. They involve two
parameters, allowing for the generation of some well-known polynomials. Applications of JPs and their special classes
of polynomials have been the subject of several publications. For example, some combinations of Legendre polynomials
were utilized in [28] to treat some DEs. CPs were used in [29] to treat some singular DEs. Some generalized CPs were
used in [30] to solve other DEs. In [31-33], Jacobi polynomials were used to solve some fractional DEs. In [34], the
authors treated some partial DEs.

Addressing the linearization problems for various OPs is crucial. Their importance comes from their appearance in
physics and quantum chemistry applications. For example, they are useful in describing quantum-mechanical systems’
physical and chemical properties, [35]. They are also required to figure out the logarithmic potentials of OPs when figuring
out a quantum system’s position and momentum information entropies; see [36]. Furthermore, these formulas help in
treating some non-linear DEs; see, for example [37].

Generalized hypergeometric functions (GHFs) have vital roles within special functions. These functions also crop
up in other areas, such as combinatorics, probability theory, and mathematical physics. These functions are used to solve
several significant issues, including connection, duplication, and linearization. The authors in [17, 38, 39], solved many
linearization and connection problems. The connection and linearization coefficients often include GHFs functions that
can be reduced in particular cases.

For the polynomials py(x) and g, (x) and the set of SJPs: @,&' ’ie)(x), i > 0, we will address the more general
linearization problem (LP): '

l+m

P an(x) = Y ci(t, my 24 0 (), (1)
i=0

where the linearization coefficients c¢;(¢, m) to be determined. In addition, p(x)and g,,(x) € T ={Jacobi, shifted Jacobi,
generalized Laguerre, and Hermite polynomials}. The presented approach is built on employing the closed formulas of
D7p;(0) and D9g,,(0). Whenever feasible, we create closed representations for these coefficients using some algebraic
computations. The LPs have been presented in many investigations using different techniques [40—46]. Furthermore,
analyzing the positivity requirements of the coefficients ¢;(¢,m) is essential to solving the linearization issue. [47, Lecture
5 and 6].

In the current paper, we consider the following generalization of the problem 1:

s Lg
; 6 A
[Iro@ =Y et ... t) 2 0, L =Y _t), @)
j=1 i=0
will be discussed. We will show that the linearization coefficients ¢;(¢;, ..., ¢5) have forms that include GHFs of N

variables[48]. Several new closed forms will be obtained when py, (x) € T. Various applied problems use the products of
several classical OPs, see [49-51]. For instance [48, 52, 53], the problem

S

L
[127 0 =Y cittr, ... 0.2 (), ()
’ i=0

j=1

is gaining a lot of weight in nuclear and atomic shell theories.
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This article is structured as follows: Section 2 displays some fundamentals of the SJPs and some properties of the
computational tools used. In Sections 3-5, we show and prove three theorems that give new formulas for expanding

N
x"py(x), pe(x)gm(x) and [ p,(x) in terms of SJPs. We calculate the relevant expansions for these theorems when py(x),
j=1

gm(x), and py;(x) € T. Ultimately, in Section 6, we provide a comprehensive overview and conclusive observations.

2. Some essentials of JPs

It is well-known that JPs {@,fv %) (t)}7, for v, 8 > —1, satisfy the orthogonality relation [54, pp.300-301]

1

/(1 —0)Y (14002 O )2 O (1) dt =22 hy &y, o, )
Z1
where
by — r(£+v+1)r(£+e+1), A—viesl

020+ AT+ A)

In addition, they may be constructed using the recurrence relation:

- 2_p2 P | —
(A+2i=2){v" =0 +1(A +2i— 1)(A +2i 3)}97’1-<v’19>(f)

v, 0) () _
i = 2i(Ah +i—1)(A +2i—3) -

l

)

(DO DA2-1) ey
iA+i—1)(A+2i-3) P57, i=2,3, ...,

with

20" =1, 2" 1) = %(A + 1)r+%(v— 0).

2
By changing the variable: r = Mx — 1, these polynomials may be defined on the interval [0, M]. The new polynomials

2
is the so-called SJPs @i(v’ 9)(—x — 1) and be denoted by f@,&v ’ ie)(x). In view of the two relations (4) and (5), the
M ,

polynomials ,@[S} ,ie) (x) satisfy the following orthogonality relation:

4
)

M
/xe (M—x)" 22 ) 2 O (x) dx = MP D85, v, 0> —1, ©6)
0

and can be generated from
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(A+2i-2){v2 =02+ (3 —1)(A+2i—1)(A +2i—3)}

(v, 0) o (v, 0)
P 3= 2i(A+i—1)(A+2i-3) P21 ()
(7
(V+i—1)(0+i—1)(A+2i—1) (v e )
— >2
iA+i—1)(A+2i—3) P, i), 122,
with the starting values:
2
20 =1, 24 P = 50040 (5 -1) 4 500-0)
3313/ 9)( ) has the analytical form
(v, 0) 9+1, ‘ )i+ A Mk
z@M,i (x) = (- kZO 9+1 ] xk,
which may be represented as:
V0, i@+ 1) —i,i+A g
Py (x)=(=1) i 2F 041 ik (®)

where (d); denotes the Pochhammer’s symbol and 2 Fj is the known hypergeometic function. It is not hard to observe that:

0+ 1)i(A+ (=i

M* i>k k=0,1.2,.... 9
l!(0+1)k )l— b P R | ()

Dy 0) = (-1

Lemma 1 Assume we have a polynomial Qy(x) of degree ¢ with the expansion

¢
=Y ai(t) 247 (), (10)
i=0
then a;(¢), i=0, 1, ..., ¢, meet the following system:
o M a o @i D) (A 20 o,
al(g)_(l—f—l)lQl (O) k;]( 1) k! (A,+l)k ak+l(€) i={ 1 1 07
(11)
Mo
a[(£> _(€+)L)ZQ[ ( )7
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and they may be calculated using the following form
(—i ,
ai(t) =Y. @i, v, 0, M)Q/(0), i=¢, (1, ..., 0, (12)
r=0

where

M7 (2i4+2)(0 4+ 1)irr ()

Q. (i, v, 0, M)= (0 +1)i(A)2isre1

Proof. By using (9) and (10), we have for i =0, 1, ..., ¢,
() - 3 (V. 6)
0y (0)= [DlQé(x)]x=0 = Zak(g)le@M:k (0) (13)
k=i

(—i . N
_ Z(_l)k(e+z+1>ng+k+l),M,lak+i(€)’ i
k=0 :

which constitutes a triangular system of dimension (¢4 1) whose unknowns are a;(¢), (0 <i < ¢), and accordingly, the
system (14) can be written in the form (11). Now, we have

0—i . . (—i . .
O+i+1) (A +k+i0); . O+i+ 1) (A+k+i0); .
Z(_l)k( )k(' )lM lak+i(€):Z(_1)k( )k(' )lM i
k=0 : k=0 :
« éfk MHkH(Zi +2k+ 2')(9 + 1)i+k+r()~)i+k Q(r+i+k) (0)
=0 PHO + 1)itk(A)2ir 2kt r+1 ¢ ’
then, the rearrangement of terms turns the last formula into
(—i . . —i
O+i+1)(A+k+i) M . . -
Y (- O Dy = Y Mo v i 1, an0000), (1s)
k=0 ' r=0 "*

where

pli) = 3 S22k A)

. 16
= kN2 k+A) (16)

Zeilberger’s algorithm [55], specifically, by using the ‘sumrecursion command’ in Maple software, it can be shown
that A, (i) for r > 1 meets the next recursive formula:
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(r+1)Qi4+2r+A+1)2i4+2r+A+2)A 1 () +r(2i+r+A+1)A.(i) =0,

amn

governing by: A (i) = 0. This recurrence relation has the exact solution: A, (i) = &, 9. Then formula (15) takes the form

E(—l)k (04i+ (A +k-+1i)

- M ai(0) = 0)7(0),

which indicates that the solution of the system (11) takes the form (12).
The next proposition provides some tools that are employed in the following sections.
Proposition 1 [56, p.467] The following relationships are satisfied:

(i> (d)n1+r :(d)g (d—l—m)r, (ii) (d)m—r — (_l)r(l_(fi)inm)r7
i = (5) (57) () (=), = (1) =l

3. Connection problem: relationship between x"g,(x) and a sum of SJPs

In this section, our focus is on determining the explicit formula of the coefficients a;(¢, m) in the expansion:

0
Wg(x) = Y ai(t, m) 2y (x)
i=0
In this regard, the following theorem is given.
Theorem 1 The expansion coefficients a;(¢, m), i =0, 1, ..., {+m, can be expressed as

i , )
ai(l, m):Mmz.(21+l)(6+1)m <r+m> M(O+m+1),

0
O+ 1)i(A+i)m1 5 r!(l—l—i—i-m—&—l),q[ (0),

i
that can be expressed as

(2i+2)(6 + 1)ul'(A +i)
(9 + 1),‘

a;i(t, m)=m!M™

4 T
XZ M(m+1)r(6+m+1)r (r)

Proof. Let Qg (x) = x¥™g¢(x), then applying Lemma 1 lead to

(18)

(19)

(20)

1)

(22)
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(+m—i

a(t,m)=Y Q. v, 6, M0 7(0). (23)
r=0

Applying the Leibniz rule, it is easy to obtain

J\ (i-m) i
| m!( )q ©), j>m
o) ()= \m)™
0, 0<j<m—1.

24

Substitution of (24) into (23)-after some calculations- yields (21). Employing Proposition Theorem 1 leads to (22).]
As an application of Theorem 1, the expression of coefficients a;(¢, m) when ¢;(x) = ,@g f ) (x) can be obtained.
Corollary 1 In the expansion

l+m

AT = Y ailt, m 2y O (x), (25)
i=0

the coefficients a;(¢, m) can be expressed as

ai(t, m) = (—1)mpgm GFAN O DnlA+OTE+L+1)

2(6+1)
(26)
¢ (m+1),(8 +m+ 1), (1 +£), (=),
X . : :
=i (m—i+r)T(A+i+m+r+1)I(6+r+1)
which has the following alternative form
: iy A (O 4 Dl (A + DTS+ 0+ 1)
ai(l, m)=(—1)'m!'M CES]
(27)

—l,m+1, m+0+1, u+/¢
X4F3 1 5
l—i+m A+i+m+1, 5+1

where 4t =y+06+1.
Proof. Substitution of (9) into (22) gives (26) which can be represented as in (27). O
Note 1 Itis noted that the using of series formula of regularized hypergeometric function , /y is useful in computations,
by using Mathematica, rather than the using of usual series formula , Fy;, where it is defined by

Volume 5 Issue 2|2024| 1873 Contemporary Mathematics



= ap, az, ..., dy
pFq
bi, by, ..., bg

x] = 1); (28)

In particular, for the special case ¢ = 0, formula (25) becomes

- m (2i+1)
X = mIM™ (8 + 1)’”;‘) (m— VA +i)me1(0+1)

) %(uvj D). (29)
Also, for the special case m = 0, formula (25) becomes
s ‘
Py = Y ai(t, 0) Py (x), (30)

where a;(¢, 0) can be expressed as

@i+ A@+ D=0+ 0§ O+ )olp+i+ ({4,

(0, 0)=(—1)" , 31
alt. O =) = e+, & rAr2+ 1,6+t Gl
by using formula (26), Proposition 1 and some rather manipulation. This formula becomes

2i42)(04+1)(—0)i(u+2); —+i,1,0+i+ 1, u+i+?
i(,0) = (—1 It F v ’ 1. 32
ailt, 0)=(=1) O A +0)ip1(6+1); A 42i41,85+i+1 (32)

Using the known relation between the Jacobi and ultraspherical polynomials
£ —1/2, y—1/2

(1) = ———— 2T,y > 12, (33)

(y+1/2), " M- !

enable us to prove Corollary 2 as an immediate result of Corollary 1. The main advantage of relation (33) is that the
shifted Legendre polynomials 2 ;(x), and the shifted Chebyshev polynomials of the first and second kind .7}, ¢(x) and

%y, ¢(x) can be obtained as direct special cases of %A(]) ,(x). Explicitly, the following relations are valid:

T, (1) = Cyp) (1), (34)
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Corollary 2 In the expansion

l+m

xm‘ﬁM/ Za,ﬁm (%),

the coefficients a;(¢, m) can be expressed as

|
ai(l, m) = (—1)€%M’”F(y+ 1/2)(v+1/2),(2i +2v)T(2V +1)
4, m+1, m+v+1/2,2y+n 1]

X 4F:
I 1 —idm, 2vtitm+1, y+1/2

In case of m = 0, formula (35) gives the connection problem

where the coefficients a;(¢, 0) can be written in the form

—0);i2y+£)i(v+1/2); —L+i,v+i+1/22y+i+4

ai(t, 0) = (~1)'¢ I

Nv+ii(y+1/2); 22| 2v+2i+Ly+i+1/2 ’
and by using Watson formula [57]
e kr2uaavo 1 a KO+ 50+ Hremp+y)
5 = OT(u+v+5Hrew+nrwry)’ ’
TR Y
0, kodd,

withk=¢—i, v=y—vand u =v+i+1/2,itis not difficult to show that formula (37) takes the form

L o (v 40— 20) (Y= v)i(1)e—s(2V) e v)

)
Y ) = i=0 (27)¢ i1 (V) p—si1 (£ —20)! M, -2

(%)

(35)

(36)

(37

(3%

(39

Again, by the application of Theorem 1, the expression of coefficients a;(¢, m) when gy(x) = .7%(7/) (x) can be obtained

in terms of hypergeometric function 3/>(M) as in the following corollary.
Corollary 3 In the expansion

l+m

Zalém 0 (),

(40)
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where the coefficients a;(¢, m) can be expressed as

(2i+A)(0+ 1), LA +i)T(y+L+1)
010 +1);

ai(t, m) =m!M"™

(41)
—l,m+1, m+0+1

F
K i A it ml, p41

Proof. The direct substitution of formula D’,,%(V) (0) into (22) gives (41). O

Remark 1 Using the formulae of D'q,(0), for g,(x) = #(x), W[EV’ 6)(x), %é(a)(x), Po(x), Ti(x), % (x) listed in
Table A1 and applying Theorem 1, the corresponding formulae of the expansions coefficients a;(¢, m) can be computed
in similar way.

Remark 2 For the special case m = 0, the connection problem

Zal 2y 2 ), (42)

is a direct consequence of Theorem 1.

4. Linearization problem: relationship between g,,(x) p/(x) and a sum of SJPs

In this part, we look at how to calculate the coefficients ¢;(¢, m) in the expansion,

l+m

X) g (x Z ci(¢, m) )( ), (43)

where g,,(x) and p;(x) are two OPs of degrees m and ¥, respectively.

Theorem 2 The coefficients ¢;(¢, m), i=0, 1, ..., £{+m, in (43) can be represented as
N2i+A) & L rtk MO +1),44 (k) ()

(0 72 T ek 200y (0 44

it m) = G A+ D ) & 0( i )r!k!(l+i+1),+kq'" (0)p;7(0). “4)

or it can be written in the two forms

atom= Y Q=3 O, (45)
k=0

and
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()
ai(m, r) = Z e (0 aij(m, r). (46)

Proof. We have

and therefore, we can write

an(x) polx) = Y. T i), )

then using Theorem 1 leads to (44).
Now, we need to prove (45). Employing formula (20) leads one to express (47) as follows:

m +k (k)
g, (0) .
an(®) pe0) = Y Y o= ailt, 0 2y ). (48)
k=0i=0 **
Then, expanding and collecting similar terms gives
l4m m (k)
m’ (0 :
ETICEDY [ y W k>] 24 () (49)
i=0 | k=max(0, i—{) :

With the help of (21), we can see that a;(¢, k) = 0 for i > ¢+ k. Hence, formula (49) takes the form

tm [ m (k) 0

G (xX) pe(x) = lz 0 k)] Py ), (50)
i=0 [k=0 :
and this proves (45). Similarly, formula (46) can be proved. O
Corollary 4 In the LP
(v, 0) 7, ) e (. B)

Pyl (%) @A}/m (x) =Y al, m) Py (%), (51)

i=0

the coefficients ¢;(¢, m) can be expressed as
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2i+ MDA +)T(0 + L+ 1)(8+ 1),

ci(, m)= (—1)”’”(

Om! (B+1);
& (BADi(y+6+m+ 1) (—m)y - | =0, k+1, k+B+1, v+O+0+1
x Y 4F3 . . 1
= (6+ 1)k l—it+k, A+i+k+1,0+1

Proof. In Theorem 2, consider g,,(x) = L@Ig ' ;2) (x) and py(x) = L@s}/ ’ ;) (x). Applying formula (45), gives

Based on Corollary 1, we get

2i+A)(B+1)T(A +)T(0+£+1)
0B+1)

ai(l, k) = (—l)ék!Mk(

L ok+1, k+B+1, v+O0+0+1

1
l—i+k A+i+k+1, 0+1

X 4F3 ,1=0, ..., {+k.

Substitution of (54) and (9) into (53)-after some manipulation- yields (52).
The following corollary is a direct consequence of Corollary 4 and relation (33).
Corollary S In the LP

l+m

G WG, 0 = Y ailt, mEy)(x),
i=0
the coefficients ¢;(¢, m) can be expressed as

ci(l, m) = (—1)f+ml_l'(2i+2v)r(2v+i)r(9 +1/2)

Xi (Vv+1/2)2y+m)(—m)r - | —4, k+1,k+Vv+1/2,20+n
= (r+1/2) I itk 2vtitk+1, 0412

1] |
Note 2 It is worth to note that in the two LPs

l+m

yév, 9)()6) gzr(n% 5)(1‘) — Z cl.([7 m)!@i(a-, B>(I),
i=0

(52)

(53)

(54

(55)

(56)

(57
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and

l+m

0 Z it mE™ (1), (58)

the expansion coefficients ¢;(¢, m) are given by (52) and (56), respectively.

Remark 3 Using the formulae of D' p,(0), for py(x) = 5 (x), .i”z(v)(x), @éy’ 5)(x), P(x), Ty(x), U(x), listed in
Table A1 (In the Appendix) and applying Theorem 2, the formulae of expansions coefficients ¢;(¢, m) can be computed
easily in many different cases.

S
5. Linearization problem: relationship between [] p, (x) and a sum of SJPs

Jj=1
In this section, the explicit formula of linearization coefficients ¢;(¢;, ¢2, ..., {5) in the expansion
= 0
1. Zc, Oobaye ) 240 (), (59)
j=1
where L; = Y, {;, are given in following theorem.
Theorem 3 The expansion coefficients ¢;(¢1, {3, ..., £) in (59) can be expressed as
i1(2i+ 1) al s )(0)
(0, £ ...5—7 1, ..., L 60
Cl( 1, €2, ) s) (6+1 A«—f—l Z Z( ) l+l+1 H a ) y Lugy ( )

AJ:

where d; =ri+ -+ +rs.
proof. We proceed by induction on s. When s = 2, the formula (60) is the same as (44). Let’s say that the formula
(60) works for s. We want to show that

(rj)
ii+a) & ( s+1> M1 (8+1),,, 512, (0)
ci(ly, by ..., 0 :7 + ! . 61
1( 1, £2 s+l) (9+1 )v-i—l Z r+21:0 i A+l+1)dﬁl o rj! ( )
s s+1 .
Let g, (x) = 'H1 pe;(x), then Hl pe;(x) = py,.., (%) qrs(x). Applying formula (43) leads to
= =
s+1 Ly v, 0)
lej Z cl loir, L '@M i ( )7 (62)
=1

then
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ci(lr, o, ...y bo1) = ci(lsrr, Ly)

(63)

i! ZlJr)L i il k+re Mk+rs+1(9+l)k+h~+1 q(k)(o) (Vs+1)(0)

T(6+ DA+ ) iSon 5o i (A it Dipry, ok bt 20

Assume that theorem holds for s and employing (9) lead to
L .
(k) : GO+ DA+ i(=J)k i

0)= (b, Ly oy L) (—1 M, 64
qLS( ) j;kcj( 1) £2, ) )( ) ]’<9+1>k (64)

where

)
NM2j+A) b & (d)M"(6+1d s (0)
(1) by oo )= STy : —0. 1, ..., L 65
Cj( 1, €2, ) ) (9+1)J(A«+J) rlzzo r;o ()L+j+1 i JI;I ( )

Substituting (64) into (63), we get

(rs)
i1(2i+2) 4 Uyt " s+l p, (0) (i)
i(Ls y Ly) = —————— M 9 1 . 0, Ls, v, 0), 66
C( +1 ) (9_'_1)[(2’_'_1) ,.IZO rv_;o + ) ]I;Il r]' x+l( \4 ) ( )
where
Ly L ) rsle 1) 27 }L _lll / —7
0 1 <> <k+r‘s+1> M0+ Dieryyy (25+24) (=D (A4 i(=i)k
o, (Ls, v, 0) . . X - ;
. kzb,zkk' i (A+it Deeryy (A+)) (6+ 1)k
(67)
_i 1 <k+l’x+1> M0+ Diergy LZ (m-) (=17 2j+2) A+ )i
i ) Ot D, 010 | EG) T ANt
Noting that

<dy>_07]>dw
J

it is easy to note that
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Ly 7d\ (=) 2+ M)A+ j)(—j & /d\ (—1) 25+ A) A+ ()
k()()(}+X-HMJ%Z()()(J+X-HMJM

Z\J) DA+ j+1) Z\J) A+)HA+j+1)

= (dsd‘_“!k)!Adsk(k)

d,!

@—m&%’

where A, (i) is defined by formula (16). Hence formula (67) can be expressed as follows

L T
; | k+re M”l(e“"l)kﬁ-r.
e (L, v, 0)=Y — s+ NS
rs+1( S ) k:()k! l (l+i+1)k+rs+l(9+1)k S k-, ds

_ dv+rs+l Mrs+1(9+l)ds+’s+l
i A4i+1)ger,, (0+1)g,

that can be represented as

, d Mr”l(e—i-])d,
oY (L, v, 0)=| @ L dey =d . 68
S+1( sy Vs ) i (l+i+1)ds+](6+l)ds , As+1 s T st ( )
Substituting (68) into (66), one can obtain (61), and completes the proof of theorem. O

The generalized hypergeometric series of N variables (GHS-N), ‘Iﬁpmql' 7, can be used to describe the coefficients
ci(€y, £, ..., Ls). These functions are given by Niukkanen [48],

; ; o s (a')r.xr'j
SFPOs Pl:,'::-? ps | Q05 ALy --oy Ay X1y ey Xs _ (ao)dx )Ty i7 (69)
90, 915 - ¢ bO; ]:)17 e bS; rlugr:() (bo)m j=1 (b./)r] rj'
where
dS:}"] —|—...—|—I‘S, aj: (a{,...,a{;/.), bj: (b{, ceny bglj)’
P 9
(@), = H(az!)rj’ (b))r; = H(b{)rj’ J=L2 ...
i=1 i=1
Note 3 As a particular case, forp; =pand q; =¢q, j=1,...,s, the series (69) simply denotes by SquOO,’qp.
Corollary 6 In the LP
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L,
(v, 6; -

P =Y 0, b, ) 2 ), s>,
=1 i=0

the expansion coefficients Civ , 0 (4y, £y, ..., L) can be expressed as

(=1)/(2i+A)(0+ 1), (—Ly); & (A + L))

CY’ef ly, ... fs =
D b, L K) (O+1);(A+)A+i+1), =1 ¢!

g2 | i L —i—Lg—A; =0y, =01 — Ly, ..., =Ly, —0;—Cs; 1, ..., 1
20 Ly =6, =L 1—200— Ay, ..., 1=20,— A ’

i=0,1,..., L,

where v and 6 denote to the two arrays v, vy, ..., vyand 0, 0y, ..., 6, respectively,and A; =v;+6;+1, j=1,2, ...
Proof. Using Theorem 3 and formula (9), the coefficients Cl-v , 8 (4, 63, ..., £s) may be expressed as follows:

(2i+2) 421 ﬁ“)pﬁdx ME (0 + 1), 4,

O, by )= — )y ,
VO, 6 ) O+ DA +1) = B Deerea, Atit i

xIj(—i)g(6/+1)4(lf+£ﬂ4*0(_£ﬂ4*”A4*@+W.
: Cil =)' (84 e,

By the aid of Proposition 1, it is easy to see that formula (72) becomes

(1)1 (Q2i+A)(0+ 1), (—Ly)i v (Ai+4))e,
(0+1);i(A+i)(A+i+1)L, l;!

e, by, .l =
j=1

F L L A (0= ),
=0  re=0 (*LA‘)ds(*Lsfe)ds j=1 rj!(lfzéjilj)rj,

which can be expressed as (71).
As a direct consequence of Corollary 6 and relation (33), we obtain the following corollary.

Corollary 7 In the LP
1) & ")
%M,/Zj(x) = chl7v(€1ﬂ 627 ) EY) %M l('x)’ S > 17
J=1 i=0

the expansion coefficients Ciy ’ V(E 1, la, ..., L) can be expressed as

(70)

(71)

(72)

(73)

(74)
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¥ty by, ..., L)

(—1)/(2i+2v)(v+1/2),(—Lo)i & ¥ +£)e;
i2v+i)2v+i+1), i (v +1/2)

(75)
i—Lg, —i—Lg—=2v; =0, =1 =01+ 1/2, ..., —bsy, =% —Ls+1/2; 1, ..., 1
X SFZ%’IZ ,
—Lg, —Lg—v+1/2; 1-2¢; =2y, ..., 1 =20, =2,
i=0,1, ..., L,
where ¥ denotes to the array v, ..., %.
Corollary 8 In the LP
S ) & v o (v, 0)
H.,%j Px) = ZCZV 8y, bay ..., L) 9M7'i (x), s>1, (76)
j=1 i=0
the expansion coefficients Civ ’ 9(61, Ly, ..., {s) can be expressed as
—1)12i+2A)(0+ 1)1, (—Ly)i(—M)5 S 1
O, by, ..., 1) = T RO F DL (CL)CM)? Py L
(O+1)i(A+i)(A+i+1)L, i !
. i—Lg, —i—Ly—A; —01, —vi — 0y, ..., —ls, —Vy—Ls —M, ..., —M a7
X Ssz’O ,
_LS 67 _LSa 07 ’ 0
l:07 17 . ) LS’
where v denotes to the array v, vq, ..., V.

Proof. Based on Theorem 3 together with the expression of D’.,%(V)(O) (see Table Al) and following the same
procedures in the proof of Corollary 6, yields formula (77).

Corollary 9 In the LP
K} Lg 0
[17,0=Y¢" %, b, ..., ;) 2y P (x), €21, (78)
=1 i=0
the expansion coefficients Civ 0 (41, Lo, ..., {s) can be expressed as
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Civ’ 9@1, 52, cee gs)

—1)'(2i+A)(6 +1)1,(—Ly)i

I
= M A+ DT i+ T,

79
CLi—i  Ly—i—1.  LititA  LeFitA—1. 61 4 =1 4.1 (79)
7 2 2 7 70 T2

Ls—1 L, L;+6 Li+6—1.
Tza zr’_rzj_vz ’07"'70

Proof. Using Theorem 3 and formula D" 5#;(0) (see Table A1), one can get

2i+A)
O, b, ..., ___(i+d)
s 6 s) O+ 1):(A+i)
(80)
(/2] [ts/2] (1)Lr oh, MLs— 2hY(9—|—1 Lv o, s )125 2k,£y

X 9
k=0 k=0 (I)Ls*l*%s (A+i+ ) j=1 k é _2k)

where hy; = k; + - - - + k,. By using Proposition 1, formula (80) takes the form

1) (2i+A)(0+ 1), (~Ly); WL
0+ 1)i(A+D)(A+i+1) Xklzz’o"'

CY(ly, by, ..., L) = (2M)Lf(

(81)

—i —i— i i+A— P -1 ¢
[65/2] (_Lsi) S(_Ls l)hs(_L,v++?L)hs(_Lx+;l 1)h< (*If)kf(**’)kf

Z 2 2 2 s H 2 J 2 /K,
Li—1 L Ls+6 Li+6—1 ki ?
oo (B (=3I (B (=B a k(=M

which can be expressed as (79). O]
Corollary 10 In the LP

s Ly
[T 0 =Y.c"" . o, ... 1) 24 V), 021, (82)
j=1 i=0

the expansion coefficients C;l v 6(6 1, {2, ..., £) can be expressed as
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VO, b, . k)

(=1)'(2i+A)(0+ 1)1, (—Ly);

= (2M)"
(2M) O+1)i(A+)(A+i+1)L,
(83)
_Ly—i  Ly—i—l.  Lg+i+A LgritA-l, 41 4 7 S 7PN
49 2 2 s 2 ’ 2 ’ 2 29 2 2° M2 Y M2
X 'Fy )
—Lol L LB Lebolo g g A, e, 1—8— A
1207 ]a RS LS7
where A denotes to the array A, ..., As.
Proof. Similar to the proof of Corollary 9. O

6. Results and discussions

The main results of the current article paper are Theorems 1, 2, and 3. These theorems enable us to compute the
expansion coefficients that must be determined explicitly. As far as we know, most of the formulas in this article are novel.
As expected in future work, the proposed approach may be extended straightforwardly to multivariable polynomials.
In addition, we do believe that the presented approach can be followed to find other linearization formulas for other
orthogonal polynomials. This will be an expected future work.
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Appendix A

Table Al
(%) D"p,(0)
P/(y’ﬁ)(x)zzcw,k(% S)Xk V!Cm-(}” 0)
v (V+1)f (=0, =0, v+,
L0 = Z(v+1)\_% O +1),
[£/2] 1-2s ) ( 1)/72 4 _
(-1)°2 =25 , ({—r)even
() = é'z 2 )
0, (¢-7) odd
( D' E (l) L1
) /2] /-
€= (21%'2[ ]( j(zx) Y s, T
0, (¢=r) odd
[£12) s _ LM (é r) even
LGy @e-29)
P =7 Z S0 —s)! (ex— 25)!
0, (¢=7) odd
[ 2 (71)‘%’(% —n
G (=)' -s-1) 2x)> , ({=7) even
TQ)/z() e )&xhﬂ n = r
0, (¢=r) odd
] reyFgne
(2 D —$) (2 (=25 _— —r)even
Z( ), E" i ((KX)zs)v ('égr)!
0, (¢=r) odd

where

4Ly \(l+k+y+0 ~(L=k),l+k+y+S5+11
— k ] 1
calr, 6)=2 [f—k]( k ]Fl[k+7/+l ‘2'
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