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Abstract: This paper introduces a state of the art investigation into the interaction between soliton propagation and
differential group delay, offering a fresh perspective often neglected in previous studies. Motivated by the imperative to
comprehend soliton behavior within inter-modal dispersion environments, it presents three innovative methodologies
aimed at uncovering novel optical soliton solutions. Through the utilization of cutting-edge algorithms, these approaches
unveil the emergence of solitons in hitherto unexplored contexts. The research makes significant strides through
extensive numerical simulations, which not only validate theoretical conjectures but also offer practical insights.
Furthermore, it delineates crucial parameter limitations essential for the existence of solitons, thus furnishing valuable
guidance for future research endeavors and practical applications.
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1. Introduction

One of the inherent hindrances of soliton transmission across trans-continental and trans-oceanic distances is
the effect of differential group delay, which, in its cumulative form, leads to the effect of birefringence. Thus, the
effect of pulse-splitting ensues, and the solitons are split into two components. The scalar version of the governing
nonlinear Schrodinger’s equation (NLSE) is now formulated into two components, yielding cross-phase modulation
(XPM) in addition to the pre-existing self-phase modulation (SPM). The current paper will address such a model with
an additional optoelectronic effect that will be considered. It is the inter-modal dispersion that exists along the first
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component of birefringence only, hence the title of the paper.

This study addresses the coupled NLSE to obtain its optical soliton solutions using three integration algorithms:
the csch-function approach, the extended simplest equation method, and the tanh-coth scheme. While innovative, the
csch-function method, the extended simplest equation method, and the tanh-coth approach have limitations. They may
struggle to capture certain nuances of soliton behavior, particularly in highly complex scenarios. Additionally, their
applicability could be restricted in situations where nonlinear effects dominate or when dealing with certain types of
dispersion. While they have limitations, the csch-function, the extended simplest equation, and tanh-coth methods offer
efficient and systematic approaches for exploring soliton behavior. They provide valuable insights into soliton dynamics
across diverse scenarios and parameter regimes, thereby enhancing our understanding of their behavior. A wide range
of approaches was implemented in the past to study various nonlinear dynamical structures more proficiently [1-2].
Analytical techniques strive to locate exact mathematical solutions to nonlinear evolution equations (NLEEs), even
if they are rendered non-integrable through the Painleve test. Due to the complexity of NLEEs, simpler analytical
solutions are frequently required. The traveling wave approach involves employing specific strategies to identify exact
solutions for particular NLEEs by focusing on solutions that display distinct traveling wave characteristics. Examples
include Kudryashov’s approach [3-4], the improved Q-expansion strategy [5], the sine-Gordon expansion method [6],
the modified simple equation method [7], the generalized exponential rational function method [8], the Riccati equation
method [9], the auxiliary equation method [10], the unified method [11], the improved F-expansion technique [12], the
exp(-{($)) expansion technique [13], the Khater method [14], and the homotopy analysis transform method (Hatm) [15].

It needs to be noted that such forms of integration architectures are the ones that have been reported during the
past couple of decades or so. One must not forget the classic methodologies of integration that were applied to reveal
soliton solutions for decades before this variety of integration techniques came into existence. These include the
inverse scattering transform (IST) and Hirota’s bilinear approach, among others. The advantage of IST is that it can
yield N-soliton solutions to any model as long as these NLEEs pass the Painleve test of integrability. This is only for
reflectionless potential. However, in alternative circumstances, it is the soliton radiation that is the essential component
of soliton solutions. The retrieval of the complete soliton solutions package is absolutely not possible by any of the
integration strategies listed above in the previous paragraph. Therefore, those methodologies listed in the previous
paragraph are not robust in every sense of the word. It must nevertheless be noted that IST does have its own limitations.
This scheme fails to retrieve soliton solutions when SPM is of a non-Kerr type, such as power-law, parabolic-law,
polynomial-law, dual or triple-power law, or anti-cubic law, or even logarithmic law, among several others. Moreover,
IST does not integrate NLSE in dispersion-flattened fibers or for additional optoelectronic devices such as magneto-
optic waveguides or for optical metamaterials. Additionally, it is not applicable to retrieve gap solitons in fiber Bragg
gratings. Thus, the extreme need and necessities gave way to the modern methods of integrability that have expanded
the horizon in quantum optics.

2. Governing equations

Consider the second order coupled NLSE (C-NLSE) equation [1]:

M
. . 2 2
iy, +iay, — By + (ly|” + ol® )y =0,

and

@)
i®,+ pD,, + (1O + o]y = 0.

In this case, the functions y(x, ) and ®(x, f) represent the unfamiliar complex functions. Here, a represents
the inter-modal dispersion along the first component, while § characterizes the chromatic dispersion along the two
components of the optical fiber, and o denotes the XPM parameter.

This paper introduces new insights into soliton propagation with (1) and (2) by examining its interaction with
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differential group delay, a previously overlooked factor. Motivated by the desire to understand soliton behavior in the
presence of inter-modal dispersion, the study presents three novel approaches to reveal previously undiscovered soliton
solutions. These methods employ advanced algorithms to explore soliton emergence in uncharted territory. The findings
are validated through numerical simulations, providing both theoretical and practical insights. Additionally, the paper
identifies key parameter constraints that are essential for ensuring the existence of these solitons, offering valuable
guidance for future research and applications.

3. Travelling wave solution
The solutions of Eq. (2) are supposed as

_ 3
w(x, 1) =u(@e""" ©

and

“4)
D(x, 1) = v(&)e ™"

where ¢ = x — pt and the phase component is 0(x, ¢) = —kx + wt +0,. Also, u(¢) and v(¢) are the amplitude components of
the wave. Moreover, y is its speed, & is the soliton frequency, e is its wavenumber and 6, is the phase constant.

Using Egs. (3) and (4) and their derivatives, Egs. (1) and (2) can be decomposing into real and imaginary parts that
yield a pair of relations.

The real parts of Egs. (1) and (2) stick out as

(%)
—pu" + (ak —w + ﬁkz)u + i+ o’ = 0,
and (6)
B — (0 + BIEW + v + v = 0.
Also, the imaginary parts appear as
(7a)
—y+o+2pk=0,
and
(7b)
y+2pk=0.
From Eq. (7), we get
(®)
y=-2pk, o= —-4pk.
Then Egs. (5) and (6) become: (9a)

—Bu" — (@ + 3PP+ u® + ouv* =0,
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and

BV — (w + KD+ + o = 0. (9b)

4. Methodology

In this section, we will apply three different methods to solve Egs. (5) and (6). These methods are the csch-function
method, the tanh-coth method, and the extended simple equation method.

4.1 Csch function method

The solutions of many nonlinear equations can be expressed in the form [16]:

u(®) = A,esch’1(ud), (10)
and
V(&) = Ayesch(ué), (11)
and their derivatives stand as
u'(&) = —A, p, ucsch’\(ud)coth(ué), (12)
(&) = Apyl((py + Deseh” 2 ud) + pesch " (ud), (13)
V(&) = =4, p, presch P (uéd)coth(ud), (14)
V(&)= Ay py 1 ((py + Desch™(ud) + pyesch " (ud)), (15)

where 4,, 4,, p,, p,, and p are parameters to be determined, and x is the wave number. We substitute Egs. (10)-(15) into
the reduced equations (5-6), then we get

B’ (py + Desch” 2 (ué) + piesch? (ud) + (e + 3K )esch(ué) -

A Zeseh ™1 (ué) — o4, esch? T P2(ué) = 0, (16)
and

Byt (py + Desch?? 2 (ué) + pycseh P (ud)) — (@ + Pk )eschP(ud) +

Aesch P2 (ué) + oA Peseh™ P2 (ué) = 0. 17)

Equating the exponents and the coefficients of each pair of the Csch functions, we find
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3p1 =p * 2p2a
3p2:p2+2’ (18)
then

pi=p=1 (19)

We then collect all terms in Egs. (16) and (17) with the same power in cschk(,ué) and set their coefficients to zero to

obtain a system of algebraic equations among the unknowns 4,, 4, and u, leading to the following system:
2pu” — A — 04, =0,
Zﬂ,uz + A22 + 0'A12 =0,
Pii* + (@ + 36K = 0.

Bui* — (o + k) = 0. (20)

Solving the system of equations in (20), we get:

/ 2 [ 2
A =Tk (G—{}l),Az=Trk (l_—i),y=;ik,w=—2ﬂk2. (21)

Thus, singular soliton solutions come out as

. 2
v (x, ) = +k ( 2p 1 Csc(k(x+28k)) e TR2P10) | & <, (22)
and
. 2
D, (x, ) = +k (12/3 ) Csc(k(x+2pkt)) e TR2PH0) 651, (23)
-0

4.2 Extended Simple Equation Method (ESEM)

In this section, the extended form of the simple equation method (ESEM) is introduced to obtain the traveling wave
solutions [5-6].

Step 1: Consider the wave forms y(x, ¢) and O(x, £) as in complex form in Egs. (3) and (4).

Step 2: The forms of the solution for Egs. (5, 6) appear as

Jj=N
Jj=1

u(é) = B f1 (&), (24)
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and

W=D ). (25)

Here, B; and D; are real constants.

Step 3: Find the positive integers N and M appearing in Eqgs. (24) and (25) by employing the balance rule between
the non-linear terms of Egs. (5) and (6) and the highest-order derivative.

Step 4: Suppose that Egs. (24) and (25) satisty the following differential equation:

F (& =by +bf(E)+b[fOT (26)

where b, b, and b, are arbitrary constants.

Step 5: For different values of b,, the solutions of Eqs. (5) and (6) are given below:

When b, = 0:
blebl(é”rfo) -
f(§)zwabl>0, @7
and
o blebl(§+<§0) -
SO =, e 1<l e
When b, = 0:
boby tan|/byb, (& + &
P G N Ca)) DY 29)
by
and
\—byby tanh(\/=byb, (& +&
P L ST 0)),b0b2<0. (30)
by
The general solutions are
[ 1
4byb, _b12 tan (2 4byby —b12 (§+§0 ))—bl 31)

f(&) = , 4bby > b and by >0,

2b,

and
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\4boby — b} tan(;,hbobz b (§+§0)J+b1 32)

(&)= , 4byby > b7 and by < 0.
2b,

Step 6: By inserting Egs. (24) and (25) along with Eq. (26) into Eqgs. (5) and (6) and equating the coefficients
of powers of f” to zero, a system of equations is obtained. This set of equations is then solved to obtain the values of
constant parameters. With these constant values and the f(&) values, the solutions of Egs. (5) and (6) can be achieved.

4.2.1 Solution by Extended Simple Equation Method (ESEM)

To find the values of &, apply the homogeneous balance principle to Eq. (9). By balancing «" and w’, we get N +
2 = 3N, then N = 1. Similarly, balancing v"" and v yields M + 2 = 3M, then M = 1. Thus, u(¢) and v(&) have the forms
given below:

u(é) = %JFBO +Bf (&), B #0, (33)
and
WE) = f(—gl) +Dy+ Dy f(&), D) #0, (34)

where B; and Dj (j=-1,0, 1) are constants.
Substitute Egs. (33) and (34) and their derivatives into Egs. (5) and (6) to get:

2by*B_, , 3bohB,

/ f? f?

+(b? +2b0b2) (B 1+ bobiBy )+ By (2bgby +7) £+

2 2 3 2\ B 33 2
3byby B, £ +2b,° B, f )+(a)+3,3k )(%JFBOJFBJ@] e 51 3p, 50 e Ly

B? B
3B, 7*1+ 3B, 7*1+ 6ByBB_, + By’ + (13_1131 + By )331 F+3ByBRfE+ B S ] -

O'[Blz( B_13+ BOZ+ By J+2BIBO( B +B—+Blj+23 ( B +B0+
fE& £ ) f@&* & (&)

B g2 24
(&) + By (f(ég)

+By +Blf(:)j+ 2ByBy (BLy+ By (E)+ BLf (&) )+ B (BL1f (&) +

Bof (€ +Bif €)' )] =0, (35)
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and

2by%B_, L dbohB

/ r? 12

(817 + 200D )%+(b1b2D1 +bobyDy)+ Dy 2oy +047 ) £ +

3 2
3biby Dy 2 +2b22D1f3)_(“’+ﬁk2)(%+D0 +D1f(§)J+(Df3l +3D, szl n

2
D™,
f

D
3 +3Dy2> ==L+ 6DyD,D_, + D> +(D_,D, + Dy* \3D, f +3DyD> £ + D> 13 |+
0 f 01 1 0 11 0 0

o 3712 Doy + Do + Dy ]+ZBIBO[ D, + Do +D1j+28131(£+D0+
& & 1 & f© [

Dif(&)+By’ ( f(g:) +Dy +D1f<§)]+28081 (Dy+Dof @)+ D1 f (& )+ B2 (D f(©)+

D& +Dif &) ))=0. (36)

A set of algebraic system equations is obtained from Egs. (35) and (36) for different orders of f/ (j=-3,-2,-1,0,1,
2, 3), as presented below:

2by* - B> —oD_* =0,

3byb B —3ByB2_, —G(D_lzBO +2D_DyB_, ) -0,

plb +2b0b2)B_1 +(a)+3ﬁk2)B_1 - (38187 +3BOZB_1)—0'(D_1231 +
2D_,DyBy+2D DB, + Dy’ B ) =0,

B(bbyB_, +b0blBl)+(a)+5ﬁk2)(BO)—(6BOBIB,1 +BO3)—a(2D,1D0 (B,)+
2D_1Dy (By)+ Dy’ (By)+2Dy Dy (3—1)) =0,

ﬁ(B1 (2502 +b12))+(a)+5,8k2)(B1)—((B_lBl +B02)3Bl)—0(2D_1D1 (B)+
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B(3bibyBy) =3B By’ - 0(2D0D1 (B1)+ Dy (B )) =0,

2p8by* B —oD}* =0,

2Bby> +D*_ | +0B > =0,

B3bybD_y +3DyD*_; +B_{>Dy +2B_1ByD_; =0,

/3(1;12 +2byb, )D_1 - (a)+ Bi> )D_1 +3D,D*_, +3Dy2D_, + 0(3_12131 +
2B_,ByDy +2B_,B,D_, + By*D_, ) =0,

B(bibyD_y +bob Dy )~ (co—ﬂkz )DO + (6D0D1D_1 + Dy’ ) +0(2B_ByDy +
2B_B\Dy + By*Dy +2ByB,D_, ) -0,

BD, (2130172 +b2 ) —(a)—,Bkz )D1 + (D_lp1 + Dy )3D1 +0(2B_,B(Dy+Dy)+
By2D, +2ByBDy +B2D., ) =0,

B3bybyDy +3DyD} + o-(ZBOBlDl +B2D, ) =0,

B2by° - D> —oB* =0. (37

Case I
When b, =0 we get

B =0,By=0,B = b2\/§, D_,=0,Dy =~/-3Bk*, D, = bz\/g,

w=-pk*, o=-3, b =2k (38)
Family I

eXp_zk(x+2ﬂkf) o i(—kx—wsz+90)
~2k(x+23kt) P '

(39)

W (x, 1) = 2Bk

—1+b, exp
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and

~2k(x+23kt) {—toe—2 K2
) exp i Pkt+6y
@, (x, 1) =| -3Bk" +~/2Bbyk S [P ( ) )
—1+b, exp
Family IT
~2k(x+2 k) '(—kx—2 2108 )
exp i Bkt+6y
w3 (x, 1) =~2Bbyk exp ,
1+b, exp—zk(x+2ﬂkt)
and
~2k(x+2kt) {—ioe—2 Bk 24 +8
5 exp i BkZt+6y
O3 (x, 1) =| 3Bk~ +2bsk g P ( ) .
14 b, exp
4.3 Tanh-Coth method
Assume u = u(¢), by using the ansatz, [17]
Y =tanh(¢),
that leads to the change of variables:
du_ 1y
dé dY

and

2 2
Z?Z: —2Y(1—Y2)Z—;+(1—Y2 )237”2‘.

For the next step, assume that the solutions for Egs. (5) and (6) are expressed in the form

and

P i P i

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47

where the parameters P, and P, can be found by balancing the highest-order linear term with the nonlinear terms in the

reducing equation, as described below:

Volume 5 Issue 1/2024| 1063

Contemporary Mathematics



and

B +2=3B,PB+2=2P,+B,then B =P, =1.

Tanh-Coth method admits the use of the finite expansion for:

u(Y) :(ao +a1Y+b1Y_1), (48)

V(Y):(CO +C]Y+d]Y_]), (49)

where a, a,, b,, ¢;, ¢, and d, are constants to be determined. Substituting Eqgs. (48) and (49) with their derivatives into

Eq. (9), we get

and

ary Matl

2ﬂ[—a1Y+a1Y3 NG —blY_1]+(a)+3,Bk2)(a0 +a1Y+b1Y_1)—[a03 +
6aga;by +3a (b1a1 +a02)Y+3a0a12Y2 +a13Y3 +3bh (albl +aoz)Y_1 +
3a0b12Y_2 + b13Y_3 J - O'[aozco +2(apeydy +coaydy) + 2¢by (cy +dy) + [aozcl +
2ayc; (co +dy )+ 2a1c1d; +002a1 +012b1}Y+(2a0d1c0 +002b1 +2bjeydy +

dlzal )Y_l + [2alcl (co+dy)+ clzaoJY2 + (d12a0 +2cob d; )Y_2 + c12a1Y3 +

dlzblyﬂ =0, (50)

2ﬂ[—c1Y+clY3 +dy? —dlY_lJ—(aH,Bkz)(cO teY+dy! )+[c03 +6cocid, +
3C1 (dlcl +C()2)Y+3COC12Y2 +013Y3 +3d1 (Cldl +C02)Y71 +3C0d12Y72 +
d13Y_3:|+U|:Coza0 + 2(Codlb1 + doC1b1)+ 2a1d1 (a() +b1)+|:002611 +200a1 (ao +
2 2 2 2 -1
b1)+2cla1b1 +a0 a+taq d1:|Y+(2C0blao +a0 dl +2b1a1d1 +b1 Cl)Y +
[2cla1 ((10 +b1) + LZIZCO]YZ +(b126’0 + Zaobldl )Y72 +(112C1Y3 +b12d1Y73:| =0. (51)
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Equating expressions at ¥’ i, (i=-3,-2,-1,0,1, 2, 3), to zero, we have the following algebraic system equations:

28b — by’ —od*by =0,

3a0b12 + O'(dlzao + 2cObldl ) = 0,
2 2 2 2 _
—2b, +(a)+3ﬂk )b1 —3b, (alb1 +ap )—O'(Zaodlco +co2by +2bieydy + dy al)— 0,
2 3 2 _

(C()+3ﬂk )ao —Aay + 6a0a1b1 —U|:Cl0 (&) + Z(Clocldl +Coa1d1)+ chbl (CO +d1 ):| = 0,
—Z,Bal +(a)+3ﬁk2 )al —3611 (blal + aoz)—0'|:a0201 +2aocl (CO + dl ) + 2alcld1 +C02(ll +Clzb1j| = 0,
3 2 2 _

apa + 0'[261101 (CO + dl) + q ao] = 0,
a13 + O'clzal =0,

3 25 _

2ﬂd1 "rdl +Gb1 dl —0,
3end2 ( 2 _

Codl +0 bl o +2a0b1d1 = O,

2 2 2 2 _

—2ﬂd1 —(a)—ﬂk )dl —3d1 (Cldl +C0 )+a(2cob1a0 +a0 d] +2b1a1d1 +b1 Cl)— 0,
—(a)—ﬁkz )co —003 +6cycid) + U[cozao +2(c0a1b1 + a0c1b1)+2a1d1 (ao +b )J =0,

) ( 2 2 2 2 2 _
- Clﬂ— a)—ﬁk q +3C1 d1C1+cO +o (&) a1+200a1(a0 +b1)+2C1611b1 +a0 C1+a1 dl —0,
3 2 2 _

cocy +O'[201a1 (ag+b)+q CO:| =0,

613 +Ga1201 =0. (52)

Solving the algebraic system equations (52), one gets the following cases:

Casel
f 2 / 2
ag =Cy =a1=01=0,a)=—2ﬂk2,b1= é,dl= (0_?1) (53)

Thus, singular soliton solutions shape up as
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e 2,
Wy(x, 1) = /(12—ﬂ0') coth(x+2ﬁkt)exp’( b2 90), o<l, (54)

and
2/ i(floc72 ﬂk21+00)
Dy(x, 1) = coth(x +2Skt)exp ,o>1. (55)
(-1
Case 11
a0=c0=b1=d1=0,O'=—1,cl=a1,a)=—2,8k2. (56)
Thus, dark soliton solutions turn out to be
i(~kc-2%+6) (57)
Y (x, t) = a; tanh(x + 2 Bkt) exp ,
and

i(~ke=2 Bk t+6)
Oy (x, )= tanh(x+2ﬁkt)exp’( pitrsty) (58)

5. Results and discussion

By employing the three techniques: csch, ESEM, and tanh-coth, we have successfully derived exact analytical
soliton solutions for the second-order C-NLSE as described in Egs. (1) and (2). The soliton solutions obtained have
broad physical applications. They can enhance optical communication systems for high-speed data transmission, aid
in nonlinear optics for compact signal processing devices, and improve fiber optic sensing for precise environmental
measurements like temperature and strain. The exact solutions for the system are represented as w(x, ) and O(x, f).
After considering specific parameter values, we transform the C-NLSE into a system of real and imaginary equations
described in Egs. (5)-(7). Subsequently, we explore the analytical solutions of this system using the three methods.
We examine dark soliton solutions in Figures 1 and 2. In the realm of optical communication systems, dark solitons,
characterized by localized intensity minima, offer valuable insights. These robust solitons maintain their shape during
propagation, resisting dispersion effects. Understanding these dark soliton solutions is crucial for optimizing optical
communication systems, where preserving waveform integrity is essential for reliable data transmission. Moreover,
in nonlinear optics, dark solitons play a pivotal role in phenomena such as soliton collisions and interactions, opening
avenues for exploring innovative optical functionalities and device applications.

In Figures 1 and 2, surface and 2D plots depict dark soliton solutions defined by Egs. (57) and (58), with specific
parameter values: f=1, k=1, and a, = 1. Meanwhile, Figure 2 illustrates the behavior of these dark soliton solutions as
we vary the parameter a,, while keeping = 1, and k = 1 constant. Consequently, it becomes apparent that modifying the
parameter a, produces distinct outcomes for y(x, ) and ®,(x, #). This approach yields dependable and robust results.

Unlike previous studies that primarily focused on mathematical techniques for solving the coupled nonlinear
Schrédinger equation [1], our research explores the practical implications of soliton propagation interacting with
differential group delay. While prior work relied on the improved, modified, and extended tanh-function method to
derive accurate solutions for quantum systems, our study adopts three innovative approaches to uncover new soliton
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solutions amidst inter-modal dispersion. Through the utilization of advanced algorithms, we unveil soliton emergence
in previously unexplored scenarios, providing valuable insights for optical communication and nonlinear optics
applications. Furthermore, whereas previous research predominantly emphasized analytical and numerical solutions
employing implicit finite difference methods, our study offers a fresh perspective on soliton behavior dynamics and
presents practical guidance for future research and applications in the field.

(a) lys(Cx, )l

(b) I65Cx, 1)

Figure 1. Surface plots of dark soliton solutions (57) and (58)
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Figure 2. 2D plots of dark soliton solutions (57) and (58)

6. Conclusion

In this study, we have obtained exact soliton solutions for propagating waves in the corresponding C-NLSE
(1) using three approaches. Additionally, we have incorporated 2D plots to demonstrate the behavior of dark soliton
solutions as the parameter varies while other variables remain constant. The techniques employed in this research may
have potential applications in other nonlinear partial differential equations within the field of natural sciences [17-36].

Naturally, as pointed out, the three integration architectures never revealed multiple-soliton solutions. Only the
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1-soliton solutions were recovered. Moreover, the soliton radiation solutions are completely out of the question, as only
IST can provide such solutions. Nevertheless, these integration schemes are indeed helpful in quickly revealing 1-soliton
solutions to the model, which can be applied to carry out additional studies such as the recovery of conservation laws or
the retrieval of 1-soliton solutions when the model is considered with perturbation terms, among others.

In conclusion, this paper pioneers the study of soliton propagation interacting with differential group delay,
unveiling new solutions. Through innovative approaches and advanced algorithms, it uncovers soliton emergence in
unexplored scenarios, validated by numerical simulations. Future research can build upon these findings to further
explore soliton dynamics and develop novel methodologies.
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