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Abstract: This study focuses on analyzing the inclusion properties of a certain subclass of analytic functions. This study
examines the Hohlov integral transform, which is associated with the normalized Gaussian hypergeometric function, and
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parameters. The results presented here include several previously known results as their special cases.
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1. Introduction

The study of geometric properties of certain subclasses, which includes hypergeometric functions and their
representation in the form of hypergeometric series. The ability to express a mathematical function in terms of
a hypergeometric function is a highly helpful analytical tool for quickly comprehending many of its aspects. The
hypergeometric representation of the analytic normalized function defined in the unit open disc is frequently employed in
univalent function theory to determine if the function belongs to a certain class.

Let /i(z) be a normalized analytic function with the form,

ﬁ(z) =z+ Z 7" (D

m=2

and class A define collection of such functions in @. Let & be the class of univalent function in @ and &*, K are the
subclasses of &, which are known as starlike functions and convex functions respectively. That are,

8" ={h(z) € S : fi(z) is a starlike function}
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and

K ={h(z) € §: A(z) is a convex function}.

. . . o 2! .
A function £(z) € A is said to be close-to-convex if and only if Re{ellm(z) >0, z € D where g(z) is a

9(2)

fixed starlike function and A € R. For A = 0 the class of close-to-convex functions is denoted by C. There are several
generalizations of these classes in the literature, as well as many subclasses of & (see [1-5]) and further generalizations
(see [6, 7]). For 0 < 6 < 1, $*(6) and K (0) are the subclasses of §, known as starlike of order § and convex of order &
respectively. The subclasses $*(8) and K () are defined as

$*(6) = {/i(z) eﬂ:Re{ZZ;S) } >4, ze@}

and

9{(5):{ﬁ(z)eﬂ:Re{lnLZZ,”éZ))} >3, ZECD}.

For0 <8 <1, 8%(0) C $*(0) = 8* C S but for § < 0 the functions in $*(8) need not be univalent. There are
several subclasses and the generalization of $*(8) has been defined and studied over the years. Let /i(z) € A and A >0
then &7 is defined as [8]

S, = {ﬁ(z) eA:

2R (2)
A8 —1‘ <A, zeCD}.

Note that 87 C §*(1 —A4). Recent research has focused on the study of geometric properties for various integral
transforms using the duality technique and negative coefficients [9—11] and references therein, but it is difficult to
determine because the results include multiple integrals, and it is challenging to identify the prerequisites for the inclusion
property of the integral transforms to exist. It is possible to explore the characteristics of a certain special function that
will be included in analytic subclasses. In this work, we are interested in finding the inclusion properties for the Hohlov
integral operator (see [12])

Hpgr(h)(2) =2F (p, 45 v; 2) % (2)
and Komatu integral operator
K (f)(2) = K (2) % (2)

where x is the Hadamard product and /i (z) belongs to a certain subclass of §. The geometric properties of different integral
transforms of the type
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VL (h) = /0 ];L(t)@dz, h(z) € A7, (B)

is discussed by several authors [4, 9, 10, 13] with the suitable restrictions on A (¢). For a particular choice of A (¢) it reduces
to various integral operators. If

R = e

then V) () = L (g, v)(#)(z) is the Carlson-Schaffer operator and

%l.q.z (ﬁ)(z) = "E(q’ Z)(ﬁ)(Z)

Letfi(z) € Aandv > p+g—1>0,p>0andq > 0, then ¢, (#) is the Hohlov integral operators, i.e.,

Va(R)(2) = #Hp g (1) (2)

where

v 1 _ £\e—p—
g (R)(2) = r(£§r)(q) /o r((zl— ;)_c; :thfzg(z —pl=pie—p—g+1 1-t)i(tz)dt.

The Komatu operator [14], K, 5 : A — A is defined as

HE(R)(2) = (1;([?))[ /O 1 <1og (1»“ 1Ly (t)de

where a > 1 and (' > 0. It is represented by a series as

P
K. (h)(z) =z+ Z mraV
and concerning convolution, we can write

K (h)(2) = K (2) #fi(2)

where
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1+a
_Z+ nz
m=2 m—|—a

le + ll/Z/?’,” + CZZFLW _ 1
21(1—B) + A/ +wzh" + 2R —1

M (B) = {ﬁ EA:

Many authors used different operators to obtain various formulas for the transformation of hypergeometric functions
of higher-order that help study the geometric properties of subclasses (see [15, 16]).

In this work, we define a new subclass //gw(ﬁ), for B < 1and 7€ C\ {0}

<1, zeD } s

where 0 < { <land0 <y < 1.

Some particular cases of ./Z, ;T ll/( B), studied in the literature.

* For { =0, the class . ll/( B) is considered in [17], concerning the certain conditions of the parameters to be in the
class.

*For { =0, y=1and 7 = ¢cosn, ] < , the class .7, (0) is considered in [5] and discussed the properties

with certain integral operators.
Let p, g, € C then the Gaussian hypergeometric function F (p, q; z; z) is defined as

o () (@)m
Flp,q;02)= Yy 7" €D
(p.q: ©: 2) ,ngo ]

where v #0, —1, —2, —3, --- and (J),, is Pochhammer symbol. The Pochhammer symbol is defined as

I'(6+m)

(5)171 = Wa (

meN)

and I'(0 4+ 1) = 0T°(5), where I'(§) is Gamma function. The generalized hypergeometric function was studied by many
authors (see [3, 18, 19]).

Definition 1 [20] A function /i(z) € §* is said to be uniformly starlike in unit disk @ if for every circular arc 7y, with
center zo contained in @ then £ () is also starlike with respect to /i(zg) in @D. We denote the class of uniformly starlike
functions with UST .

Definition 2 [21] A function /i(z) € K is said to be uniformly convex in @ if for every circular arc ¥ with center zg
in @ then /() is also convex in @. We use UCY to denote the class of uniformly convex functions.

Definition 3 [22] Let /i(z) € A is said to be parabolic starlike functions if

()~

the class of such functions denoted by §, (o). In other words, the class &, consists of functions /i(z) = z/'(z) where
f(z) e UCY.
Definition 4 [11] Let /i(z) is of from (1) and z € @ then CP () is defined as

7' (z)
A(z)

—l‘—l—G, —1<0o<1,zeD
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7" (z)

1—
i Tl

Co(a) = {/i(z) cs:

/?l/
<Re #7(2) +1+0a, O<o<oo,.
#'(z)

Definition 5 [23,24] Let £ — UCY and £ — ST be the subclasses of &, known as £-uniformly convex and £-starlike
respectively in 2, which are defined as

Z/i//(Z)
”'(z)

/'//
foucy=lhes Re(14 7@ s
R (2)

, 0 <A <o, ZGCD}

and

7' (2)

A(z) -1

!
/i—é‘?z{/ié&:h(zfl (Z)) >k
fi(2)

, 0< A <oo, ZECD}.

Definition 6 [25] Let /i(z) € A, for 0 < £ < o0, 0 < ¢ < 1 then the function /i(z) to be in £ — UCV (o) if and only if

Re (1 + ZZ:;?) >

27" (z)
h'(z)

40, 0<h<oo, 0<o<I.

When 6 = 0 then £ — UCY(c) = £ — UCY.

Zﬁ//(Z)
f'(z) °
z € @ is geometrically described by the class 1 —UCY(0) = UCY [21]. A related class £ — S, (0) is created by using
the Alexander transform as /i(z) € £ — UCY (o) if and only if zA’ € £ — S, (o) [23]. There are results in the literature for
the condition of these classes’ Taylor coefficients of functions.

The class £ — UCY (o) generalizes many other classes. The domain of values for the expression p(z) = 1 +

2. Preliminary results

Lemma 1 [17, 26] Consider the following results of the Gaussian hypergeometric function F(p, q; ¢; z), that are
useful in proving our main results:
i. Let © be a non-negative integer and is not zero, then

L&)l —g—p)

T3 5D = R )

@)

where Re(r —g —p) > 0.
ii. For p, ¢ >0 and ¢ > 1+ ¢+ p then

Y (m+1)(p)’"(q)’" = L_lp_"q_P —1—1}9”(;3, q: v 1).

iii. For z > max{g+p—1,0} and p, g, r # 1 then
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o (P)m(@)m o (x—1) . .
Ly (D~ a7 PRI B LD ©

iv. For ¢ > max{2Re(p) —1, 0} and p, « # 1 then

- m 2 r—1 _
,”;0 (Z)ll(f()l)LH»l B |§3 - 1)2 [g(p B 1’ p= 1; t- 1; 1) - 1]~

Lemma 2 [27] Let /i(z) € A is of from (1). If

Z m|x,| <1

m=2

then /i(z) is univalent in @ and maps that region to a starlike region with center at the origin. If

Z 1722\.r,,l| <1

m=2

then £ (z) is univalent in @ and maps that region on to a convex region.
Lemma 3 [8, 28] Let /i(z) € A is of from (1). If

o

Z (m+A —=1)|x,| <A

m=2

then /i(z) € §3.
Lemma 4 [8] Let /i(z) € A is of from (1). If

y n|xp,| Sl
! J

m=2

1
where ¢ = v/K a2 1.2557 and K ~ 1.5770, then /(z) € UST . The bound i is sharp.
Lemma 5 [29] Let /1(z) € A is of from (1). If

Z m(2m—1)|x,| <1

m=2

then /i(z) € UCY. This is the best possible for 1 on the right-hand side.
Lemma 6 [23] Let /i(z) € A is of the form (1). If the inequality
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- 1
—D]ry| < —=, 05k <o
Zm(m )| 2

m=2

1
holds for some value of £ then £(z) € £ — UCY. The number z

1

Lemma 7 [24] Let A(z) € A is of the form (1). If the inequality

cannot be made larger.

oo

Z (m4A(m—1))|xn <1, 0<A <o

m=2

holds for some value of £ then /i(z) € A — ST .
Lemma 8 [11] A function /i(z) € A is satisfies the following condition that is

i m(m(1+A£)—(A+0))|x,| <1-0

m=2

then the function fi(z) € £ — UCY (o). Again, a condition

oo

Z (m(l—|—ﬁ)—(/€+6))|xm| <l-o

m=2

is sufficient for /i(z) € £ — 8,(0) and necessary if x,,, < 0 for /i(z) € A.
Lemma 9 [11] Let /i(z) € A and it is of the form (1), if

oo

Z (m+2((xf 1))m|xm| <200—1, 0< ¢ < o

m=2

then A(z) € CP(a).

3. Main results

The conditions on the Taylor coefficients of /i(z) € 4, g y/(ﬁ)’ which are provided in the subsequent results, are
necessary to achieve the objective.
Lemma 10 Let a univalent function /i(z) is of the form (1) and if /i(z) € A ‘ W(ﬁ) then

2|7|(1-B)
m+m(28 — ) +m2(y—38) +m3¢’

|~17m| <

proof. As /i(z) € A, £ y(B), itis equivalent to write
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1+(1-2B)¢(2)

,ZED
1-0(z)

1
1_|_;(ﬁ/+ll/Zﬁ//+Cz2ﬁ///_1):

and the function @(z) is analytic in 7 have the conditions @(0) =0, |@(z)| < 1.
Hence

1 1
—(R +yzh" + C2R 1) = 9(2) [2(1 = B) + _(R' + yah" + (A" — 1) .

We have

=)

R+ wzh" + PR — 1 = Z (m+ (m—1)my+ (m —2)(m —1)m&) a2 " 4)

m=2

Using (4) and ¢(z Z pmz" then

m=1

(2(1— Zm (m*C+m(y—30)+28 —y+1)a,s" l) <mez )

m=2 m=1

— 1 Z m(m?C—l—m(l//—?)C) +20 —y+ 1)<T,7ZZ”2_1.

m=2

Now equating the coefficient of 7”1 in the above equation, it is simple to see that the coefficient x,,, on both sides

of the above equation depends only on xs, x3, -+ x,,—1. So, for m > 2

i1
(2(1 *B)Jrl Z 172(1712C+172(11173C) +2¢ — II/+1)I1,IZ’7Z_1> 0(2)

m=2

1{ >
== Z 172(1722C +m(y—30)+2—y+ 1)1,,21’”_1 + Z qmz™ L.
m=2 m=j+1

With the use of |@(z)| < 1, it reduces to

20-B)+ - Zm(m C4+m(y—38)+28 — l//+1);rmz’"1
nz 2

1 oo
> |= Z m(mzC—I—m(VI—SC) +2—y+ 1).rmzm*1 + Z gn™ 1.

m=2 m=j+1
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By squaring the inequality mentioned above and integrating towards |z| = «, 0 < « < 1 then we get

1
4(1-B)*+ L Z m*(m*E+m(y—38)+2¢ —y+ 1)2|-Tm 2, 2(m=1)
m=2
1 ¢ -
> W Z mZ(mQé‘—l—m(ly—?)C) +2§ —y+ 1)2|'Tm|2u?(11171) 4 Z |q,,2|21(2(1”71)_
m=2 m=j+1

Taking « — 1, then

1
4(1-B)* > WmQ (m*C+m(y—38) +28 —y+1)° ||

which gives the desired result.

Note that when { = 0 in Lemma 10, it is equivalent to Theorem 2.1 of [17] and it is also equivalent to Lemma 2.2 of
[25] when ¢ — 2y = 1.

Remark 1

The coefficient inequality in Lemma 10 is equivalently expressed as form =2, 3, - --

< 201/(1- B)
T YAD(m =1+ B+ y)(m—2)(m—1)+{(m—3)(m—2)(m—1)"

®)

Lemma 11
Let /i(z) € A is of the form (1). A sufficient condition for /i(z) € .#; y/(ﬁ)

i m(l+(m—=1)y+(m—=2)(m—1)8)|x,| < |t|(1-P).

m=2

Proof. As /i(z) € A and have the form (1) so

Re(e™) (R’ + wzh" + (2R — B)
= (1—PB)cosn +Re(e™) Y. m(1—y+28+m(y—3) +m*E)xpn” .

m=2

Since z € D so |z] < 1 and the above series is convergent, then
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(1= B)cosn| + [Re(e™)] i |m(1 —y+28+m(y—38) +l722C)| |2 [z

m=2

< (1= B)lel + Re(™)| Y. [m(1 = y+2C +m(y—38) +m*C)| .

m=2
From the Lemma 10 we get

%[nz+m(2§f l[/)+nz2(l[/f3§)+m3g] lxn| <|7|(1—PB).

So, we conclude that

(1= B)cosn— Y |m(1 = y+28 +m(y — 3) +m?C) || = 0.

m=2

Then the proof is completed by using the hypothesis and it is equivalent to the analytical description of /i(z) in

Note that when { = 0 in Lemma 11, it is equivalent to Theorem 2.2 of [17] and it is also equivalent to Lemma 2.3 of
[25] when ¢ — 2y = 1.

Theorem 1 Let a function /i(z) € A has the form (1). For g, p # 1 and > g + p it satisfies the condition,

o lmgp) (-1 (w30
Hea e Do) S DD T2 p)
Then for /i(z) € 4, (B) where 0 <y <1,0< { < 1and 0 < § < 1 we have #,q..(f)(z) € ™.

Proof. For /i(z) € ///g q/('B)’ then from Lemma 10

2|7|(1-B)

m| < )
|Im"‘nz+4n(2§-—IV)+””2UV“3C>+”"3C

Let
m+m(28 —y)+m?(y—38) +m*¢ = m(1—y)+ml(2+m?) +m*(y — 3¢)
> m®(y —3().
So
2|7[(1-B)
|.17m| < 7712("’_3@). (6)
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From Lemma 2

Z m| X, <1
m=2
where
Xy = PIn-1(9)m-1 z, o
('z)m—l(l)m—l
Then
i l(mm—l(q)m—l < (y—=38)
m=2 M (z)m*l(l)nzfl - 2|T|(1 —ﬁ)
Then

o (P)n(@)m 1< (y—30)

m=0 ('Z)nz(]-)nyrl - m

Now applying (3), we get

(x—1) (v -3¢
——[Flp—-lLg—-1L -1 1) 1] <1+ ——.
a—np-1 " T
From Gaussian hypergeometric function
Flp—1,q—13e—1;1) = CZI=P) gy 0 1), )

(z=1)

Now using the hypothesis of the theorem and (8) we will get the required result.
Theorem 2 Let /i(z) € A is of the form (1) and satisfy the condition, that is for z > ¢+ p

(y—3¢)

Fp.qs 1) <1+ .
O T )

Then for /i(z) € %gw(ﬁ) where 0 <y <1,0< ¢ <1and0< B <1wehave #,,.(/)(z) € K.

Proof. As fi(z) € A c ll,(ﬁ), then from (6) and Lemma 2

i (P)n(@)m 1< (y—30)

)nz(]-)m - 2|T‘(17ﬁ)

~

m=0 (
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Now, using the hypothesis of the theorem, we will get the required result.
Theorem 3 Let /i(z) € A has the form (1), for ¢, p # 1 and ¢ > ¢ + p is satisfies the following condition:

iy map) (-1) (v=30)
7055 (2 5 5720 ) + e < A
Then for /i(z) G///T (B),OS <1,0<y<land0<B <1wehave #,4,(f)(z) € UCY.
Proof. As /i(z )6//ﬂ (B), then from (6) and Lemma 5

i(QmZ—m)%(p)’” 1(‘7)/72 1< (l//—3€)

m=2 () m— 1(1)/72 1 2|T|(l—ﬁ)'
Then
22 P nz 1 = l(P)mfl(q)mfl < (l//—?)C) .
m=2 Z _ )nz 1 m—9 m (Z),7271(1),,171 2|T‘(17B)

Now using (3), (8) and the hypothesis of the theorem then we get the required results.
Theorem 4 Let /i(z) € A is of the form (1) and satisfy the condition, that is for p, ¢ # 1l and v > ¢+ p

2(a—1)(t—qg—p)
(g—D(p—-1)

20-DE-1)  (Qa—D(y—3¢)
(=1(p-1) 2[z|(1-B)

F(p,qs ¢ 1)<1+ >+(1—2a)§

Then for A(z) € 4}

v ,0<8<1,0<y<land0<B <1 wehave#,,.(h)(z) € CP(a) where 0 < & < oo.
proof. As fi(z) € A}

(B
4 w(ﬁ)’ then from (6) and Lemma 9

y 7722 m(o — i (p)”lfl(q)nzfl (Z(Z — l)(q]i 3@)
11122( 2 (a 1))7712 (7)n171(1)nzfl = 2|T|(l —ﬁ)

Then

o (P)m(@)m _ o (Pn(@n (2 —1)(y —3¢)
(Z (Z)m(l)nz 1) +2(a 1) (Z (Z)nz( )III+1 1) = 2‘T|(1 —ﬁ) .

m=0 m=0

Now using (3), (8) and the hypothesis of the theorem then we get the required results.
Theorem 5 Let /i(z) € A is of the form (1). For £> 0,0 < o < 1 it satisfies the following conditions:

i. pl, lg| # Land ¢ > ||+ p]
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((gl=D(lpl=1) +o(q|+lp| —2) +A(lpg| + 1 —2)) (r - 1)
(z=lgl=1pD (gl =1)(Ip[=1)

F(lpl=1,1gl =1 2—=15 1)

pmlive) (30

(Jgl =) (Jp| = 1) = \ 2|7|(1—B) + 1> (1-o0).

ii. |pl, |[g| #1landz >0

)(\q\ —D(pl=1D+o0o(gl+Ip[=7) +A(pg[+1—¢)

Fllpl gk = 1 CEDE

(t—D(Eto) _ [ (w30 )
+Uﬂ—1ﬂw—4)§<ﬂfﬂ—ﬁf+0(l o)

Then for /i(z) € ///gw(ﬁ), 0<{<1,0<y<1land0< B <1wehave #,,.(A)(z) € £ —UCV(0).
proof. As fi(z) € .7 (B), then from (6)

2ftl(1- p)
ol = oty sy

From the Lemma 8

=

Z ((1_'_/%)"2_ (/é+o-))1n|xnz| <l-o

m=2

where
X, = MI .
" (z)m—l(l)nz—l "
Then
S (IpD)m-1(lgD)m—1
L (e Rym =+ o))m=cnm ) 2 bl < (1-0),
Now applying (6), we get

i (A+A8)m—(h+0)) (pDm-1(1g)m—1 o (y=30)

z o Ot ot = 2e(i-py %
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Let

_ C (IpD)m-1(l9])m—1 _ (B+0) (lpDm-1(9))m-1
= ,”22(1 +ﬁ) (Z)mfl(l%zfl m (Z)mfl(l)mfl
_ - (|p|)171(|q|)771 _ — ‘P 172 |q| m
N (1 +ﬁ') (1722:"0 (Z)m(Dm ) fé +o ( Z; m m+1 1) .

Using (3) in the second sum, we obtain

B o (t-1) T
m=1+£)F(pl, gl =5 1) (/i+o-)(|q|—1)(\p|—1)g(|p| Lilgl-12=1;1)
I Gt NN
T = o)
With the use of (2), we ge

1.

(TG~ lgl—|ol) (1) I
M= ere —1e) - AT O =g - (=L lel= =1 )
N (et ) R
BN TSRS R
— & _ C1ip—1: %
e e L R R (P T
(o) (g1 gl — L =1 )= (1—0).
CEDICED gl L=

il.
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(ft+o)(z=1) (z=lgl=Ip) Tz —lq|—|p])

=3 el ol = D= 0D G- T leTe )

(Z_l) 7(1

+(k+0)m —0)
— F(pls gls 75 1) | (148) — (6 + o) =laL=1PD
o CENTED
(x—1)
+(ﬁ+0)m—(l—c).

Using the hypothesis of the theorem, we conclude the required results.

If we choose p = ¢ in F (p, g; v; z), where g is some negative integer, we have a polynomial with positive coefficients.
Therefore, the aforementioned theorem is beneficial in characterizing complex polynomials and we present the related
findings separately.

Coeollary 1 Let /i(z) € A is of the form (1). For £ > 0,0 < o < 1, it satisfies the following conditions:

i. ¢ # 1 and ¢ > 2Re(q)

lg =1 +A(g* v +1) + 6(2Re(q) —7)) (+ — 1)
|9 —1]*( —2Re(q))

FG-1,9-1;c-1; 1)(

(-Dto) . (v —30)
PESTERNE G)<1+2lfl(l—ﬁ))'

il.g#landr >0

|9 = 11>+ 0(2Re(q) —2) +A(lg* —2 +1) L= DE+o)

F@gix 1) 917 1P

<t-0) (145025

2[z|(1-B)

Then for £i(z) € ///gw(ﬁ), 0<wy<land0<pB <1wehave #;,.A(z) € £ —UCV(0).
Theorem 6 Let /i(z) € A is of the form (1). For £ >0, 0 < { < 1 it satisfies the following conditions, that are
i. pl, 9| # Land v > [q| + |p|

N it N
(lgl=1)(lp[-1)

(lpgl =z +1)(x —1)

= Tal—PD0a = Dap =1 Upl Lol =L =1 1) -

(y-30)
~207|(1-B)(k+2)
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ii. |p|, |[g| #1andz >0

(|pg| —¢+1) - (¢t —1) (y—3¢)
oI~ D(pl =D UPk k= D =y < apa-pyr 2

Then for £i(z) € ///gw(ﬁ), 0<wy<land0<pB <1,wehave #,4.A(z) € £ —UCV.
proof. Since A(z) € 4, : l’,(ﬁ) so from (6) and Lemma 6

oo

m— l(|p‘)17171(|q|)/7271 (III—SC)
171;2( l)m (7)172*1(]-)/1171 S2‘T|(ﬁ+2)(l—ﬁ)

Then

o ([PDm(g])m ) (v (1pDm(g])m B (y—30)
(éﬁ GEOp 1) (2%@%xnm4 1)§2wm+ax1—M'

Now using (3), (8) and the hypothesis of the theorem then we get the required results.

If we take p = ¢ in, F (p, q; 7; z) then the following results directly.

Corollary 2 Let i(z) € A is of the form (1). For £ > 0,0 < { < 1 it satisfies the following conditions:
i. ¢ # 1 and ¢ > 2Re(]q])

(lg] =2+ 1) —1)

T e | IO 2 19
- 1P 2mefg)y 7 IR :

g —1P T 2tk +2)(1-B)

ii.g#1,andz >0

(lg* =2 +1)
lg— 12

} (x—1) (v—32)
F(@q; 0 1)+ < . :
lg—11* = 2J7[(A+2)(1 - B)
Then for /i(z) € %gw(ﬁ), we have Hg 4. ()(z) € A —UCY.

Theorem 7 Let /i(z) € A is of the form (1). Suppose @ > 1, > 0 and

> (1 AR(m—1 ) 5
L <m+(m2)> B (a, () < M

m=2

where

(1+a)

m 9[ = .
Bu(a, () (m+a)

Then for A (z) € ///gw(ﬁ),o <{<1,0<y<1and0<pB < 1wehave K (h)(z) €h—ST.
proof. As fi(z) € .7 (B), so from (6)
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2[tl(1- p)
ol =ty sty

Now using the Lemma 7, that is

=

Z (m+£(m—1))]|20,| <1

m=2

and | 0C,,| = B (a, )|xp|, we get

% . Brn(a, () (y—30)
Z (m—l—/{(m—l)) m? < 2lt|(1-B)

m=2

From the above inequality, we will get the required result.
Theorem 8 Let /i(z) € A is of the form (1), witha > 1, > 0 and

=)

o)\, . (-0)y-30)
Z(“*“ . )Q“’”< 3el(1—B)

m=2

where

(14a)"

m "7[ = T N/
Bula, () (m+a)

Then for £i(z) € ///gw(ﬁ) and0< ¢ <1,0<y<1land0< B < 1wehave K. (#)(z) € £ —UCV(0).
proof. Since /i(z) € A, g w(ﬁ) then from (6) and Lemma 8, that is

=

Z ((1 +A)m— (/i—|—6))m|x,,l| <l-o

m=2
and | 0C,,| = B (a, )|xp|, we get
- . . Bpla,l) (1-0o)(y—3()
1+A£)m— (K < .
L, (e mm = 0) =0 < =)

From the above inequality, we will get the required result.
Theorem 9 Let /i(z) € A is of the form (1), witha > 1, > 0 and

- ((1+4) (k+o) . (1-0)(y—30)
Z( m m? )@m( 1)< 2|7|(1-B)

m=2
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(14a)

where B,,(a, () = (el Then for fi(z) € #f ,(B),0<{<1,0<y<1and0<p <1 wehave KE(R)(z) €

k—S8y(0).
proof. Using Lemma 8 the proof is the same as the above theorem.
It is easy to see, for m > 2

(1+a)

@nz(a, F): (1)2+(2)f <l,a>1, (>0

which leads to the next results.
Corollary 3 Let fi(z) € A is of the form (1). Suppose a > 1, > 0 and

S (1 Rm=D) _ (v=30)
)y (m + m? ) < 2|z|(1-B)’ 22

m=2

Then for fi(z) € #F ,(B),0< B <1,0<{<1and0 <y <1, wehave K (f)(z) € £~ ST .
Corollary 4 Let i(z) € A is of the form (1). Suppose a > —1, >0 and

= ([ (h+o))_ (1-o)y—30)
L (00 - 000 < BT gel ma2

m=2

Then for /i(z) € .4}, (B) we have KL(R)(z) € A —UCY (o).
Corollary 5 Let i(z) € A is of the form (1). Suppose a > 1, > 0 and

, m>2.

o ((1+4) (A+o0) (1-0)(y—-30)
Z<: 2 )S 2/l(1- B)

= m m

a

Then for £ (z) € .47 ,(B) we have KL (h)(z) € k — S,(0).

¥

Theorem 10 Let /i(z) € A is of the form (1). Suppose a > 1, <0 and
> %m(azé) A(_SC)
A—1 <
LA S s p)
(1""_‘1)[ T l *
where B, (a, () = ntay Then for /i(z) € M w(ﬁ)’ 0<B<1,0<f<1and0<y <1, wehave K, (/i)(z) € S5,
m+a ’

proof. As fi(z) € A, : W(ﬁ) then from (6) and Lemma 3, that is

oo

Z (m+2A—=1)|2,| <A.

m=2

Using the hypothesis of the theorem, we conclude the required results.
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